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Abstract

A fluid-structure interaction model with discrete and distributed delays in the
structural damping is studied. The fluid and structure dynamics are governed
by the Navier—Stokes and linear elasticity equations, respectively. Due to the
presence of delay, a crucial ingredient of the weak formulation is the use of
hidden boundary regularity for transport equations. In two space dimension, it
is shown that weak solutions are unique. For smooth and compatible data, we
establish the existence of the pressure and by applying micro-local analysis,
further regularity of the solutions are available. Finally, the exponential
stability of the system is obtained through an appropriate Lyapunov functional.

Keywords: fluid-structure interaction model, delay, exponential stability,
Lyapunov functional
Mathematics Subject Classification numbers: 74F10, 35Q30, 93D20, 93D15

1. Introduction

In this paper, we study the well-posedness and stability of an incompressible fluid-structure
interaction model with interior damping and delay in the structure. The Navier—Stokes equa-
tion will be used to model the behavior of the fluid, while a linear elasticity equation is used for
the solid. Continuity of the velocities and the normal components of the stress tensors across
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the interface is imposed. The interface is assumed to be stationary, a reasonable assumption
under the case of small but rapid oscillations of the elastic body. We consider the following
nonlinear fluid-structure interaction model with mechanical dissipation and delay

u(t,x) — Au(t,x) + u(t,x) - Vu(t,x) + Vp(t,x) = Ge(t,x), t>0,x€ )y,

divu(t,x) =0, t>0,x€ey,
u(t,x) =0, t>0,xely,
u(t,x) = wi(t,x), t>0,xeTy,

wy(t,x) — divo(w(t,x)) + w(t, x) + pw,(t, x)
+ pagwi(t — 14,x) + ffr(_ we(O)w,(t + 6,x)d0 = Gy(t,x), t>0,x € Qy,
Zu(t,x) — p(t,x)v(x) + 3 (u(t,x) - v(x))u(t,x)
=o(w(t,x)) - v(x), t>0,xeTy,
(1.1

where the linearized elastic deformation tensor o is given by o(w) = 2use(w) + As(divw)l,

with e(w) = %(VW + Vw!) being the symmetric part of Vw. The positive constants £, and A
depend on the material properties of the solid. Due to incompressibility, the stress tensor for
the fluid reduces to the Laplacian.

The vector-valued functions u: [0,T] x Q — RY and w: [0,T] x Q5 — R? represent
the fluid velocity and structure displacement, respectively, while the scalar-valued function
p:[0,T] x Q — R denote the fluid pressure. We assume that )y and €, are sufficiently
smooth domains in R¢ with either d = 2 or d = 3. The interface I'; and external fluid bound-
ary I'y have no points in common and are a positive distance apart. Here, v will be the unit
normal outward to Iy in s and to I'y in €. The functions Gy and G; are external sources in
the fluid and structure dynamics.

We denote the respective initial fluid velocity and structure displacement, velocity and his-
tory as follows

u(0,x) = up(x), x € Q,
w(0,x) = wo(x), x € Q;,
wi(0,x) = vo(x), x € Q,
w(0,x) = z0(0,x), 6 € (—r,0), x € Q,

(1.2)

where r = max(ry, r.). System (1.1) without delay has been extensively studied by several
authors, see [9, 10, 16, 28] for instance. See also [3, 5-7, 20, 21, 24-26, 30, 31] for other
related topics.

On the interface, the appearance of the term %(u - v)u is due to the hypothesis that T’y is
stationary. According to the incompressibility of the fluid, it holds that (1 - V)u = div(u ® u),
and this corresponds to the boundary term (¢ ® u)rv = (u - v)u on I'y when the divergence
theorem is applied in the weak formulation. The factor % is imposed under the requirement that
the energy dissipates due to the fluid diffusion and structural mechanical dissipation. We refer
to [9] for other details and relevant references pertaining to the model without delay.

The last three terms on the left hand side of the elasticity equation can be thought of as
a feedback control with delay taken into account. This entails that there is a time-lag for the
effectivity of the control. Discrete and distributed delays are considered here. The positive
constants r, and r. measure the extent of discrete and distributed delays, while u, and p, are
the strengths of such, respectively. We suppose that p. : (—r.,0) — R is Lebesgue square
integrable. We only consider a single discrete delay, nevertheless, the methods presented here
can be adapted to the case of multiple discrete delays.
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Existence of energy-level weak solutions will be shown by a standard Faedo—Galerkin
method using the normalized eigenvectors of the Stokes—Neumann operator. By energy-
level weak solutions, we mean that solutions lie on the usual state space formulations for the
Navier—Stokes and Lamé’s equations. Due to the presence of delay, a crucial ingredient of the
weak formulation is the use of hidden boundary regularity for transport equations, see theo-
rem 3.2 below. In two space dimensions, we will prove that such weak solutions are unique.
For smooth and compatible data, we will show the existence of the pressure. By flattening the
boundary through Melrose—Sjostrand coordinates [32, 33], further regularity of the solutions
will be proved. This information will be useful in establishing the exponential stability of
the system using the energy method. These strategies have been successfully applied to the
analysis of fluid-structure interaction models without delay in [9, 10, 16, 28] and the refer-
ences therein.

We also consider the asymptotic behavior of the energy

1 1
B0 =5 [ WePde+ 5 [ pulen) + [9u) P
f s

1 0
+ 7/ / it + 0, %) 2d0dx.
2 —r J

These quantities represent the kinetic energy of the fluid motion, the total energy of the
structural motion and the energy associated with the delay. Without external sources, that is
Gy =0 and G, = 0, the exponential decay of the energy for the coupled system under suit-
able assumptions on p, py and p,. will be established using an appropriate Lyapunov func-
tional. For discrete delays, the pioneering works [13, 14] are classical references illustrating
the destabilizing effect of delays in feedback controls. Typically, if damping dominates the
strength of delay then the system is stable, provided that it is stable in the absence of delay.

We reiterate here the challenges when dealing with the fluid-structure model (1.1) and (1.2).
First, we have a mismatch of regularity between the dynamics of the fluid (parabolic) and the
solid (hyperbolic) on the interface. Second, due to the presence of the Neumann-type bound-
ary condition on the interface, the typical Leray’s projection method for the Navier—Stokes
equation is not applicable. Third, the existence of weak solutions for rough initial data with
finite energy has to be established. Finally, due to delay, one needs an appropriate functional
analytic framework to deal with the retarded terms and to have the existence of weak solutions
without any structural assumptions on the coefficient p, as for instance p > pug.

The first three issues have been resolved by Lions [28] and Barbu ef al [9]. One may
overcome the regularity mismatch on the interface by adding small viscoelastic damping on
the structure as in [12, 44]. This turns the coupled parabolic—hyperbolic system to an entire
parabolic problem. On the other hand, local-in-time strong solutions can be achieved with
additional regularity and compatibility of the data as in [11]. In establishing the existence
of weak solutions, we do not consider smoothing effects on the structural dynamics and we
assume that the initial data are not smooth. In this direction, we closely follow the frameworks
in [9] and [28].

For the last concern, we follow the paper of Nicaise and Pignotti [36] for multidimensional
linear wave equations with boundary or interior damping and delay, see also [23]. The lin-
earized case, with the elasticity equation replaced by the wave equation and neglecting trans-
versal elastic forces, has been studied in [38] using semigroup theory and classical Tauberian
theorems. Well-posedness for every constant delay factors can be achieved from the perturba-
tion theorem for strongly continuous semigroups.
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With regards to wave equations with distributed delays, [37] considered a delay variable
which satisfies a transport equation with two extra parameters and a degenerate kernel. The
well-posedness of the model has been established via semigroup methods. A weighted L>-
space has been considered as the state space for the delay variable, where the weight function
is related to the kernel corresponding to the distributed delay. Consequently, it is not neces-
sarily the usual L>-space. However, the natural set-up would be the L*-space as in the case
of discrete delays and for ordinary delay differential equations. This will be the direction we
pursue here.

Introducing anew state variable z(z, 6, x) = w,(t + 0, x)for (¢, 6,x) € (0,00) x (—r,0) x
that keeps track of the delay, the elasticity equation can be rewritten as a coupled system of
hyperbolic partial differential equations

7(t,0,x) — z9(£,0,x) = 0,
Z(ty Osx) = Wt(t,-x),
wy(t,x) — divo(w(t, x)) + w(t, x) + pw(t,x)
+ paz(t, =14, %) + 7, 1e(0)2(1,0,2)d0 = G (1,x),

fort > 0, —r < 8 < 0 and x € ;. Observe that the first equation in (1.3) is a one-dimensional
transport equation with parameter x € ).

The paper is organized as follows. Section 2 deals with the functional analytic proper-
ties of the Stokes—Neumann operator. As a strictly positive self-adjoint operator with com-
pact inverse, this map has an orthonormal basis, and this will be used in the Faedo—Galerkin
approximations of (1.1). The well-posedness as well as boundary and interior-point trace
regularities of the transport equation with a parameter will be briefly presented in section 3.
Existence of energy-level weak solutions of (1.1) will be discussed in section 4. In the two-
dimensional case, the uniqueness of weak solutions, regularity of weak solutions and expo-
nential decay of the energy will be tackled in sections 57, respectively.

(1.3)

2. The Stokes—Neumann map

Given an open set € in R, the inner product on the Lebesgue space L*(2) will be denoted by
(-, -)o- The usual notation H*(2) with s € R for the Sobolev spaces will be used. For simplic-
ity, the product of d copies of a Banach space X will be denoted again by X instead of X¢. We
use the notation X’ for the dual of X, that is, the space of all bounded linear functionals on X.
The set of all vector-valued functions in C§°(£2) that are divergence free in 2 will be denoted
by C5%(92).

We denote the whole fluid-structure domain by €2 = €, U €2, U I';. In the weak formulation
of the Navier—Stokes equation, the standard function spaces of solenoidal functions will be
utilized here. Consider the following Hilbert spaces

Hy={ueL*() :divu=0inQ,u-v=00nTy},
Vi ={uecH () :divu =0in Q,u =0o0nT;},
endowed respectively with the following inner products
(u,0)q, = / u - vdx, (u,0)y, = Vu : Vodx,
o o
where the colon represents the inner product in R?*“. The corresponding norms will be denoted

by || - |lo, and || - [|v,, respectively. Recall that the gradient of a vector field u = (uy, ... ,uq) is
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given by Vu = (Gjuk)‘;fk:,. If u € Hy then (u-v,1)y-1/20yxm/2r,) = 0 and if u € V; then
(u, v)r, = 0 from the divergence theorem.

The embedding V; C Hy is continuous, dense and compact. One can see that the comple-
tions of the set D(£)) consisting of all vector-valued functions in C*°(£) which are diver-
gence free in )y and vanish on a neighborhood of I'y under the norms in L?(€);) and H{ ()
are Hyand Vy, respectively. These facts are well-known, however, for completeness we present
the details regarding the completions based on appropriate liftings on the interface T';.

Given u € Hy, define z = (Vzr)xq, + (Vzs)xa, € L*(€2), where x denotes the character-
istic function, and z € H'(€) and z; € H'(),) are weak solutions, which are unique up to
additive constants, of the elliptic Neumann boundary value problems

—AZf = 0, in Qf,

. —Az, =0, inQ
% =0, on Iy, and P v
gz” % =u-v, only.
ar =u-v, only,

Due to the compatibility condition {(u - v, 1) 12(ry)xa/2(r,) = 0, the existence of solutions
is guaranteed, see [29]. By construction, it holds that divz = 0 in {2 in the sense of distribu-
tions and z- v = 0 on JQ = I's. Therefore, given ¢ > 0, there exists ¢ € C§% (€2) such that
lz— ¢l|la < /2. Onthe other hand, since u — zis divergence free in £}y and (1 — z) - ¥ = O on
0 =Ty UT, we have ||(u — z) — ¥lo, < /2 for some ¢ € CF5, (§Y). Letting ¢ = o + 1),
we have ¢ € D(§)) and ||u — ¢||o, < €, proving the density of D(§) in Hy.

