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Abstract. A distributed optimal control problem for the 2D incompressible Navier—Stokes equation with delay in the con-
vection term is studied. The delay corresponds to the non-instantaneous effect of the motion of a fluid parcel on the mass
transfer, and can be realized as a regularization or stabilization to the Navier—Stokes equation. The existence of optimal
controls is established, and the corresponding first-order necessary optimality system is determined. A semi-implicit dis-
continuous Galerkin scheme with respect to time and conforming finite elements for space is considered. Error analysis for
this numerical scheme is discussed and optimal convergence rates are proved. The fully discrete problem is solved by the
Barzilai-Borwein gradient method. Numerical examples for the velocity-tracking and vorticity minimization problems based
on the Taylor-Hood elements are presented.
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1. Introduction

Optimal flow control problems remain a very active field of research due to their wide variety of ap-
plications in physics and engineering. These include combustion, optimal mixing, shape design, kinetic
energy regulation and turbulence minimization to name a few. Rigorous mathematical analysis of such
problems, as well as their realization to efficient numerical methods, are among the main themes in the
past decades. The pioneering work of Abergel and Temam [1] served as an impetus in the study of optimal
control problems for time-dependent fluid flows, where first-order necessary optimality conditions were
established. Gradient-based algorithms approximating the controls were also suggested. Since then, there
are numerous papers extending this work, see for instance [10-12,20,21,31,32,38,53] and the references
therein. We also refer to the earlier works of Fursikov [25-27]. Recent developments also include ther-
modynamic effects, multi-phase flows, phase transitions, and the interaction with either elastic or rigid
bodies.

The current paper is dedicated to the analysis and numerical approximations to a distributed op-
timal control problem for time-dependent incompressible fluid flows governed by the two-dimensional
Navier—Stokes equation with delay in the convection. A very short account for control problems of partial
differential equations with delay was presented in [40, Section 18.1], and recent work that dealt with
numerical aspects is given in [43]. In both cases the delay appears linear in the state. In our work, on the
other hand, the delayed term is bilinear in nature, for which the history acts as a convective force for the
fluid flow. This leads to different characteristics of the control. For instance, velocity-tracking problems
at the terminal time have controls with limited regularity.

Let us now state the precise formulation of the optimal control problem. Given a fixed final time 7" > 0
and an open, bounded and connected domain @ C R? that is either of class C? or a convex polygonal
with boundary I, we consider the following infinite-dimensional optimization problem:
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subject to the state equation

min
q€L?(0,T;L2%(Q2)?)

Ou —vAu+div(iu" @u)+Vp=f+q inQp:=(0,T) x Q, (P)
divu =0 in (—r,T) xQ,
u=20 on I'r :=(0,T) x T,
u(0) = ug in £,
u=z in , :=(—r,0) x Q.

The unknown state variables u : (0,T)xQ — R? and p : (0,7) x 2 — R represent the velocity field and
the pressure of the fluid. The given functions f: (0,7) x Q — R?, ug: Q — R and z : (—7,0) x Q — R?
are the external forces, initial velocity and initial history, respectively. A no-slip condition for the velocity
on the boundary is imposed. For the state equation in (P), the constant v > 0 is the fluid viscosity and
the fluid density has been normalized to 1 for the sake of simplicity. Also, @ > 0 and «aq,.,ar,ar > 0 are
given constants, where at least one of the latter three parameters is positive in order to have a nontrivial
solution to (P).

We use the customary notation v (¢,z) := u(t — r,z) for the delay of velocity with respect to time,
where 0 < r < T is a fix delay parameter. The convection term (u” - V)u corresponds to the non-
instantaneous transfer of momentum on the fluid bulk. As pointed out in [41], if there is a time delay r
in “following the fluid”, then the material derivative is given by % = Jpu+ (u” - V)u, where the direc-
tional derivative of u is taken with respect to the delayed velocity field u". Due to the incompressibility
assumption divu” = 0, the convective term (u” - V)u coincides with div(u” ® u). Here, the tensor product
v@w: Q2 — R¥*? of two vector valued functions v, w : @ — R? has the components (v ® w);; = v;w;
for 4,7 = 1,2. For works on the Navier—Stokes with delay, we refer the reader to [7,9,28,29,51,52]. The
delay in the convective term can be considered as a regularization or stabilization to the Navier—Stokes
equation.

In the cost functional J, the first two integrals correspond to a velocity tracking problem, where ug4
and ur are the desired velocity profiles in the space-time domain and space domain at the terminal time,
respectively. These intend to minimize the kinetic energy, or a fraction of it, of the difference between the
optimal state to the desired target. The third integral aims to minimize the turbulence of the fluid flow,
where V X u = 0p,u; — Oy, ug is the curl of the fluid velocity w = (u1, uz). Finally, the fourth integral is
a Tikhonov regularization term leading to coercivity of J, and it also measures the cost of the control.
The general rule of thumb here is that the smaller the value of «, the more the controls are going to be
expensive.

One of the goals of the paper is to establish the well-posedness and regularity of the solutions to the
state equation and as well as the associated linearized and adjoint problems. Although the results are
analogous to the case without delay, this has to be done ab initio in order to have a clear understanding
on how the initial history enters in the analysis. In fact, we shall see that the delay impedes further
regularity on the optimal control. To be precise, if ap > 0 then even for compatible initial datum and
initial history in the state equation, the adjoint state does not enjoy the same compatibility at the terminal
time, see Theorem 3.4. Nonetheless, the results here will be useful in the error analysis for the finite-
dimensional approximations. The differentiability properties of the so-called control-to-state operator will
be established from the implicit function theorem, deviating from those that were presented in [1,53].

The other goal is to analyze a semi-implicit scheme for (P) based on discontinuous-in-time Galerkin
and finite element methods. It will be shown that in terms of the space-time L?-norm, the errors between
the continuous and discrete optimal solutions have the order of convergence O((aq,. +a+1)h+ag+ar)h),
see Theorem 4.21 and Corollary 4.22. This is with the stability condition 7 = O(h?) for the temporal
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and spatial step sizes 7 and h, respectively, a typical condition for explicit or semi-implicit schemes to
parabolic problems. Note that in the uncontrolled case of the Navier—Stokes equation without the delay,
the condition 7 = O(h?) for some v > 0 on the time step and mesh size was imposed in [33-37,42] when
explicit and semi-implicit schemes are applied in the convection term. However, the methods presented in
these papers are not applicable to the current problem due to the limited time-regularity of the controls.
If ap = ap = 0, then we obtain the expected optimal quadratic order of convergence. To establish this
convergence rate, we shall utilize Aubin—Nitsche-type duality arguments. In addition, error estimates for
the control, state, and adjoint variables in terms of the norms of the function spaces L?(0,T; Hg(£2)?)
and L*>(0,T; L?(2)?) will be proved.

The associated finite-dimensional optimization problem will be solved by the gradient method of
Barzilai and Borwein [6]. This particular choice is based on its simplicity, efficiency, and applicability to
large-scale optimization problems. As an application, we consider examples on the velocity-tracking and
vorticity minimization problems with local controls.

This paper is organized as follows: In Sect. 2, we establish the well-posedness and regularity of solutions
of the state, linearized state and adjoint equations. The existence and regularity of the optimal controls
will be discussed in Sect. 3. Section 4 deals with the proposed numerical scheme for the optimal control
problem. Finally, numerical experiments based on the two commonly utilized finite elements for the
Navier—Stokes equation, the mini-finite and Taylor-Hood elements, will be presented in Sect. 5.

2. Analysis of the State, Linearized State and Adjoint Equations

The existence and uniqueness of solutions to the state equation in the optimal control problem (P) can be
established through a standard spectral Galerkin method. There are two possible directions that one may
pursue. One such approach is to successively consider intervals of length equal to the delay and show well-
posedness using the fact that the state equation is an Oseen equation at each subinterval. Alternatively,
one can proceed by following the classical strategy for the nonlinear Navier—Stokes equation. For the sake
of completeness and clarity, especially the required regularity and compatibility conditions on the initial
history, we discuss in detail the latter approach.

2.1. Preliminaries

Let us introduce the function spaces and notations that will be used throughout the paper. The dual
space of a Banach space Z will be denoted by Z* and (z*, z) z- z represents the duality pairing between
z* € Z* and z € Z. The set of all bounded linear operators from a Banach space U into a Banach space Z
is denoted by L(U, Z) and L(U) := L(U,U). We follow standard notations for the Lebesgue space L? ()
and Sobolev space H"(Q2) for 1 < p < oo and r € R, and denote the corresponding norms by || - || e
and || - ||gr, see [2] for more details. The closure in H"(2) of the set C3°(€2) consisting of all infinitely
differentiable functions that vanish on a neighborhood of T" will be denoted by H{(€2). All throughout
the paper, we use the abbreviations

X :=L%Q)?, W:=HNN? M:=L*Q)/R, Y:=H(Q)nNM.
The solenoidal functions with no-slip boundary condition will be denoted by
H:={ueX:divu=0inQ, u-n=0onT}, V:=WnNH,

where n is the unit outward vector normal to I'. These are Hilbert spaces with respect to the inner
products in X and W. The embedding V' C H is dense, continuous, and compact.

Let A: D(A) C H — H be the Stokes operator defined by Au = —PAu for v € D(A), where P :
X — H is the Leray projection operator associated with the Helmholtz decomposition X = H &V L?(Q).
Since 2 C R? is either a convex polygonal domain or of class C?, then D(A) = V N H?(Q)?, see [39] and
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[49, Lemma ITI.2.1]. Equipped with the inner product (u,v)pa) = (Au, Av) g, D(A) becomes a Hilbert
space. Moreover, the norms || - ||g2 and || - [[p(a) are equivalent in D(A).

It is well-known that A is a self-adjoint positive operator with dense domain and compact inverse. As
a consequence, H has an orthonormal basis {¢,, }5 ; consisting of eigenfunctions of A with an associated
sequence of eigenvalues 0 < A1 < A9 < --- where A\, — o0 as k — oo. Each v € H admits the unique
Fourier expansion u = Y r- (u, ¢x)mer. The domain and the action of the linear operator A can be
written as follows:

D(A) = {u € H: Z(l + 20| (uy o) ) < oo} , Au = Z)\k(u,gok)}qgak.

k=1 k=1

Let V* be the linear span of {¢; };‘321 and Py : H — H be the orthogonal projection of H onto V¥, that
is, Pyru := Zf:l(%‘PJ)H‘PT For each k, it holds that ||Pyx |z <1 and [|[Pyru — ullg — uw as k — oo
whenever u € H. Given u € D(A), we have Au € H and so ||Pyrul[pay = [[APyrullp = ||PyrAullg <
|Aul| and [[Pyru — ul|piay = ||PyrAu — Aullg — 0 as k — oo. In particular, ||[Pyx||zpeay < 1 for
every k.

The square root A'/? of A is well-defined and D(A'/?) = V. The following spectral representations
for the space V and its corresponding norm hold

S o 1/2
V= {u e H: S Ml gi)nl? < oo} Dl = (Zxkuu,mﬁ) .

k=1 k=1
From the orthonormality of the basis, it follows from these representations that || Py x|z < 1 for every
k and each u € V satisfies | Pyru — u|ly — 0 as k — oo.
We will work in the Bochner spaces LP(I,Z) for 1 < p < oo from an interval I = (a,b) into a real
Hilbert space Z, and C(I, Z) the space of continuous functions from I into Z equipped with their usual
norms [|ullo(r,zy = sup,eg |u(t)l 2, vl (1,2) = ess sup,c; [|v(t)]| 2z and

1/p
lollioir.z) = ( [ dt) (1< p< o).

The space W5?(I, Z) is the set of all u € LP(I, Z) having distributional derivatives &/u € LP(I, Z) for
0 < j < k, while C¥(I, Z) is the space of all functions u : I — X such that &/u € C(I, X) for every
0 < j < k. We shall write H*(I, Z) for W*2(I, Z).

Consider the Banach space WP(I) := {u € L*(I,V) : dyu € LP(I,V*)} with the norm

lullwe(ry = llullL2,vy + 10wl Lo(r,v+)-

Then the embeddings WP (I) C C(I,V*) for 1 < p < oo and W2(I) C C(I, H) are continuous. Moreover,
by the well-known Aubin-Lions-Simon Lemma [46], WP?(I) C LP(I, H) is compact for 1 < p < oco. Let
V2(I) i= L2(1, V) N L®(I, H) and VZY(I) := {w € V() : dyw € V2(I)} = H'(I, V) Wh(I, H) be
endowed with the graph norms
lvllvey = llvlizza,vy + vl e r,m), lwllven(ry = llwllvey + [[0wllve(r-

It holds that W?2(I) € V2(I) and V>1(I) C V2(I) continuously. By interpolation theory, we also have the
continuous embedding H*!(I) := L*(I, D(A)) N H'(I,H) C C(I,V). Furthermore, H>(I) C L*(I,V)
is compact.

For the nonlinear convection term, we define the trilinear form b: W x W x W — R by

b(u,v,w) = ((u-V)v,w)x. (2.1)
It follows from the divergence theorem that b(u, v, w) = — b(u, w,v) — ((div u)v, w) x for each u,v,w € W.
In particular, it holds that b(u,v,w) = —b(u,w,v) and b(u,v,v) = 0 for every u € V and v,w € W.

In writing the strong form of the adjoint equation, the following equation b(u,v,w) = ((Vv)Tw,u)x for
every u € V and v,w € W will be utilized.
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For u € V and v € V, the distributional divergence div(u ® v) € V* of u ® v is defined by
(div(u ® v),w)y+y = —(u Q@ v, Vw) = —b(u, w,v) Yw e V.
Let us recall in the following lemma the standard estimates for the trilinear form b, see [18,24,49] for
instance. In fact, these estimates follow from the Holder, Gagliardo—Nirenberg, Agmon and Poincaré
inequalities.
Lemma 2.1. The trilinear form b satisfies the following estimates:
/20 y1/2y1/21. 11/2

(a) [b(u,v,w)| < ellully [ully [0l [l [wllv for every u,v,w e V,

(6) (b, v, w)| < elfully *lully* o]y | Av]| i [wll i for every w € V, v € D(A), w e H,

(c) |b(u,v,w)| < cllulla[v]lv]Aw|g for everyu € H, v €V, w € D(A),

(d) 1b(u,v, w)| < cl|Aul|gl|v]lv|wla for every uw € D(A), v eV, we H,

for some constant ¢ > 0 independent of u, v and w.
In what follows, the time, history and future domains will be denoted by
I1.=(0,7), I :=(-r0), I":=(T,T+r), J.:=(-rT), J :=(0,T+r) (2.2)

where we take without of loss of generality that » < T. We shall use ¢ > 0 and ¢ > 0 to denote generic
constants and continuous functions, respectively, whose values may differ on each line. To emphasize the
dependence on other quantities, we will put a subscript on ¢ or «.

2.2. Analysis of the State Equation

In this subsection, we study the existence and uniqueness of weak solutions to the state equation and
provide the regularity of the solutions under suitable smoothness and compatibility of the initial data
and history.

Given ug € H, z € V3(I,) and f € L*(I,V*), a function u € W2(I) is called a weak solution of
Ou —vAu+div(u" @ u) + Vp = f in Qp, 03
divu=0 inQpr, wu=0 inTp, u(0)=up in, u=z inQ,, (2:3)

if the following variational equation holds

(Oru(t), p)v=v +v(Vu(t), Vo) = bu"(8), ,u(t)) = (f(t), p)v-v Vo eV (2:4)
for a.e.t € I, u(0) = up in H and u = z in V2(I,.). )
The point-wise value u(0) is well-defined since W?2(I) C C(I, H). Now, we write an equivalent and

convenient formulation of (2.3) as an abstract evolution equation. First, let us extend the definition of
the Stokes operator A : L*(I,V) — L*(I,V*) to the time-dependent case by

(Avs @) 121y 1200 = / (Av(t), (D) v v dt = / (Vo(t), Vo(t)) x dt.

Given z € V2(I,.), let B, : W2(I) — L*(I,V*) be the operator defined by

8.9 =~ [ o0 p. a0 @t [ 00,00, ar
An application of the Holder inequality and Lemma 2.1(a) yields
1B (u)llz2(r,ve) < clllzllvacr) + lullve)lullz,v)- (2.5)
Then u € W2(I) is a weak solution of (2.3) if and only if it satisfies the differential equation
{ du+vAu+ B.(u) = f in L*(I,V*),

u(0) =wuo in H. (2:6)



56 Page 6 of 49 G. Peralta and J. S. Simon JMFM

Take note here that the history was included in the definition of the nonlinear operator B, and treated
as a coefficient of the evolution equation. With regards to the existence of weak solutions, we have the
following theorem. Here, the regularity of the initial history is different from the one provided in [51] for
the three-dimensional case.

Theorem 2.2. Given ug € H, z € V(1) and f € L?>(I,V*), the evolution equation (2.6) has a unique
solution v € W2(I) and there exists a constant ¢ > 0 such that

Nullvz(ry < cllluolla + 1fll2r,ve)) (2.7)
l0sullL2(r,v+y < (L + l|zllvecr,) + Nullveay)lull vy + 11fll22,v+))-

Proof. The proof is based on the spectral Galerkin method, which we provide for the sake of the reader.
Take the approximations ugy := Pyrug € V¥ and 2, := Pyrz € L*(I,,V*) for the initial data and
initial history. Consider the ansatz uy (¢, z) = Zle a;j(t)pj(x), where aj € HY(I) for j =1,...,n, to the
following system of nonlinear delay differential equations

{ Oyur, + Py (VAuy, + B, (ug)) = Poif in L*(I, V), (2.9)

ug(0) = g in VF, up = 2z, in L=(I,, V).

