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ABSTRACT. We consider a hyperbolic system of partial differential equations
on a bounded interval coupled with ordinary differential equations on both
ends. The evolution is governed by linear balance laws, which we treat with
semigroup and time-space methods. Our goal is to establish the exponential
stability in the natural state space by utilizing the stability with respect to
the first-order energy of the system. Derivation of a priori estimates plays a
crucial role in obtaining energy and dissipation functionals. The theory is then

applied to specific physical models.

1. Introduction. When a rigid body on the peripheries of a medium interact
with waves in the interior, the dynamics can be described by coupling hyperbolic
partial differential equations (PDEs) with ordinary differential equations (ODEs) on
the boundaries. In applications, these hybrid systems model physical phenomena
such as blood flow [6, 8, 11, 23, 24], valveless pumping [4, 18, 22], fluid-particle
interaction, and traffic flow [3], to name a few.

Consider a distributed parameter system that is described by the following one-
dimensional hyperbolic system of n linear balance laws with dynamic boundary

conditions:

up(t, ) + Aug(t, ) + Lu(t,z) =0, t>0, 0<z <Y,

ut(t,0) ut(t,0)

=K + Qh(t), t>0,
u” (¢, £) u™ (t,0) Qn{t)
(e 1.1
W+ +a | B0 2o s, )
u™(t,0)

u(0, z) = ug(x), 0<z<d,
h(0) = ho,
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where the independent variables ¢ and x denote time and space, respectively. The
unknown state variables are u : (0,00) x (0,¢) — R™ and h : (0,00) — R™ with
corresponding initial data ug and hg. The constant matrix A € R™*" is diagonal
with entries

Ap <o <A1 <0< A <o <A,

for some 1 < p < n. Consequently, we can decompose u = (u*,u~)T with the
components v~ (t,z) € RP and u*(t,z) € R"P that propagate in the negative and
positive directions, respectively. Here, the superscript T' denotes the transposition
of a vector or a matrix. The constant matrices L € R™"*™ and H € R™*™ act
as damping mechanisms for (1.1) provided that they are positive semi-definite.
Without the source term L and damping on the boundaries, the state variables in
(1.1) are conserved.

On the other hand, the constant matrices @ € R™*™ and G € R™*™ can be
viewed as feedback interconnections between u and h at the boundaries, see [21] for
instance. In the absence of the PDE-ODE coupling on the boundary, that is, when
Q@ and G are both zero, the second equation in (1.1) reduces to the static boundary

condition
[ g s )

where K € R™ ™ is constant. In this setting, the incoming characteristics are
determined by the outgoing characteristics, regarded as reflections of waves on the
boundaries [25].

Existence and uniqueness of the solutions of systems with static boundary con-
ditions are presented in [7, 9, 12]. Well-posedness in Hilbert spaces is proved in [25,
Theorem 3.1], as well as in [1] by semigroup methods.

In this study, the well-posedness of (1.1) will be established using the classical
Lumer-Phillips Theorem. As usual, the first step is to reformulate the system as an
initial value problem on a suitable state space. The infinitesimal generator of the
semigroup associated with the resulting system is then shown to satisfy properties
required by the classical theorem. In [1, Appendix A], this is done by applying the
theorem to a closed operator and its adjoint. In contrast to their work, we shall
consider a more straightforward approach where the existence of a weak solution for
a two-point boundary value problem is directly established thanks to the diagonal
form of the system.

We transform (1.1) so that w is in one direction of the input, and in this case,
to the right. To this end, we introduce v defined by v(t, z) := u™ (t,£ — x). Setting
@ = (ut,v)T, system (1.1) is equivalent to

y(t, ) + Ay (t,2) + Lu(t,z) =0, t>0, 0<z <,

R (t) + Hh(t) + Gu(t,¢) = 0, t>0,
w(t,0) = Ka(t, ) + Qh(t), t>0, (1.2)
(0, x) = (), 0<z<d,
h(0) = ho,
where iio(x) = (ud (), ug (¢ — x))T and A(z) = diag(Ai, ..., Ap, =Apiiy-- s —An).

Observe that A has positive diagonal entries. For simplicity, we remove the tildes
in the following discussions.
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Under suitable conditions, we shall construct a stability theory for systems of
the form (1.2), and apply it to specific physical models. In certain instances, the
exponential stability with respect to the state space energy can be directly derived
using Lyapunov, energy, and spectral methods. The energy method is a popular
strategy in showing the stability of systems defined in the entire space. However,
employing the energy method to some physical systems on bounded domains ne-
cessitates the inclusion of first-order derivatives of the solution, and this requires
additional regularity and compatibility conditions on the data. With this obser-
vation, we shall first establish stability with respect to the first-order energy by
developing appropriate energy and dissipation functionals of the system. Then,
with additional assumptions on the semigroup, the stability will be lifted back to
the state space energy. Systems of the form (1.2) may have nontrivial equilibrium
states, and in such situations, we shall decompose the state space in terms of the
equilibrium states.

We organize this paper as follows. In the next section, we establish the well-
posedness of the system (1.2). The main results are presented in Section 3. Finally,
we apply the results to specific physical examples in Section 4: (1) a low loss
electrical line, (2) linearized two-tank model and (3) wave equation with oscillatory
boundary conditions.