Now suppose that u € V; and let y=yrxo, +YsXo, € H{(Q), where (yp,7y) €
H'(Q) x (L*(Q)/R) and (y,, m,) € H'(€) x (L*(£))/R) are the weak solutions of the fol-
lowing Stokes problems

_Ayf+v7rf:0’ in Qf, _Ays+V7rs :O in Qs

divy, = 0, in Qy, . .
1 f and divy, = 0, in €,
yr =0, onIY,
Vs = U, onI.
yr=u, on [,

Thanks to the compatibility condition (u,v)r, = 0, these problems are well-posed, see [42]
for instance. According to the definition, divy = 0 in €2 and therefore given € > 0 we have
[Vy — Vol|la < e/2 for some ¢ € C§% (€2). Similarly, there exists ¢ € C§% (€)) satisfying
[V (u—y) = Vip|lo, <e/2becauseu —y € Hj(Q)and div(u — y) = 0in €. Consequently,
if ¢ = ¢+ € D(§)) then || Vu — V¢||q, < ¢, showing the density of D(€))in V;.

We also consider the Hilbert spaces Hy= H; x L*(§}) and H; = {(u,0) €
Vy x H' () : u = v on I';} with the inner products

((.0). (o) = | u-wdx+/ﬂv-¢dx,

Q ¢ s

(u,0), (0. V), = Vu:Vgodx—i-/QVv:dex.

%
In H,, the norm || - ||, is equivalent to

I, 0) | = (/Qfmfm/g

1
2

[o|* + |Vv|2dx>

s

5114



Nonlinearity 32 (2019) 5110 G Peralta and K Kunisch

Indeed, if (u,v) € H; then § = uxq, + vxq, € H)(Q). By the Poincaré inequality

lwo)lP < / VP + Jefdx < eq / IVEPdr = coll(w o),

for some cq > 0. The other inequality is trivial. We have the following density property.

Proposition 2.1.  The set D := {(u,v) € D(€)) x C(8X) : uxqo, +vxg, € C°(Q)} is
dense in Hy and H; with respect to their underlying norms.

Proof. Denote by I:Io and H, the closures of D in Hy and H,, respectively. It is clear
that H; C H; for i =0, 1. Let (u,v) € Hy and suppose that ((u,v), (©,1))m, = 0 for every
(p,9) € D. By extending every ¢ € C5°(£,) by zero outside 2, we have (v, 1), = 0, hence
v = 0. Consequently, u = 0 as well by the density of D(€) in Hy. Thus, Hy = H.

To prove that H; = H,, we follow [42, section I.1] by showing that any bounded linear
functional L on H,; that vanishes on 1:11 is identically zero. Let us define a bounded linear
functional L on W := {¢ € H}(Q) : div€ = 0 in O}, considered as a subspace of H} (), by

(L, &) wrxw = (L, (Eloy- €

) H] xH; -

This functional is well-defined since the map £ — (£|q,,&|q,) is an isometric isomorphism
from W onto H, and moreover, it vanishes on {£ € C5°(2) : £ € D(€¥)}. By the Hahn—
Banach theorem, L can be extended to an element of H~'(Q2). Now, L vanishes on Cos (2),
and therefore L = Vp for some p € L2(9) in the distributional sense. This implies that

(L, &)wxw = —(p,divé)q,, forall £ € W.

Taking arbitrary & € C5°(€,), extending it by zero outside 2, and then using (L, £)ws»w = 0,
we have Vp = 0 in €. Thus, p is constant in §); and we obtain from the divergence theorem
that

<Z,£>fow=—p/F g-z/dx:p/Q divédx =0
s 4

for every & € W. Therefore, L =0and as aresult L = 0. |

From the above proposition, Hy C H; is continuous and dense. Moreover, since
L*(Q) C H'(Q) and Hy C V; are compact embeddings, H; C Hy is also a compact
embedding.

We now define the Stokes—Neumann operator. Roughly speaking, this is a linear operator
describing a simplified steady state version of the fluid-structure interaction problem. Let
A :D(A) C Hy — Hj be the linear operator defined by

A(u,v) = (—Au+ Vp, —Av)
with domain D(A) consisting of all elements in (u,v) € H; such that Av € L*(€)),
—Au+Vp € Hrand & = 2% — pvin H~2(T,) for some p € L*(Y).

Note that v € H'(Q;) and Av € L*(€,) imply that 52 € H~2(T,). The fact that
2u). e H™%(Ty) and p|r, € H~*(T,) follow from —Au + Vp € Hy and u € V;, see [5]. By
choosing p = 0, we can see that D C D(A), and thus, D(A) is dense in Hy by proposition 2.1.

5115



Nonlinearity 32 (2019) 5110 G Peralta and K Kunisch

For the Stokes operator with Neumann boundary conditions and without the coupling with the
Neumann Laplacian, we refer to [34].

Theorem 2.2. The linear operator A is self-adjoint and strictly positive. Moreover,
D(AZ) = H,.

Proof. We begin by showing that A is symmetric. For this purpose, let («,v), (p,¥) € D(A)
and denote by p and 7 be the corresponding elements in L?(§}). Applying Green’s identity
and the divergence theorem twice, we have

(Aw.0) (o), = |

(—Au+Vp) - pdx + / (—AD) - pdx
v

Q,

= Vu:V<pdx+/ Vo : Vidx
Qf QS

:/qu~(—Ag0+V7r)dx+/ v (—Ay)dx

Q
= ((w,0), A(@,9))y -

Here, we used the boundary conditions % = % — pv and g—f = g—f —mvonl,u=¢p=0
on I's, and the fact that u and ¢ are divergence free in 2.

To prove that A is self-adjoint, it is enough to prove that A is onto according to [43, proposi-
tion 3.2.4]. Let (f, g) € Ho be given. Note that the map (f, g) — (f.¢)o, + (8 ¥)q, defines
a bounded linear functional on Hj, and hence from the Riesz representation theorem, there

exists a unique (u,v) € H; such that

(Vu,Vo)o, + (Vo Vi), = (fr@)a, + (& ¥)a,.  Y(e.9) € Hi. (2.1)

Taking ¢ = 0 and ¢ € H}(Q) N Vyin (2.1), it follows from de Rham’s theorem that there
exists p € L*(€Y) such that —Au + Vp = f in the sense of distributions. Note that p = p + p*
for every constant p* satisfies the equation —Au + Vp = f in the sense of distributions as
well. This constant will be appropriately chosen below. For every ¢ € Vy we have, according
to generalized Green’s identity,

ou
f-odx = <(9 — pv, <p> 1 1 + Vu : Vedx. (2.2)
o v H™2(D)xHI(T,) I

By taking ¢ = Oand ¢ € H}(€,)in (2.1) we have —Av = g in L*(€,). Thus 2 € H1(Ty)
and for every ¢ € H'(€)) there holds

dv
/ g~¢dx:—<a,¢> , ) -l-/ Vo : Vipdax. (2.3)
Q v H™2(T,)xH2 (Ty) Qs
Let ¢ € H2(T) and set ¢ = ¢ — (IF—IS‘ fFS ¢ - vdx)v. Choose the constant p* according to

! <6u_1~w_3v,,>
IT| \ Ov o’ H*%(n)xH%(n)'

2.4)
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Note that ¢ € H2(T;) and Jr, ¢ - vdx = 0. From the trace theorem there exists ¢ € H 1(Qy)
such that 9|, = ¢. Let (¢, m) € Vy x L*(Q)/R be the solution of the following Stokes prob-
lem

—Ap+Vr =0, iny,

divyp =0, in Qy,

i ! 25)
= 0, on Pf,
¥ = C? on Fs'

Using (p, %) € H) as the test function in (2.2) and (2.3) we have

ou dv
v Vo[ B2, xHZ(TY)

From the deﬁnmon of p and the equation ¢ = ¢ + ( IF fr ¢ - vdx)rv we obtain that

—pv — 2 =0 in H™2(Ty). Therefore, (u,v) € D(A) and A(u v) = (f,8).
” From the proof of symmetry, we deduce that for every (u,v) € D(A)
(A 0), (,0))m, = || (. 0) [, (2.6)

Using this and the Poincaré inequality, we conclude that A is strictly positive. Finally, we
prove that D(A%) = H,. By [43, remark 3.4.4], the space D(A%) can be viewed as the comple-
tion of D(A) with respect to the norm

(1, 9|11 /2 == (A(,0), (u,0)) 11

and therefore from (2.6), we have D(A%) C H, since D(A) C H;. On the other hand, from
D C D(A) and the density of D in H,, we have the reverse inclusion H; C D(AZ). O

The operator A~ is also strictly positive, self-adjoint and compact, the latter being a con-
sequence of the compactness of H; C Hy. From the above discussions and [43, theorem
12.2.11], Hp has an orthonormal basis {(¢n, 1,) }°2, consisting of normalized eigenvectors of
A. Let )\, be the eigenvalue associated with (¢, ¥, ). Each )\, is positive, and we list them in
increasing order so that \, — oco. Every element (u,v) € Hy has the Fourier series expansion

Z{ s pn)y + (0, 00) } (P ).

In particular, for u € Hy and v € L?({);) we have

oo oo

u= Z(u7 @n)ﬂf(pm 0= Z(v’ wn)QA’L/)n'

n=1 n=1

Consequently, the operator A can be expressed as a Fourier series in terms of the associated
orthonormal basis as

Z/\ { <‘0” Q (U, ,w")ﬂs}((pm %)

and its domain can be alternatively characterized according to
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D(A) = {(u, v) € Hp : 2(1 + )| (), + (0, 9%0)0,|* < oo} .
n=1
In proving the existence of weak solutions to (1.1), we shall utilize the orthogonal projec-
tion I1,, of Hy onto the span of {(¢;,¢;)}/-, given by

I (,0) = > {( @), + (0, 8n)0, } (Pns tn)- 2.7
n=1
For each (u,v) € Hy we have ||IL, (4, 0)| |, < ||(u,v)]|5, for all m and 11, (4, v) — (u,v) as
m — oo in H,.
Consequently, we have the following characterization

H, = {(M,U) € Hy: Z/\n|(u,g0n)ﬂf + (U,Zf)n)QJz < OO}

n=1
and

1

| u,v ||H1 = (ZA ‘ Spn Q (Uﬂpn)Q;'z)

Using this, we have ||T1,, (&, 0) ||z, < ||(4,0)||n, for each m and 11, (u,v) — (u,v) as m — oo
in H, whenever (u,v) € H;. Indeed,

[C3a]A

1L (u,0) 3, = ZM o), + (0, )0,

and as m — 00

L (10, 0) — (. 0) [, < Z Ml (1, on)oy + (0. n)a [ = 0

n=m+1

3. Transport equations with parameter

Let Q C RY be Lipschitz, T > 0 and a < b. The results of this section will be applied to the
case (a,b) = (—r,0). Consider the transport equation with extra variable x €

2(1,0,x) — 29(1,0,x) =0, in(0,T) X (a,b) x 2,
2(t,b,x) = v(t,x), in (0,7) x €, 3.1
2(0,0,x) = z0(6, x), in (a,b) x Q.

If the initial and boundary data v and z; are sufficiently smooth and satisfy appropriate com-
patibility conditions, then one can obtain the solution of (3.1) using the method of characteris-
tics. Moreover, one obtains a well-defined trace on the boundary as well at interior points. Our
goal is to have weak solutions for square integrable data and recover also this trace regularity.
This will be needed in the weak formulation of our fluid-structure interaction model (1.1).

Our approach follows a variational method similar to the method of Friedrichs [17] for
symmetric hyperbolic systems. Here, we focus in the bounded case and also mention the
construction of traces for the graph spaces associated with (3.1). First, we write our notion of
weak solution.
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Definition 3.1. Let v ?(0.7)xQ) and z0 € L*((a,b) x Q). A function
7€ L*((0,T) x (a,b) x Q)is called a weak solution of (3.1) if the variational equation

—/OT/ab/Qz-(qSt—cbg)dxdet:/ab/QZO-¢>|,=od.xd9+/oT/QD-¢|9:bdxdt

holds for every ¢ € H'((0,T) x (a,b); L*(2)) such that ¢|,—7 = 0 and @|g—, = 0.

Notice that a weak solution satisfies the equation z; — zg = 0 in the sense of distributions.
Hence, one can have a generalized trace on the boundary of Q7 = (0,T) x (a, b). Following
[2, 22, 39], we shall construct this generalized trace and its restrictions in the appendix. The
proofs of the following theorems are similar to that of hyperbolic systems and for this reason
we do not include them here. For the definition of the space V#(Qr) we refer to the appendix.