Here, we have extended the projection operators Py« into the time-dependent case in the obvious way so
that Py : L2(1,V*) — L*(1,V). Thus, for the adjoint operator, we have Py, : L*(I,V*) — L?(I,V*),
where L2(I,V*)* was identified with L2(I,V*).

According to the classical Cauchy—Lipschitz theory of delay differential equations, the above system
admits a unique solution ug, € H'(0,ty; V¥) for some 0 < ¢, < T. The a priori estimates below shows
that ¢, = T. Indeed, taking the inner product of the first equation (2.9) with uy in H and applying the
Young inequality, we obtain

1d

1 v
Sl O + vl < 5170 + 5 u(@)]

Integrating over [0,¢] for ¢t € (0,t), we deduce that

2
Vo ds.

t 1 t
MMW%+VAHW@M%®SHMM%+;AHﬂ@

Since [luok ||z < |luollm, |2k llva(r.) < llzllv2(1,), and by the virtue of the Gronwall Lemma, there exists
a constant ¢ > 0 such that

lukllvecry = llukllooe (,my + llukllce vy < elluolla + 1fllL2z,ve))- (2.10)

Using a classical continuation argument, this implies that (2.9) has a solution on the whole interval I.
Since || Pyl z(z2(1,v+)) < 1 for each k, we obtain from (2.5) that

10vun 2 ve) < e((L+ Nzkllve,y + llunllvem)llunlliczavy + 1 fllzave)) (2.11)

From the a priori estimates (2.10) and (2.11), the sequences {uy};, and {u}}32, are bounded in
W?2(I) and V2(J,), respectively. Therefore, one can take a subsequence, denoted by the same indices for
simplicity, so that uy, — u in L2(I,V), Auy, — Au in L*(I,V*), dyuy, — Oyu in L*(I,V*) and uj, = " in
L (J,., H) for some u € W2(I)NV?2(J,.). By the compactness of W2(I) C L*(I, H), a further subsequence
can be extracted in such a way that uy — w in L*(I, H). In particular, u}, — u" in L?(J,, H) and u = z
in L2(I,, H), since z; — z in L?(I,, H).
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Let us now pass to the limit. Take ¢ € L*(I,V). From Lemma 2.1(a) and the Hélder inequality, we
obtain, by letting k — oo, that

(Ba, (ux) — Ba(0), @) 2oy 20w < / (" © u — 1} ® up, Vo) x| dt

< [ =) @ u, Volxldt+ [ 1(u; © (0= ), Vo)
1 1

r rl/2 r 1/2 s
< clluy, = w |55 g = ull sty v (lll oy + il @)@l ) = 0.

By the density of L*(1,V) in L?(I,V) and the boundedness of {B., (u)}3<, in L?(I,V*), this implies
B., (ux) — B.(u) in L*(I,V*). Therefore,

Oug, + Pi(vAuy + B, (ug) — f) = Owu+ vAu+ B, (u) — f in L*(I,V*).

By the continuity of the map ¢ + ¢(0) from W2(I) to H, we get uz(0) — u(0) in H. Since uz(0) =
uor — up in H, we obtain that «(0) = wg. Thus w is a solution to (2.6). The a priori estimates (2.7)
and (2.8) follows from taking the limit inferior of (2.10) and (2.11), respectively, and utilizing the lower
semicontinuity of the norm with respect to weak and weak-star topologies.

For the uniqueness of the solution, it is enough to observe that on the interval [0, r], (2.6) is a linearized
Navier—Stokes equation, whose uniqueness of solution follows from standard results. We then apply this to
the next interval [r, 2r] to conclude that the solution of (2.6) is unique on the interval [0, 2r]. Continuing
this procedure leads to the uniqueness of solution to (2.6) on the whole time interval I. g

Under appropriate conditions on the initial history, we recover the same regularity as in the case of
Navier—Stokes equation without delay. This property is reflected on the existence of strong solutions as
shown in the theorem below.

Theorem 2.3. Suppose that ug € V, z € L=(I,,V) and f € L*(I,X). Then the solution of (2.6) satisfies
u € H>Y(I) and there exists a unique p € L*(1,Y) such that

ou+vAu+ B, (u) +Vp=f in L*(I,X). (2.12)
Furthermore, there exists a continuous function ¢ > 0 such that
lullzza 0y + llpllzeyy < ellluollv, 12l 1, vy 11l L22,x))- (2.13)
In particular, it holds that u € C(I,V).

Proof. Let us adopt the notations in the proof of Theorem 2.2. Taking the inner product of (2.9) with
Auy in H and invoking the Young inequality, one has

= lue @I + vl Aun (@7 + b (t), ux(t), Aur(t)) < %Hf(t)llgf + %“Auk(t)”%' (2.14)

The trilinear term in (2.14) can be estimated according to Lemma 2.1(b) and the Young inequality as
follows

T 1 T T v
b (8), i (1), Aun ()] < —[lug (O llur DI lun @11 + 7 | Awe (1
Using this in (2.14), and integrating over [0,¢] in the resulting estimate, we obtain
¢ t
T T 2
lun (B + V/o [ Aur ()7 ds < [luoxlf3 +/0 cllur N7l I lun ()T + 1 F ()% ds.

From [juoxllv < uollv, lzellver,)y < cllzllp~(r,.,v), the Gronwall Lemma and (2.10), there exists a
continuous function ¢ > 0 such that

lwrllzoe vy + lukllzz,pcay) < clllwollv, 12l z,,vys 1 fll2z,x))- (2.15)
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Using (2.9), Lemma 2.1(b), || P« || 2(z2(r,m)) < 1 and the continuity of the embeddings D(A) C V C H,
we have

0vur L2,y < (X + |lugllooe (v llwkll2(r,pay) + 1fllee,x))- (2.16)
Thus, {ux}72, is bounded in H?!(I), hence after extraction of an appropriate subsequence, the weak
limit of this sequence in H*!(I) is the solution of (2.6). Passing to the limit inferior as k¥ — oo in the a
priori estimates (2.15) and (2.16), we deduce (2.13) but without the pressure term. On the other hand,

the existence and uniqueness of p € L?(1,Y) satisfying (2.12) follows from de Rham’s Theorem and it
holds that

Ipllzzryy < e(llOwullLzr my + (1 + [u"[|Loe 1) lull L2, pcay) + 122 (1,x))-
Therefore, we have (2.13) and this completes the proof of the theorem. (I

Theorem 2.4. Ifug € D(A) and z € V>'(1,) N L?(1,, D(A)) satisfy the compatibility condition z(0) = ug
and the source term f € HY(I,V*) satisfies f(0) € X, then the solution of (2.6) satisfies u € V>1(J,) N
L?(J,., D(A)). Moreover, there is a continuous function ¢ > 0 such that

ullven sy nrz.,pay < cllvollpeays 121,y n ez, oy, 1 lm v, 1 £(0) ] x)-

In particular, we have u € C(J,, V).

Proof. We follow the notations in the proofs of the previous theorems. First, let us note that the com-
patibility condition z(0) = wg is carried out in the finite dimensional approximation, that is, z;(0) =
Py 2(0) = Pyrug = ugy, for every k. This compatibility, together with the regularity z, € W (I, V'*)
and f € HY(I,V*), implies that uy € H?(I,V*) N H'(J,,V*) according to classical regularity results
for delay differential equations. Therefore, we may differentiate the system (2.9). Doing so, we see that
Yk := Opuy, satisfies the delay differential equation
Oy + P (vAys + B, (i) + By, (i) = Pyndrf i L*(1,V5),
% (0) = Opui(0) in V*, Yp = Opz in L=(1,,VF).
Taking the inner product of the differential equation with y; in H gives us
1d . 1 v
iaHyk(t)II?{ + vy @7 — b(yE (), i (1), ui(t)) < ;Hatf(t)ll%/* + leyk(t)\l%/.
From Lemma 2.1(a), we have

DR (), ), ()] < ) s (I + 2 (0

Substituting this estimate to the previous one, integrating over [0,t] and then applying the Gronwall-
type Lemma 7.1 with 6(t) = ()% ¢(t) = Slun(®Z, w(t) = LA SO]2-, alt) = A) = 0,

Y(t) = £|lue(t)||? and a = 3|y (0)[|%;, there is a continuous function ¢ > 0 such that

lykllvay < elllyeO)as lunll Lo (r,vys [10czkllva () 10cf 2 ,ve))- (2.17)

Note that the sequences {ux}72, and {z}72, are bounded in L>(I,V) and V?!(I,), respectively,

and uy, — win L®(I,V) and z, = z in V>'(I,.). Thus, it remains to estimate ||y (0)|/ s to establish the

boundedness of {y;}22, in V2(I). Indeed, setting ¢ = 0 in (2.9) and then taking the norm of the resulting
equation in X, we obtain that

9% (Ol < e[| Auor |l + [[(wg,(0) - V)uor | x + [[£(0)]]x)
< e[ Auollr + [zl e 1,.v) [ Auol[mr + [ F(O)[]x)-

As a result, {u;}32, is bounded in V?!(J,), and for a subsequence u;, — u in V*!(.J,.). The a priori
estimate in the statement of the theorem follows by taking the sum of (2.13) with the inequality obtained
by passing to the limit inferior in (217) and HukHsz(h) N L2(I,.,D(A)) < HZHV?*](I,,.) NL2(I.,D(A))- From the

compatibility condition, we have u € H>'(J,.) C C(J,, V). O
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2.3. Analysis of the Linearized State Equation

In this subsection, we study the linearization of the state equation (2.6) at a given element u € W?2(I).
Suppose that z € V2(I,). From the quadratic nature of B., one can verify immediately that B, €
C>(W?2(I), L*(I,V*)). Moreover, the action of the Fréchet derivative of B, at u € W?2(I) in the direction
h € W2(I) is given by

<B;(U)h7 <P>L2(1,V*)7L2(1,v)
r T T
= [ bt h0) e [ b @00, @) de— [ 0000, 00, ule) .
Likewise, the action of the second Fréchet derivative of B, at w in the directions hi, hy € WQ(I ) is
(BY (W[, hal, @) L2 (1,v+), L2 (1.v) = / b(hi(t ), ha(t)) dt —/ b(hy(t), (1), ha(t)) dt.

Take note that BY(u) is independent on w, hence the derivatives of B, beyond order 3 vanish.

Theorem 2.5. Given z € V2(I,.), u € W2(I), vo € H and f € L*>(I,V*), the linearized state equation

O+ vAv + BL(u)v = in L3(I, V™),
: (o=F in 2(LV") os)
v(0) =vy in H,
has a unique solution v € W2(I). Moreover, there exists a continuous function ¢ > 0 such that
[vllwery < elllwllweny. [2llve,))Nvolle + 1 fllzz,ve))- (2.19)

Proof. The proof is similar to the one provided in Theorem 2.2. For this reason, the details are omitted
to avoid repetition. O

Remark 2.6. The solution of the linearized state equation (2.18) can be regarded as the weak solution of

{ O —vAv +div(u" @ v) +div(v" @ u) + Voo = f in Qp,

2.20
divo=0 inQp, v=0 inTr, v0)=v inQ, v=0 inQ,, ( )

where v = z in €2, and w is the corresponding linearized pressure. Sufficient conditions for the weak
solution v to be in H%!(I) and for the existence of the pressure w € L?(I,Y) are provided in the
following theorem.

Theorem 2.7. If z € L>(1,,V), u € H*'(I), vo € V and f € L*(I,X), then the solution of (2.18)
satisfies v € H>Y(I) and there exists a unique w € L*(1,Y) such that

O +vAv+ BL(uw)v+Vw = f in L*(I, X). (2.21)
Moreover, there is a continuous function ¢ > 0 such that
[oll a2y + llllez,yy < elllullmza iy, 120, (lvollv + 1 fll 222, x))- (2.22)

Proof. The proof is similar to the case of the state equations, see Theorem 2.3, hence we only derive the
necessary a priori estimates. Moreover, we drop the indices k£ in the associated approximating spectral
Galerkin system. Using the test function Av and the antisymmetry of b, we get

5 0O+ VAUE) By + b (1), 0(0), Au(e)) + (0" (1), v(0), Au(0)

1
< S IFOI + 21 Av)E- (223)



56 Page 10 of 49 G. Peralta and J. S. Simon JMFM

For the trilinear terms on the left hand side, one can estimate them from above with the help of
Lemma 2.1(b) and the Cauchy—Schwarz inequality as follows

T T T v
[b(u” (), v(t), Av(t))] < cllu” ()1 F [u" ()3 @) + ZIIAv(t)II%
r T T v
[b(v" (t), u(t), Av(t))] < c(u@®)|3 0" O + [ Au@) [ F 0" @®F) + g\lAv(t)H%
Using these estimates in the energy inequality (2.23) and then applying the Gronwall-type Lemma 7.1
g gy q y pplying yp

with 6(8) = o2, ¢(t) = LIAv®)|Z, v = LIFOI%, at) = @ IZ I O3, 8¢) =
e(l[u®)]% + | Au(®)][3), A(t) = 0 and a = §[[v(0) 3, we obtain

vl oo (r,vy + 10l L2, peay) < clllull g2y, 2] e o)) lvollv + (1 £l 2 r,x))
for some continuous function ¢ > 0. Hence, the time derivative of v can be estimated by
10c0ll 21,y < (| Avllze(r,my + | BL(w)vl 2,y + [1flz2r,x))
< (M Izl vy + lull e g v) 1AV L2 ,m) + [ 22 ,x))-

In the second inequality, we used Lemma 2.1(b). The last two inequalities imply that v € H*!(I) and
(2.3), but without the term involving w. However, the existence of a unique pressure @ € L*(I,Y)
satisfying (2.21) and (2.22) can be established as in the proof of Theorem 2.3. O

Define the map L, : W2(I) — L(W?2(I), L*(I,V*)) according to
L.(u)v = 0w+ vAv+ BL(u)v  Yu,v € W(I).
Also, let N, : W2(I) — L(W?(I),L*(I,V*) x H) be given by
N (u)o = (Ls(u)o, v(0).

It follows from Theorem 2.5 that the linear operator N, (u) € L(W?(I), L*(I,V*) x H) is an isomorphism
for each u € W2(I). In particular, L,(u) € L(WZ(I), L*(I,V*)) is an isomorphism, where WZ(I) := {v €
W2(I) : v(0) = 0}, and from (2.19) we obtain that

1L (w) " Moz veyway < cllullwzn, 1zlve,))- (2.24)
If z € L°(I,,V), then L, : H>'(I) — L(HZ>"(I), L*(I, X)) according to Theorem 2.7, and
”LZ(U)71||[;(L2([7x),H§’1(1)) < c(lfullzza(nys 2l zoe 2,,v)) (2.25)

where HZ'(I) := {v € H>(I) : v(0) = 0}.

For the rest of the paper, Q := L?(I, X) will denote the space of controls. Given fixed initial data
ug € H, history z € V2(I,) and source term f € L?(I,V*), let us define the nonlinear operator F :
W2(I) x Q — L3(I,V*) x H by

F(u,q) = (O +vAu+ B.(u) — f — q,u(0) — ).
If g € Q C L?(I,V*), then there exists a unique u € W?2(I) such that F(u,q) = 0 by Theorem 2.2.
Conversely, if F(u,q) = 0 then w is the solution of (2.6) with f replaced by f + ¢. In this way, we define
the so-called control-to-state operator S : Q — W?2(I) by S(q) = u if and only if F(u,q) = 0. Note that

F, and hence S, depends on the triple (ug, 2, f), however, we shall not explicitly write this dependence
for simplicity of notation.

Theorem 2.8. Let ug € H, z € V2(I,) and f € L*(I,V*). Then S € C*(Q,W?(I)). The action of the
first and second Fréchet derivatives of S at q in the directions g € Q and (g1, g92) € Q X Q are given by

S'(q)g = L.(S(q))"'g
S"(q)[g1,92) = —L(S(q)) " BY (u)[S"(q)g1, 5" (9)g2]-
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Proof. One can easily see that ' € C®°(W?2(I) x Q,L*(I,V*) x H). Let ¢* € Q and u* := S(¢*) €
W2(I), so that F(u*,¢*) = 0. We have 2 F(u*,¢*) = N.(u*) € LOW?(I),L*(I,V*) x H), which is an
isomorphism according to the above discussion. Therefore, by the Implicit Function Theorem [54, Section
4.7], there exist open neighborhoods Oy« C @ and O, C W?2(I) of ¢* and u*, respectively, and a map
S € C%®(0y+,0y+) such that F(S(q),q) = 0 for every g € O,+. This implies that S = S in O, by the
definition of S. Since ¢* € @Q is arbitrary, one obtains that S € C>(Q, W?2(I)).

Applying the chain rule to F(S(q),q) = 0, we have that S'(¢)g = fLZ(S(q))*la%F(S(q),q)g =
L.(S(q))"'g. This implies that L.(S(q))S'(q)g = g. Setting g = g1, taking the derivative in the direction
of g2, and then invoking the chain rule once more to the resulting equation, one has

L(S(q)[S"(a)g1, 5" (0)g2] + L-(S(9))S" (q)[g1, g2] = 0.

The result for the second derivative now follows from L’ (u )[vl,vg] = —B(u)[v1,vs] for u € W2(I) and
v1,v2 € WE(I). Here, we note that L, : W2(I) — L(W?(I), L(WE(I), L*(I,V*))), where the latter space
is isometrically isomorphic to L(W?2(I) x WZ(I), L*(1,V*)). O

Remark 2.9. Ifug €V, z € L>(I,,V) and f € L?(I, X) then S € C*(Q, H**(I)). This is a consequence
of the fact that N, (u) € L(H?(I),Q x V) is an isomorphism for every u € H?1(I).