Notations. Given £ > 0 and a Banach space Z, the set of all Lebesgue square-
integrable functions from (0, £) to Z is denoted by L?(0, ¢; Z). The set of all k-times
continuously differentiable functions from [0, ¢] to Z will be written as C*([0, £]; Z).
Throughout the paper, we set X := L2(0,/;R") x R™, and its subspace Y :=
H1(0,4;R™) x R™. We use the notation |M| for the operator norm of a constant
matrix M.

2. Well-posedness of the Hyperbolic PDE-ODE System. We establish the
well-posedness of (1.2) using semigroups of bounded linear operators. The first step
is to recast the system as a differential equation in an infinite-dimensional state
space. Given p € R, we denote by L2 (0,£) the space of L*-functions u : (0,¢) — R"
equipped with the weighted norm

; 1/2
ullrz = (/ M@0y (1)? dm) .
0

Note that Li(O,E) coincides topologically with the usual Lebesgue space L2(0, 7).
Let X be endowed with the inner product

<(’LL, h)7 (4103 ¢)>X = <u7 <)O>L‘2L =+ VhT’(/)7
where v > 0. Counsider the linear operator A : D(A) C X — X defined by

U —Auy, — Lu
Al = [ Gty 21
with domain D(A) := {(u,h) € Y : u(0) = Ku(¢) + Qh}. Defining z := (u, h), we
write system (1.2) in an abstract form on X:

dz
a(t) = Az(t), t>0,

2(0) = 2o,

(2.2)
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where 2o = (ug, ho). The first-order energy of a solution z at time ¢ of (2.2) is
defined by

Iz peay == (lz@ON1% + 1A=(@0)]%)=.
We now state our well-posedness result.

Theorem 2.1. The linear operator A in (2.1) generates a strongly continuous
semigroup, also called Cy-semigroup, of bounded linear operators in X. In par-
ticular, for every zo € D(A), system (2.2) has a unique classical solution z €

C([0,T]; D(A)) n C*([0,TT; X).

Proof. According to the bounded perturbation theorem for operator semigroups [10,
p. 158], it is enough to prove the theorem when L and H are both zero matrices.
‘We proceed in two steps.

Step 1. Quasi-Dissipativity. Let g > 0 and v > 0 be constants that will be chosen
below. Denote by As; and A4 the smallest and largest positive diagonal entries of A,
respectively, so that A\; < |A| < \,. For z := (u,h) € D(A), we have

(Az,z)x = —(Aug,u)rz — vhT Gu(l).
Applying integration by parts yields
~(Auy,u) g = %e—ﬂ‘u(O)TAu(O) _ %u(ﬁ)TAu(E) + 8, Ay,
With the boundary condition u(0) = Ku(f) + Qh, we can estimate this from above:
Az} < gidgllullly + 5 (H P+ 2Ps) — Py),
where Py = T QT AQh, P, = hTQT AKu((), and P; = u(()” (A — e " KTAK) u(().
The Cauchy-Schwarz inequality allows us to estimate further: Py < X\,|QJ?|h|?,

2Py < Ay (|QI?|R12 + |K[*|u(0)?), and Py > (As — Ag|K[2e™#)|u({)|*. Gathering
these computations, we obtain

1 _ 1 _
—(Aug,u)p2 < iuAgHuHii + Ag|QI*|h|2e ™ — 5 (As — 20| K214 Ju(0)]2.
(2.3)
Using Cauchy-Schwarz inequality once more,
vhT Gu(0)] < 3 (b +|GPlu(0)) (2.4)

Now, inequalities (2.3) and (2.4) imply
(Az 2)x < ciflullz + calh” — eslu(0)],

where ¢ = $pg, ca = Ag|Q?e ™ + £ and ¢z = L(As — 2)4|K|?e™" — V|G|?). We
can then choose > 0 to be large enough, and v > 0 to be small enough such that

c3 > 0. Consequently,
(Az,2)x < c||z]lx, with ¢:=max{c1,c2} >0, (2.5)

allowing us to conclude that A is quasi-dissipative.
Step 2. Range Condition. We prove that R(AI — .A) = X for a constant A > ¢,
where ¢ is defined in (2.5). This is equivalent to solving the two-point boundary
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value problem: Given (f,g) € X, find (u,h) € Y such that

Aj—u—F)\u:f, 0<ax<d,
x
Gu(l) + \h = g, (2.6)
u(0) = Ku(f) + Qh.
From the variation of parameters formula, the solution of the first equation in
(2.6) is given by

u(z) = e 4 u(0) + / e A=A 41 () dyy. (2.7)
0
Using (2.7) and the second equation in (2.6), we obtain

h = X (g — Ge”‘“f1 / Ge My=04"" A7 () dy). (2.8)

By the continuity of the operator norm, there exists A > ¢ such that |(K —
A~1QG)e™A7"| < 1. This implies that the matrix Sy := I — (K — A"1QG)e= 4™
is invertible. Taking x = ¢ in (2.6), and using the third equation in (2.6) as well as
(2.8), it holds that

£
zmm:=8;1<ng+1A<Af—AH@GﬁzA@”Abilf@ody)- (29)

Substituting (2.9) in (2.7) and (2.8) then yields a pair (u,h) € Y that is a solution
of (2.6).