Theorem 3.2. Given v e L*((0,T) xQ) and zo € L*((a,b) xQ), (3.1) has a
unique weak solution. Moreover, we have z € C(0,T;L*((a,b) x Q)) N L*(; VZ(Qr)),
Z)o=a»2lo=p € L*((0,T) x ) and for each v € R we have

e 2"z(r) ||22((a,b) xo) T ||e_7t1|9:7r||22((o,r) xQ)

t
+ 27/0 e_zw||Z(U)||i2((a,b)x9)d0 = ”ZOHiZ((a,b)XQ) + ||e_wv|\i2((o,r)xn)
(3.2)

foreveryt € [0,T]

The parameter -y in the above theorem will be useful in the derivation of a priori estimates
applicable to arbitrary delay coefficients y, p1g € R? and p, € L*(—r.,0).

Theorem 3.3. Suppose that m,s > 0 are nonnegative integers, zo € H"((a,b); H(Q))
and v € H™(0,T; H*(Q)) satisfy the compatibility conditions 8]v|=o = 9jz0|o=p for every
j=0,1,...,m — 1. Then the weak solution of (3.1) satisfies

2€ () C/H0.T: H"7((a. b); H'(Q))),
Jj=0
Zo=as 2lo=» € H" (0, T; H*(Q)).

Remark 3.4. Let £ € [a,b]. By choosing test functions ¢ € H!'((0,T) x (&,b); L*(Q))
satisfying @lg=¢ = 0 and ¢|,—r = 0 and then extending them by zero for a < 6 < £ in the
definition of weak solution to (3.1), we see that z satisfies the weak form of (3.1) for
6 € (¢,b). Consequently, z|g—¢ € L*((0,T) x 2) in the case of theorem 3.2, while
z|lg=¢ € H™(0,T; H*(€2)) in the case of theorem 3.3.

4. Existence of weak solutions

The weak formulation of (1.1) will be posed in the state space X = Hy x H'(£2,)x
L2(€) x L*((—r,0) x ) and will be coupled in terms of the fluid and solid components.
This is the same framework utilized in [28] for the case without delay. Thanks to the trace
regularity for transport equations, it is advantageous to have test functions for the fluid-struc-
ture dynamics that are uncoupled to the delay variable. Without delay, an alternative direction
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was followed in [10] using the theory of monotone operators. This time the test functions for
the fluid and solid components are decoupled due to hidden trace regularity for the hyperbolic
part. We prefer the former approach, specially in establishing uniqueness and regularity in two
dimensions. For the rest of the paper, we let z* := z|g—_¢ whenever & € [0, 7].

Definition  4.1. Given 7>0, G;elL*0,T;V}), G,eL*(0,T;L*(%)) and
(1o, wo, V0, 20) € X, the quadruple (u, w,w;,z) € L*(0,T;X) is called a weak solution of the
fluid-structure model (1.1) and (1.2) if the following conditions are satisfied:

(a) u € L*(0,T; V)

(b) ulr, = wilr, € L*(0.T: H>(T))

(c) 7 € L*(0, T; L* ()

(@) w(0) = wo

(e) For every (p,v) € H'(0,T; Hy) N L*(0, T; H,) such that (¢,v)|,—r = 0 we have

/0 [ eay + (Vi Voo, + (- V)t @)y, — (- v, o)y, Yo

+ / (= ti)en, + (). €(8))a, + (w+ oy + g, b)Y
T 0

+ / / o2 )08 = (up. 2(0)) gy, + (20, (0))r,

+ [ Gy, + (Gt

(f) For every ¢ € H'((0,T) x (—r,0); L*(€)) with ¢|,—r = 0 and ¢" = 0 we have

T 0 T 0
- / / (2061 — 69 Ol — / (e 6" dt = / (0. 6(0) )0, d6.
0 J—r 0

—r

Let us give a few remarks with regards to the above definition. As a consequence of the
definition, we have w € C(0, T; L*(Q,)), so that (d) makes sense. Moreover, we have at the
very least that w;|p, € H='(0, T; H (T,)). Nevertheless, condition (b) implies that we have
more regularity. Condition (f) implies that z is the weak solution of

72(t,0,x) — z9(£,0,x) =0, in (0,T) x (—r,0) x Q,
2(2,0,x) = w(t,x), in (0,7) x £, 4.1
2(0,0,x) = z0(6, x), in (—r,0) x Q,

and based on remark 3.4, we obtain (c).

In the following, we shall prove well-posedness for every damping and delay factors
(s fras pte) € R x R x L*(—r,,0). In the linear case where semigroup methods are amenable,
the corresponding result can be achieved from the bounded perturbation theorem for strongly
continuous semigroups. In the nonlinear case, we shall do a similar process by replacing the
test function (¢, 1) in condition (e) by e~ (¢, 1) with a suitable v > 0. Notice that this map
is an isomorphism of H'(0, T; Hy) N L*(0, T; H;) onto itself.

The effect of the above change of test functions with respect to the weak form is equiva-
lent to the change of the unknowns (u,w,w.p) to e~ (u, w, w;, p) in the strong form. For this
reason, let us define the new state variables (i, w., U, p) = €~ (u,w, w;, p) as well as the
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rescaled source terms Gy, = ¢~ 7'Gy and G, = e~ "'G,. The strong form of the Navier—Stokes
equation becomes

Uye = Aty + Yty + € (uy - V)uy + Vpy = Gyy,
divuy, =0,
and using
War = Uy — YWa, (4.2)
the strong form for the elasticity equation turns into

0
—divo(wy) +wy + (7 4+ p)vy + pee™ 77 + / e "u.zdd =G

—re

The boundary conditions remain the same for the rescaled variables, that is, u, = v, onI'y and
u, = 0 on I'y, except for the normal stresses on I'y which becomes

Ou 1
377 — Pyt Eew(“'y Wy =0 (wy) v

Applying the variation of parameters formula to (4.2), we obtain w., = e 'wg + J,,v., where
J. is the integral operator

(J,0)(1) = /0 e 1=y (s)ds.

We are now going to write the rescaled variational equation in (e). First, let us define the
bilinear forms ay : H' () x H' () — R and a, : H' () x H'(Q;) — R and the trilinear
form b : H' () x H'(Qy) x H' () — R respectively according to

p) =

a (u, (Vu, Vo),
as(w, ) = (a(w), e(¥))o, + (W, P)q,

1
b(u,v,¢) = ((u- V)0, ‘P)V;xvf - E«“ V), ‘P>V;><Vf-

From the above discussions, we see that the variational equation in (e) can be rewritten as
follows

/0 (s r)ey + (s )+ Atgs D)y, + bty 11y, 0)
T
*/ {0y 80)a, + @slTy 0y ) + (7 + 1)y + prae ™", ), Y
/ / e 7;1,5 z, P Q dodr = (uo, ( )) + (U(),l/)(()))gv

—/0 e ag(wo, dt+/ {(Gyy, >v'xvf (Gsys ), b,

while the variational equation in (f) can be rewritten as

T 0 T 0
- / / (2.1 — o), dodi — / ("0, 6") 0, di = / (20, $(0) ), d.
0 J—r 0

—r
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Note that we only did a change of test functions in (e) and not in (f). If
(y,04,2) € L*(0,T; Hy x L*() x L*((—r,0) x €))) satisfies these new variational equa-
tions and J, 0., € L*(0, T; H'(€2)) then it is not hard to see that (u,w,w;,z) with u = €""u,, and
w = e"J,v, + wy is a weak solution of (1.1) and (1.2).

Remark 4.2. An auxiliary problem may be considered in terms of the global velocity vec-
tor field £, = uyxq, + Uy Xaq, as in [16]. One proves the existence of &, by Faedo-Galerkin
method. The solution of the original problem can be obtained by the restrictions u, = &, |q,
and v, = &, |q,. We prefer the formulation where the velocities are defined separately. Never-
theless, these two approaches are equivalent.

In the following lemma, we list some properties of the trilinear form b that will be needed
in the proof of existence of weak solutions. For their proofs, we refer to [10].

Lemma4.3. Letu € Vs and v, € H'(Qy). Then we have the following:

(i) b(u,v,9) = —b(u, p,v) and in particular b(u,u,u) =0
(ii) If d = 2 then there exists a constant C > 0 independent of (u,v, ) such that

61,0, < Clally ) (0l It ) + 120510 19151 )

(iii) If d = 3 then there exists a constant C > 0 independent of (u,v, ) such that

(6,0 0)| < Cllull 3 o W0l @pllellin

|b(w, 0, 0)| < Cllull 3, 1ol @) llell, 3

Hi Q)| H4(Q

The following consequence of this lemma will be utilized frequently in this paper.
Corollary 4.4. Letd = 2. For every € > 0 there exists a constant C. > 0 such that

2/3
|b(u, 0, 0)| < ellull}, + Cellulld, [0l (1 + o]&)
for every u,v € Vy.

Proof. From lemma 4.3(ii), interpolation for Sobolev spaces and Poincaré inequality

340 (5/4y.n1/4y . 13/4
[b(u v, u)| < Cllulley l[ullv;[|ollv, + Cllullg, / [Jully; Mol - ol /2, (4.3)

The desired estimate now follows by applying Young’s inequality ab < 5a” + C, br/(r=1)
. 5/4 3/4) 1 1/4y.13/4

witha = [[ully, b = Cllulley [o]lv,, p = 2 and a = [lul[y/*, b = Cllulle]*ollg, ||v|\vj P =85

to the first and second terms on the right hand side of (4.3), respectlvely O

Theorem 4.5. Let T>0 and set Vio={ueVi:u=0onI,}. Given
(ug, wo, 0, 20) € X, Gy € L*(0,T; Vf’), G, € L*(0,T; L*(Q))and (u, pia, pic) € R? x L?(—r,0),
the coupled system (1.1) and (1.2) has a weak solution. In addition, it holds that
(u, w,w,) € L(0,T; Hy x H'(Q) x L*()), u; € I(0,T; Vi), where p = 2 if d = 2 and
p=3if d=3 wy€L*(0,T;H (). and z € C(0,T;L*((—r,0) x ,)) N L*(Q; V(Qr)).

Proof. We apply a standard Faedo—Galerkin method using the orthonormal basis of Hy ob-
tained from the Stokes—Neumann operator A. For each positive integer m, define
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)= ameix),  (h) € (0.7) x 9y,
x) = Zajm(l)wj(x), (t,x) € (0,T) x Q.

The continuity on the interface u,|r, = vy |r, holds since ¢;|r, = j|r, for each j. Consider
the following approximate system of integro-differential delay equations

(1) + Y m(D{ar (91 00) + (05 00y} + Y (D (D)€7b(05, o1 1)
=1 k=1

+ Z (Ty ) (Das (W 1) + > (v + 1) (t) + prae™ " him(t, —1a) } (1 i),
j=1

+Z / & (01, 0) (W )0, 0 = (G (1) 01}y, + (G (0), ),

—7re

— e Mag(wo, Vi), aim(0) = imo,

4.4
where h;,, is the solution of the following transport equation

atl/lim(ts 9) - 89him(tv 0) = O’ him(t9 O) = e’wajm(t% him(os 9) = him0(9)9
4.5)

for (#,0,x) € (0,T) x (—r,0) x Qg and fori = 1,...,m. The corresponding approximate ini-
tial data and history are given by

@im(0) = (0, @i) o, + (0, V)0,
himO(0) = (ZO(G), '(/)i)st RS (—r, O)

Let = (ms - > Cm) s iy = (Bims - -+ hm)” and f, = Jycuy. Likewise, define the
matrices  An = [ar(9), 1) + V(@5 i), + (V+ )W i)z, Cn = las(¥, ¥i)]ij=,

= [ )2 7, a0d g = [(Grov vy vy + (Gonys i)es, — &' (wo, )] . The equas
tions (4.4) can be written as the system

am( ) +Amam( ) + Cmfm( ) e'ﬂNm(am([)) + :ude_’lemhm(t* _rd)
10 e e (9) Do (1900 = 1), @6)
fm( 1) fm( ) 7a'n( ) =0,

for the unknowns (v, fin, lun ), Where N, is the nonlinear function associated with the trilinear
form b. From the theory of delay differential equations, system (4.5) and (4.6) admits a unique
local solution with #,, € C(0, T,,; L*(—r,0)) N V.(Qr, ), cm € H'(0,T,,) and f,, € H*(0,T,,)
for some T, € (0,T]. We either have T, = T or [au(t)| + [fu(t)| + A (£) |2 (=r0) — 00 as
t — T,,. The a priori estimates below implies that the second case is not possible, hence
T,=T.