In terms of the strong formulation, S’(¢)g = v if and only v is the weak solution of (2.20) with u = S(q),
f =g and vg = 0. Also, S”(q)[g1,92] = vy if and only if y is the weak solution of

{ Oy — vAy +div(u” @ y) + div(y” @ u) + Vo = —div(v] @ vg) — div(vy ® v) in Qp, (2.26)

divy=0 inQpr, y=0 inTp, y0)=0 inQ, y=0 inQ,,
where u = S(q), v1 = 5'(¢)g1, v2 = 5'(¢)g2 and u = z in .

Theorem 2.10. If ug € H, z € V*(I,) and f € L*(I,V*), then the map S : Q — W?2(I) is weak-weak
continuous, that is, qz — q in Q implies S(qx) — S(q) in W2(I). Moreover, if ug € V, z € L>(I,,V)
and f € L*(I,X), then S : Q — H*(I) is weak-weak continuous.

Proof. Since @ and W?(I) are both reflexive and separable, any closed ball in these spaces is metrizable.
Hence, with respect to the weak topologies, continuity is equivalent to weak sequential continuity [22,
page 426]. Suppose that g, — ¢ in Q. Then {g;}32, is bounded in Q and {S(gx)}?; is bounded in W?(1)
by Theorem 2.2. Therefore, up to a subsequence, S(qx) — u in W2(I) for some u € W?2(I). Following
the passage of limit in the proof of Theorem 2.2, it can be deduced that S(g) = u. Since u is uniquely
determined, this implies that the whole sequence {S(gx)}7° ; must converge weakly to u in W?(I). Indeed,
this follows from the fact that every subsequence of {S(qx)}72; has a subsequence that converges weakly
to S(gq). With the help of Theorem 2.3, the proof of the second statement can be handled in a similar
manner. O

2.4. Analysis of the Adjoint Equation

In this subsection, we study the adjoint problem corresponding to (2.18). According to the discussions in
the previous subsection, S’(q) = L,(S(q))~! € L(L?(I,V*), WZ(I)). In particular, S’(¢)* = L.(S(q))~* €
LWG(I)*, L2 (1, V).

The action of the adjoint B’ (u)* : L%(I,V) — C°(I,V)* of the linear operator B’ (u) : C°(I,V) —
L3(I,V*), where u € W2(I) and z € V2(I,), is given by

T
(B () w, @) e (1) (1) = / b (0,00 o) e — [0 (0), (1) (0) e
- / b (), (£), u" (1))
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for w € L*(1,V) and ¢ € C§°(1,V). Here, we recall that w™"(¢) := u(t +r) and w="(t) := w(t +r). If
u € W2(I) and z € V2(I,.), then from Lemma 2.1(a) and the Holder inequality

(B (w) w, 0) cee (1,v)+,co0 1,y < clllzllve(ry + llullwe o) llwll 2y lellaa,vy-

By density of C§°(I,V) in L*(I,V), it follows that B.(u)*w € LY3(I,V*).
To treat the tracking part at the final time, let us define the linear map ey : H — WZ(I)* by

(eTv,w)Wg(I)*’WOz(I) = (v,w(T)) g, veEH, we WOQ(I).

This operator is bounded since |erv|[ywz)- < cl[v|[n for every v € H, where ¢ > 0 is the constant
corresponding to the continuous embedding WZ(I) C C(I, H).

Theorem 2.11. Assume that z € V2(1,), u € W2(I), g4 € L*(I,V*) and wr € H. Then the function
w = L. (u)"*(gq + erwr) € W3(I) is precisely the unique solution of

—0w + vAw + BL(u)*w = gq in L*3(I,V*), (2.27)
w(T) =wr in H, '
and there exists a continuous function ¢ > 0 such that
lollwsqry < ellullweery Izlvecy)(orl + lgall czv-))- (2.28)

Proof. The continuity of the embedding L*(I,V*) C Wg(I)* and the boundedness of ez imply that
ga + erwr € Wi (I)* and there holds ||lga + erwr||wz )~ < c(l|gallz2(1,v+) + llwr|z). Observe that the
equation w = L, (u)"*(gq + erwr) is equivalent to the variational problem

<Btv + vAv + B;(U,)’U, w)LZ(I’V*)’Lz(I,V) = <gd, U>L2(I,V*),L2(I,V) + (U(T), wT)H (229)

for every v € WZ(I). Using (2.24) and ||Lz(u)**||L(W3(1)*’L2(1,V)) = ||Lz(u)*1||£(L2(I’V*)’Woz(1)), one
obtains that

lwllzzr,vy < elllullweys I2lvee))(lwrlla + lgallzzv-)- (2.30)
Taking v € C§°(I, V) in (2.29), we see that dyw = vAw+ B, (u)*w—gq in C§°(1,V)*. Since B, (u)*w €

LA3(I,V*) and vAw — gq € L*(I,V*) € L*3(I,V*), it follows that dyw € L*3(I,V*) and it satisfies
the estimate

10cwl pass(rvey < (X + zllve,y + lullwza)llwllLzvy + lgallLz,ve)- (2.31)

Therefore, w € W*/3(I) and (2.28) is verified by the previous estimates (2.30) and (2.31).

To demonstrate the terminal condition w(T") = wy, we shall proceed by a density argument. Since
CY(I,V) is dense in W*4/3(I, V) [45, Lemma 7.2], there is a sequence {w;}?e, in C*(I,V) such that
wy, — w in W¥3(I, V). Given ¢ € V and x € C'(I) such that x(0) = 0 and x(T) = 1, we have
xp € W(I)N L*(I,V), and by invoking the continuity of the map ¢ ~— 9 (T') from W*/3(I) into V*, we
deduce by partial integration that

(Oc(xp), W) L2 (1,v),L2(1,v) = klirgo((w,wk(T))H — (x®, Oswr) 2(1,x))
= (w(T),p)v+yv — <5’tw7X%O>L4(1,V*),L4(1,v)-
Since ¢ € V is arbitrary, it follows from the first equation in (2.27) and (2.29) with v = y¢ that
w(T) = wr.
Conversely, if w satisfies (2.27), then (2.29) holds for every v € WZ(I) N L*(I,V), and hence for every

v € WE(I) by density of WZ(I)NL*(I,V) in WZ(I) as well as the continuity of L, (u) : WZ(I) — L*(I,V*).
Therefore, w = L, (u)"*(gq + erwr) and the proof of the theorem is now complete. O
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Remark 2.12. The function w = L,(u)"*(gq + erwr) can be viewed as the unique weak solution of the
backward-in-time linear system with homogeneous future data

— 0w —vAw — (u" - VIw — (Vw ™) "u™" 4+ Vr = gq in Qr, (2.32)
divw=0 inQp, w=0 inTp, wl)=wr nQ, w=0 in Qpr4,, '
where Qpy, := (T, T 4+ 1) x Q, u =z in ,, and 7 can be regarded as the associated adjoint pressure.

Since the convection term in the state equation was written in divergence form, the above dual problem
is not the usual form compared to the one in the literature for the Navier—-Stokes equation without
delay, specifically, the term involving — (Vw™") Tu~". However, in view of the weak formulations, these
representations of the adjoint equation are equivalent for r = 0.

We now show that the weak solution of the adjoint problem (2.27) enjoys additional regularity, provided
that of course the initial data and initial history also satisfy appropriate regularity and compatibility
conditions.

Corollary 2.13. Suppose that wy € H, z € L>=(1,.,V), u € H>Y(I) and gq € L*(I,V*). Then the solution
of (2.27) satisfies w € W2(I) and for some continuous function ¢ > 0 it holds that

lwliw=y < elllullzzr @y, |2l ) Qlwr e + [lgallz2 ) (2.33)
Proof. Using the continuity of H?'(I) C L>(I,V), we obtain B’ (u)*w € L*(I,V*) and
IBL(uw) wllz2 vy < c(llull gz ny, 12l L (v lwll 22 ,v)-

Therefore, from the proof of the previous theorem, we deduce that w € W2(I), and the estimate (2.33)
follows immediately from this estimate along with (2.28). O

Theorem 2.14. If wr € V, z € L>®(1,.,V), u € H*Y(I) and g4 € L*(I,X), then the solution of (2.27)
satisfies w € H>(I). There exists a unique ™ € L*(1,Y) such that
—0yw + vAw + BL(u)*w+ V7 = gq in L*(I,X) (2.34)
and there is a continuous function ¢ > 0 such that
lwllerzary + 17l L2,y < clllwllmza i, 2l ) (lwrllv + llgallz2z,x))- (2.35)
If in addition, wr = 0, u € VY1) L2(I, D(A)), z € VZ'(I,)NL2(L,, D(A)), 2(0) = o, ga € H(I,V*)

and gq(0) € X, then w € V>Y(J")N L2(J", D(A)). In particular, w € C(J",V).

Proof. By uniqueness, the solution of (2.27) coincides with the one that can be constructed from the
spectral Galerkin method. Therefore, to prove the above regularity, we can do the same strategy as in
the case of linearized state equation. For this reason, we shall only formally derive the necessary a priori
estimates. Let us set w = z in Q, and w = 0 in Qr4,.. We apply the test function Aw so that

gl + vl Aw (O — bl (1), w(t), Aw(r)

— b(Aw(t), w " (0), T (0) < o lgalt) e + 54w (o) (236)
The trilinear terms is estimated from above using Lemma 2.1(b) and (c) according to
[b(u” (1), w(t), Aw(t)] < cllu” (@7 lu" O w7 + gllAw(t)llfq
[b(Aw(t), w™" (1), u™" ()] < [ Au™" O] 7w O + %llAw(t)H?q-

Using these estimates in (2.36), integrating over [0,¢] and then applying a backward-in-time version of
the Gronwall-type Lemma 7.1 to the resulting inequality, it follows that

lwll Lo vy + 1AW 221,y < ellull 2y, 12l Lo 2,0y (lwrllv + llgall 2 2,x))-
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From this, an estimate for the time derivative of w is now available
0vwll 21,1y < |Aw| 21,1y + | BL(w)*w|| 21,6y + gall 221, %)
< e((T+ Izl zoe(r,, vy + Nl z2a )| Awl| L2z, my + l9all 2 (1,x))-

Therefore, w € H*!(I) and the a priori estimate (2.35) without the dual pressure 7 is satisfied.
Again, the existence of the dual pressure can be reasoned out as in the proof of Theorem 2.3. For the last
statement, thanks to the compatibility of the homogenous terminal data and history, we can adapt the
proof of Theorem 2.4 by differentiating the spectral Galerkin system approximating (2.6). Afterwards,
one can utilize sequential compactness arguments to deduce that w € V*(J") N L2(J", D(A)). O

Corollary 2.15. Let wr € V, 2 € L>®(1,.,V), ga € L*(I, X) and w; = L, (u;)"*(ga + erwr) fori=1,2.
Then there exists a constant ¢ > 0 depending continuously on the norms of wr, z, ga, u1 and ug in their
indicated spaces such that ||w1 — wa|| g2 1y < cllur — ua | g2 (1)
Proof. The difference of wy and wq satisfies
wy —we = L (uy) (B, (u1) ws — BL(u2) ws) = L, (u1)”*B.(u1 — uz) ws.
Thus, Theorem 2.14 gives us
Jwy = wal g2y < el BL(ur — u2) wal| 21, x)
< cllur — ual|g2an llwell g2y < cllur — uz| g2
where ¢ > 0 is a constant as described by the corollary. O
Given ug € L*(I, X) and uyp € H, let us define the control-to-adjoint state operator D : Q — W*/3(I)
by
D(q) = L2(5(q)) " (aar (S(q) — ua) + arV x (V x 8(q)) + arer(S(q)(T) — ur)). (2.37)
In other words, w = D(q) if and only if w is the weak solution of

—0w + vAw + Bl (u)*w = aq, (u—ug) + agV x (V x u) in L¥3(I,V*), (2.38)
w(T) = ar(u(T) — ur) in H, .
where u = S(q) and (V x (V x w),0)r2(1,v+),02(1,v) = (V X0,V X ©)2(1,12(0)) for ¢ € L3(I,V). The
map D is locally bounded by Theorems 2.2 and 2.11.

Theorem 2.16. The following properties of the control-to-adjoint state operator D hold:
(a) Ifug €V, z€ L*(I,.,V), f € L*(I,X), uqg € L*(I,X) and wr € H, then D : Q — W?2(I) is locally
bounded. If in addition, wr € V then D : Q — H?*(I) is locally bounded.
(b) Ifug € D(A), z € VEY(I)NL*(I,,D(A)), f € H*(I,V*), uqg € H' (I, X), f(0) € X, 2(0) = 2y and
ar =0, then D : Q — V>Y(J") N L?(J", D(A)) is locally bounded.

Proof. Part (a) is a direct consequence of Theorem 2.3, Corollary 2.13 and Theorem 2.14. On the other
hand, (b) follows from (a), Theorem 2.4, V x (V x u) € H*(I,V*) since u € H*(I,V), V x (V x 1) € X
and the last statement of Theorem 2.14. O

Corollary 2.17. Letug € V, z € L>=(1,,V), f € L*(I,X), uqg € L*(I,X) and wr € V. Given ¢1 € Q and
q2 € Q, there exists a constant ¢ > 0 depending continuously on the norms of ug, z, f, uq, wr, ¢1 and go
in their indicated spaces such that |D(q1) — D(q2) | g21(1) < cllan — q2llq-

Proof. Let uy = S(q1), uzs = S(g2), v = uy —uz and ¢ = g1 — g2. The difference D(q1) — D(g2) can be
written as

D(q1) — D(g2) = L:(u1)”"(an,u+ arV x (V x u) + areru(T))
+ (La(u) ™" = La(uz) ") (aqy (u2 — ua) + arV x (V X uz) + arer(uz(T) — ur))).
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Let dy and dy denote the terms on the right hand side. In the following, ¢ > 0 will be a constant with the
stated dependence on the given data. By the mean-value theorem and Remark 2.9, [lul|g2.1(1) < cllqllq
and thus [Jul| 27 x)+[|V < (Vxu)|| L2(1,22(0)) F|u(T)[|v < cllqllq. This inequality along with (2.35) yields
lldill 211y < cllqllq. On the other hand, from the stability estimate in Corollary 2.15, we obtain that
ol 211y < cllull 211y < ¢llgll@. The desired estimate now follows from the triangle inequality. O

3. Analysis of the Optimal Control Problem

In this section, we address the well-posedness of the optimal control problem (P) and establish the first
order necessary and second order sufficient conditions for local optimality. Let us introduce the reduced
cost functional j : Q@ — R by j(q) = J(S(q),q), where S : Q@ — W?2(I) is the control-to-state operator
defined in Sect. 2.3. The optimization problem (P) is then equivalent to the unconstrained formulation

mig j (q)- (P)

Theorem 3.1. Let a > 0 and aq,,ar,ag > 0. Assume that ug € H, z € V*(I,.), f € L*>(I,V*),
ug € L*(I, X) and ur € H. Then (P) has a global solution ¢* € Q, that is, j(¢*) < j(q) for every q € Q.

Proof. The proof follows a standard weak sequential argument in [40,50], which we outline for the sake
of convenience. Let {g;}72, be a minimizing sequence, that is, j(gr) — j*, where j* is the infimum of j.
Thus %qu||2Q < j* 41 for sufficiently large indices k. Hence, {qi}72, is bounded in @, and therefore up
to a subsequence, ¢ — ¢* in Q. Let up = S(qr) and v* = S(¢*). From the weak-weak continuity of S,
see Theorem 2.10, it follows that u, — u* in W2(I). The continuity of the map ¢ +— ¢(T) from W?2(I)
into H implies that uy(T) — u*(T) in H. Also, we have V x ux — V x u in L*(I, L*(Q)). Due to the
lower semicontinuity of the norm in the weak topology, j* < j(¢*) = J(u*, ¢*) < liminfg o0 J(ug, qr) =
liminf, . j(gx) = j*. Thus (P) has at least one solution ¢* € @ such that j(¢*) < j(q) for every
q€Q. O

Since j is a sum of squared-norms and S € C*°(Q,W?2(I)), it follows from the chain rule that j €
C*(Q,R). Given g € Q and g € Q, if u = S(q), v = 5(q)g and w = D(q) denote the respective solutions
of the state, linearized state and adjoint equations, then by standard arguments one can deduce the
following representations for the first and second order directional derivatives of j

J'(@)g = (w+aq,9)q (3.1)
7"(9)[9, 9] = aarllvl|Tzcrmy + arIV X 021 120y + arllv(T)]E
— 2(BY (u)[v,v], w) 2(r,v+),2(1,v) + allglly- (3.2)

We would like to point out that the regularity of the state is different from the regularity of the adjoint
state if ap > 0. Also, unless u(T") = up, which is unlikely in practice, we do not have the compatibility
condition for the terminal data and dual history in the adjoint equation. Thus, a presence of delay in the
state equation impedes further smoothness with respect to time on the adjoint state, and hence on the
control.

A control ¢* € @ is said to be a local solution to (P) if there exists 6 > 0 such that j(¢*) < j(¢) for
every ¢ € Q with || —¢*||¢ < . For the first and second order necessary condition, the following theorem
can be established by classical arguments of unconstrained optimization in Hilbert spaces, we refer to
[38,53] for the details.

Theorem 3.2. Suppose that the assumptions of the previous theorem are fulfilled and let ¢* be a local
solution to (P) and u* = S(¢*). Then ¢* = —a~'D(q*) € W*3(I). Furthermore, j"(¢*)[g,g] > 0 for
every g € Q.

We now formulate a second order sufficient condition with the assumption that the optimal state is

close enough to the desired data. This is typically observed numerically when the penalty parameter
a > 0 is chosen to be sufficiently small.
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Theorem 3.3. Let ug € H, 2 € V2(I,) and f € L*(I1,V*). Suppose that ¢* € Q satisfies j'(¢*)q = 0 for
every q € Q. Then there exist constants n > 0 and p = fiq,y, > 0 such that if u* = S(q*) and

Vaarllu® = uall2,x) + Vor|u(T) —urllg + VarllV x u*|lr2gx) <n (3.3)
then 3" (q*)[gq,q] > u||q||2Q for every q € Q. In particular, ¢* is a strict local solution of (P).