Steps 1 and 2 allow us to conclude from the Lumer-Phillips Theorem that A
generates a Cp-semigroup on X, which we denote by (etA)tZO. The well-posedness

of (2.2) immediately follows. O

3. Stability for a One-Dimensional Hyperbolic PDE-ODE System. We
equip the domain D(A) with the graph norm

1wy )1y = M 1% + [, B)II - (3.1)

Note that D(A) C X is a Hilbert space with respect to the inner product induced
by (3.1). We also consider a weighted graph norm on D(.A) defined by
[ (w, h)||2D(A),e,5 1= el|Aug + Lu||2L2(o,e;Rn) +ed|Hh + Gu(l)|?

+ [lullZ2(0,emm) + P17, (3.2)

where €,6 > 0. If e = § = 1, then (3.2) coincides with the graph norm (3.1), and

for sufficiently small €,§ > 0, they are equivalent. In the following proposition, we
prove that the weighted norm (3.2) is equivalent to the norm on Y.

Proposition 1. There exist constants € > 0 and § > 0 such that the weighted graph
norm (3.2) is equivalent to the usual norm on'Y, that is, for some co > ¢ >0,

cl|(, WIS < 1w B eaye.s < 2w BT, V(u, h) € D(A).

Proof. The estimate |[|(u, h)||%(d4)75,(s < ca||(u, h)||2 follows immediately from the
Cauchy-Schwarz inequality and the trace theorem: there exists a constant ¢ > 0
such that

()] + [u(0)] < clully, Yue,

see for instance [5, Theorem 8.2].
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For the reverse inequality, we use a consequence of Young’s inequality: there
exist constants v, cy > 0 such that for every a,b € R”, it holds that

la+b* > (1 =9)lal* = (cy = Db
This allows for the computation
lAus + Lull 7z > A2(1 = 7)luallze — L1 (ey = DlulZe.
Again by the trace theorem, there exists a constant ¢ > 0 such that
—[u(@)] > —c(lluzlZ> + llull72)-
Setting C1 == e((1 — Y)A2 — 2¢5|G|?), Cy == 1 — e(|L*(¢y — 1) + 2¢6|G?), and
Cs :=1— 2¢0|H|?, we estimate from below:
1w M)y e5 > Culluallzz + CallullZz + Cs|hf.

We choose 4,7, > 0 in succession as follows:

A2 2¢d

0 < —2= <1->5|Gf*, &< min L !
2G2” 7 a2 20|H|2" |L2(cy — 1) + 2¢8|GP2 [’
so that C1,Cs,C3 > 0. Finally, by taking ¢; := min{C4, C3,C3}, we arrive at the
desired estimate. O
In the following, we denote Xy := ker A and its orthogonal complement by

Xg = (ker A)*. The part of A in Xg- is defined as Ay : D(Ag) — Xi, together
with its domain D(Ag) := D(A) N Xg. According to [26, Proposition 2.4.4], if
the closed subspace XOL of X is invariant under (etA)tZO, then Ay generates a Cop-
semigroup (etAU)tZO on Xg . Furthermore, the restriction of the semigroup (etA)
on Xg is (e#40);>0, that is,

(€M xy = (),  vt>0. (3.3)

t>0

The next lemma gives a necessary condition for the semigroup invariance of Xd-
under (e*4);>o. It involves the adjoint operator of A, which we denote by A*.

Lemma 3.1. The subspace Xg is invariant under (e*);>¢ whenever Xo C ker A*.

Proof. The adjoint semigroup (™" )i = (€™4)*[,.; of (e")i>¢ satisfies

<et.A tA*

v,w)x = (v, e w)x, Yoe Xg, Yw e Xo, (3.4)

see for instance [19, p. 41, Corollary 10.6]. We know from the assumption that
w € ker A*. As a result, (v, e w)x = (v,w)x = 0 for every v € Xg-. Equation
(3.4) now reads as {e"“v,w)x = 0. More precisely, ev € X3 for every v € X
and ¢ > 0, which proves semigroup invariance. O

The next step is to compute for the adjoint A*. Integrating by parts, we have

<A(u,h),(’l),g)>x = <(U,h),A(U,g)>X, V(u,h) € D(A)’V(Uag) € D(A)’ (3'5)

where A: D(A) € X — X is defined by
~ v Av, — LTw
A M = [—HTg + QT Av(0)] (3.6)

with domain D(A) := {(v,9) € Y : v(f) = KTv(0) — A~'GTg}. We deduce from
identity (3.5) that (v,g) € D(A"), and that A" is an extension of A. As in the
proof of Theorem 2.1, we can show that A generates a Cy-semigroup on X. Thus,
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there exists @y € R such that (©p,00) C p(A). Similarly, A* generates a Co-
semigroup on X, and there exists wg € R such that (wg,00) C p(A*). It follows
that (w,00) C p(A) N p(A*), where w = max{y,wp}. Invoking [15, Lemma 1.6.14],
these operators and their domains coincide, i.e. A* = A and D(A*) = D(A).

We next determine Xy and ker A*. If A is symmetric or skew symmetric, that is,
A= A* or A = —A*, respectively, then Xy = ker A*. In general, the equilibrium
states of (1.2) satisfy the two-point boundary value problem:

Auf + Lu* =0, 1in (0,£),
Hh* + Gu*(¢) =0, (3.7)
u*(0) = Ku*(¢) + Qh*.