Define z,, = Z]m:l himbj and zyo = ij:] hjmotj. Note that z,,|g—o = €7'v,, by (4.5). It fol-
lows from (4.5) that for each & € [0, r), z,, satisfies
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130

- —24t 2
s | & 00

0
_ 1 _ 1
v f & OB+ e IO, = SloalE @D

Let w,, = ™ ""wp + J, 0, s0 that Wi = U — YWm. Multiplying (4.4) by «;y,, adding the
resulting terms for i = 1,...,m and using

3 35000 (0) = 5061, 2 (1) = s 1) 1)
we have

3 U ()1, + ), + s (0), (1)) + (1), 0 (6)

+ Yl (D18, + s (W (8): win (1)) + (7 + 1) [0 (1)

2
Q
) (4.8)
@GO a0, + [ (O a0 (10).000))0 0

—7e

= (G (1), () vy xv; + (G (1), Om (1)),

Here, we used b (4, Uy, Uy) = 0 according to lemma 4.3(i).
Taking the sum of (4.7) with £ = ry, £ = r. and (4.8), integrating with respect to time and
applying the Cauchy—Schwarz inequality, we obtain

en0)+(1=) [ oyl (o). ()

t t
49 [ awnlo) walo)da + Ceoy [ (ol do
0 0

1 t 1 t 0
+(3-¢) [eriaonhao+ (v=3) [ [ e leato.0) a0
0 0 J—r.

1 1
< em(0)+§/0(CeHva(0)H2; + Gy (o)1, )do

where e,C,C. > 0,Ccy=v+p—1— piCe — %H:“CH%Z(—W,O) and
1
en(t) = §(||Mm(t)|\?zf + lom () I3, + as(win (1), win(2)))

1 /0 1 [0 “4.9)
T B X e (MU

—rq —re

By definition, we have  (4,(0),v,,(0)) = IL,(uo,v9), J4uw(0) =0 and
zm(0,0) = 11,,(0, z0(6) ) |,- The boundedness of the projections IT,, imply that e,,(0) is uni-
formly bounded with respect to m. By choosing € small enough then ~ large enough so that
C. > 0, we obtain the following
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(Um)m  bounded in L>(0, T; Hy) N L*(0,T; Vy),

(Um)m  bounded in L>°(0, T; L*(9)),

(Wm)m bounded in L>=(0, T; H'(€Y)), (4.10)
(zm)m  bounded in L= (0, T; L*((—r,0) x Q)),

(z%4),,  bounded in L*(0, T; L*(£)).

With these bounds, we obtain the following convergences after an extraction of an appropriate
subsequence. First, we have u,, — u in L*(0, T; Vy), 0y — v in L2(0, T; L?(£2) ), Wi — wyin
L2(0,T; H' (Q)), zm — zin L*(0, T; L2((—r,0) x ©4))and /¢ — (in L*(0, T; L*(£))). Since
Uy is bounded in LP(0, T; Vf,o) and the embedding Vyo C Hy is compact, we have u,, — u- in
L?(0, T; Hy) by Aubin-Lions—Simon lemma [40]. The integral operator J. is bounded from
L*(0,T; L*(£)) into itself, thus we have J,v,, — J,v, in L*(0, T; L*(€ )) and as a result
wy = J,0, + e M wy.

Since 0,z — 9pz = 0 = Oz, — Opz,n in the sense of distributions, we have z, — z in
L*(Qy; WE(Qr)). The continuity of the generalized trace implies that we have z7¢ — z'* in
L2(Qy; V(X77)"). We refer the reader to the appendix for the definitions of the function
spaces WZ(Qr) and V(X777)". By the uniqueness of weak limits, it follows that ¢ = 7%,
To verify (b), first let us notice that uy,|r, (0,T; Hz(Ty)). From IO, —
in L2(0, T; H? (T'y)), we obtain that 0, |r, = ((J40m)s + 14 0m) |, — (Wyr + Yw4)|r
in H-1(0, T; H? (Ty)). . . :

Given 7; € H'(0,T) and p; € H'(Qr) such that 7;(T) = 0, pj|;=r = 0 and pj = 0, intro-
duce the following test functions

k k k
¢ = Zm% Pt = Z nii, ¢ = Z pitbi
i=1 i=1 i=1

for 1 < k < m. Multiplying (4.4) by n;, taking the sum for 1 < i < &, and then integrating
by parts over the time interval [0, 7], we have the rescaled variational equation in (e) with
(Uy,0,2), (0, %) and (ug, Vo) replaced by (thm, Vs Zm)s (5, %) and (o, Umo ), Tespectively.
That is, for every 1 < k < m we have

/ {_("‘m’ (p];)ﬂf + af(um» @k) + 'Y(um’ ‘pk)ﬂf + e’ﬂb(um’ Ums ‘Pk)}dl
0
T
+ / (Ot es, + a0 t) + (7 + )0 + prae™ "2, )0, Yt
0
T 0
+ / / & e (ems ), A0 = (tom: 7 (0)) ey, + (oms 0 (0))
0 J—r.

T T
— [ e atmn i+ [ (G ey, + (Gt Y
0 0
“4.11)

where (Uom, Vom) = I, (1o, Vo). On the other hand, multiplying the first equation in (4.5) by
W;, taking the sum for 1 < i < m, testing the resulting sum by ¢*, and integrating by parts on
[0,T] x (—r,0), we obtain

5125



Nonlinearity 32 (2019) 5110 G Peralta and K Kunisch

T 40 T 0
[ [ st = dhradsar [ @ om oot = [ Gt O)act,

0 J—r 0 —r (412)
where zo,(0) = 11,,(0,20(0))|q,, which corresponds to the equation in (f), where z and zg
replaced by z,, and z,,, respectively.

Writing b(tm, s 0°) — bty thyy OF) = bty — 1ty thyys O°) — bty thyy — 11y, #*) and us-
ing lemma 4.3(iii) and interpolation estimates, we have

T
/ eV (b(up, th, gpk) — b(uy, uy, gpk))dt
0

T
<o / (1Bt — syt )] + 1Bty t — 2 )
0
T
k
<cer / it — 3 1l + oy e

r 1 1
< Ce”llw"llmc(o,r;v,)/o letm = || &y lm = w13, ([lam v, + [loes [l )t

1 1
< CH(pk”L""(O,T;Vf)Hum - MVHZOO((),T;H/) ||um - MWHEZ(O,T;V/.)

where C = C(T, [|uml|20.1:v,)> |~ 2(0,7v,)) > 0. For fix k, this tends to zero as m — oo
according to the uniform boundedness of u,, in L>°(0, T; Hy) and the fact that u,, — u, in
L*(0,T; Hy).

Observe that the set of all linear combinations of the form (ne;, nv);) for every n € H' (0, T)
such that n(T) = O is dense in {(p, ) € H'(0,T; Hy) N L*(0, T; Hy) : (¢,%)|,=r = 0}. Simi-
larly, the set of all linear combinations of the form pv; for every p € H'((0,T) x (—r,0)) with
pl=r =0 and p" =0 is dense in {¢ € H'((0,T) x (—r,0); L*(%)) : ¢|,=r = 0,¢" = 0}.
Passing to the limitm — oo in (4.11) and (4.12), and then using these density properties, we ob-
tain the rescaled versions of (e) and (f) in definition 4.1. Furthermore, since u., € LZ(O, T; Vf),
uy|r, = vy|r, and w,(0) = wo, we also have (a), (b) and (d).

As has been noted, z is the weak solution of a parameter depending transport equa-
tion with boundary data w, € L*(0,T;L*(Q;)) and initial data zo € L2((—r,0) x ).
Consequently, z € C(0,T;L*((—7,0) x €)) N L2(Qy; V2(Qr)) according to theorem 3.2
and z'* € L*(0,T;L*(€))) by remark 3.4, thus (c) is verified. The regularity of the time
derivatives u, € LP(0,T; Vf/',O)’ with p as described in the statement of the theorem, and
wy € L*(0,T; H'(8y)) follows immediately from the variational equation (e) by choosing
test functions ¢ € LP/?=1(0,T; V;) and ¢ € L*(0, T; H)(€)), respectively. Finally, by the
sequential compactness of L*°(0,T; Hy x H'(Q) x L*(€))) in the weak-star topology, we
also have (u, w,w;) € L>(0, T; Hy x H' () x L*(Qy)). O

Given a Banach space X, denote by Cs(0,7:X) the set all functions u € L*>°(0, T; X) such
that for each f € X’ the map 7 — (f, u(f))x xx is continuous on [0, 7.

Theorem 4.6. The component w of the weak solution of (1.1) constructed by the Faedo—
Galerkin approximations satisfies w; € Cs(0,T; L*(€),)) and w € Cs(0, T; H'(€)).

Proof. From the proof of existence, we have in fact the weak-star convergence of w,, to w

in L°°(0, T; H' (€2)) and w,, to w, in L>(0, T; L*(€2)). Since w € C(0, T; L*(12)), it follows

from [29, lemma 8.1] that w € Cs(0, T; H'(€),)). Likewise, we have w,, € L*(0,T; H~'(£))),

so that w; € C(0, T; H~'(€))), and thus w; € Cs(0, T; L*(£2,)). O
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5. Uniqueness and continuity of weak solutions in two dimensions
In this section we shall establish the uniqueness of weak solutions in the two-dimensional

case, and in addition, we prove that the weak solutions are continuous in time with values in
the state space X.

Theorem 5.1.  [fd = 2, then the weak solution of the fluid-structure system (1.1) is unique.
Proof. Suppose that (u1,v1,z1) and (uz, V2, z2) are two weak solutions of the rescaled weak

forms of (e) and (f), and denote by (u, v, z) the difference of these weak solutions. Then we
have the variational equation

T
/ (s )y + (@) + (s 0, + " Blus s 0) }dt
0

T
+ / {=(.Y)q, + as(J,0, ) + (v + p)v + pae™V'2, 1) q, tdt (5.1)
0

T p0
" /o /rL. e "1c(0)(zm(0), 1) q,d0dt = 0

for every (p,v) € H'(0,T; Hy) N L*(0,T; H,) such that (¢(T),(T)) = (0,0), where the tri-
linear form B is defined by B(u, u1, v) = b(uy,u, ©) + b(u, uy, ) — b(u, u, ). The weak form
for the transport equation for z is the same due to linearity.

Fix t € (0, T) and let ¥,, be the absolutely continuous piecewise linear function such that
O(s) = 1 for 2 < <t—7and19 (s)=0fors>t—1ors< Ll Letg,beaneven mol-
lifier whose support lies 1n[ , 1], that is, 0, € C>®(R), 0,(s) = 04(—s) and [ 04(s)ds = 1.
For n > 2m we consider the test functions

(Crms Vm) = O ((It) * 0 * 0ns (U0) * 04 * 02) € Hy (0, T Hy),

where u and v are extended by zero outside [0, T] and * denotes convolution with respect to
time, see [28, chapter 1]. Fixing m and letting n — oo, we have

t t
/ (u, (pnmt)ﬂfds = / 'ﬁm(u * Ons (19,,,14) * Qn)Qde
0 0
t t .
+ / (Ome) * 0n) 1> (Imt) * 0n) 2, dt — / 19m19m||u\|?zfds.
0 0
In a similar way, we have the following
t t
/ (0, Ve )ds — / V|01, dt,
0 0
t
a0 ) 0 i + (0 )0+ a2 e Y
/ 2 {arn,u) + 2w, w)e, + (7 + 00 + e~ 2%, ), }d0ds,

/0 [ €110 (0) (2m(0), Y ), d6dls —> / e (8)(6). o) 90,
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On the other hand, it holds that
t
/ as(Jy0, Ypm)ds
0
t
= / {aswm(‘]ﬂ)) * Qn»ﬁm(va)t * 0n) + 719r2na5(<]70> * On» (va) * o) }ds
0

t
. / (9210 (J,0,J,0) — Dnmas (0, 4 0) Hds.
0

With regards to the nonlinear terms in the fluid component, we have as n — oo
/Ot e B(u, uy, pm)ds — /Ot e'ysﬂfnb(u, uy, u)ds.
Using corollary 4.4, one can see that
/t e'”ﬂfnb(u, uy, u)ds
0 t t
< e [l o, 0+ s < [ ey,
As in [28, chapter 1], if ¢ is a Lebesgue point of the integrand then
[ Dl + o, + a0 00
— %(Ilu(t)ll?z,- + o8, + as(1y0(1). J,0(1))). asm — oo.