Proof. From the characterization of the second derivative of j in (3.2), if we let v = S'(¢*)g and
w* = D(q*), then for some ¢; > 0 we have j”(¢*)[q,q] > O‘H‘]”ZQ - 01||U||%;V02(1)||W*HL2(1,V)- Note that
||v||%}vg(1) < cQ||q||z2 where ¢y = ||S’(q*)|\%(Q’W02(I)). Assuming that (3.3) holds, then we get from (2.33)
that [|w*||z2(7,v) < can for a constant ¢z > 0 independent of 7. Thus, we take 7 > 0 small enough so that
i = a — cieaezn > 0. In this case, we obtain j”(¢*)[q, ¢] > ;L||q||22 for every q € Q. The fact that ¢* is a
strict local solution follows from the coercivity of j”(g*). O

We close this section by stating the improved regularity for the optimal state and optimal control
under additional regularity and compatibility of the initial data and history.

Theorem 3.4. An optimal triple (¢*,u*,w*) for (P), where ¢* is a local solution, u* = S(¢*) and w* =
D(q*), satisfies the following:
(a) Ifug € V, 2 € L>®(I,V), f € L*(I,X), uqg € L*(I,X) and wr € H, then u* € H>'(I) and w*,
q* € W2(I). In addition, if wy € V, then w*, ¢* € H*(I).
(b) Ifug € D(A), z € V>Y(I,)NL*(I,,D(A)), f € H'(I,V*), uqg € H'(I, X), f(0) € X and z(0) = uo,
then u* € V3(J,) N L%(J,, D(A)). If in addition ar = 0, then w* € VZY(J") N L3(J", D(A)) and
g~ € VEY(I) N L3I, D(A)).

Proof. Apply Theorems 2.3, 2.4 and 2.16. O

4. Galerkin Finite Element Discretization

The goal of this section is to present a numerical scheme for the finite-dimensional approximation of
solutions to the control problem (P). In the forthcoming discussion, the following assumption for the
regularity and compatibility of the initial data, history and target data will be imposed:

(A1) ug € D(A), ur € D(A), z € H>'(1,), uqg € H*'(I), f € H>'(I) and 2(0) = uo.

From the results of the previous section, (A1) implies that u = S(q) € H>'(J,.), v = S'(q)g € H**(J,)
and w = D(q) € H*'(I) for every ¢ € Q and g € Q.

4.1. Finite Element Spaces and Approximation Operators

Let Kp, = {K}} for h > 0 be a family of triangulations of a convex polygonal domain 2 parametrized by
the mesh size h, that is, the length of the largest triangle edge in the subdivision. Let W}, and Mj, be
finite dimensional subspaces W and M, respectively, and define

Vi, = {uh e Wy : (divuh,ph)Lz =0 Vph € Mh}.
The following assumptions on these finite dimensional subspaces will be considered:
(A2) There exist finite element approximation operators Il : D(A) — Wy, and I}, : Y — M), such that,
for some constant ¢ > 0, we have ||u—ITjul|x +h|u—IThullw < ch?||Aul| g and ||p—hpl|a < ch|p|ly
for every u € D(A) andp e Y.

(A3) We have the inverse estimate |luy|lw < ch™!||lun||x for every uj € Wi,
(A4) The pair (W, M},) satisfies the uniform discrete inf-sup condition

inf (diV uh,ph)L2

sup >c>0.
un€Wi\{0} p, e\ 0} 1unllw l|pnllar
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These assumptions are satisfied for the mini-element [3] and the Taylor-Hood finite element spaces
[30], and if the family of triangulations is shape-regular. The latter means that there is a constant ¢ > 0
such that, if e, and dk, denote the respective largest edge and diameter of the largest ball contained in
K}, then h/ek, < cand ek, /dk, < c.In other words, the smallest interior angle of each triangle should
not tend to zero as h — 0.

Let P, : X — Vj, be the L%-projection onto Vj,, that is, for u € X let (Pyu,vn)x = (u,v)x for all
vp, € V3. Tt is well known that the operator P, satisfies the stability and error estimates || Powl||x < c|lw||x,
|lu — Prullx + hlju — Pyu|lw < ch|ullw and [|[v — Pyv||x + hllv — Pyollw < ch?||Av|| g whenever w € X,
u € W and v € D(A). For further details, the reader is referred to [17,30].

We extend the above projections to the time-dependent case according to II, : L*(I,D(A))
— L2(I,Wy), I}, « L*(1,Y) — L?(I, M) and Py, : L*(I,X) — L*(I,V},). For instance, (Pyu)(t) =
Py, (u(t)) for a.e.t € I. Similarly, these operators will be considered in the history interval I,.

To simplify the exposition, let us assume that 7' = ngr for some positive integer ng and take a
uniform temporal step size. Partition the history interval I, = [—r,0] with grid size 7 = 7/N, into
—r=t_n. < <ty <ty=0, wheret_; = —j7 for j = 0,1,..., N,. Likewise, subdivide the time
domain I = [0, 7] with grid size 7 into 0 =ty < t; < --- < ty, = T, where t; = j7 for j =0,1,..., N,
and N, = N,ng. For ecach j = —N,,..., N, let I; = (tj_1,%;]. In the case of the adjoint equation, we
likewise partition I” = [T, T + r] into intervals I; = (t;_1,t;] for j = N, +1,--- , N, + N,.. We denote
by o := (7, h) for the pair of temporal and spatial mesh sizes. Note that |o]|? < T? + diam(Q)?2, where
diam(Q?) is the diameter of 2. As mentioned in the introduction, we take the following stability condition:

(A5) There exists ¢ > 0 such that 7 < ch? for every o = (1, h).

All throughout this section, the assumptions (A1)—(A5) shall be implicitly imposed.

For the temporal discretization, we consider a discontinuous Galerkin scheme. This is a variant of
the backward Euler method, where time-evaluation is replaced by time-averaging. In this direction, we
denote

N,
P(I,2Z) = {vg €L*(1,Z) vy =Y vfly, vi€Z, k= 1,...,NT}
k=1

N,.—1
PI.,Z) = {zg e L}I,,2): 2o = Z ok ¥ ez k=0,...,N, - 1}
k=0

the space of piecewise constant functions on I and I, with values in a Hilbert space Z, respectively,
corresponding to the above partitions of I and I,. Here, 1;, is the indicator function of the interval

I;.. Given v, € P(I,Z), we write vf := v,|, for each k = 1,..., N;, and similarly for the elements of
P-(I.,Z). By definition, P.(I,Z) C L*°(I, Z) and for every v, € P(I,Z) there holds
NT
ooy = s Iekl3 ool = S IR (@)
== k=1

Proposition 4.1. Let s € Iy, for each k =1,...,N,. For every u € H (I, X), we have

N, 1/2
(Z [ =Gl dt) < Byl 21 x).
k=11

1;%2}1%7 ||u - u(sk)HLm(lk,X) < ﬁH@tuHLz([’X).

Proof. For each t € I, let tg and ¢, denote largest and smallest between ¢ and sy, respectively. By the
Cauchy—Schwarz inequality

i
lu(t) - u(si)lk < sk — ] / |0vu(s) % ds < 7 / 1pu(s) % ds. (4.2)
ty I
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Note that point-wise time evaluation is admissible since H'(I, X) C C(I, X). Integrating (4.2) over the
interval I and then taking the sum over all k =1,..., N,, we get

Z ||U —u Sk)HX dt < T2||8tu||L2 ,X)"

Taking square roots yields the ﬁrst mequahty. Getting the supremum over all ¢ € I in (4.2) and then
the maximum over all 1 < k < N, one obtains the second inequality. (I

Proposition 4.2. Let s, € I, for each k = 1,...,N,. There exists a constant ¢ > 0 such that for every
u € H*(I), the following error estimates hold:

max ||ju — Phu(sk)HLoo(Ik’X) < C(\E—l— h)HuHHz,l([)

1<k<N,
N, 1/2 N, 1/2
(X[ tu-ratsliear) +n( 3 [ 19u-VPaliar) < e+ 1)l
k=1"1Ir k=1"1r

Proof. Suppose that u € H*>'(I). On the interval Iy, write u — Pyu(sy) = (u — Pyu) + Pp(u — u(sy)).
Using the boundedness of P, : X — X, Proposition 4.1 and the continuity of H>'(I) c C(I,V)
lu = Prhu(sk)|| Lo 1,,x) < llu— Prullpo (1, x) + | Pale — w(sk)) || o (1, x)
< c(hllullpo(1,vy + VTNOul L2(1,m))-
Getting the maximum over all indices 1 < k < N, proves the first estimate. On the other hand,

N, N, N,
S / Ju— Pru(sll% dt <23 / Ju— Paul% dt +23 / 1P — )|
k=1" 1k k=1"1k k=1"1k

< c(hM | AullLa gy + 7100l 2 1 )

Applying the inverse estimate (A3), we obtain that

N, N,
23 [ 190 = VPu(s)|% dt < CZ/ i = Pru(s)||% dt.
k=1"1r k=1"1r

Taking the sum of the last two inequalities and then the square roots prove the second estimate. O
The special cases where s = ty_1 or s = t; will be utilized in our analysis. If one wishes to use the
approximation operator II, instead of the projection operator P, which is typical in practice, then due
to the limited regularity of the initial history and source term, time-evaluation is not applicable anymore
and has to be replaced by time-averaging. This approach was introduced in [5] for hereditary control
problems with ordinary differential equations. Define the linear operator R, : L*(I, X) — P.(I, X) by

ra=3 (2 woa) 1,

k=1
with the obvious modification when I is replaced by I.. Then, |[R,ullzz2(rx) < |Jullr2,x) and
|Rrwl Lo (1,x) < [Jw]|Lo(r,x) for every u € L*(I,X) and w € L>(I, X). It can also be shown that there
is a constant ¢ > 0 such that |R-v —v|[z2(7,x) < T||v]| g1 (7,x) and [|Rrv —v|[ g1, x) < V/Tl|0|| 51 (1, x) for
every v € H'(I, X). With these, the following error estimates can be established by adapting the proof
of Proposition 4.2.

Proposition 4.3. Consider the operator Iy R, : L*(I,D(A)) — P,(I,W}). Then there exists a constant
¢ > 0 such that for every u € H>'(I) there holds

MInRrw — ul| oo (1,x) < (VT + h)l|ull 2 (1)
1 Rru — UHL2(1,X) + h| VIR u — VUHLZ(I,X) <c(r+ h2)||u||H2,1(I).
These estimates are also valid when II, R, is replaced by Py R, : L*(I, D(A)) — P-(I,V3).
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4.2. Fully Discrete Optimal Control Problem

Here, we present the full space-time discretization of the optimal control problem (P). Given a control
q € @ and discrete initial data (uop, zo) € Wy, X P (1., W},), consider the following discrete problem: Find
Uy = 07 by, € Po(1, V) such that for k =1,..., N,

(d-,—’U/Z, Soh)X + V(vuﬁa V@h)X

_ _ 1
= b+ 1 [ O+ aexdt Vo€V @3)
k

u%:zfl forj=1—N,,...,0,

where d,u}, := 7' (u}, — uop) and dyuff := 77 (uf —uy ') for k = 2,..., N,. Notice that the initial data

ugp, is only applied at the first time step, while the history z, was utilized in the trilinear form b. This is
an implicit-explicit scheme in the sense that the Laplacian and delay are discretized implicitly, while the
convection term is discretized explicitly. More precisely, on each interval I, the following approximations
were adapted:

/ (Vu(t), Vion) dt ~ 7(Vu(te), Vion)

Iy,

[ @) on ) a7 (1))
k

The scheme (4.3) is one of the simplest possible discretization of the state equation in (P), where it
is possible to prove stability and error estimates. Observe that the matrices of the corresponding linear
system to (4.3) are the same at every time step. This will also be the case of the discrete adjoint problem
below. For gradient-based optimization algorithms, where one has to solve both the discrete state and
adjoint equations in order to get a directional derivative, this is advantageous. For instance, one can
pre-factorize the matrix before doing the primal and dual solvers for efficiency.

As with the continuous case, we will set u, = 2, on €, so that u, € L?(J,., W},), that is,

1—-N, N,
Ug =z M+ ufly,. (4.4)
k=0 k=1

We note that (4.3) is similar to the one presented in [51], the main difference is that the trilinear term
there is b(uiil*N T O, uﬁ_l), that is, the convection is discretized explicitly. Also, spatial discretization
was not considered. The one given in (4.3) is a natural choice based on (4.4), where the solution and
the history of the continuous problem are evaluated at the right endpoint of the interval I for each
k=1—N,,...,N,. This is also suitable in the case when the initial data and history are not compatible.
Discontinuous Galerkin time-schemes of arbitrary order for the 2D and 3D Navier—Stokes equation can
be found in [16].

With regard to the initial data, history and source term, we shall take the approximations wug, =
Hpug € Wy, 2o = R Ipz € Po(I,Wy,) and f, = R I f € P-(I.,W). Thanks to (A1), (A2), (A5) and
Proposition 4.3, there is a constant ¢ > 0 independent on o such that

[ton — uollx + hlluon — uollw < ch®||Auollg (4.5)
20 — zll2(1,,x) + P(l|ze — 2l L1, x) + 120 = 2l 221, w)) < b ||zllg20 1, (4.6)
1o = Flleea,x) + Al fo = flle,x) + 1o = Fllzaw)) < ch?(|f Lz - (4.7)

The existence and uniqueness of u, € P,(I,V},) satisfying (4.3) follows immediately from the Lax-
Milgram Lemma and by induction. In fact, it is enough to observe that the finite-dimensional square
system for each k is injective. Let us define the discrete control-to-state operator S, : Q — Pr(I, V)
by S;(q) = u, if and only if u, is the solution of (4.3). By the discrete inf-sup condition (A4), (4.3)
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is equivalent to the problem of finding a pair (u,,ps) € Pr(I, W},) x P(I, My) satisfying the following
system of mixed problems:

(druf.on)x +v(Vup, Vo) x — (diven, pf) e + (divauy, pr) e

_ _ 1
= b(uy o, up ) + ;/ (fo(t) +q(t),pn)x dt  Y(en,pn) € Wi x My, (4.8)
Iy,

ufl :zi forj=1—N,,...,0,
for each k = 1,..., N,, see [8]. The scheme is thus conforming with respect to W but not with V', since
Wy, € W while V}, ¢ V. Whereas (4.3) is used in the analysis, the more practical mixed problem (4.8) is
the one that is utilized in the numerical implementation.

Remark 4.4. The discrete solution operator S, is invariant under left composition by P, R,, that is,
S = S, P, R; as a map from @ into P, (I, V},).

We shall take Q, := P-(I,W}) C @ as the discretization of the control space Q. The fully discrete
optimal control problem is then given by
min j,(qs P,
Jmin 5o (go) (Ps)
where j, : P-(I,V}) — R is the discrete analogue of j given by
. 1 ar o
i) = 5 [ sl = wao e+ 0nll¥ el 5 o () = urnly + 5 oo
N o ar &
T
= (o luf;, = ugpll% + arllV x ui|[72) + 7||UZV* —urp |k + - > llakllx
k=1 k=1
with uy, = So(q¢o) € Pr(I, V), wie = IInRrug € Pr(I,Wy) and ury = Iur € Wy, Again, from (A1),
(A2), (A5) and Proposition 4.3, the following error estimates for the target data hold for some constant
¢ > 0 independent on o:

NS

lurn — ur|x + bllury — urllw < ch?||Awr||a (4.9)
o — wallz2(r,x) + h(|[ttdo — wallLo(r,x) + |Udo — wall2r,w)) < ch®||uall gz n.- (4.10)

The existence of a global solution to the finite-dimensional optimization problem (P, ) is immediate since
Jo is continuous and coercive, that is, j,(¢s) — 00 as ||¢-|/g — oco. We will see later that replacing Q.
by P-(I,V}) leads to an equivalent problem, see Remark 4.13 below.

4.3. Error Estimates for the Discrete State Equation

In this subsection we analyze the discrete state equation (4.3) and prove error estimates. First, let us
establish the local boundedness of solutions.