When L = 0, the state u is conserved on [0, £]. A simple computation yields

Xo = ker L ¢ _Ia (3.8)
Similarly, we have
_0T T
ker A* = ker L. ?K/; AI{GT} . (3.9)

Hence, for conservation laws, the semigroup invariance of Xz holds provided (3.8)
is contained in (3.9). On the other hand, for L # 0, we need to verify that the
solutions of (3.7) are also solutions of the adjoint problem:

Av, — LTv =0, in (0,4),
HTg - QTAU(O) = 07
v(f) = KTv(0) — A71GTg.

After discussing a necessary condition for the semigroup invariance of Xy, let
us examine the spectral properties of Ag. Because A has compact resolvents, its
spectrum and point spectrum coincide [10, 27]. Likewise, .Ag has compact resolvents.
It follows that C = p(Ag) U o,(Ag), where o,(-) denotes the point spectrum of an
operator. Observe that taking the part of a semigroup generator on the orthogonal
complement of its kernel eliminates the zero eigenvalue. In particular, p(Ag) =
p(A) U{0} and 0,(Ag) = 0,(A) \ {0}. An immediate consequence is the following
lemma.

Lemma 3.2. The linear operator Ag : D(Ag) — X is invertible, and its inverse
Ayt s bounded.

We are now ready to state and prove the main result of this section.
Theorem 3.3. Suppose that X C ker A*, and that there exist C,r > 0 such that
[u(®)[[F + [R()]> < Ce™ " (luollF + [hol?), (3.10)

for all t > 0, and (uo, ho) € Xg- N D(A). Then, there exists C > 0 such that for
every (Uo, h’O) € X0L7

lu(®) 122 + [A()]* < Ce™(|luollF= + [hol?).
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Proof. Let (ug,ho) € X, and define (vg, go) € D(Ap) by (vo,g0) := Ay ' (uo, ko).
Applying (3.10) and Proposition 1 to (v(t), g(t)) := e (vg, go) € C([0,T]; D(Ayp)),
there exists a constant C'; > 0 such that for every t > 0,

1(w(®), 9Dy .e.0 < Cre™ 1(v0, 90) 1) c.5- (3.11)

Since (vo, go) € D(Ap), we may replace A by Ay. This allows us to estimate from
above:

1(vo, 90) 1Dy .6 < Ces (g (w0, ho) 1% + [l (o, ho) 1% )

where C. s = max{e,ed}. Because .Aal is bounded (see Lemma 3.2), it follows
that

1(v0, 90) 1D ),c.56 < Coll(wo, o) % (3.12)
where Cy := C. (|| A; % +1).
Similarly, we estimate (3.11) from below:
1(0(8), 9Dy .5 = CallAo(v (D), g(t) 1% = CsllAoe™ (vo, go) I,

where C3 = min{e,ed}. According to [19, Chapter 4, Theorem 1.3] and [10, Propo-
sition 6.6], it holds that Age™ (vg, go) = €40 Ag(vo, go). Therefore,

1(w(t), 9D ay,e.5 = Calle™* Ao(wo, 90) 1% = Cslle™* (uo, ho)|%-

Moreover, 40 (ug, ho) = e (ug, ho) = (u(t), h(t)) since (ug,ho) € Xg. The esti-
mate above now reads

1w (®), gDy .5 = Call(ult), A(B)]%- (3.13)
From estimates (3.11)-(3.13), we deduce || (u(t), h(t)||% < Ce™"|(uo, ho)||% , where
C := 0105(C3)~L. Conclusion follows. O

Finally, we extend the previous result from an initial data in X3 to an initial data
in X. We begin by writing X as a direct sum of its closed subspaces: X = Xq® Xj .
If Ily : X — Xg is the orthogonal projection of X onto X, then every element
(ug, ho) € X admits the unique decomposition

(w0, ho) = (ug, hg) + (I — Io)(ug, ho),
where (ug,hg) = IIo(ug, ho) € Xo, and (I — IIy)(ug, ho) € X5 . Applying the
semigroup (e‘4);>¢ yields
(u(t), h(t)) := e (ug, ho) = e (ug, hg) + (I — ITy) (uo, ho).
Because (ug,hg) € Xo, it holds that e*(ug,hi) = (ug,hg) for all t > 0. As a
result, we have
(u(t) —ug, h(t) — hy) = e"*(I — o) (uo, ho).

The stability of the steady states can therefore be derived from the stability at the

origin of a projected initial data. Theorem 3.3 and the boundedness of projection
operators yield the following result.

Theorem 3.4. Let Ily : X — X be the orthogonal projection of X onto Xg, and
define (ug, hy) = Io(ug, ho). Under the assumptions of Theorem 3.3, there exists
C > 0 such that for all t >0 and (ug, ho) € X, it holds that

lu(t) — g l|Z2 + |h(t) = hi|* < e (Juol72 + |hol*).
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4. Examples. In this section, we show that the energy E(t) of each physical model
decays exponentially. More precisely, we would like the energy to satisfy

S—E({)+rE(t) <0, t>0,

so that F(t) < E(0)e~"*, with decay rate r > 0. However, we cannot directly derive
this energy-dissipation inequality from the equations. Instead, we will derive energy
and dissipation functionals, denoted by £(t) and D(t), respectively, such that

1d8(t)—|—D(t)<0 t>0 (4.1)

2dt -7 ’ '
and show that £(t) and D(t) are both equivalent to E(t). The task requires deriva-
tions of several a priori estimates. In what follows, the constants, even with the
same notations, may vary from one example to another.