Let e(?) be the energy defined by (4.9) but without the indices m. Using the test functions
(@nms um) in (5.1), choosing € > 0 small enough, passing to the limit n — oo and then
m — 0o we have

t 1

e(t) + /0 a7 (u(o), u(o))do + /O a(150(0). 150(0)) + [0(0) 3, do

t t 0
+ [emi@lbdrs [ [ eIzl o) d00

0 0J—r

t
2/3

< cﬂ(1+||u.||Léo(0,T;Hf))/0 Jul, [, s

for some constant C 7 > 0. Since u; € L2(0, T; V) N L>(0,T; Hy), one can apply Gronwall’s
inequality to obtain that u is identically zero in [0, 7]. This is true for almost every 7 € [0, T},
hence it follows that (1.1) has only one weak solution. O

We already knew from the existence part that # and z are continuous in time. Thus
it remains to show continuity of the elastic component, and for this we derive a rescaled-
in-time energy identity. Given - >0, let us define the functionals & :X — R and
D Vp x L2(8) x L*((—r,0) x Q) x L2(Q) x L*(£,) — R as follows
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1
& (u,w,0,2) = S ([ully, + as(w, w) + o]l5,)

1/ 5 10 5
+ 5 [ 1Oadd+ 35 [ 11z0)6,d6

—ra —re

P (,0,2,¢.€) = a(u,u) + 7 |ulld, +as(w,w) + (v + = Do+ paC. v)a,

+ [ el0)e).00d8+ 30

—re

1
2, L2
Q, T 2||§\ Q,

0 0
o [l [ o)

—rd —Tec

By taking v > 0 sufficiently large enough, we can see that Z is weakly lower semicontinuous.
Indeed, using the elementary identity (v, w)qo, = 3(|[v+ w3, — [loll3, — [lwll3,). the func-
tional & can be rewritten as

1
P(u,0,2,¢,€) = ag(u, u) + y[Jullty +vas(w, w) + S[IC + pav]

1
2, L2
QS+2H§|QS

1 1 0
+ (vt n 508 = Sl — 1) ol 7 [ 10109

—Td

10 1 [°
w3 [ o) v nopian (v 3) [ 1@l

—Te —Te

and weak lower semicontinuity follows immediately, provided that the coefficient of ||UH?) is
nonnegative.

Theorem 5.2. [fd = 2, then the weak solution of (1.1) constructed from the Faedo—Galerkin
approximations satisfies the energy equation

5(”(f),w(’)’wt(f)az(f))+/0 DD (u(o) wi(0).2(0).2"(0). 2" (0))do
= 7' & (ug, wo, Vo, 20) + /(;t 627([_0){<Gf(0')? M(U)>Vf’><Vf + (Gs(0), wi(0))q, tdo (5.2)

for almost every t € [0,T).

Proof. We proceed using the methods in [28, chapter 9]. For each nonnegative continuous

function 9 on [0, T}, the approximate solutions provided by the Faedo—Galerkin method give
us the energy identity

/OT & n (0), Wi (1), o(0) € 2 (1)) D 1)1

- /0 T/ot D (um(0), vm(0).e7 " 2m(0). €2 (0). €777 25, (0))0(r)dords
= /OTg(”mO»WmO,Umo,Zmo)ﬁ(t)dt

" /oT/o e 7 {GH(0),un(0)) v, + (Go(0). () }O(1)dordr.
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This can be obtained by choosing £ = r; and £ = r. in (4.7), taking the sum of these terms
with (4.8), multipyling by ¥, integrating over the interval [0, 7] and then integrating over [0, T).

According to the weak convergence of the approximate solutions and the weak lower-
semicontinuity of &, we have

lim inf ' E (um (1), win (1), 0 (1), €72, (2)) V(1) dt

> / =2 (u(t), wlt), wilt), 2(1)) 9 ().
0

Here, we recall that (i, v, wy) = e~ (u, w;,w). On the other hand, the dominated conv-
ergence theorem, which is applicable due to (4.10), implies that

T pt
/0/0 6*70{<Gf(0),um(0)>v/><vf+ (GS(U)’Um(U))Q,}ﬁ(t)det
- /0 /Ofezw{<Gf(a),u(cr)>vf'xyf + (Gy(0), wi(0)), }0(t)dord.

Using the weak convergence of (i, Wi, Zm» 25, 205) to (™Y u, e "'wy, z,2,2) in
L*(0,T; Vy x L*(Q) x L?(—r,0; L*(£2)) x L?(£);) x L*(€Y)), Fatou’s lemma and the weak
lower-semicontinuity of 2, we can see that

T pt
lim inf / / Dt (), 0 (), 6~ 2 (0), €724 (o), e~ 172 ()9 () dordl
0 JO

m—00

P /OT/O’ e*ha@(u(a), wi(0),2(0), 2(0), 2" (0))9(t)dodt.

Similarly, from the strong convergence of the approximate initial data, there holds
T T
/ éa(umo’ Win0s Um0, Zm())’&(l‘)dl‘ — / é”(uo, wo, Vo, Zo)ﬂ([)dt.
0 0

Since 9 > 0 is arbitrary, we obtain that the left hand side of (5.2) is smaller that its right hand
side.

To obtain the reverse inequality, we use the same argument as in the uniqueness part to
prove that the energy identity (5.2) holds where the lower limit O of integration is replaced by
an arbitrary s € (0, ¢). According to the weak continuity of solutions,

hmui)nf E(u(s), w(s), w:(s),z(s)) = & (up, wo, o, 20)-

Passing to the limit inferior of the said energy identity yields the reverse inequality. [
From the above energy identity, we obtain the continuity of weak solutions.

Corollary 5.3. If d =2, then the weak solution constructed from the Faedo—Galerkin

approximations satisfies (u, w,wy,z) € C(0,T;X).

Proof. We already know that u € C(0,T; Hy) and z € C(0, T; L*((—r,0) x €)). Hence, it
remains to establish the continuity of the structure displacement and velocity. De-
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note by &, the component of the energy with respect to the elastic body, that is,

&u(t) = ||w,() &, Fas(w(t),w(r)). Consider the energy identity at times 7 and s
for 0 < t< T and subtract the two resulting equations. Doing so we obtain that
|8 (1) f h(o)do + o(t —s) as s —t for some h € L'(0,T). The absolutely

contmulty of the Lebesgue integral implies that for a given € > 0 there is § > 0 such that
|&(t) — &(5)| < € + o(t — s) whenever |t — s| < ¢. Note that

[[we(r) = we($) 18, + as(w(r) —w(s), w(r) — w(s))

5.3)

= &u(1) + Eu(s) = 2(wi(1), wi(s))o, — 2a5(w(t), w(s)).
According to weak continuity, we have (w,(t), w;(s))q, + a;(w(t),w(s)) = &,(¢) as s — 1.
Applying this to (5.3), we obtain w, € C(0,T;L*(€))) and w € C(0,T; H'(Qy)). O

6. Strong solutions in two dimensions

The present section is devoted to establishing that the weak solution constructed in section 4
is a strong one provided that the data are smooth enough and satisfy suitable compatibility
conditions. We limit our study to the case of two dimensions. We consider the following
assumption:

(A) Suppose that (ug, wo,vo,20) € (Ve N H?(Qy)) x H*(Q) x H'(€) x H'((—r,0) x €)
i i (€2) such that the

following compatibility condition holds

f)uo 1

o(wo) - v ———pov+2

3 (uo - v)up on T'y. 6.1)

without delay. A similar condition is given in [10] for the nonlinear case. The compatibility
condition zg|9—o = vy is a typical assumption for the regularity of solutions for delay differ-
ential equations. This means that the trace of the initial history at # = 0 must fit with the initial
structure velocity.

In the proof we use symbolic calculus. Let A and B be pseudo-differential operators in R¢
with symbols a and b having orders m and n, respectively. The symbol of the commutator
[A,B] = AB — BA is given by the Poisson bracket

Oa Ob  0Oa Ob
{a.b} _Z<a o€ aa)
= xj O &j Ox;
modulo a symbol with order m + n — 2. Here & denotes the Fourier symbol corresponding to
spatial variable x. Thus [A, B] is an operator of order m 4+ n — 1. For more details on pseudo-
differential operators and commutators, we refer the reader to [18, chapter 2].

For the proof of the regularity result, we follow the arguments presented in [10], with few
modifications. We summarize the steps as follows:

1. Reformulate the Faedo—Galerkin approximations using the method in [16] applied to the
linearized case.

2. Prove boundedness for the time derivatives of the state variables using the regularity and
compatibility conditions of the initial data and history.

3. Establish preliminary regularity of the nonlinear terms (u - Vu) and (u - v)u.
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4. Show the existence of a pressure satisfying the fluid equation and the stress boundary
condition on the interface.

5. Prove interior regularity of the structure displacement by localization away from the
interface, and utilize commutator estimates and regularity theory for steady elasticity
equations with homogeneous Dirichlet boundary conditions.

6. Prove interior regularity of the fluid velocity by using the strategy in step 5 twice, now
appealing to regularity of the Stokes equations.

7. Localize the problem by considering a partition of unity subordinate to an open cover of
the interface and apply Melrose—Sjostrand coordinates to transform the equations on a
half-space, for which the velocity in general is not divergence-free.

8. Establish additional regularity of the transformed state variables in the tangential direc-
tion by the energy method.

9. Invoke Sobolev embedding to show L?-regularity of the nonlinear convection term.

10. Prove H?-regularity in space for the fluid velocity and H'-regularity in space for the pres-
sure utilizing the equations governing the fluid.

11. Prove H’-regularity in space for structure displacement by using the elasticity equa-
tion and regularity theory for elliptic problems with Dirichlet boundary conditions.

Step 1 is a technical strategy that has been considered in [16] in the linear case without delay.
We would like to emphasize that this is introduced in order to derive strong a priori estimates
with respect to the norms in Vy and H'(€)) of the fluid and structure velocities, respectively.

Theorem 6.1. Ler d =2. Assume that hypothesis (A) is satisfied, and suppose that
Gy € L*(0,T; L*(%%)) N H' (0, T; Vjﬁ) with G¢(0) € L*(Qy) and G5 € H'((0,T) x €). Then
the weak solution of (1.1) and (1.2) satisfies the following regularity properties:

(a) u € L*(0,T; Ve N H*(SY)), u, € L°°(0,T; Hy) N L*(0, T3 Vy)
(b) w € L*(0,T; H*(SX)), w, € L>=(0,T; H' (X)), wy € L%°(0, T3 L2($y))
(c) z€ C(0,T; H' ((—r,0) x Q)), z € C(0, T; L*>((—r,0) x £)),

2= € H'((0,T) x Q) for every £ € [0,7].

Moreover; there exists p € L*(0,T; H' () such that the strong form of the equations are
satisfied almost everywhere.

Proof. For simplicity of exposition, we shall assume that g > 0 is large enough. This is
not a restriction since one can proceed by a time-rescaling argument as in the proof of the
existence part. The proof is divided into several steps. The first part is to consider a different
formulation of the Galerkin approximations. Afterwards, we prove additional time-regularity
and then spatial regularity following [10] along with Agmon—Douglis—Nirenberg type argu-
ments in [1].

Step 1. Reformulation of Faedo—Galerkin approximations. Following [16], we reconsider
the (non-rescaled) Faedo—Galerkin step using the approximate system

d d

(0. P)e, + ayn(0.0) - blan (1) (). 0) +
0

+ as(Jom(1), ) + (1o (1) + pazyi (1), V), +/ pe(0)(zn(1,6), ¢)0,d0

—r.

= (Gf(1), 0)q, + (Gs(1). 1) a, — as(wo. ¥) + ar(um(0) — uo. )
+ b(un(0) — uo, un(0), ¢) + b(uo, tn(0) — uo, ¢)

(Um([)’w)ﬂs

(6.2)
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for every (p,7) in the linear span of {(y;,1;)}/L;, together with the initial conditions
I/tm(O) = Hm(”O, UO)|Qf7 Um(o) = Hm(uo’ UO)|Q.\- and Zm(o’ 0) = Hm(uo’ ZO(Q)) Q, —- Zm0(6)9
where II,, is the projection operator defined in (2.7).