Theorem 4.5. Let ¢ € Q. If u, = S;(q), then there exists a continuous function ¢ > 0 independent of o
such that

ol Lo (r,x) + luellLzawy < clllallo, 1f11r2,x)s luolla, 2l Lo (1., 1) 0 2(1,v))- (4.11)
Proof. Let @9 := uqy, and 4§ := uf for k = 1,..., N, so that d,uf = 7~ (uf — @y ~'). Taking the test
function ¢, = 27uf in (4.3) and using the equation 2(v —w,v)x = |[v[|% — [|w[|% + [|v — w||%, We obtain

for k=1,..., N, that

~f— ~f—
g 1% = Il 1+ gy — a7 IR+ 207 [ Vug 1%

< 2rb(uh N b b Y) 4 2 / (o (1) + q(t), ub) x dt. (4.12)
Iy
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We can estimate the second term on right hand side using (A2) and the Young and Poincaré inequalities
by

c VT
2 [ (o) att) bt < S [ 1O+ )1 e+ 9B (413)
k k
Given € > 0, by the Holder, Gagliardo—Nirenberg and Young inequalities, the trilinear term is estimated
from above as follows:
ZTb(u’,fN", uk ui_l)
vT k2 k—N, |12 E-1)2 , €T k—Ny 12 ||, k=112
< S IVunllx +erlluy I IVuy ™ lx + — IV e lx- (4.14)

Plugging the estimates (4.13) and (4.14) in (4.12), and then taking the sum over all k = 1,...,j with
1 < j < N, yields the following;:

J

j 1-N, cr —N,
I3 + 3 vrlVublk < Juonlk +emlizh G195 + 192 15 1Rl%
k=1
¢ ¢ - k+1—N, k
2 2 — Ny 12 2
F S [ IO e+ £ [ el e e 3 rluk o Vel
k=11 k=11 k=1
C]_l
k+1—N,
+ S TIVUE N (115)
k=1

From (A2), (4.1) and the boundedness of R, : VZ(I.) — V?2(I,), there is some positive constant c
independent on o such that the sum of the first three terms on the right hand side of (4.15) can be
estimated by

—N, CT 1—N,.
Juon % + el I NV ARG + IV R
1
< (ol + (14 % ) el Welicrn ) - (4.16)

We shall prove by induction that for each £ = 1,...,ng, there is a continuous function ¢, > 0 such
that if ¢,(q, f,u0, 2) := ce(llgllQs [1fll L2 1. ), luollars (12l Lo 1, 1) L2(1,.v)) then

¢N,.
k12 vT k12
— < . .
| Jnax llup % + ;ﬂ 5 Vui % < celq, fru0,2) (4.17)

Consider the case £ = 1. From (4.6), we get for some constant c¢o > 0 that [[uf || x = ||zf||x < collzlle(1,.m0)
for each 1 — N, < k < 0. Taking e = &1 := v/(2¢] |2/ 7 (s, sy + 1), we have

j—1 j—1 j—1
k+1—N, vT
e Tl N XN VUi lk < ecillzlFoerm D TIVUEIR <D 7IIVU’EII§¢ (4.18)
k=1 k=1 k=1

each for 1 < j < N,.. Thus, we obtain from (4.15), (4.16) with € = &1, and (4.18) that
i T 7 1 v
oAl + 32 19 < e (uolls + (1+ ) el )
k=1 1 0

j—1
C C C _
<2 [ at+ S [laoFas S AVE B @)
k=1
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Let ¢(e1, q, f, ug, z) denote the sum of the first three terms on the right hand side. Applying the discrete
Gronwall Lemma 7.2 to the previous inequality, we have

N,
vT
max HUQH.QX + Z EHV’U’ng( < 6710<517q7f7 ’LL(),Z),
k=1

1<k<N,
where
¢ N2t c
k+1—N,
n==— > Ve % < =ll2lfa, vy
€1 —1 €1

The last two inequalities verify (4.17) for £ = 1.
Now, let us assume that (4.17) is satisfied for ¢. Then by taking

e=c¢pr1:=v(2 rnax{c%Hz||2Lm(ITJq)7 colq, fLup,2)y +1)71 < gy

we obtain (4.18) for every 1 < j < (¢ 4+ 1)N,.. Thus, adapting the above procedure leads to

(L+1)N,
vT
e WA+ 30 IV < v telernn g o)

where ¢(egpy1,q, f,ug, 2) is the sum of the first three terms on the right hand side of (4.19), with &;
replaced by e¢41. Here, the constant 7,41 is bounded by the induction hypothesis, that is,

o Vo o N1
k+1-N,. k+1-N,
Ve = Z TV R+ = Z TV %
Ly £ k=N,

c 2
< = 2 z .
= <||Z||L2(IT7V) + Vce(qafa U(),Z))

Hence, (4.17) is also valid when ¢ is replaced by ¢ + 1, completing the induction step. Therefore, the
inequality (4.11) follows from (4.1) and (4.17) with ¢ = ng = T'/r since N; = ngN;.. O

Remark 4.6. Note that the function ¢ in the previous theorem is not uniform in terms of the delay
parameter r. In fact, according to the proof, ¢ depends on the ratio T'/r, so that in particular ¢ — oo as
r— 0.

We are now in position to prove error estimates for the solutions between the continuous and discrete
state problems. Let us start with the errors in the norms of L*°(I, X) and L*(I, W).

Theorem 4.7. Letq € Q, u = S(q) andus = S5(q). Then there is a constant ¢ > 0 depending continuously
on |lqllq, | fllz21(ry, [[Auollz and ||2]|g2.1¢s,) but independent on o such that

k
- — Uy || 1o - < ch. :
| Dnax Ju(te) —upllx + llu = toll oo (g, x) + I = vellL2,,w) < ch (4.20)

Proof. Since u — uy, = z — 2, in ., it is enough to prove (4.20) with J,. replaced by I according to
(4.6). Define @, € L*(J,,V}) such that ﬁ’fL = Ppu(ty) for each k =1— N,,..., N, and split the error into
U — Uy = (u— Uy) + (Uy — uy). From Proposition 4.2, it holds that

||u_aa||L°°(I,X) =+ ||u_ﬂ0'||L2(I,W) S Ch. (421)
In particular, this estimate implies

Lk _
L fu(t) = ahllx < max |u = ] o1 x) < ch (4.22)

Also, by (4.6), Propositions 4.1 and 4.3

||Zg — ao'||L2(IT7W) S ||ZO— — ZHLQ(IT,W) =+ ||u — ao’”Lz(IT,W) S Ch. (423)
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The next step is to derive analogous estimates for the error term e, := 4, — u,. Taking a test function
op € Vi, C W in the Eq. (2.12) and then integrating over i, we obtain that

(Puuu(ty) — Putte_1),on)x + / V(Vult), Veor) x di — / (div on, p(t)) 1 dt

b (1), on, () dt + / (1) + a(t). on)x dt

Ik Ik

for every K =1,..., N.. Let us rewrite the above variational equation as follows:

(d‘rﬂfp@h)X + V(VEZ; vc;Oh)X = b(ah a@hauz 1)
1
2 [ (alt) 4 alt)on)dt+ TREG) Vo € Vi, (424)
Iy

where d,u} = 7 (a}, — Pyuo), d-aff = 7' (af —uy 1) for k = 2,..., N, and the remainder term R} (¢y,)
is given by

R (gn) = / V(i — Tu(t), Vou)x di + / (div o p(t) — Tp(t)) = dt

Iy, Iy

+/ b(uT(t),goh,u()fuh )dt+/ b(ur(t)fﬂi ,gph,uﬁ byat

Iy Iy,
+ / (S0 = folt) o) -

Here, we used the fact that (div ¢pn, I'np)r2(1,,02(Q)) = 0 since @ € V.
Let @) := Pyug — ugp, and ef := ef = aFf —uF for k # 0. Subtracting (4.3) from (4.24) and then
choosing the test function @, = 27’627 we get the following recurrence relation for the errors:

eIk — 1R 1% + llek — e 'II% + 2VT||V6h||x

=27b(ef N el ab ) 4+ 2rb(ul TN ef el 2RE (ef) (4.25)
for each £k = 1,..., N.. Using the Gagliardo—Nirenberg and Young inequalities, we can estimate the
trilinear terms in (4.25) as follows:

VT _ _
2rb(ey, N ek, up ) < *HVe’iH?c +orl| Ve M X I VaR % (4.26)
k—N, T CT k—N, k—N,. .
2rb(uy, " e, ept) < |\V€’;§\|§c+;|\vﬂh M llen ™ Ik + erllun N 1R NI Ver - (4.27)

From Theorem 4.5 and (4.6), there is a constant ¢y > 0 independent on o such that [luy V"||x < ¢o
for every k = 1,...,N;. Also, note that |Vu}|x = [[VPyu(ts)|x < cllullpe=(s,.,v) for every k =1 —
N, ..., N;. By the Cauchy—Schwarz inequality, the remainder term 2R,’§(e,’§) satisfies

vT
28 (eh) < " IVeli +c [ I9Pu(t) - Vulolk de+c [ 1p(0) ~ Lup@) I e
Iy Iy,
el e, / IVu(t) — VPyulteoy)|I% dt +c / 1 (8) — F(0)]% dt
k k

r r vT
tellul gy [ 1900 = VR0l dt = IV + [ phan (42s)
k k

Taking into account (4.26)-(4.28) in (4.25) and choosing € = v//(2¢3), we have

lerl% = lIex~ 1% + vl Verlk < erl Ve ™ & lullZo s, vy

2¢c? _ _ vT _
+ 2V e+ Vel e+ [ o)
k
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Getting the sum of the previous inequality over all k = 1,...,j with 1 < j < N,, we deduce the existence
of a constant ¢ > 0 independent on ¢ such that

J

j v 1-N,
lenll% + 3 > TlIVerlk < lEnlk +erl Ve Y Ik lledl%
k=1
j—1 J J
k+1—N, k—N,
+e > TVt TN ek 1k + e > TlIVer N % + CZ/I pii(t) dt. (4.29)
k=1 k=1 k=1"1k

For the first two terms on the right hand side of (4.29), we have [[€)||% = ||IInuo — Pruo|% < ch* by
(4.5), and THVz}lL_N7‘\|§<||62H§( < c||z||%oo(17‘7v)\|zg — ﬂg||i2(IT7X) < ch? by (4.23). To treat the fifth term,
we invoke (A2), (4.7), Proposition 4.1 and Proposition 4.3, so that for each j =1,..., N,

J
Z/ pr(t)dt < /pii(t)dtg ch?.
k=1"1k I

Utilizing these estimates in (4.29) and applying the discrete Gronwall Lemma 7.2, we get that

N, N,
k2 k2 2 k=N, |2
< ce™* r .
| Jpax lenllx + Z vr||Vepllx < ce (h + E 7||Vey X) (4.30)
- k=1 k=1
for every ¢ =1,...,ng, where the constant 7, is given by

(N, —1 N,.—1 ¢N,.—1
ve=c Y TIVuT TN X =e Y IVt R e Y r Vet R < e
k=1 k=1 k=N

due to (4.6) and Theorem 4.5.
For ¢ =1 in the sum on the right hand side of (4.30), one obtains from (4.23) that

N,
Y 7lIVer ™ Ix = [1Vzs = Vit |72, x) < ch®.
k=1

Using this estimate along with an induction argument on the inequality (4.30), we have

e ok = bl + ol + llealozry < ch (4.31)
Combining the error estimates (4.21), (4.22) and (4.31) leads to (4.20) with I in place of J,. O

Let us now prove an error estimate in terms of the norm in L?(I, X). First, let us state the following
lemma for the error estimate of the temporal shift by 7. Since the proof follows the ideas in Proposition 4.1,
the details are omitted.

Lemma 4.8. There exists a constant ¢ > 0 independent on T such that for every u € H?(J.) and
w € H*Y(J") we have

lw =" L2r,x) + V7 llu = uTllpeer,x) < erllull 2,

|w—w"lL21,x) + VTlIlw = w " || 1,x) < erl|wll g2 ry.-

Theorem 4.9. Let g € Q, u= S(q) and uy = Sy(q). There exists a constant ¢ > 0 depending continuously
on |lqllg, | fllz21 ), l[Auollz and ||z]|g2.1¢s,) but independent of o such that

||’LL — uo’”LZ(I,X) S Ch2. (432)
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Proof. We shall proceed by an Aubin—Nitsche-type duality argument. We recall the reader of our stability
condition (A5) that will be frequently used in the proof. Given g € L*(I, X) such that ||g][z2(7,x) < 1,
Theorem 2.14 implies the existence of a unique weak solution (w, 7) € H?1(J")x L*(1,Y’) to the following
dual problem:

{ — 0w — vAw — (u" - V)w — (Vw ") Tu™" + Vr = g in Qr, (4.33)
divw=0 inQp, w=0 inlp, wT)=0inQ, w=0 inQpy,.
Furthermore, there is a constant ¢ > 0 independent on g, w and 7 such that

lwO)[a + w21 gry + 7l L2y) < e (4.34)

Let w, € P-(J",V,) be given by wl = Pw(t;—1) for each k = 1,..., N, + N,. Applying (A2) and
Proposition 4.1, one can see that

||w — wo’||L2(I,X) + h||w - wa||L2(1,W) + h”ﬂ' - FhT(”LQ(I,M) S Ch2. (435)

Moreover, we have ||Vw, || Lo (7, x) < ¢l|Vw| £ (1,x) < cl|w|[g2.1(r) < ¢ by the continuity of the embedding
H?>'(I) c C(I,V) and boundedness of P, : L>®(I,W) — L>(I,W).

Denote the error by e, 1= u — u, € L?(J,., W) C L?(I,W). Multiplying (4.33) with the test function
e, integrating over Q0 and applying Green’s identity yield

/, (9(t), e0 (1)) x dt = / (o (t), By (t)) x dt + / (Veo (1), Vu(t)) x dt

/b ), eo(t)) dt — /b (b)) dt

/ b€l (1), wlt), u(t)) dt + / (div eg (), (t) — Tyr(t)) 2 dt
[0,7] I
=—Ji+Jo—J3—Js+ J5 + Jg. (436)

In the last term we used the fact that (divey(t), [p7(t))r2 = —(divuy(t), [pm(t))r2 = 0 for almost
every t € I since u € L2(I,V), u, € L*(I,V},) and I'ym € L?(I, My,). The last two terms in (4.36) can be
immediately estimated from above by

|J6| < cl|Veoll L2, x)lm = Dnmllpzcrary < ch® (4.37)
|J5] < cllz = 2ol L2, x) AW L2,y VUl oo (1,x) < ch® (4.38)

thanks to (4.6), (4.20) and (4.35).
Let us consider the first integral in (4.36). Integrating by parts with respect to time

—J1=‘/<()6tw dt+Z“hvw5+l wi)x
I

N,
= (o — o, PrwO)x + [ Ouult), w0 e = Y (uf — T L) = ke (439
1 k=1
where @} ! is defined as in the proof of Theorem 4.5. According to (4.5) and (4.34), it holds that
|J7] = |(uo — uon, Pow(0))x| < ch?. On the other hand, from the continuous and discrete state equations

satisfied by u and wu,, respectively, we obtain that

Ja= [0 = 1200 x e+ [ (710)+ 00 0lt) = wn®)x it = [ o(Tal), Tu(o)x dt

I

+/b(uT(t),w(t),u(t))dtJr/V(Vu,,(t),Vwc,(t))X dt—/Ib(u;(t),wo(t),u;(t))dt

I I
=:Jg + Jio — Ju1 + Jiz + Jiz — Jua. (4.40)
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Here, we used the fact that u |, = ul(ty) = uo (tp_1) = ur ', and similarly w7 |, = uf =", From (4.7),

(4.34), (4.35), we have |Jg| + |J10| < ch?. Collecting what we have obtained in (4.36)-(4.40) gives us

/(g(t)7 eo(t)x dt < ch? + (Jo — Ji1 + Ji3) + (Jiz — Jia — J3 — Ju). (4.41)
I

The remaining task is to derive estimates on the terms inside the parentheses. The first group in (4.41)
can be easily done with the aid of Green’s identity, (4.20) and (4.35) so that

Jo— Ji1 + Jiz = /IV(Veg(t)7 Vw(t) — Vwe(t))x dt — /IV(Au(t),w(t) —we(t))x dt

< C||Veg||L2(LX)||VU) - vaHL?(I,X) + CHAUHL2(I,X)||7~U — w0||L2(I,X) < Ch2. (4.42)

Due to the explicit discretization of the convection term, we need to shift by 7 the third argument
involving the trilinear terms in Jy2, J3 and J4. This is to match the form of the term Jy4. In this direction,
we split Jio as follows

Ji2 = /b(ur(t),w(t),u(t) —u7(t))dt

I
+ /1 b(u” (t), w(t) — wo (t), u" (t)) dt + /1 b(u” (t), wy (), u” (t)) dt. (4.43)

The first two terms on the right hand side satisfy
/ b(u”(t), w(t), u(t) — u” (1)) dt < ||Vl x) [Awll L2y llu — u”[[L2(1,x)
T

/ [b(u" (1), w(t) — wo (t), u” ()| dt < e[| Vu|[Loe 1, x)[[AUT |21, ) W — wo [ L2(1,x)-
I

In the second inequality, we used the anti-symmetry of b with respect to the second and third arguments.
Using these inequalities in (4.43) and applying (4.35), Lemma 4.8 and (A5), we have

Jia < ch? + /I b(u”(t), ws(t),u’ (t))dt. (4.44)

Next, the trilinear term J3 can be equivalently written as
Jy = /1 b () — ™ (1), w(t), e () dt + /1 b (1), w(t) — w T (8), e (1)) dt
— | b(u"(t)s,w(t), el (t))dt + /Ib(ur(t), w(t), el (t))dt. (4.45)

I

Employing the Hélder inequality and the properties of the trilinear form b to the first three terms on the
right hand side of (4.45), we deduce that

’ [b(u" (1), w(t), g ()] dt < eV/TIVu" || oo (1, 0 1AW 21y x) €7 | e (10,3)

1

/ [b(u”(t) — "7 (1), w(t), €0 (8))] dt < ellu” —u""T| oo 1, x) [|Aw] 21, x) IV e || 21, %)
I

/ [b(u"T (1), w(t) — wTT (1), €0 (1) dt < e Au"T |21 x)llw = wT T (1,x) [ Veo || L2 1,x)-
I

Again, we utilized in the third inequality the anti-symmetry of b. Plugging these estimates in (4.45) and
then applying Lemma 4.8, (4.20), (4.35) and (A5), we get

Jg > —ch? —l—/b(ur(t),w(t),e;(t))dt. (4.46)
I
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Finally, for the term J; we use Lemma 4.8 and (4.20) once again to deduce that

Ta= [ M@0~ ©)at+ [ e 0.0, 0)ar

I

> —c||Veg 21, x) |Aw|| 2 (1, [lw — v || 2 (1, x) +/b(e;(t),w(t)7u7(t))dt
I
> —ch? + /b(e;(t)m(t),uT(t))dt. (4.47)
I

Hence, if one applies the estimates (4.44), (4.46) and (4.47), then after some rearrangement of the
trilinear terms the following estimate holds:

Jio—Juu—J3— I < ch? + / b(e;(t),wg(t) — w(t)7u7(t)) dt
I

+ / b (8), wo () — wit), &5 (1)) dt + / B (8), wo(£), F (1)) dt. (4.48)
I I
In virtue of the Holder inequality, the terms on the right hand side of (4.48) satisfy

/b(eg(t),wo(t), eq(t))dt < cl|Vel |2 r,x) | Vwe | o (1, x) | Veg |l L2 (1, x)
I

/b(ur(t)vwa(t) —w(t), ez (t)) dt < c||[Vu'|| Lo 1) [[Vwe = Vw2, x)IVeg |l L2, x)
I

/b(e’;(t),wc,(t) - ’UJ(t),UT(t)) dt S c||VeQ||L2(I,X)||VwG - vw”LQ(I,X)||VUT||L°°(I,X)~
I

Substituting these in (4.48) and then recalling the previous estimates (4.20) and (4.35), we arrive at
Ji2 —J1a—J3—J4 < ch?. This inequality, together with those in (4.41) and (4.42), implies (e, 9r2.x) <
ch? for every g € L*(I,X) with [|g||r2(7,x) < 1. Therefore, (4.32) holds true by duality. The proof of the
theorem is now complete. 0

4.4. Error Estimates for the Discrete Linearized State Equation

In this subsection, we consider the discretization of the linearized state equation. In fact, the resulting
scheme will be obtained by taking the derivative of the discrete solution operator. It is easy to see that the
map S, belongs to C°(Q, P, (I, V},)). Moreover, given a direction g € Q, we have v, = S.(q)g € P-(I,V3)
if and only if v, = ZkN;1 v’,fb]l]k is the solution of

(CZT’Uﬁa(ph)X + V(VUEaVQOh)X = b(u;cliNr7gphavzil)
_ _ 1
+ ooy onup ) + ;/ (9(t), on)x dt Ve € Vi, (4.49)
Iy,

vl =0 forj=1-N,,...,0.

for every k = 1,...,N,, where u, = S,(q) and d,vf = 771 (v} — vz_l). Similarly, if ¢ € @ then
Yo = S7(q)]g,9] € P-(I,Vy) if and only if for each k =1,..., N,

(dryf, on)x +v(Vyr, Vr)x = b(uZ_N"} on YY)
+ by N onuf ) + 200N R, v Y Ve, € Vi, (4.50)

y, =0 forj=1-N,,...,0,

where v, = S/ (q)g and u, = S,(¢). In the succeeding discussions, we deal with the error estimates for
the solutions of (2.20) and (4.49).
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Theorem 4.10. Let ¢ € Q, g € Q, u, = S,(q) and v, = S, (q)g. Then there exists a continuous function
¢ > 0 such that for every o, we have

Vo llzoe (1,x) + 1vollz2,wy < elllvo |l Lo (1., x) A L2219l - (4.51)

Proof. Taking the test function ¢, = 27’1}2 in (4.49) and using the Young inequality, we obtain for
k=1,...,N, that

k—
ol % — llop 1% + vk — v~ X + 207 V1%

< 27'b(u§7 v,lj,vh )+27’b( vﬁ,uﬁ h —|—/ (g,vF)x dt
Iy

< vr||Vopllk + erlluy |13 ik

CT || k=N, - k—N, -
+ o™ IE Ve Ik +er Vo II?XIIU'Z 1H§(+;/I lg(®)II% dt.
k

Let us choose 0 < & < v(4||ug ||z (s, x) + 1) 71 Thus, elluy =" ||% < v/4 and e|uf |} < v/4 for every
k=1,...,N;. Given 1 < j < N,, take the sum of the above inequality over all k = 1,...,j and use
1)2 = 0 so that

||vhux+2 IVehl < / (o)

J

c k—N, - c k— k—N,
+ gZTIIVuh 3l 1% + EZTHV% oy~ 11
k=1

k=1

By the discrete Gronwall Lemma 7.2, recalling that v,’j =0 for every k=1— N,,...,0, we have

N,
g Ikl + 30 5 19kl < el (452)
where the constant « is given by
N, N,
7= 23 IV I+ 2 Y IV R < ol - (4.53)
k=1 k=1
The inequalities (4.52) and (4.53) imply (4.51). O

Theorem 4.11. Let g € Q, g € Q, v = 5'(q)g and v, = S! (q)g. Then there is a constant ¢ > 0 depending
continuously on lallg, Iglles I, | Auolli and |zllsaa s,y 50 that for every o

te) — — g [ e — g || o < ch. 4.54
lgfg\, o(te) — vkllx + v —vollz (7. %) T v = vl s,y < c (4.54)

Furthermore, we also have
||’U — UJHLz(Lx) § Ch2. (455)

Proof. Since both v and v, vanish on I, we only need to prove (4.54) with J, replaced by I. Let
u = 5(q), ue = S,(¢) and @, € P.(J., W) with TLZ = Puu(ty) for each k = 1 — N,,..., N,. Also,
define v, € L?(J,,V4) by BZ = Ppo(ty) for k =1 — N,,...,N,. Split the error according to v — v, =
(v —17,) + (5 — vs). By construction of 9,, we immediately have

(o) = T lx + [0 = Tl r.x) + [0 = T2y < ch. (4.56)
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Following the proof of Theorem 4.7, now with the linearized state problem (2.20) and its discrete
version (4.49), one obtains that the error term 7, := 9, — v, € P-(I,V},) satisfies the variational equation

(anlli? Sah)X + V(VTIE, v‘)ph)X = b(ez_Nra ©Lhy 7]5_1) + b(nZ_er Phs ei_l)

_ _ _ _ 1
+bleh o on vy ) 0w o T + ~Ri(en) e € Vi, (457)

where e, = 1, — u, and the remainder term Rlﬁ(s@h) is now given by
RZ((ph) = / v(VPro(ty) — Vo(t), Vo) x dt +/ d(pp, w(t) — Thw(t))dt
Ik Ik

+/ b(vr(t),goh,u(t) 7Phu(tk_1)) dt+/ b(’l)r(t) 7thr(tk),(ph,Phu(tk_l))dt
Iy, Iy,

+ , b(u’”(t), on,v(t) — Ph’l)(tk_l)) dt + ’ b(ur(t) — Ppu” (t), on, Pro(te—1)) dt. (4.58)

If we take @ = 271y in (4.57) and apply the Gagliardo—Nirenberg and Young inequalities, then

k— k—N,
Ikl = Iy~ % + 2071V lIi% < w7 Vgl +erlley

vk
cT k—N. — k—N, — k—N, _
+ Ve Bl %+ erllmy M I IVeR T % + erl v I ey %
k—N, k— k—N, k— k—N,. k—
+erlley VX IVo T X+ erl Vo I llen T I+ erllun ANV IR

cT k—N, k—
+ IV, 3cllmi = 1% =+ el Rk ().

Choose ¢ > 0 such that 0 < & < v(4[|ug|| (s, x)+1)7" and 0 < & < v(4]les| L= (,,x) + 1)7*. Since v,
and 1, are bounded in L (J,, X)NL*(J,,W) and |leq || (s.,x) + |l€x | L2(r,w) < ch, the above inequality
implies that, after taking the sum over all k =1,..., 7,

N, J
: vT
113 + D2 S IVllx < ch® +ey IRy ()]
k=1 k=1
J
> ([ Vep N

k=1

+ 2+ ||VquN"

C —
‘ k™ (459)

The term RZ(n’,j) can be treated in the same way as with the one given in proof of Theorem 4.7, and
by doing this process we get
J I ur
Y IRLm < ch?+ > = IVnilk,  i=1,.... Ny (4.60)
k=1 k=1

Plugging (4.60) in (4.59) and then applying the discrete Gronwall Lemma

7k: - k oo 2 < . .
| Jhax 10 — villx + 1Mol Lo (r,x) + 1Mo l22(1,w) < ch (4.61)

Taking the sum (4.56) and (4.61) proves the desired a priori estimate (4.54). Finally, (4.55) can be
established by a duality argument as in Theorem 4.9 with the same adjoint problem. (I
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4.5. Error Estimates for the Discrete Adjoint Equation

Let uy, = S,(q) be the solution of the discrete state equation (4.3). The fully discretized adjoint problem
that we consider is the following: Find w, = chvll w,’fﬂ;k € P-(I,V) such that for k = N,,...,1

(d—rw}s, ) x + v(Veon, Vo) x = b(uy ™ ™ ) + b(en, wyy ™V )
= aq, (uf —uk, ) x + aR(V X ul, V x ) e Yy, € Vi, (4.62)
w) =0, forj=N,+1,...,N; + N,.
where the forward difference operator d_. is defined by

{T‘l(w,]y* - ozT(uhN’ —ury)) if k= Ny,

d_,wk =
TWp, Tﬁl(wili }’?H) ifk=N,—1,...,1.

The existence and uniqueness of solution to this problem follows immediately since the corresponding
bilinear form is coercive for each k. Let us introduce the discrete control-to-adjoint state operator D,
Q — P-(I,Vs) by Dy(q) = w, if and only if w, is the solution of (4.62). The following lemma is the
discrete versions of (3.1) and (3.2).

Lemma 4.12. The action of the first and second derivatives of j, : Q@ — R at ¢ € Q in a direction g € Q
are given by

Jola)g = /I(wg + aq,g)x dt

J5(@)lg. 9] = /aQT||Ua||§( +arl|V x ve[Z2 + 2b(v;, wo, v7) dt + ar||ve (T) % + ollgl)
I
where v, = S!(q)g and w, = Dy (q).

Proof. From the chain rule and the fact that v, and w, are constants with respect to time on each
subinterval Iy, it follows that

N
jif(Q)g =T aQT (ulfb - ’U,Sh,’l}},j)x + OéR(V X ’U’Za V x UZ)LQ]
k=1

+ aT( uTh,Uh )x + g, 9)q-

Let I, :=j/(q)g — a(q, g)q- Taking the test function 1, = 7o in the discrete adjoint problem (4.62) and
getting the sum over all Kk =1,..., N,, we have

N,
I, = (wh ,v x + Z wy v,’i)x—i—ZuT(Vv,’f,Vw,’j)X
k=1
NT
k+1-N, , k k k+N, | k—14+N,
_ZT[b(ulz+ cwp T oR) 4 b(og, wy N )
k=1
N, N,
=D [k —op~ wi)x +vr(Vor, Vag)x] = > rlb(uy N wp, o 7Y 4+ oy wh, up )]
k=1 k=1

N,
= Z/ ), wi)x dt = /I(wg(t),g(t))x dt

since v;j =0fork=1—N,,...,0 and w,’i =0for k= N.+1,...,N. + N,. This proves the case of
the first directional derivative. The second directional derivative can be handled in a similar way using
(4.50). O



JMFM Optimal Control for the Navier—Stokes Equation Page 31 of 49 56

Remark 4.13. 1f g% is a solution to (P,), then ¢ = —a~'D,(q%) € P,(I,V}). Thus, (P,) is equivalent
to the minimization problem ming ep_(1,v,) jo(qo). Indeed, for a solution ¢} of (P,), it holds that

min ] < j4,(q%) = min ] .
qoemnvh)j"(q") < Jo(go) qgemawh)j”(q”)

The reverse inequality follows from the fact that P, (I, V}) C P, (I, Wy).

We have the following local boundedness of the discrete control-to-adjoint operator D,. The proof is
omitted since it is similar to the discrete linearized problem (4.49), see Theorem 4.10.

Theorem 4.14. Let ¢ € Q, u, = S,(q) and w, = Dy,(q). Then there exists a continuous function ¢ > 0
such that for every o > 0 we have

|we Lo (1.x) + llwe | L2 (r,w)

< e(uollpoo (1 x) n r2 ) (1te — taoll L2 x) + lun™ — urnllx + |V X tollz2(r,02(0))-

In the sequel, we shall derive error estimates by following the procedure already developed in the
previous subsections. Recall that we do not have the compatibility of the terminal data for the adjoint
problem if cp > 0.

Theorem 4.15. Let ¢ € Q, w = D(q) and w, = D,(q). There exists a constant ¢ > 0 depending continu-
ously on ||qllq, [ fllz21 ), [[Avolla, |2l 210y, |Aur|a and [Jugll g1 (1) such that for every o, we have
the error estimate

(Dnax w(te-r) — whl|x + (1w = wll L 1,x) + [l = wo | 22(1,w) < ch. (4.63)

Proof. Let w, € L*(J",V}) with E)Z = Pyw(ty—1) for k = 1,...,N; and wp, = 0 for k = N; +
1,...,N; + N,. Also, let @, € L?(J.,W},) be as in the proof of Theorem 4.7. As usual, split the error by
w—wy = (W —Wy) + (Vs — w,). By Proposition 4.1, we have

e [fw(tion) = @hlx + = Bl 2o 1.x) + o = T2 < ch (4.64)

Multiplying the continuous adjoint problem (2.38) by the test function ¢, € V; C W and then
integrating over I, x £, we deduce that

(Phw(tkfl)—Phw(tk)ﬂl)h)er/ V(thvvw(t))th_/ (divpp, m(t)) dt

Iy, Iy,

- / b(u" (£), w(t), dn) di + / (i, w " (£), u" (1)) dl

Ik Ik
+/ aap (u(t) — wa(t), ) x dt +/ an(V x ult),V x )1 dt
Iy, Iy,
for each k = N, ..., 1. This equation can be rewritten as follows:

(d_r @}, ) x + v(Viby, Viok) x

N, AN, 1Ny L
= b(a, "N gn) + b(gn, @ @) Ry () (4.65)
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where d_, @)™ := 7Y (@)™ — ar(u(T) —ur)) and d_,@F := 7~ (@f — @) for k= N, —1,...,1, and
the residual term R’,fb is given by

R’g(wh)z/ V(Vw;j—vu;(t),wph)xdt—/ (div oy, w(t) — Typm(t)) dt

Iy, Iy,

+/ b(u” (£), w(t), ¥n) — @V @ ) dt
Iy

[ b @0 @) — b Y

+ / ey (u(t) — ) — (ualt) — uby), n)x At + / ar(V % (ut) — 7).V x ) dt

Iy,

Let e, := Uy — uy and 1), := W, — w,. Taking the difference of (4.62) and (4.65), we get
(d—rnf s ¥n)x + v(Vibn, Vif) x = blep ™ N it ) + b, my TN e )

QTN ) 4 b, wh k) 4 R () (4.66)

where d_n)" == 77 (w; " — w(T) — ap[(w(T) —up ™) — (ur —ury)]) and d_,nf = 7= (nfk —ny ™) for
k=N, —1,...,1. Observe that (4.66) has the same form as (4.57), however, the superscripts are now
in descending order. Nevertheless, one can adapt the same methods and use the backward version of the
discrete Gronwall Lemma 7.2. For this reason, it suffices to derive an estimate for the term R (nF). Let
I, and Jp, i denote the third and fourth integrals in RY (n¥). By (A2), Proposition 4.2 and Theorem 4.7,
for each € > 0 we have

N, N,
S OIRE(E) = Tng — Jnkl <ed_vrl|Vnplk + c2h®. (4.67)
k= k=1

We are now going to estimate Ij, j, and J}, . To this end, let us write these terms by I, j = I,‘ll’k + I,l;’k
and I = J,‘ik + J,lzjk, where

it = [ 00 = a Y w e+ [ b@k o wle) - ol
Iy, Iy,
Tt T = [ Wakow (0 = ab @) der [ bk ekt Y - w o)
Ik Ik
By the Gagliardo-Nirenberg and Holder inequalities, Ij! , and I}) , satisfy the following estimates:

|15 k| < evrlIVallx + el Vwllie o, x) /1 IVu” (8) = V Pru” (b)) |I% dt
k

|Ih k] < v Vg% + CE||VUTH%°°(I;C7X)/I [Vw(t) = VPuw(te) X dt, k =Ny —1,...,1,
k
I n | < evrll Vg l|X + cer |Vl [ 1, 0 IVl 2 14, x)-

On the other hand, Jy, =0if k= N,,...,N; — N, + 1, while for k= N, — N,,...,1 we have
[Tkl < evr Vgl % + CEHVU7T||%°°(I;C,X)/I [Vw™"(t) = V" (ts—1) |} dt
k

ikl < evr|[VngllX + el V™ 12w 4, x) /1 IVu™"(t) = Vu™" (tk-1)I% dt.
k
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Combining the previous estimates, taking the sum over all K = 1,..., N, and then using (4.67) lead
to the following estimate:

N, N,
Z [REGII <D IREME) = Tng — Tnkl + D> Hnk + Jnkl
k=1 k=1
N,
< 5e Z vt | Vi3 + coh?. (4.68)
k=1

If we take ¥, = n’,j in (4.66), follow the remarks mentioned above and then take e > 0 small enough so
that the first term on the right hand side of (4.68) can be absorbed to the left, then one would eventually
arrive at the inequality

k
oo < ch. .
 nax 1wy, = willx + 11l 2o (r,x) + 6]l 22wy < ch (4.69)
Therefore, we can see that (4.63) holds true due to (4.64) and (4.69). O

Theorem 4.16. Under the assumptions of the Theorem 4.15, there exists a constant ¢ > 0 independent on
o such that

lw —wo|L2(1,x) < clagrh + ar + ar)h. (4.70)

Proof. We again proceed with a duality argument, but now taking advantage of the error estimates on
the solutions of the state and linearized state equations. Let g € L?(I, X) with ||g||z2(7,x) < 1. Then,
according to (3.1) and Lemma 4.12, we have

/1 (w(t) — wo (1), g(1))x dt = ()9 — 71 ()9
= aq, / (ult) — ua(t), v()x — (o (t) — o (£), 00 () x dt

+ aR/I(V X u(t),Vxv(t))rz — (VX uy(t),V X vs(t)) g2 dt
+ ar((WT) = ur,v(T))x — (uo(T) — Hpur, v, (T))x),

where v = S'(q)g and v, = S/ (¢)g. From the Cauchy—Schwarz inequality and the error estimates (4.32)
and (4.55), we deduce that

J 100 0(0)x = (o 0) 00
< lu = ol z2(r,x) [0l 2, x) + ol 2,5l = voll L2, x) < ch?
] a0 006 x = (e (6,00 (0 ]
< lwa = tao | 21,1l 21, x) + 1udo |l 2, x) 10 = voll L2, x) < ch®.
Using similar decompositions along with the error estimates (4.20) and (4.54), we get
/I|(V X u(t),Vxv(t))r: — (VX uy(t),V X vs(t))pz|dt < ch
[(u(T),v(T))x — (ue(T),v5(T)) x| < ch.