4.1. A low loss electrical line connecting an inductive power supply to a
capacitive load. The telegrapher equations, also known as transmission line equa-
tions, is a hyperbolic system of balance laws modeling the propagation of current
and voltage along transmission lines. Developed in the 1800s by Oliver Heaviside
[13], these equations are in the following form:

1 R
IL(t,x) + =Vu(t,x)+ =I(t,z) =0, ¢t>0,0<z<,

L L (4.2)
1 G ‘
Vt(t,x)—l-élx(t,x)—i-a‘/(t,m)=O, t>0, 0<x<d,

where I(t,z) and V(¢,x) are the current and voltage, respectively, at distance x
along a transmission line of length ¢. The constants L and C represent the line
self-inductance and capacitance, respectively, per unit length. The distributed re-
sistance of conductors per unit length is denoted by R, while G is the admittance
per unit length of the dielectric material separating the conductors.

When the transmission line connects an inductive power supply to a capacitive
load, system (4.2) can be subjected to the following dynamic boundary conditions,
see for instance [1, Section 3.4.3]:
dfgt’ 0 + RoI(t,0) +V(t,0)=U*, t>0,
dv (¢, 0)  V(t, L)

de + Ry

with a given constant input voltage U*.

Now, we write system (4.2) around a steady state I*(z), V*(z). Due to the
linearity of (4.2), we obtain a linear system with uniform coefficients even though
the steady state may be nonuniform [1, Section 1.2]. For this linear model, we
mention two results. First, the stability with respect to the L°°-norm of a lossless
line (i.e. G = R = 0) is established in [1, Section 2.1.5]. Second, for distortionless
lines (lines satisfying the Heaviside condition R/L = G/C), the L?-exponential
stability easily follows.

In contrast to the considerations above, we shall consider a low loss electrical
line, in particular, when R = 0 and G > 0. The steady state is then given by

_ U . R,U*
_RoJng) _R0+Rz.

Lo

Cy

= I(t,0), t>0,

*
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Introducing the variables ¢ := 2(V —V*) and ¢ := 2(I — I*)/y/L/C, we transform
the linear system to

ot ) + Mg (t, ) + 2Cp(t,z) =0, t>0, 0 <z <Y,
i(t, ) + Ay (t, ) =0, t>0 0<x<{,
V' (1) + y10(t) + d10(¢,0) = 0, t>0,
w'(t) + yow(t) — d2v(¢, £) = 0, t>0, (4.3)
¥(t,0) = v(?), t>0,
o(t, £) = w(t), t>0,
(0,2) = @o(x), ¥(0,z) =1o(z), 0<z<E,
v(0) = vg, w(0) = wo,
with positive constant coefficients given by
m e A
VLC’ L0 L “oVo Ly’ RCy

The normalized first-order energy of (4.3) is the sum of the kinetic and potential
energy acting on the transmission line:

¢
E(t) = / (0 + 9% + 9% +92) dz + (V) + (w')? +0° + w.
0
Let us equip the Hilbert space X := L?(0,/;R?) x R? with the inner product

((p1,¢1,v1,w1), (2,12, V2, w2)) x 1= %(<9017(P2>L2 + (Y1, 2) 12)

REE
51 V102 52 w1Wa.
Define the operator A : D(A) C X — X by
® =AY, — 2Cp
lb _ _)‘9090
A v| | —mv—d10(0) |’
w —yow + 029 ()

with D(A) = {(p,¥,v,w) € X : ¢, € H(0,£),%(0) = v,o(¢) = w}. For each
(@71/}7”71‘))7 (¢,§7y72) S D(A), we have

<A(<p7 % v, w)’ (¢a fa Y, Z)>X = <(<P, w’ v, w)) A*(¢a ga Y, Z)>X

where
¢ Az — 20
A 1 _ Apz
Y 711y + 016(0)
z —722 — 62€(¢)

The operators A and A* both have trivial kernels, and consequently, (ker A)* = X.
We present our stability result.

Theorem 4.1. There exist constants C,r > 0 such that for all (¢o,o,vo, wy) €
D(A), the solution of system (4.3) satisfies for every t > 0 the estimate

le@llz + Ol + o] + [w(®)] < Ce™ (lleollzr + ol + [vol + lwol)-
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Proof. We prove the theorem in two steps. First, we derive the functionals £(¢) and
D(t) from the equations. Second, we prove that these functionals are equivalent to
the energy E(t) of system (4.3).

Step 1: Derivation of £(t) and D(t). From system (4.3), we take the sum of the first
equation multiplied by ¢/ and the second equation multiplied by ¥ /. Integrating
by parts, we compute that

L
;ddt )\( + ) dz + p(O)9(0) — (0)3(0) + 2;/0 ©?dr = 0.