Let us analyze the additional terms on the right hand side for this new type of approx-

imations. First, we have the following estimates

g (1 (0) = uo, )| < el|@llf, + Cellum(0) — uoll3,
<ellelly, + Cell (o, o) 17,

< Cllun(0) = uollv; [[unm (O)[lv; 2],
<ellelly, + Cell(uo. v0) 2,
<

ellelly, + Cell(uo, v0) 2, -

|b (1 (0) — ug, n (0), )|

|61t (0), 1m(0) — uo, ©)|

From these estimates, and using the same argument as in theorem 4.5, we obtain a weak

solution to (1.1) and (1.2). By uniqueness, this is the same as the one constructed from theo-
rem 4.5.
Step 2. Time regularity. In this step, we show that (u;,w;,wy,z) € L%(0,T;X) and
u, € L*(0,T; V). According to zo|g—o = o, we have the compatibility condition z,,0(0) = o,
and as a consequence h,, € C(0,T; H'(—r,0)) N C' (0, T;L*(—r,0)), ap.fn € H*(0,T) and
hé, € H'(0,T) for every £ € [0, r]. Taking the time-derivative of (6.2) and setting ¢ = Oy, (t)
and ¢ = 0y, (1) yields

000 ()1, + 100 (1), + 0 (0), 0 (1))} -+ (Dutn ), D (1)
+ (U0 (1) + paOizie (1), Ovm(t))q, + ’ e (0)(0rzm (1, 0), 0o (1)) 0,d0

—r

= (0iGs (1), O (1)), + (9,Gs(1), Orvm(t )Q — b([“)tum(t),um(t),a,um(t)()é \
3)

For the trilinear term, we apply corollary 4.4 to obtain
DOt (), tm (1), Ortam (1))
2/3
< e[ 0um(®) 1}, + CellOmm ()13, lm (D)3, (1 + [lm (1) [817)-

Let Y, (2) = &(Oim (1), Uy (1), Ovm(t), Oizm(t)). Using (6.4) in (6.3) and then applying
Gronwall’s inequality, we have

(6.4)

t
Yot) < CYn(0) + C / 10:Gr (@), + 19,G.(0)]13,ds
0

+C / 191t () 1B, (1 + ttn ()13,) (1 + [t (o) 155 )ds. (6.5)

From this estimate, we have the boundedness of Y,,(f) once we have shown the boundedness
of ¥,,(0). First note that 0,2,,(0) = Ogzmo, and s [|0,z,n(0)[|22(—r0:r2(02)) < ll20ll22(= 011 (02,))-
Also, |as(v,,(0),0,,(0))| < C||(u0,v0)]|n, by Korn’s inequality and the fact that the projec-
tions II,, for m € N are uniformly bounded with respect to the norm in H;. Setting ¢ = 0 in the
reformulated approximate system 6.2 in step 1, and taking (¢, ¢0) = (9,u;,(0), 9,0,(0)) as the
test functions, one obtains
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Hat“m(O)H?zf + ||8tvm(0) ¢ (”07 8t”m(0)) + b("‘O’ Uop, at“m(o))
+ as(wo, 0vm(0)) + (110m(0) + 14z, (0), 90, (0)) e,

0
+/ 1e(0)(z2(0,0), 0;0m(0)) 0,8 = (G£(0), Dt (0)) 2 + (G5(0), 00w (0)) gy,

—re

(6.6)
Again, utilizing the uniform boundedness of 11, in H;, we have
|(G1(0). Bt (0)) ey | < €| Oum(0)18, + CelIGr(0)lI7 (o (6.7)
1(G5(0). 9w (0)) | < ellOwm(O)II%, + CellGillzn o120 (6.8)
0
| (1om(0) + 11z, (0), 91om(0)) e | + / |1e(0) (zm(0,0), 00w (0) ), |dO
< el|8wm ()18, + Ce{ll (w0, v0) 17, + ll20ll3 ((—roy ey }- (6.9)
Furthermore, the divergence theorem and condition (A) imply that
af(uo, a,um( )) + b(uo, Uup, &um( )) + as(Wo, 8;2;,,1( ))
Aug - Oy, (0)dx — / divo(wp) - 0,0, (0) 4+ wo - 0,0,(0)dx
Q
8140 1
+/ (0 - V)it - 8,um(0)dx—|—/ olwo) v — 2 Ly g ) - e (0)dx
Qf T, (91/ 2
< el 0un(0) 13, + ll0om(0) 18, + Ce{lluollze () + Iwollzr i, + IPollz ) }- (6.10)

Using (6.7)—(6.10) in (6.6), we see that Y,,(0) is uniformly bounded with respect to m. As a
consequence, (i, Wy, Wy, 2:) € L (0, T; X) from (6.5). In particular w, € H'((0,T) x ) and
from the compatibility conditions we obtain the regularity properties of z stated in (c) accord-
ing to theorem 3.3. Moreover, we have u, € L*(0, T; Vy), hence u € C(0, T; Vy).

Step 3. Preliminary regularity of nonlinear terms. For this part, we prove that
(u-V)ueL20,T;L: () and (u-v)u € L*(0,T;L*(Ty)). Take ¢ € L?*(0, T;H2 (L))
Using trace theorem, Poincaré inequality and the embedding H 2 (Ty) C LA(Ty), we have

! vV)u ' u 24
/0 () - v)ule). p(0))de < / () e,

T
C/ )13, e Ol 2y dt < CVTull o o 12 0Nz 01221 -

This shows that (u - v)u € L*(0,T; L*(Ty)). Let ¢ € L*(0,T; L3(€)). In virtue of Holder’s
inequality and the embedding V; C L°(£);), we obtain

()| 22,y dt

/ /Q u(t) - p(t)dadr < / ) ey V) 2 60y
f
C/o ()3, (D)l o,y dt < Cﬁ”””iw(O,T;Vf)H¢||L2(0,T;L3(Qf))-

Thus (u- V)u € L*(0,T; L3 ()) by duality.
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Step 4. Existence of pressure term. We prove that there is p € L*(0, T; L*($})) with
div(Vu — pI) € L*(0,T; L (),
(Vu—pl)-v e L*0,T;H *(T,)).

Choosing ¢ € H'(0,T; H} () N Vy) with ¢|,—r = 0 and ¢ = 0 in the weak formulation defi-
nition 4.1(e), we have

T
/ (u — Au+ (u- V)u — Gy, p)q,dt = 0.
0

By density, this holds for every ¢ € L*(0, T; H}(€) N Vy). According to de Rham’s theorem,
see for example [41, lemma 1.4.1, section IV.1.4], there exists m € L*(0, T; L*(€)) such that
in the sense of distributions

—Au+ (u-V)u+Vr =Gy 6.11)

Since u;, (u - Vu) € L*(0, T; L3 () we have div(Vu — «l) € L2(0, T; L () and therefore
(Vu—pl)-v e L*0,T; W3 (Ts)) according to [35, chapter 2, theorem 5.7]. Observe that
p = 7 + «* still satisfies equation (6.11) for any 7* € L?(0, T). We shall pick a specific 7*
below.

By taking ¢ = 0 and ¢ € H'(0,T; H}(€2)) with 9|, = 0 in the weak formulation, we
see that

0
—divo(w) = Gy — wy — w — pw; — g7 — / 1ezd0
T

c

holds in the sense of distributions. Since the right hand side of the above equa-
tion lies in L*(0,T;L*(f)), we also have divo(w) € L3(0,T;L*(€;)). Thus
o(w) - v € L2(0,T; H 2(Iy)). From the embedding H—2(T'y) C W33(Iy) = W51 (L), it
follows that we have o(w) - v € L2(0, T; W=32 (T'y)).

Let ¢ € L2(0,T; W33(L,)). By trace theory there exists ¢ € L2(O T; W'3(Qy)) such
that ¢ = q’) on T'y. We decompose ¢ = (¢ — kv) + kv, where k = |F | Jr ¢ - vdx so that
Jr (¢ = kv) -vdx = 0. Let (p,@) € L*(0,T; W'3(Qy)) x L*(0,T; L3(Qf)/R) be the solu-
tion of the time-dependent Stokes problem

—Ap+Vw=0, in(0,T)xQy,

divyp =0, in (0,T) x €,
u=20, on (0,T) x Iy,
u=¢— kv, on (0,7) x T.

Then we have (p,%) € L*(0,T; W3(Qp) x W'3(Qy)). Let us choose the function
7* € L*(0,T) according to

1

(1) = T <(W(t) —m(1) v+ %(u(t) ) -u(t) —o(w(t)) - v, l/>

_23 24 '
W33 (0,)xW33(Ty)

Compare this with (2.4) in the linear static case. By taking (¢, ¢) as the test function in defini-
tion 4.1(e) and applying the generalized Green’s identities both in the fluid and solid domains
we have, following computations in the proof of theorem 2.2,
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(Vu—pl)-u—l—%(wu)-u—a(w) v=0 inL*(0,T; W™ %%(F ).
Since o(w) - v € L2(0,T; H™2(Ty)) and (u - v) - u € L*(0, T; L*(T'y)), we have

(Vu —pI) - v € L*(0,T; H 3 (Iy)). (6.12)

Collecting what we have obtained so far, the following equations holds for almost every
point in the space-time domain

—Au+ (u-V)u+ Vp =Gy, in L2(0, T; L2 (),
divu =0, in L2(0, T; LZ(Qf)),
u=0, in L2(0,T; Hz(r,)),
u=w, in 20, T; H: (T)),

—divo(w) +w+ pw; + pa2’ + fE, pezdf = Gy, in L2(0, T; L2($)),
ow)-v="23"—pv+Lu- vu, in L2(0,T; H™2(Ty)).

Step 5. Interior regularity of the solid component. Given 6 >0, we define
Q0 = {x € Q : dist(x,T'y) > J}. Suppose that x; € C3°(€2) is a cut-off function such that
x1 = 1 on Q9. Multiplying the elastic equation by this function, we have the elliptic boundary
value problem

—dive(xaw) + (xaw) = xaF — [dive, xq]w, in (0,T) x Q,
xiw =0, on (0,T) x Ty
where

0
F=—wy;—w—pw, — pgs7" — / 1ezdd + Gy € L2(O, T, Lz(QS)).

—7e

Note that the commutator [div o, x;] is of order 1 and since w € L°°(0, T; H'(€)), we have
[div o, x1]w € L>(0, T; L?(£Y)). Therefore xw € L*(0, T; H*(£2)) by elliptic regularity, and
so for every d > 0 small enough there holds w € L*(0, T; H?(20)).

Step 6. Interior regularity of the fluid component. For each § > 0, we define

Q}s = {x € Q : dist(x, I'y) > 6}
Given 6 > 0, let x, € C(?O(Q}S/4 UTY) such that x» = 1 on Q}s/z U T'y. Multiplying x> to the
fluid equation yields

—AQau) + V(xap) = Ry, in (0,7) x &y,
div(xau) = Vx2 - u, in (0,7T) x £,
XU = 0, in ( ) X an

where
Ry, = x2Gr — (xatty + [A, xaJu + x2(u - V)u + [V, x2] p) € L2(0, T; L3 ()

since the commutators [A, x,] and [V, x2] have orders 1 and 0, respectively.
Notice that we have the compatibility condition

Vxz - udx = xou - vdx = 0.
Q 0%y
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According to [42, proposition 2.2] we have you € L*(0,T; w23 2(€¥)), so that in par-
ticular there holds u € L2(0,T; W*3 (Qé/ %)), where we also used the fact that
u, € L*(0,T; L%(Qf)) By the Sobolev embedding, u € L>°(0, T} L"(Qf)) for2<g<oc.Ina
similar way, since W2 () C L3 (), we see that Vu € L*(0,T; L+ (Qf/z)). From Hélder’s
inequality

”(u ! V)M”LZ(O,T;LZ(Q?/Z)) < C”””L“(O,T;L”‘(Q)) ”V ||L2(OTL4 (Qé/z))

Thus (u-V)u € L*(0,T; LZ(Q?/z)).

We repeat the above procedure, but now use a cut-off function x3 € C§° (Q}W 2 uTy)
such that x3 =1 on Qf UTy instead of x,. Then Ry, € L*(0,T; Lz(Qﬁ/ %)) and hence
xau € L*(0, T; H*(SY)) and x3p € L*(0,T; H'(SY)). Thus, for each small enough & > 0, we
have u € L*(0,T; H*(€)) and p € L*(0,T; H'(2))).

Step 7. Transformation to a problem on a half-space. We adapt the proof in [10]. Consider
the neighborhood

% = {x € Q:dist(x,T) < &}

of the interface where § < 4. Let {g/} Y, bea partltlon of unity subordinate to an open cover
{B; }j\': of [%, that is, o; € C3°(B;) for each j and Z , 0 = 1 on T'%. For simplicity, we take
Bj to be an open disk centered at some point on I'; for each j.