Also, (A2) and (4.54) imply that |(ur,v(T))x — (IIyur,ve(T))x| < c¢(h? + h) < ch. Thus, we obtain
that (w —we, g)r2(1,x) < c(aq,h+ ar +ar)h for every g € L*(I, X) such that ||| z2(7,x) < 1, and this
results into the desired inequality (4.70) by duality. O
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Theorem 4.17. If ¢, — q in Q and g, — g in Q as o — 0, then
;ii%(jg(qo)[goago] - a”gallg)) = jN(Q)[gag] - a||g||é (4'71)
lim inf j7' (4o ) 90 90) = 5" (a)lg. 91- (4.72)

Proof. Let v = S'(q)g, w = D(q), vo = S.(¢s)9, and wy = Dy(q,). By assumption, {¢,}, and {gs}o
are bounded in Q. This implies that both {v,}, and {w,}, are bounded in L>(I,X) N L*(I,W) by
Theorems 4.5, 4.10 and 4.14 .

Let 9, = S'(¢s)g, and v, = S’(q)g,, and consider the decomposition v, — v = (v, — Uy) + (Vg —
Us) + (U5 — v). By Theorem 4.11, v, — 0, — 0 in L2(I, W) and v,(T) — 9, (T) — 0 in X. Using the mean
value theorem and ¢, — ¢ in @, we have 9, — U, — 0 in H>(I). As a particular case, 9y, — U, — 0 in
L?(I,W) and ©,(T) — 9,(T) — 0 in X up to a subsequence due to the compactness of the embeddings
H>Y(I) C L*(I,W) and V C H. For the third difference, 1, — v — 0 in H*1(I) by the continuity of the
linear map S’(q) : Q@ — H*(I) and g, — g in Q . By compactness of the said embeddings once more,
we get Uy, —v — 0 in L2(I,W) and 0,(T) — v(T) — 0 in H up to a subsequence. Therefore, v, — v in
L3(I,W) and v, (T) — v(T) in X.

Let W, = D(q,). We get from Theorem 4.15 that w, — @, — 0 in L*(I,W). On the other hand, the
stability estimate in Corollary 2.17 implies that 1, — w in H>(I). Hence, w, — w in L?(I, W) up to

a subsequence. We can now pass to the limit in the trilinear term in j”(¢.)[gs, 95, that is,

o
o—0

lim ; b(vl(t), we(t), vy (t)) — blv(t),w(t),v(t))dt

= lim | B0 (0) 7 (1), (0) 03 0)) @+ Jim [ (07 (0, 0) — w(e) 03 (1)

+ lirr%) b(v"(t), w(t), vl (t) —v7(t)) dt + lirr%) b(v"(t), w(t), v (t) —v(t))dt = 0.
This implies the limit (4.71). To obtain the inequality (4.72), we just need to rewrite j.(¢,)[do, o] =
(70(40) (90> 90 — allgs||dy) + allgs I3y, apply (4.71), take the limit inferior and then apply the lower semi-
continuity of the norm. O

4.6. Error Estimates for the Discrete Optimal Control Problem

The goal of this subsection is to derive error estimates between the solutions of the optimal control
problems (P) and (P,). Here, we follow the strategy developed in [11,12]. Let us start with the following
lemma with a sequence of controls that converges weakly.

Lemma 4.18. Let {q,}o C Q, and q € Q be such that ¢, — qinQ aso — 0. Ifu = S(q) and uy, = Sy(q,),
then

Jim (flu = ugl| 21wy + [u(T) = uo(T)[|x) = 0.

Proof. Let t, = S(q,) and consider u — u, = (u — Uy ) + (Gy — Uy ). Since ¢, is bounded in @, it follows
from Theorem 4.7 that ||ty — us||z2(7,w) + [|Us(T) — us(T)||x — 0. Recall from Theorem 2.10 that
S :Q — H?(I) is weak-weak continuous, hence @, — u in H?!(I). By compactness arguments, one
can show up to a subsequence that ||u — g | 27wy + |w(T) — 4o (T)||x — 0, and the conclusion follows
from the triangle inequality. O

Theorem 4.19. For each o = (1,h) satisfying (A5), let q; be a global solution of (P, ). Then {q;}s is
bounded in Q. Any weak limit point ¢ € Q of {q;}, as o — 0 is a solution to (P) and it satisfies q; — q
in Q and jo(q%) — j(q)-
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Proof. Suppose that § € Q is a solution of (P) and let ¢, = R,P,q. Since ¢ € H*'(I), it follows from
Proposition 4.3 that ||¢g, — ¢l|o — 0. From the previous lemma, if u, = S,(u,) and @ = S(g), then
u, — u in L2(I,W) and u,(T) — @(T) in X. By construction, ug, — ug in L*(I, X) and ur, — ur
in X. These imply that j,(g,) — j(q). According to the optimality of ¢ with respect to j,, we have
||q;H2Q < 2j,(g%) < 24j,(gs), where the right hand side is bounded for o > 0. Hence, {g%}, has a weak
limit point in Q.

Let ¢ € @ be any such weak limit point. Again, invoking the previous lemma and using the same
argument as above, it follows that j,(¢%) — 5(¢), and if & = S(q) then uX — 4 in L?(I,W) and
us(T) — w(T) in X. From the definitions of j and j,, these imply that ||¢}|lo — ||gllq, and therefore
qx — ¢ in Q. Moreover, by the optimality of ¢ with respect to j, once more, one has

(@) = T jo(g2) < Tim jo(a) = §(d),
and this shows that g is a solution of (P). O

Corollary 4.20. If ¢* € Q is a strict local solution of (P), then there exists a sequence {qi}s C Q» of
solutions to (P,) such that ¢t — ¢* in Q and j,(q%) — j(¢%).

Proof. By assumption, there is 6 > 0 such that ¢* is the only minimizer of j in Bs(¢*) := {q € Q :
llg — ¢*]| < d}. From the proof of the previous theorem with ¢ = ¢*, there is a sequence {¢*}, C Q, of
solutions to (P,) in B,.(¢*) such that ¢& — g and j,(¢%) — j(q) for some g € B,.(¢*). Since ¢* is the only
solution of j in B, (q*), it follows that g = ¢*. O

Let us now prove error estimates for strict local minimizers having coercive second derivatives.

Theorem 4.21. Suppose that j'(¢*)g = 0 for every g € Q and there is a constant > 0 such that
3"(q9)lg,al = pllglly for every q € Q, so that ¢* is a strict local solution of (P). For each o = (1,h)
satisfying (A5), let ¢& € Qo be a solution to (P, ) with ¢& — ¢* in Q. Then for some constant ¢ > 0
independent on o, we have

lg* —arllo < cl(aq, +a+1)h+ ar + aglh. (4.73)
Proof. The existence of the sequence {¢*}, C @, is guaranteed by the previous corollary. Let g% :=
R, Prg* € Q,. Since ¢* = —a~'D(¢*) € H*'(I), we have ||¢% — @%|lq < ch?® by Proposition 4.3. Let
er = qr—qr € Qs and g, := €, /||es||. Up to a subsequence, g, — ¢ in @ for some g € Q. From the mean-
value theorem and the local optimality of ¢%, there is a A, € (0,1) such that if ¢, := Aoqs + (1 — A\s)q2,
then

Jo(@3)es = Jo(@y)es — Jo(a3)es = 55 (a0)leo, €q)-
Since ¢ — ¢* In @, go — gin Q, [|gsllq =1 and ||g[lo < 1, (4.71) gives us
lim (55 (40) (90, 90) — @) = 3" (¢") 19, 9] — @llgli§y = 1 —

"
g

Hence, there exists og > 0 such that j
of ¢* and @, C @, we have

M Ry % . * . * (%

Sllelld < 35(@)es = (ig(a5)es = do(a")es) + (G5 (a)es = 5'(a")es)- (4.74)

Note that j,(q})es — jo(a")es = (Do(qs) — Do(q*), €5)r2(1,x) + @y — ¢, e5)q by Lemma 4.12.
From the invariance property mentioned in Remark 4.4, one has S,(¢*) = Sy (R, Prq*) = S5(q%), and
consequently D, (q%) = D,(¢*). Thus,

(¢0)[ess €] > 5lleq || whenever |o| < og. By the local optimality

o (@3)es = Ju(a")es| < all@y — d*llqlleslq- (4.75)
Similarly, from j} (¢*)es — j'(¢%)es = (Do (q*) — D(q*), €5)12(1,x), We obtain
o (a)es = 3'(a%)es| < 1 De(q*) — D(a")llz2(1,x) llesllq- (4.76)
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Invoking (4.75) and (4.76) in (4.74) yields
le" = gzlle < llg" — T llq + llesllo
<185 = 0'lo + =125 ~ 4"l + 1P (a") = Dla") 201
Utilizing [|¢% — g%|/q < ch?® and Theorem 4.16, we finally obtain (4.73). O

Corollary 4.22. Consider the framework of Theorem 4.21. If u* = S(¢*), ul = S,(q}), w* = D(¢*) and
wx = Dy(qk) are the optimal states and adjoint states corresponding to ¢* and g%, then there exists ¢ > 0

such that for each o, we have
o = w3l + o™ — Wil < el(@ay +a+ DA+ ar + aglh.
Furthermore, there is a constant ¢ > 0 not depending on o such that
6" — @l (1,x) n 2wy + W — ubllee1,x) nL2w) + [w* — wZ |l Lo (1, x) n 2wy < che
Proof. From the mean value theorem, (4.73) and Theorem 4.9, we have

[u* —uzllLerx) < [1S(q%) = S(@)lL2.x) +115(a5) — So(a7)ll 2 (r,x)
<cll¢* — @tllo + ch? < c[(aq, +a+ 1)h+ar + aglh.

For the adjoint states, we just need to apply Theorem 4.16, Corollary 2.17 and (4.73) so that

w* —wyll2r,x)y < 1D(¢%) — D(g;)ll2r,x) + 1D(a5) — Do (g5)l22(1,x)
< c[(aq, + a+ 1)h+ ar + aglh.

These prove the first error estimate.

The proof of the second error estimate will be carried out with the help of Theorem 4.7 and Theo-
rem 4.15. In the case of the state variables, using the continuity of the embedding H?1(I) C L>(I,X) N
L?(I,W) and S € C>(Q, H*>'(I)) one obtains that

lu* —uyll Lo (1, x)n 2wy < 19(6%) = S(@) a2y + 1S(05) — So (@)l Lo (1,x) A L2(1,w)
<cll¢" = g;llq + ch < ch.

The case of the adjoint variables can be handled in a similar fashion thanks to Corollary 2.17. Finally,
for the controls, we use ¢* — ¢* = —a~!(w* — w?) and apply the error estimate for the adjoint states.
O

5. Approximation of the Optimal Control Problem

This section deals with the specific aspects of computing numerically a solution to the fully discrete
optimal control problem (P,). We shall focus the discussion in the case of the triangular Taylor-Hood
element, however, the adaptation to the mini-finite element can be carried out in a similar fashion. The
resulting finite-dimensional optimization problem will be an approximation of (P, ). This is due to the
variational crimes committed from the use of numerical quadrature and the addition of an artificial com-
pressibility penalty term for the elimination of the pressure. The analysis of additional errors due to these
processes is beyond the scope of the current paper. Nevertheless, artificial compressibility penalizations to
the uncontrolled Navier—Stokes equation without delay has been examined in the series of papers [13-15].
There are several available softwares for the implementation of the finite element method, however, we
shall do our own assembly of the finite element matrices.
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5.1. Penalized Finite-Dimensional Approximation

Let K, = {Kp} be a shape-regular triangulation of a convex polygonal domain Q, {z; ¢} be the
corresponding set of nodes and {zj,; ?;‘nphﬂ be the set of edge midpoints of the triangles. Denote by
P*(K},) the space of all polynomials on Kj, with degree at most k. Consider the finite-dimensional spaces

My, := {pn € C(Q) : pu|x € P'(Kpn) VK € Ki}
Y, := {én € C(Q) : ¢n|x € P*(K}) VK, € K1}

and set Wy, := Y}, x Y. Let {dn,i}; be the Lagrange nodal basis for Y}, such that ¢, ;(zp,) = d;; for
every 4,j = 1,...,np, where §;; is the Kronecker delta symbol. Similarly, let {phys}:ihl be the Lagrange
nodal basis for M, with pp s(zne) = 0s¢ for each s, = 1,...,np,. For i = 1,...,n4, let us define
On.i = [0n.i,0]" and @p i = [0,¢n.] ", so that {pp;}2"" forms a basis for W,.

Given K, € Kp, let Tk, & = Ak, +bk, , where Ak, € R?*? and b, € R?, be the affine transformation
from the reference triangle K,ef, having vertices at (0,0), (1,0) and (0,1), to the physical triangle Kj.
Suppose that {}7_; and {w}]_; are Gaussian quadrature nodes and weights on K. To simplify the
formulas, let wg, ¢ := we|det Ak, |, pr,.s == pPhs © Tk, PKyi = Oni © Tk, , and ¢k, i == onio Tk, .

In evaluating the integrals for the contributions of the basis functions in the finite element matrices, we
shall apply the transformation formula from Kj to K. and then use Gaussian quadrature. The entries
of the mass matrix N;, € R" X" and stiffness matrix Aj, € R X" can be calculated as follows:

g
/Q¢h,¢¢h,j dem Y Y w8k, (606K, 5 (&) = [Nnli

=1 KreKy,

g
/Q Vo Vonidrn Y S wi i Ax Vebro,i(6) - Axl Veor, 5 (&) = [Anls

=1 KneKy,

for 7,5 = 1,...,ny. These corresponds to a component of the velocity field. The full mass and stiffness
matrices are given by Ny, := Nj, ® I» and Ay, := Aj, ® I, respectively. Here, ® is the tensor product and
I5 is the 2 x 2 identity matrix.

Write the first and second components of the differential operator AI_(:V§ by (A;(I V)™ and (A;(IV5)962,
respectively. From this, the entries of the discrete divergence matrix By, = [Bj' Bj?] € R™h*2"n are
computed, for i =1,...,n; and s = 1,...,np, according to

g
/Q(axa(bh,i)ph,s de~ Y > wi, (AR V)™ bk, i(€0)pr,.s (&) =1 [Brlei, a=1,2.

=1 Kneky,

Given an approximation u; = ZZ’;l U mPh,m € Wiy of u € W, where uy ,, € R, the entries of the
associated convection matrix Cy,(up) € R?" X2 and dual convection matrix Dy, (up,) € R?"n X2 will be
determined as follows:

/ (u-V)pnj - pnide
Q
g 2np

~ Do D wraetnm(@r,m(&) - Ag, Ve) e i(Ee) - rni(€e) =: [Cnlun)li

(=1 Kpek, m=1

/ (Vu) " oni - onj da
Q
Znh

g
Ay D Wkt m (AR, Ve, m(€) T, (&) - o (€e) = [Da(un)liy
=1 Kpek

pm=1
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for each i,j = 1,...,2ny,. Finally, the matrix R;, € R2V»*2Nr corresponding to vorticity has the following
entries for each i,j =1,...,2ny

g
/Q(V X on ) (VX ong)dzm Y Y wie, o(Ax,) Ve X 0x,:(60)) Ak Ve X @x,.5(€0) =t [Rali s
(=1 Kreky

In what follows, a Gaussian quadrature of order 6 having ¢ = 12 nodes on the reference element will be
applied. This is sufficient since this order is the highest possible degree of a polynomial that can appear
in the above integrals with quadratic basis functions, in particular, for the matrices C,(up,) and Dy, (up,).
Further practical aspects in matrix assembly can be found in [23,44].

We shall identify P, (I, W},) to RN**27n and P, (I, W}) to RN»*27r Moreover, we set ¢, = {qF }",
where q,’i € R?™ and similar representation for the elements of P, (I, W},). The discrete state equation
we consider is the following: Given ¢, = {gf}n7, € RN**2"n 0, € R?™ and z, = {zi}};é\“ € RN-x2nn

seek u, = {uﬁ}ivz*l € RN7*2nn guch that u,|r = 0 and for each k =1,..., N,
(VAR + 77 Ny + e, By Bu)uh = Cr(uy ™ Jup ™+ 77 Nyt~ + No i + Nid 5.1)
w) =z j=1-N,,...,0, '
where ﬁ% = upp and ﬂf;l = uf;l for k > 1. Here, the discrete incompressibility condition Bpu, = 0 has

been replaced by Bpup + Epp];L = 0. Note that the additional error induced from this penalization is of
order O(g,), see [8, Section 4.3] for instance. In the numerical experiments below, we take the penalty
parameter £, = 10710,

As long as the spatial mesh size h is sufficiently small, the matrix v A, +7"1 N}, +5;13,—{ By, is symmetric
and positive definite, hence the solvability of the linear system (5.1) at each time step is guaranteed. For
details regarding this matter, we refer to [48] and [17, Theorem 4.1.2].