Using the ODES and boundary conditions, we have
1d 1 1 C Y1 2
d — dx =
2dt{/ PRI A } /SD o 52w -0
(4.4)

Similarly, we take the time derivatives of the first two equations in (4.3) multiplied
by ¢:/A and ./, respectively. Again, we integrate their sum, and use the ODE
and boundary conditions:

;i{/ e +¢t)dx+511( }

2( ‘ 2 1, 1
+ 3 [daes P 52< w)? =0,

From the first equation in (4.3), we estimate ¢? > A2 — cp? for some ¢ > 0. This
implies

1d 1 2 1 N2 2< ‘ 2,12 2
sl [t raes T s fonh+ 2 [omz - atas

w2+ 22 <o, (4.5)
g P

Adapting the derivation of (4.5), we replace time by space derivatives and get

sl [ ao e (o oo as (G o)) |

2¢ [ 1 o 2
+7 ; Soxd$+>\2(5 (n+20) () + gz(w)2+gw w>:0.

Because w”w = (w’ - w)" — (w’)?, we further compute that

gl st o (s (ot Rt ) g
+612(w/)2)}+;2(§<w+2o<> + 300 = 20)(w ))
/%dx—o (4.6)

Finally, we multiply the first equation in (4.3) by (¢ — x)¥/\ and integrate by
parts. The boundary condition 1(0) = v yields

1d 20— ¢ 90 (f — '
5@/0 ( . f)@¢d$+/(J <2w2+(£_$)80s0m+<(/\x)§m/;> dx—§v2:0,
(4.7)
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Now, let e,n > 0 (constants to be chosen later) and compute the following
sum: (4.4) + ( 6) +n((4.5) + (4.7)). This yields the energy-dissipation inequality
) <0, w

15€#) + D(t here

£ty =1 / (ﬁ T2 (@ 4 2) + (@R 4 uR) + 2m(l x)w/)) de

1 2 ACe
(458 o ) s e

(%) e )

>

! ¢
D(t) == /O (25 (1= no)p? + nA*P2 + ep2 + n(l — z)ep) da + (gi - Z) V2

¢ 1 2
+ gw + /0 g (1/)2 +2(¢ — a?)go(pw) dz + o (7771 + W) (1/)2

s (e 222205

Step 2: Equivalence of £(t) and D(t) to E(t). The first two equations of (4.3) and
the Cauchy-Schwarz inequality imply that for 0 < e < 1,

¥/
E(t) < %/ ( (14 8n¢% +nl) @* + (1 + 00 + (PA% + 1)p2 + (2nA + dx
0

%)
()2 () en) i Fmen)
+<77 1+2<>(w,)2>

This estimate implies £(t) < c2E(t), where ¢z > 0 is the maximum value among
the coefficients on the right-hand side.

For the reverse inequality, recall from (4.5) that @7 > A\292 — cp? for some ¢ > 0.
Again, we use Cauchy-Schwarz inequality and obtain —4¢w'w > —((yow? + é(w’)?)
for some ¢ > 0. It follows that

¥/
E(t) > %/O ((1 —n(c+0)e* + (1= n0)p® + (pA* + €) (2 + wi>) dz

1 20 , 1 ¢
+61<(1+ ;f) 2+<”+A2)( )2>+52<(1+ zQs)wQ

.1
+ (7) - <Cc + )\2) 6) (w')2>. (4.8)
Now, we choose 1 > 0 such that

77<min{ ! ,C—Fl} (4.9)

)\2

We also take € = neg, where 0 < g9 < (é+ A72. We can now conclude that
E(t) > 1 E(t), where ¢; > 0 is the minimum value among the coefficients on the
right-hand side of (4.8).
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Similarly, we estimate D(t) using Cauchy-Schwarz inequality:

D(t>§/0l<(Zf(l—nc)ﬂf(i+;>)so2+n(<f+;>w2

2¢  nt 2 2 Y2, 72 2
+ =+ =] s+ 2nCA doe + —v* + —
</\ 2) - sz x 611) 62w

l 71 +2¢ ne , 72 i N2
+61 <77’Yl+ 32 )(v) +52 17+/\2 (w")=. (4.10)

Note that (1 —nc) > 0 by our choice of n > 0 in (4.9). On the other hand, Young’s
inequality implies ¢t < cz? + &2, where c: > 0 and € > 0 (to be chosen later).
We arrive at the following estimate:

l
)= [ (5 -n(5tertent)) o+ ghh—acee? + 202
0

A A 2
1 _ 2 1 (71 +2¢)e "2
+ 5y (4 m@wadx+&<wn+»2 (V)

1 (2 +2¢)e "2 y1onl o Y2 oo
+52<’”2 e ACR AR s K AU

(4.11)

Therefore, we choose €, > 0 which satisfy

e<

—, n<min {4C & 2%}

ace’ 4C(c+Llee) + X N 5L )7

and take € = neg with 0 < g9 < ¥2A?/(y2+2¢). These constants yield the inequality
& E(t) < D(t) < éE(t), where é;,é > 0 are the minimum and maximum values
among the coefficients on the right-hand sides of (4.10) and (4.11), respectively.
This completes the proof. O

We conclude this section with an immediate result from Theorems 3.4 and 4.1.