Given a function f, we denote by f the product g;f. Multiplying the Navier-Stokes and
Lamé’s equations by the cut-off function g;, we obtain the following equations in the sense
of distributions

— Aw + 27:1 (u' - V)ul +Vp/ =r] in (0,7) x €,
divu/ = rj, in (0,7) x O,
u =0, on (0,7) x I'y,

; j (6.13)
u =wy, on (0,7) x T,
wh — divo(wj) +wl =G, +r], in (0,7) x €,
owl) v="2 —piy 4} Zl L@ vy 1], on(0,T) x T,
where the terms on the right hand sides are given by
N N N
=G/~ Z (A, gjlu’ + Z V,olp" + Z(u’ ® u*)Vo;
i=1 i=1 ik=1
N
ré = Z ng u'

N 0
=Gl =" [divo, olw — pw/ — ()" — / 1e(60)2/(6)d0
i=1 e
N N
Vi:ZUVQJ Z s 0jlu
i=1 i=1
and with initial conditions u/(0) = u, w/(0) = wj, w/(0) = w{ and initial history z/(0) = z,
Utilizing the Poisson bracket, observe that the commutators [A, ;] and [divo, g;] are differ-
ential operators of order 1, while [V, gj] is a zero order differential operator. Similarly, the
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commutators [0 - v, ;] and [0y, ;] are zero order boundary trace operators on I';. Note that in
fact, the sum appearing in the terms rlj forl = 1,2,3,4 can be taken for all indices i such that
the supports of g; and g; are nonempty.

We now transform problem (6.13) in such a way that locally the interface I’y
is mapped to a flat boundary. Consider the Melrose—Sjostrand transformations

U/ (QUT)NB; = [0.1) x (—1,1) and W¥/: (QUL,)NB; — (—1,0] x (—1,1) such
that

Qf = \IJ;(QfﬂBj) =(0,1) x (—1,1),

Q=0

I} = U/(T,NB) = V(TN B;) = {0} x (—1,1).
Let (x,y) denote the coordinates of the transformed domains. Under these change of
coordinates, the Laplacian A in €} and the operator dive in ) are transformed into
Ay =0 + p} (x,y)0; + R]{ (%,y,0y) and Ay = 92 + pl(x,y)0? + RI(x,y,0,), respectively,
for some non-vanishing smooth p]{ and pj, and first order pseudo-differential operators Rjﬁ and

Rf . Likewise, the boundary operators 0, and o - v are transformed into y|,—. On the other

hand, the Dirichlet boundary conditions are invariant under the above transformations, see for
instance [19].
Let us consider the transformed variables

W=ulo (W) p=plo (W) W =wlo (W) F=ulo (W)

for each j =1,...,N. We shall use the same notation for the source terms and initial data.
Also, let u = (Etl, o ) and similar for the other state variables. By construction, @/ and
P/ vanish on regions in R? where |y| > 1 or x > 1, while %/ and Z/ vanish on regions where
[v] = 1 or x < —1. Retaining the principal part of the Laplacian on the left hand side, the sys-
tem (6.13) can now be rewritten in the following form

i} — div(AIVd) + YOI (Al - V)il + AV

=G} + 0, (i, Vi, p. it ® i), in (0,7) x Q.
divi/ = b, (a), in (0,7) x Qf,
i =0, on (0,T) x Iy,
i =w on (0,7) x '}, (6.14)

Wi, — div(AIVwd) + w
Gl (th, vz, [°, uc(e)z(e)da) . in(0,T) x QF,

%L;/ = %j — ple, + vazl (i - ex)it! + L4(it, W), on (0,T) x '},

where Af’ = diag(1, p}), Al = diag(1, pg ), ex = (1,0) and ¢ is a multilinear form with smooth
coefficients for every k = 1, 2, 3,4. We refer to the appendix in [8] for the transformed gradi-
ent and divergence operators in the M-S coordinates. Note that a priori we have

i€ L>(0,T; H' (),

Wwe Whee(0, T H (7)) N W2 (0, T; L*(Q2F)),
p € L*(0.T: L (%)),

z€ L0, T;H' ((—r,0) x Q).
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In particular, & ® & € L>(0, T; L*(2})) by the Sobolev embedding theorem.

Step 8. Tangential regularity of the transformed variables. The next step is to apply the tan-
gential derivative 0, to (6.14). For this, we obtain the following equations foreach j = 1,...,N
in the distributional sense

oyt — div(A]Vyil) + AIV (0,p)
= 0,G — S {0y (Afi) - V)i + (Afi - V)0i'}
+[A/V, 0|7 — [div(A} V), dyJa! 4 O, (&, Vit,p, e @ i), in (0,T) x Qf,

div (A]o,il) = [div, Aldy]i! + Al (i), in (0,T) x Q,
At/ =0, on (0,7) x I'},
oyl = Oywi, on (0,T) x T%,
dywi, — div(AIVawY) = 8,G] — [div(AIV), B, ]w/

+0,05 (wt, v, iz, [0 uc(a)z(e)de) : in (0,T) x 7,

2 (Qywl) = L (Oyit!) — Dyples
+ IS (@it - e)it) + (i - e)di} + dyla(it, W), on (0,T) x T,

For each j = 1,...,N, define the energy of the transformed variables as follows
(1) = {lloya’ (1)1 + 10, (1)][8: + 10537 () [Gr + (AIV O (1), VO (1))

In the remaining parts of the proof, C will denote a generic positive constant that depends on
the norms of &, w, z, p that are known to be finite, and as well on the norms of the initial data,
initial history and the source terms. A subscript for C will be used to denote dependence on
other parameters. By a standard energy method, we obtain

T 4 T
g;(r)+/ ||8yitj|\i,l(97)ds<Cé§(0)+CZ/ Fu(s)ds,  j=1,....N,
0 k=1 0

for every ¢ € [0, T], where ij are given as follows

N
— ([div(A)V), ]i, yi))or — > {b(Dy(Ail'), i, 0,i)) + b(Ail', Dyit’, Dyit’) }
i=1
D = (00", [div, AJD\]i! + AJ0,0>(it) e
0

D3 = (ayaz + Oyt3 (w W, Vi, 7', / ue(e)i(ﬁ)cw) 7@:%")
- o
— ([div(AIV), ]!, O] )

D = (OyLa(it, ), Oyt )+
Let us estimate the integral over [0, T] of each of the functions Y. First, note that the com-

mutator [diV(A;V), 0Oy]is a second order tangential differential operator. Hence, integrating by
parts in the direction of y, one obtains
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/ |([div(A/ V) o\Jil, 8u1)9*|ds

<G [ 1oy s +< [ 10y

On the other hand, the principal part of the commutator [A;V, 0y] is a first order tangential
differential operator, hence we have

(6.15)

T
| 1070057, 8,200 10
0 _

T T
Ce [P ) + 10, o s e [ 103 e (6.16)

Now let us estimate the trilinear terms in @jl. Since 0, (Afjftj ) is no longer divergence free
in €27, we cannot apply lemma 4.3 directly. Nevertheless, by using Holder’s inequality, the
Sobolev embedding H? Q) C L4(Q*) interpolation and Young’s inequality, we obtain

/0 (@ (Afi) - V)i, 0,
/ oy

iz =i i
< / ||ay<Afu>||H%@;)||u o) 18571 0

T
~J j~i\ (12 ~j2
< Cllemorancapy | BRI, o+ 101, . Hs

ds

M]HLA&(Q*)dS

T
c /0 L0 AL) 200 10 (AL L ) + 103 L2 938 s g Yl
T T
< ra[ A i || 2y ds.
<Cote [ 10 pdste [ 10 e 6.17
Using lemma 3.4 in [9] along with the same process as above, we have the following estimate

T
/ |((6y’7‘i ) eX)f‘j’ayﬁj)Ff dr
0

T
~i
< [ 10,

T
. C”WHLOO(O’T;H](Q;))/O Uy g+ 10T Yo
T .
¢ [0y

T T
< c€+s/0 ||ayu’||§,l(9;)ds+s/0 ||3yit/||%1|(gf*)ds. (6.18)

|

il . ds

Hi () H ()

inl/2 ~in3/2
/ 8yuf||H/l(Q;)}ds

8}£‘iHH'(Qf*) + [0yt

Thus, from (6.17) and (6.18), the first trilinear term in 921'1 can be estimated as follows
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N T }
> / |b(y(Afit'), !, Oyl )| ds
i—1 70 '

; ; (6.19)
0 ! 0 /
For the second trilinear term in @jl, we shall invoke the identity
- , , 1 .
b(Afi', O’ , Oyi’) = E(dlv(A;u’), Oit! @ Oyt )z
apply Holder’s inequality and use Sobolev embedding
N T )
Z/ |b(AJii', Oyi!, Oyit? )| ds
i=1 70
N T . )
< O3 [ 1A i) 10 s
i=1
N T
i . il |I? 6.20
<cy | 1 1@ 0 (620)

ayﬁj”Lz(Q;f) [0y’ | 1 (@)ds

N T
<3 [ iy
i=1

T
0

For the remaining term in 92]-1, observe that Gf,él(ﬁ, Vi, p,i® i) € L*(0,T; LZ(Q}*)), and
therefore we have '

T T
/ |(61(&, Vit p, i @ ) + G/, i’ )z |ds < Ce + g/ |\ayaf'||,21,(g7)ds.
’ ° 6.21)
Combining the estimates (6.15), (6.16) and (6.19)—(6.21), we obtain

T T T
| s < cocve [ 10l apyds+ o [ 10,071 o s
0 0 0

Notice that the principal part of the commutator [div, A} 0y]is a first order differential opera-
tor in the tangential direction. Thus, integrating by parts in the direction of y yields the fol-
lowing estimate for 2,

T T T
| Znas <. [0+ 100 e s e [ 10, o s

Since w € Wh(0, T; H' () and 8,GJ, 7", fEr_ ps(0)z(0)d0 € L*(0,T; L*(€2})), one can

bound the term Z;3 as
T B T .
| 9ntas < ¢ [ 10l 105 iz s
0 0
< Ce +elldwlI o 7 (2ry) + CerWlligoe 0.1 (025
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Finally by trace theorem, we can estimate the term %4 as follows

/ Fia(s) / 10,86 -1 o [91
~ J
c / [l gy + 1901 o HIO s
T
<€ [ Ul + 190 195+ = [ 100

In the second inequality, we used Plancherel’s identity to obtain

™)
where i is extended by zero for [y| > 1 and .#ii denotes the Fourier transform of . A similar
estimate involving w can be derived.

Using the above bounds for % and invoking the known a priori regularities of the trans-
formed variables, we have

&(1)+ (1 - Cxe) / 04 3 ds

<Cer+ CNE/O ||3yﬁ\|§1(g;)ds + EHayw”im(O,T;H‘(Q;))

forevery r € [0,T]and j = 1,...,N. Taking the sum over all indices j = 1, ..., N and mak-
ing ¢ sufficiently small, we obtain that Oyit € L*°(0, T;LZ(Q}‘)) N L*(0, T;HI(Q}‘)) and
oW € L>=(0, T; H' ().

Step 9. Regularity of nonlinear advection term. In the transformed coordinates we have
i€ L*(0,T; L2(R; H}(R)) N H} (R; H}(R))), so that by the Sobolev embedding theorem and
the fact that & has compact support we have it € L2(0, T; L>°(R?)). In the original coordinates,
this translates into u € L?(0, T; L°°(€})), and because Vu € C(0,T;L*(€)), it follows that
(u-V)u € L*(0,T; L*(Q)) by Holder’s inequality.

Step 10. H?-regularity of the fluid velocity and H'-regularity of the pressure. We first estab-
lish the regularity in terms of the transformed variables. Indeed, by using divit/ = £, (it) we
have 07/ = 9.4y (i) — 9i/ and thus d7u/ € L*(0,T;L*(€)) for each j. Summing over
all estimates obtained on each of the patches yields & € L*(0, T; HZ(Q; )). Finally, from
the Navier—Stokes equation and the regularity of the nonlinear advection term given in the
previous step, we have p € L*(0,T; H '(Q;)) Translating these to the original coordinates
and combining this to the interior regularity from step 6, we obtain u € L*(0, T; H*(£);)) and
p € L*(0,T; H' (Sy)).