For the discrete adjoint equation, we consider the following discretization: Seek w, = {wf}r", €
RN*2nn guch that w,|r = 0 and for each k = N,,...,1

(VAL + 771Ny, + E;IB;Bh)w,’_f = Ch(uffl_Nr)Tw,kLH + Dh(wZ"'NT)ui_HNT
+ 7 ENL@E T 4 g, (Npuf — Npuby) + ar Ryul (5.2)

w) =0 j=N,+1,...,N, + N,

where @y "' = ar(up T —ury) and @ T = w) T for k < N,. Note that (5.1) and (5.2) are the respective
perturbed versions of the mixed problems (4.8) and the one corresponding to (4.62). The convection matrix
C’h(ufb_N*) has to be assembled at each time step in (5.1). We do not store these matrices for (5.2), but

ZJFN 7). Therefore, efficient schemes are necessary in

instead re-assemble them in addition to that of Dy (w
the construction of these matrices.
In terms of the above finite element matrices, the discrete cost functional can be computed using the

box-rule as follow:

N,
. QT ar
Jo.ep (o) = 2T Z(“Z — wgy,) " Ny (ul —uly,) + 7(“;{% —urn) " Nu(up™ —urn)
k=1
QRT N AT —
R kT k kT A7k
+ 5 2 up Rpup, + > I;Qh Nngy,,

where u, = {uﬁ}kNgl € RN~ X2 ig the solution of (5.1). One can now formulate the penalization for (P,)
as the finite-dimensional optimization problem:

i ] . P
wo ey T () (Poe,)



JMFM Optimal Control for the Navier—Stokes Equation Page 39 of 49 56

To seek for a solution to (P,.,), the gradient method of Barzilai and Borwein (BB) in [6] will be
utilized. The algorithm is terminated once there is no significant change in the cost values and that the
derivative is close to zero. More precisely, if the relative error of the successive cost values and the gradient
norm is less than a prescribed tolerance 0 < €;) < 1, that is, if the condition

. 4 . £—1
. { ey (45”) — e, (a5~ ")

(6)

. ,[lagl? + w((f)||L2(1,X)} < €tol (5.3)
Joep (q57)

is satisfied, where q((f) and w((f) are the control and adjoint state at the fth iteration. In each of the

experiments below, the control will be initialized to zero and the second point of the gradient method
will be determined by steepest descent. In such a case, we look for solutions in a neighborhood of the
null control. The analysis of the Barzilai-Borwein gradient method has been extended recently to the
infinite-dimensional setting in [4] for strictly convex quadratic problems.

5.2. Experimental Order of Convergence

In this subsection we verify numerically the order of convergences presented in the previous section.
Following the procedure in [43], we shall manufacture a reference numerical solution to the optimal
control problem (P, . ).

For the computational domain, we take the unit square @ = (0,1) x (0,1) and put 7' =1, r = 0.5,
v=1,ag, =ar =ar=1and a = 107!, Consider the functions

p(t, x1, o) = sin(wt)(cos(2wrs) — cos(2mx1))

u(t, 1, x2) = cos(mt)[(1 — cos(2mxy)) sin(2mzs), sin(27x;)(cos(2mas) —1)] 7. (5.4)
We regard uyy, = 211:/;1 Mypu(ty)ly, as our reference optimal state, with pj; , = ZkN:’l IIp(te)ly,
as the associated pressure. Here, II, is the nodal Lagrange interpolation operator. For the history, we

put z =wu in I, x Q and is discretized by time-averaging and nodal Lagrange interpolation in space, see
Sect. 4.2.

We consider ug, = —u’, and upp = —u’ . _(T) as the desired velocities. From these, the solution
ref,o ref,o
Wy, of (5.2) is computed and then g;.¢ , = —a‘lw;*efﬁ is taken as the reference optimal control. In order

fOr (Ufes s Wiet o+ Gref, o) tO be a solution of (Pyc, ), we set the forcing function f, = {fE1N € RN-x2mn
in such a way that uy, . and g}, satisfy the discrete state equation (5.1). To investigate the order of
convergence, the step sizes o, = (7, hy) = (2728 - 1071, 21/27F . 1071) for k = 0,1,2,3 will be utilized.
For these pairs of time steps and mesh sizes, we have 7, = E)h%7 so that the stability condition (A5) is
satisfied.

The mesh generation, matrix assemblies, sparse linear solvers, and visualizations were done in Python
3.7.6 (Python Software Foundation, https://www.python.org/) on a 2.3 GHz Intel Core i5 with 8GB
RAM. The repository containing the source codes as well as the iteration histories can be downloaded
at https://github.com/grperalta/nsedelay. An LU factorization of the system matrix was obtained via
the built-in-function splu in the SciPy package. In the factorization, a column permutation for sparsity
preservation through a minimum degree ordering on the symmetric structure of the system matrix was
used. The linear systems were solved using the UMFPACK option.

The order of convergences are presented in Table 1. For instance, in the case of the controls, we
compute

(gt o, — G o N2, x) /NGt o, — @y L2 (1,x))
ln(hk_l/hk) ’
In the stopping criterion (5.3), we used €y, = 106,

As to be expected, the Taylor-Hood finite element performs better than the mini-element, however,
at the expense of additional computing time. In the case of the mini-element, one can observe more or

eocy, 1= k=1,2,3. (5.5)


https://www.python.org/
https://github.com/grperalta/nsedelay
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less a quadratic reduction with respect to the norms of L?(I, L?(€2)?) and L®°(I, L?(2)?), while a linear
reduction in L2(I, H}(Q)?). For the Taylor-Hood element, we have a quadratic order in these spaces,
which is better than the one predicted in Corollary 4.22, at least for this example. We also observe the
mesh-independence of the gradient method, that is, the number of gradient iterations is independent on
the considered spatial mesh sizes and temporal step sizes.

Let us discuss the order of convergence as the Tikhonov regularization parameter o decreases. For
this example, we shall employ the Taylor-Hood finite element with the step size o3 = (73,h3) = (27° -
1071,21/273.1071). Denote by u}y,, , w and g}, the reference optimal state, adjoint state and
control associated with the parameter aj, = 107% for k = 0, 1,2, 3. The results are summarized in Table 2.
Here, the required number of gradient iterations to reach the desired tolerance are given by 3, 6, 12 and
36. Observe that the reduction rate of the errors in the optimal state and optimal adjoint state are
nearly the same. However, the errors for the optimal controls are increasing and we have Hq;‘ef’ak —q, |l =

*
ref,a

a;l W}t o, —Wa, || under the norms considered above. Nevertheless, the latter approximation is consistent

with the optimality condition ag* + w* = 0 relating the optimal control and the optimal adjoint, see
Theorem 3.2. Further investigation is needed to obtain a precise representation of the order of convergence,
or at least a suitable bound, for the optimal control as o — 0.

5.3. Velocity Tracking with Local Control

Let us consider the domain Q = (0,3) x (0,1) with the control region w = (0.5,2.5) x (0.25,0.75). In
this situation, the control space is given by L%(I, L?(w)?) and the optimal control and adjoint state are
related by ¢* = —a~'w*1,, where 1, is the indicator function on w. For the parameters in the optimal
control problem (P), we take T = 1, r = 0.5, v = 0.01, ag, = ar = 1, ag = 0 and a = 1073, A
uniform triangulation of 2 with 5124 nodes and 9922 triangles will be employed, with the corresponding
mesh size h ~ 0.034779. Here, the Taylor-Hood finite element is implemented. For the temporal grid, the
chosen step size is 7 = 0.01. With these discretizations, the degrees of freedom for the velocity field is
4033800 ~ O(106).

The solution of the steady Stokes equation with artificial compressibility and a random source is
taken as the initial data. More precisely, we take uop, = (VA + E;IB,—L'—Bh)*lNhfh, where ugp|r = 0 and
—10 < fr, <10 in (5.1), for which ||upp|/r= = 0.775. Also, z = 0.5u is the initial history, where u is
the function defined by (5.4). The solution of the uncontrolled Navier—Stokes equation without the delay
in the convection term will be the chosen target state. To facilitate better performance, an alternating
step length strategy was employed in the BB gradient algorithm, see [4,19] for instance. For the sake of
the reader, the specific method utilized here is presented below. The gradient method converges, under
the stopping criterion (5.3) with e = 107°, after 123 iterations with jo., (¢}) ~ 3.646 - 1073 and
laql + wi || L2(1xw)2 = 6.580 - 107%. One can observe from Fig. 2b the non-monotone property of the BB
gradient method. We observe a fast convergence initially, followed by little changes in the cost values,
while the norm of the derivative still oscillates until it reached the required tolerance, see (b) and (d) of
Fig. 2. This is a typical characteristic of gradient methods.

The optimal solution at ¢ = 0.1,0.5,1.0 are given in Fig. 1. A quadric interpolation was rendered
on the image data for better visualization. The magnitudes of the velocity field for the Navier—Stokes
flow without delay, which is the target state, and with delay are depicted in parts (a) and (b) of Fig. 1,
respectively. At ¢ = 0.1, we somewhat have a turbulent flow from the random force for the Stokes flow,
which is then stabilized due to viscosity. The formation of vortices at ¢ = 0.5 and ¢t = 1.0 in Fig. 1c is
due to the profile of the initial history that acts as a convective force on the fluid.

Comparing (a) and (c¢) in Fig. 1, one can see that the optimal velocity nearly matches the target on
the region where the control is applied. This is a common feature for tracking-type problems with local
controls, for which the influence of the control is more significant on the region where it is applied or
at least near to it. From Fig. 2a, we can see that from the start up to approximately before ¢t = 0.5,
the space-time L2-error between the optimal and target velocities increases. We can also observe from
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F1G. 1. Magnitudes of the target velocity (a), uncontrolled velocity (b), optimal velocity (c¢) and optimal control (d) at
t =0.1,¢t = 0.5 and ¢ = 1.0 in the velocity-tracking problem. Bounding boxes represent the location of the control region w
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Algorithm: Barzilai-Borwein Gradient Method with Alternating Step Size Selection
Set q((jo)

Put q((,})

0 and compute g5 — agf” + wi 1.

— g8 — g caleulate g5 — agf" + w1, and set £ — 1.

while max{|jo,<, (05”) = jo,e, (@5 ) /dorey (6500 1157 | L2 (1 w2} > €tor do
) — a5 T (65 — g5 ) /198 = gF V1P it s oda,

Ch tep si i
oose step size sy «— {qfré) - q((7471)‘2/(qf(re) _ qc(f—l))-r(gc(re) _ gc(r£71)) if ¢ is even.

Update the control q((,“—l) — qff) — Szgz(f)~
Update the gradient gf(,prl) — oaqc(,Hl) + wge+1)]1w-
L—L+1

. {4
—_— Joep (qé ))
1072 4
. \ 6x 1072
102 4 [l (t) — wao (1) || L2 (02 \
—= [lug(t) = var () 222 4% 1073
0.2 04 0.6 0.8 1.0 20 10 60 80 100 120
(a) (b)
1
10 R 10~ 4
— WOl o + il
1072 -
100 i 10—3 .
1074 .
1075
10! ; ; ; ; ; ; ;

0.2 0.4 0.6 0.8 1.0 20 40 60 80 100 120

F1G. 2. The norms between the difference of the computed optimal and desired velocities in © and w (a), and the
computed optimal control (c) as functions of time. Parts (b) and (d) show the behavior of the cost values and gradient
norms as functions of the number of iterations in the BB method

Fig. 2c that during this period the control is exerted in an increasing magnitude, which shows a very
different control implementation as compared to the results in [32], where the authors considered the
Navier—Stokes flow without delay.

After the time delay, the residual norm in the control region decreases, and the rate is faster near
the final time. This trend can also be observed for the optimal control, see Fig. 2c, with the exception
that there is an increase due to the tracking term at the final time in the objective functional. In this
scenario, the flow is dominated by diffusion and convection has little effect. The magnitude of the control
is relatively larger on the edges of w, which is very natural if one wishes to steer the flow to a desired
target that is outside of w.

The results discussed above can be improved by choosing a smaller regularization parameter «. Larger
magnitudes for the optimal control will be expected for this process. In general, this would require more
gradient iterations. A higher resolution of the temporal and spatial mesh will also lead to better results,
especially the tracking part outside of w.
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F1c. 3. The norm of the curl of computed optimal state in Q and w as functions of time (a) in the vorticity minimization
problem. Here, b—d have the same descriptions as in Fig. 2
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F1G. 4. Magnitudes of the optimal velocity (a) and optimal control (b) at ¢t = 0.1, t = 0.5 and ¢ = 1.0 in the vorticity
minimization problem. Bounding boxes represent the location of the control region w
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5.4. Vorticity Minimization with Local Control

Let us consider the problem of minimizing the vorticity of the fluid flow. The set-up in the previous
subsection will be used, but with the following modifications: aq, = ar =0, ag = 0.1 and €, = 1074
For this problem, the BB method terminated after 173 iterations for which j, . (¢}) ~ 2.4911 - 107! and
loagl +wj | L2(1xw)> =~ 9.2342 - 10~°. Further information is provided in Fig. 3. Again, we have the non-
monotonic property of the BB gradient algorithm. Notice also that the cost values and gradient norms
in (b) and (d) behave analogously as in the previous subsection.

In Fig. 3c, one can see that the time-evolution for the norms of the optimal control share similar
characteristics as in the velocity-tracking problem, that is, more effort is required for ¢ < r. The behavior
at t = r can be attributed to the non-compatibility of the initial data and history.

Snapshots at ¢ = 0.1,0.5,1.0 of the magnitudes of the computed optimal state and control are given
in Fig. 4. At the early stages, the control forces the flow inside w to stabilize, while creating vortices
surrounding it. Most of the activity of the flow is then outside of the control region. In order to minimize
the vorticity, the control needs to exert more work near the boundary of w until the flow outside is
dissipated.

6. Conclusion

We showed the existence and regularity of solutions to a distributed optimal control problem for the 2D
Navier—Stokes equation with delay in the convection. A full discretization of the control problem based on
the discontinuous Galerkin method and mixed finite elements has been studied, and optimal convergence
rates were established using duality arguments. Finally, numerical examples were provided to validate
the order of convergence and to demonstrate the effectiveness of the theoretical results.

Further analysis is needed to understand the behavior of the optimal solutions as the Tikhonov
regularization parameter v — 0. Mixed methods based on quadrilateral finite elements and/or higher-
order time advancing schemes through multi-step methods are possible extensions of the numerical scheme
proposed in this paper. Under suitable regularity conditions on the domain, initial data, and initial history,
together with an appropriate stability condition for the spatial and temporal mesh sizes analogous to (A5),
higher convergence rates may be obtained. For instance, the biquadratic-linear (Q2/P1) velocity-pressure
element in [30,47] could lead to an optimal convergence rate O(h?®) with respect to the space-time L2-
norm.
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7. Appendix

In the following, an extension of the Gronwall Lemma that is needed in the analysis of the state and
linearized state equations is presented. The reader is reminded on the notation of various time intervals
in (2.2).
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Lemma 7.1. Suppose that a > 0, ¢ € L>=(1,) N LY(I), p € L'(J,), o, B, ¢ € L*(I), and v € L>(I) are
nonnegative and for a.e.t € I it holds that

o)+ [ o515 < act [ als)ols) + H)6 () + 261 () + () . &
Then ¢ € L>=(I) and there exists a continuous function ¢ > 0 such that

[0l + llellrny < errapyla+ 1@l + el + ¥l @)
where ¢rp.a,8 = (T, 7, ||| L2y, 18l L2 nys [Vl Lo (r))-

Proof. Let N be the largest positive integer such that (N — 1)r < T < Nr, and set I,, := [0,nr] for
n=1,...,N. For each n, we shall demonstrate by induction that

9l zoe (1) + 19ll21 (1) < erirapry(@+ 19l Loe(r,y + @l + 1L ,))- (7.2)

Let us verify this for n = 1. Using the assumption (7.1) restricted to ¢t € I, we can apply the usual
Gronwall Lemma so that

18]l L= (12 < (@ + 1811 ) Bl 1) + [Vl (1@l Lrcry + 10l e Mo (7.3)
On the other hand, (7.1) also yields the following estimate
el < a+llellornlidloe iy + 181 ¢l )
+ IVl oy llllLrr,y + 1l L) (7.4)

Substituting (7.3) in the second term of the right hand side in (7.4) and then adding the resulting
inequality with (7.3) prove (7.2) for n = 1.
Now, suppose that (7.2) holds for n = k. For t € I;41, we obtain from (7.1) that

t
o(t) + / (5)ds < a+ (18]l (ry max{ [ 8l] = (zuy. 16l 2 (1.9}

t
+ [Vl eyl + lellei,)) +/0 a(s)d(s) + (s) ds.
Thus, applying the Gronwall Lemma once more, one has the estimate
9l Loe (141) < (@ + 1Bl max{[[@]| Lo (1,)s 18]l oo (1) }
=y (el ey + Nellrcn) + 10 L (s el et
and as a consequence it follows that
lellLr(reys) < a+ [18llerry max{{|gll Lo r)s 1Ml oo (1)}

+ Yl ey (el ey + el ) + el llélo (o) + 11 () -

The last two inequalities along with the induction hypothesis imply (7.2) for n = k + 1. This completes
the proof of the induction step. ([

Next, we recall the following discrete version of the Gronwall Lemma, see [34] for instance. This is
utilized in the error analysis of the fully-discrete optimal control problem.

Lemma 7.2. Letn € N, a >0, {ax}7_,, {br}7_,, and {ck}Z;ll be nonnegative sequences with

J Jj—1
aj—i—Zbk Sa—l—chak forallj=1,...,n.
k=1 k=1

Then it holds that
1 1

by, < ( ) Hi=1,...n.
lrggglak—i-; E < aexp 2 1ck for a n
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