Theorem 4.2. There exists ,C > 0 such that for all (¢0, Yo, v0,wp) € X and
t > 0, we have

le@)llzz + 19Ol + ()] + [w(®)] < Ce™™ (ol + l[doll L2 + [vo] + wol)-

4.2. Linearized fluid flow in an elastic tube connecting two tanks. We
consider a model of fluid flow [4, 18, 20, 22] in an elastic tube connecting two tanks
[20]:

ho

Ay

f

FIGURE 1. An elastic tube connected to two rigid tanks.
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Euler’s continuity equation and the law of balance of momentum determine the
dynamics of the fluid velocity w(t,z) and the vertical cross section A(t,z) of the
tube [18]. We couple these to the level heights hg and h in the tanks, both with
horizontal cross section Ar, and starting at initial heights k9 and hg, respectively.
We obtain the linear system:

At ) + Agug(t, ) =0, t>0, 0<ax</d,

u(t,x) + aAgy(t,z) + pu(t,x) =0, t>0, 0 <z </,

h(t)+:: u(t,0) = 0, >0,

Wt - Lot ) = o, £ 0, (112)
Arp

A0) = sholt, AL =50, >0

A(0,2) = A%x), u(0,2) =u’(z), 0<z <Y,

ho(0) = hY, h(0) = h°,

where o > 0, 8 > 0, and v > 0 and A, > 0 is the equilibrium cross section. We
refer to [20] for the derivation of this linear model and the meaning of the involved
parameters. In applications such as blood flow modeling, the elastic tube may be
viewed as a blood vessel connecting two terminal compartments inside the human
cardiovascular system.
We equip the Hilbert space X := L?(0,/;R?) x R? with the inner product
1

((01,%1,a1,b1), (@2, %2, a2,b2)) x 1= — (1, Y1) 12 + 1<<P2,7J12>

€

A
+7T

1 (aras + b1bs),

and define the operator A : D(A) C X — X by

A _Aeuw
—aA, — Bu
Al =
ho *Q;U(O)
h azu(l)

with domain D(A) = {(A4,u, ho,h) € X : A,u € H*(0,£), A(0) = vho, A({) = vh}.
For each (A,U,ho,h), (B7Uag()7g) € D(A)7 we have

<A(Aa u, ho, h)a (B, U,go,g)> = <(A,u, ho, h),A*(B,U,go,g»,

where
B Aevg
[ aBa: - /BU
A* =
9o ,2% v(0)
g - A; (€>

n [20], the spectra of A and A* were characterized completely. The uniform ex-
ponential stability of the model was also discussed, and optimal decay rates were
provided using non-harmonic Fourier analysis. Here, we shall present an alternative
proof of its exponential stability using Theorem 3.4.
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The steady states of (4.12) are elements of ker A = ker A* = {¢(v,0,1,1) : ¢ €
R}. Its orthogonal complement corresponds to

L e Ar A oy
(ker A) —{(Au,ho,h)e){./o Afw)do + ZEA0) + = A(K)_O}. (4.13)

Finally, we define the first-order energy F(t) of (4.12) as the sum of the kinetic
and potential energy of the fluid:

14
E(t) := / (A% + A2 +u® +u2)do + (h)* + (R)? + hi + B (4.14)
0

We are now ready to state our result.

Theorem 4.3. There exist constants C,r > 0 such that for every initial data
(A% u° hY, h0) € (ker A)* N D(A), the solution of (4.12) satisfies for t > 0 the
inequality

IA@® e + lu@®) |z + [ho (D] + ()] < Ce™™ ([ Aol + luollzr + [hg| + [R°]).
Proof. We divide the proof into two steps. We derive £(t) and D(t), and then show
that both are equivalent to E(t).
Step 1: Derivation of £(t) and D(t). We multiply AZ'A and o 'u to the first and

second equations in (4.12), respectively. Taking their sum and integrating by parts
yield

1d ff etV ag A(O)u(l) — A(0)u(0) + s /Z u?dz =0
2dt 0 Ae o o Jo e

Writing the boundary term A(£)u(¢) — A(0)u(0) in terms of hy and h, the equation
above becomes

1df( (/1 1 ~YAT B [*
- = A2 D2 24 p2 7/ 2dz =0. 4.1
th{/o (Ae +au>dx+ A (h0+h)}+a Oudx 0 (4.15)

Next, we take the space derivatives of the first two equations in (4.12), utilize the
multipliers AZ 1A, and o~ lu,, and follow the steps from above. We have

4 V4
sl [ (s se)aoe P+ o f+ 8 [ das
0 e e 0
A ! !
R+ () 0. (@10

Now, with the identity usA, — Awu, = (ud;): — (uAy),, and the ODEs and
boundary conditions, it holds that

+

A
—ul0) 44(0) + u(0) 44(0) = = LEL () + (1))

We apply this equation to the difference between the continuity equation multiplied

by u, and the equation of balance of momentum multiplied by A,. Proceeding as

before, we compute

1d
2dt

L L
{/ A, dx} +/ (A2 + Bud, — A2y dz — 22T ()2 + (W)2) = o.
0 0 Ae
(4.17)
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Observe that we only lack dissipation terms for A, hg, and h. Let us first derive
one for A. We multiply the second equation in (4.12) by (¢ — z)A, and integrate by
parts:

1d [ Lra
34t /, Q(Efx)Aud:qu/O (§A +Ae(€71})uur+/g(£7$)Au) dx
—%KA() =0. (4.18)

Now, let us write A(0) as follows:

A(0) = (22“&) {( /A dx+2AJA ) (A—/A dx})

Recalling (4.13), it holds that [ A(z)dz = —Az (A(O) + LA, dx). Dividing by
¢ and the applying Cauchy- Schwarz mequahty yield

0
S Ol/ Aid%,
0

where C; = cAZ/(¢v)? > 0 for a constant ¢ > 0. This estimate, together with the
Poincaré and Poincaré-Wirtinger inequalities, implies that there exists a Cy > 0
such that

1 /¢ 24 ?
Z/OA()d +TfA()

L2(0,0)

¢
|A(0)]? < 02/ A2 da. (4.19)
0
Similarly, there exists C5 > 0 such that |A(¢)]*> < Cs f(f A2 du.
Because hg = A(0)/~ and h = A({)/~, the last two estimates allow us to derive
dissipation terms for hg and h:
¢
\ho|? + || — 04/ A2dz <0, (4.20)
0
where Cy = (C2 + C5)/~% > 0.