Step 11. H*-regularity of solid component. Observe that 8,w/|r, € L*(0,T; H 3(I'%)), and
r+ € L*(0,T;H 3(I'F)). Applying elliptic regularity theory to the boundary value

hence W/
problem

{—div(A;‘vwf) = ) + Gl + b (w,, w vz, [0, uc(e)z(e)de) ,
Ww/|p. € L2(0,T;H3 (T7)),
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where the right hand side belongs to L*(0,T;L*(Q2})), yields w/ € L*(0,T; H*(Q2})) for
each j=1,...,N. Combining this with the interior regularity in step 5, we conclude that
w € L2(0, T; H*(Qy)). The proof of the theorem is now complete. O

7. Exponential stability in two dimensions

In this section, we prove exponential decay of the energy to solutions of (1.1) with Gy = 0 and
Gy = 0 under the condition & > |pa| + || ftell1 (—r, 0)- This means that the frictional damping
should dominate the strengths of the delays. Let

V,={g € H' () : (g.v)r, = 0}

and S : V; — H'(€) be the Stokes map defined by Sg = u if and only if u is the weak solu-
tion of

—Au+Vp=0, in€y,

divu =0, in Qy,
u=0, onIY,
u=g, on .

The map S is linear and bounded thanks to the compatibility condition (g, »)r, = 0, see for
instance [42, theorem 2.4].

Equilibrium pressure for the fluid is uniquely determined up to an additive constant.
Different pressure corresponds to different equilibrium displacement of the elastic body
and as a result (1.1) has a one-dimensional manifold of steady states. This has been already
observed in the linearized case without delay in [4], see also [38] in the absence of transver-
sal forces. The space of steady states of the fluid-structure model without the source terms is
{0} x span{w*} x {0} x {0}, where w* is the weak solution of the elliptic boundary value
problem

—dive(w*) +w* =0, in Q
{U(w*) -v=uv,o0n I},

that is,
a;(w*, ) = (c(W"), e(¥))a, + W, ), = (W*,v)p,, forall ¢ € H'(9Q).

We equip H'(€)) with the inner product a(-,-), which is equivalent to the usual
H'(£2) norm according to Korn’s inequality. We have the following orthogonal decompo-
sition H'(£) = V, & span{w*}. Let Iy, be the orthogonal projection of H!(£2) onto V.
Decompose the initial displacement of the structure according to

wo = Iy, wo + K(wo)w™, K(wp) = m.

By uniqueness, the weak solution of (1.1) and (1.2) can be likewise decomposed into
(u, w,wr, v) = (u, Iy, w, wy, 2) + (0, k(wo)w™,0,0).

In the following, we shall construct a Lyapunov functional equivalent to the energy of the
system. We refer to [37] for a related Lyapunov functional for wave equations with internal
distributed delay. Before we proceed, let us mention related results in the absence of the
retarded terms. The exponential stability of solutions with boundary damping on the wave
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equation has been shown in [27], with interior damping on the wave equation in [30] and a
combination of boundary and interior damping in [31].

Theorem 7.1. If pu > |pa| + ||pel|r (=r.0) then the weak solution of (1.1) and (1.2) with
Gr= 0 and G, = 0 is exponentially stable, that is, there exist M(&(0)) > 1 and o(&(0)) > 0
such that for every t > 0

lu(t)lla, + (o) = sOwo)w* e, + [we (D)o, + 1200) L2 —ropxcny < M(E(0))e €O,
where &(0) = & (uo, vo, wo, 20)-

Proof. According to the above discussion, it is enough to consider initial data in
Hy x Vg x L*(Q) x L*((—r,0) x €), so that w(t) € V; for each 7 > 0. Define w = S(w/r,)
and

0
wo(®) = [ us)ids 0 € [0l

—re

Note that 19 > 0, 1y = [pc| and || o] oo (—r0) < || el 1t (=r.0)- We consider the Lyapunov func-
tional

L) = L)+ Z(t) + a/

Qs

wi(t) - w(r)dx + a/ u(r) - w(t)dx,

Qf

where %, ,,(1) and .Z,(¢) are the functionals given respectively by

Luw(t) = % ; |u(1)|?dx + % /Q a(w(t)) = e(w(t)) + [w(t)[* + |w,(r)*dx

0

0
200 =5 [ [ @+mleofas 3 [ [ @+nol.oPas

—rg

1 O
+ 5/ / 10(0)|z(t, 0)[>dxdé,
—re. J

and the positive constants c, 3, €, and n € (0, 3/r) are to be specified later. Observe that for
sufficiently small «, 3, € and 7, the Lyapunov functional .Z and the energy functional & are
equivalent, that is, there exists a constant C = C(«, 8,¢,7) > 0 such that

CE(t) < ZL(1) < (1/C)&(r), forevery t > 0. (7.1

Here, we work with the approximate solutions from the proof of the existence theorem and
pass to the limit later. For simplicity, we remove the indices. Alternatively, one may start with
smooth and compatible initial data satisfying condition (A) to have smooth solution and apply
the density of such initial data in X. First, by using the Cauchy—Schwarz inequality, we have

the estimate
d .
Gul) < = [ [TulPax - o al el [ )
dr Q 2 2 Q,

1 0
* |L2d|/ 27 (1) Pdx + 5/ / |1 (0)]|2(2, 0) [*dxd6. (7.2)
& —re J Y

Moreover, for each £ € [0, r] we have
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2
2dt/ / (B +n0)|z(t,0)|"dxd6

_B 0 [0
= 2/QA |Wt(t)|2dx* 5(6*775) /QX |z£([)|2dx— 2/5 \/Qx Z(t,9)|2d9d);_7 )

Furthermore, it holds that

2
2dt/_,c/ o (6)|z(2,6)|>dxd6
(7.4)

””‘H”/ |w, (£)[*dx — / / |11c(0)])2(2, 0)|*dxd6.

Choosing ¢ = ry and & = r in (7.3) and taking the sum with (7.2) and (7.4) yields
d
i a0+ 20 <= [ VuOPar K, [ (0P

—K2/|z"’ 1)[*dx — K3/|Z £)|*dx — n//|zt92d9dx

(7.5)

where
H BB 1 €
i el Ko = 28—l ~mra). Ky = 5 (8~ ).

Take 3 = |pq| + € with a suitable € > 0. Since p > |pa| + || f1c]|, we can choose € small
enough and then 7 small enough so that K; > 0, K, > 0 and K3 > 0. In particular, by integrat-

ing (7.5) with respect to time and using (7.1), it holds that

S (o) £ cw(0) + () < CE10), a6)
With regards to the last two terms in the Lyapunov functional ., we have
& l/ ) wodes [ ut) -w(z)dx]
- / wal6) - w(0) + P+ [ aul0) - w(0) + o) S0l
Q, Q
{W( ) = V(w(t)) — u(t) - Swi(0)[r, ydx — b(u(t), u(r), (7))
/ {o(w (W) + W) + (uwi(r) + pa’ (1)) - w(t) — [w, () *}dx
(1.7)

- / /Q el0)20.0) (o)t
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Let us estimate each terms on the right hand side. Using the fact that u|r, = wy|r, applying
the Poincare inequality and the boundedness of the Stokes map S, we obtain

/Q u(t) - Swi(1)

Using similar procedure along with Young’s inequality, we have

/Qf u() - w(t)d

Likewise, it holds that

rdx| < c/ |Vu(t)|*dx. (7.8)
Qf

< 1/ (c(w()) s e(w(t)) + [w()[P)dx + C [ |Vu(r)|*dx.

4 Jo, Q
(7.9)

0
/Q )+ () - (e + / ) /Q l02l8) - win)dsdh

0
Zr"(t)|2dx+C/ / |2(t,0)[*dxd6.
—red Q
(7.10)

1
<! / w(t)Pdx 4+ C / () +
4 Jo, Q

For the trilinear term in (7.7), we apply lemma 4.3(i) and corollary 4.4 with € = 1to obtain
2/3
[b(u(t), u(r), w ()] < [[u(@)|[5, + Cllu(@)|g, llo @17, (1 + Hw(t)IIQ/f )-

By trace theory and continuity of S we have ||w ()|, < C(a(w(7)) : e(w(r)) + [w(1)[*), and
consequently from (7.6) we have

[b(u(1), u(t), w(1))| < C(£(0)) ; |Vu(r) P dx. (7.11)

Using (7.8)—(7.11) in (7.7) and combining the result in (7.5), we obtain that

C )<~ (1 - ac(60) [ Va0 1 — a0 /Q JECRY

_ ;/Q a(w(t)) : e(w(t)) + |w(t)]*dx — (K2 — aC) /Q |7 (1) Pdx

e[

—re

/ 12(1, 0)2dxdo,
Qy

for some constant C > 0 independent on c. Choosing « sufficiently small and then utilizing
the equivalence of .2 and & yields the exponential stability of solutions with initial data in
Hy x Vi x L*(Q) x L*(—r,0; L*(£2y)). O
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Appendix

Given T >0 and a < b, we let Or = (0,T) x (a,b) and (¢, ) denote a typical point in Qr.
Define the operator L = J, — 9y and the consider the Hilbert space

WZ(Qr) = {u € L*(Qr) : Lu € L*(Qr)}
equipped with the graph norm

1
Izllwecory = (lzllZ2g,) + I1L2lE2(0,))

Using mollifiers, one can see that H'(Qr) is dense in W#(Qr), for example see [2]. From [15,
proposition 18, section 12], the set of all linear combinations x4, u; + - - - + Xa,Us, Where
u; € H' (Qr) and x4, is the indicator function of a measurable subset A; of €, is dense in
L?(2; W2(Qr)) endowed with the norm

Il wzceny = UallE2uzion) + 1LulZ2 2 (0ry) -
By mollifying these functions, we see that C5°(Q2)® H'(Qr) :=span{p @u:

¢ € C(Q),u € H'(Qr)} is dense also in L*(Q; W7(Qr)).
Given z € L*(Q; W2(Qr)), define ~,z : L*(Q; Hz (8Qr)) according to

where z, € C(Q) @ H'(Qr), zo—z in LA W2(Qr). 7o :HY(Qr) — H2(9Q7)
is the trace operator and Yo(¢ @ u) = ¢ @ you for ¢ € C°(N) and u € H'(Qr). Also,
Xv = X{0=b}u{r=T} — X{6=a}u{r=0} Where X is the indicator function. It can be easily seen
that the above limit exists and is independent of the sequence chosen to approximate z.
Furthermore, we have v,z € L*($; H ~1(8Qr)) and

e € LI (W2 (Qr)): LA H2(90r))).

If z € L*(; H' (Qr)) then v,z = XuY02-

We now localize the traces which is useful in the transport equation (3.1). If ¥ C 0Qr
then the space V(X) of all functions in H?(9Q7) whose support is contained in X is dense
in L?(X), see [43, theorem 13.6.10]. Denote by V(X) the closure of V() with respect to the
norm of H2(9Qr).

Let X0 = {0} x (a,b), X" = {T} x (a,b), ¥, = (0,T) x {a} and ¥}, = (0,T) x {b} and
we denote by ¥ to be either of these sets. Given u € L*(2; WZ(Qr)), define

(Y22, @) 2(v(m) ) x 2V (D)) = Lim QWgz, M%)Hf%(agr)m% (8Qr)dx

where ¢, € L*(€; V(X)) and ¢, — ¢ in L*(€; V(X)). It can be easily checked that
s € LI WE(Or): L( V(E))).
Let V#(Qr) be the completion of H'(Q7) with respect to the norm
1
||Z||v,%(Qr) = (HZH€VZ(Q7) + ||701||22(3QT))2~
For every z € L*(Q;V3(Qr)) it holds that vz € L*(Q;L*(X)). Indeed, suppose that
zn € LX(Q H'(Qr))and z, — zin L2(; VZ(Qr)), and hence in L2(Q; W2(Qr)). Thus we have
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Yozn — Yoz in L*($; L*(0Q7)) and yxz, — sz in L*(€2; V(X)'). From the continuity of the
embedding L?(X) C V(Z)', it follows that yoz|s, = ysz. In particular, v,z € L*(Q; L*(0Qr))
for every z € L*(Q; V2(Qr)).

With these preliminaries, it follows by a density argument that the following integration
by parts formula

T b T rb
/ / / ¢ - L*pdfdrdx — / / / Ly - ¢dddidx = / / Xo Vet - Ygpdsdx
QJ0 Ja QJ0 Ja 2/ 00r

where L* = —0; + 0y, holds for every ¢, € L*(Q; V?(Qr)).
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