We are now ready to define £(t) and D(t). Let £,6 > 0. Then the sum (4.15) +
(4.16)+5(4.17)+56(4.18)—1—#((4.19)—&—(4.2(})) reads as £ 2€(t)+ D(t) < 0, where

Et) = /05 (L(A2+Ai) i(u +u?) + 2eud, + 20(¢ x)Au) dz

+ ViT ((a}4> ((ho)® + (R')?) + (hg + h2)> ,
and

D(t) := /0 (mAQ <1 - %(Cg + C’4)> A2 + §u2 + (i - 5A8> u?

+efuldy +e0f(l —x)Au+edA (L — x)uuz> dz

(S o) e ey +

+

5520‘4 (h2 + ).
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Step 2: Equivalence of £(t) and D(t) to E(t). We show that both £(t) and D(t)
are equivalent to the energy (4.14). Using Cauchy-Schwarz inequality, we have

5(t)</0€(<1ie+E‘%>A2+</L+E)Ai+ <;+5(1+6£)>u2

4 1u >d + WiT <(a}4> ()2 + (1)?) +(h3+h2)>, (4.21)

() et
se) oot BT (Do) @+ 0+ 0g4w). )

Choosing €,6 > 0 such that

. 1 1 5 . 1 1-ca
5<m1n{Ae,a} and <m1n{€€Ae7M}
yields the inequality c1 E(t) < E(t) < caE(t), where the constants ¢, ca > 0 are the
minimum and maximum values among the coefficients on the right-hand sides of
(4.22) and (4.21), respectively.
On the other hand, Cauchy-Schwarz and Young’s inequalities invoke the follow-
ing:

™
=
v

D(t)g/o <€25(a+B£)A2+5<a+ﬁ>A2 (i §(5+5e(/3+,4€))>u2

B | edALY , YBAT ., noy o g0al o,
+<a+ 5 uy | dz + A2 ((hg)* + (h)*) + 5 (hg + h%),
(4.23)

D(t) zf((i—s (5% + 8¢ (5% +/;e>)>u2+ (g —eA, (1+52£>)ui

+ ? (v — 2e980) A* + ¢ (a (1 — %(62 + C4)> N 616) Ai) a

5(504@

YAT B . 1\2 N2 2 2
+Ae (oer 5)((110) + (R + (hi + h*).
(4.24)
Now we choose €1, €3,0d,¢ > 0 such that
« « 2 —e1p
61<B, 82<TB€, 6<02+C4< ol )7
e < gmin{(Ae)_l, (Bee, + 60 (Beey + Ae/2))™1, (Ao (1+ (5()/2))—1}

These constants give the inequality ¢1 E(t) < D(t) < é&E(t), where ¢1,¢ > 0 are
the minimum and maximum values among the coefficients on the left and right-hand
sides of (4.24) and (4.23), respectively. Steps 1 and 2 yield the desired result. [

The next theorem follows immediately from Theorems 3.4 and 4.3.
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Theorem 4.4. There exists C,r > 0 such that for all (A% w0 hd, h0) € X, we have

JA®) — Ag[lp2 + lu(®) — ug |2 + [ho(t) — RY*| + |h(t) — RO
2™ (|| Aol L2 (0,6) + lluollz2(0.0) + [RG] + [BO]),

for all t > 0, where (Ag,ug,hdt, hOL) = IIo(Ag,ug, h3, h°) with the orthogonal
projection Iy : X — ker(A) of X onto ker(A).

4.3. Damped wave equation with oscillator boundary conditions. We con-
sider a waveguide of length ¢ terminated by linear oscillators on both ends. The
propagation of sound in the waveguide can be described by a damped wave equa-
tion coupled with the displacement dynamics of the oscillators at each end [2, 14].
In particular, we subject the velocity potential 1) of the wave to ODE boundary
conditions describing the displacements dy and dy of the oscillators at x = 0 and
x = ¢, respectively. With damping coefficient equal to 1, this system reads

wtt(ta )_wza:(t?x)_wt(tax)v t>0, 0<$L’<£,

Ya(t,0) = =d(t), t>0,

Yo (t,0) = 6,(t), t >0,

mody (t) + dodh(t) + kodo(t) = —pibr(¢,0), ¢ >0,

mg(sl (t) + dzél (t) 4+ kede(t) = —p(t, £), t>0, (4.25)
¥(0,7) = 1po(x), 0<xz</,

wt(O,x)zwe(x), 0<x</,

5;(0) = 89, i=0,¢,

84(0) = v, i=0,/,

where p denotes fluid density. The properties of each oscillator ¢ are encoded in the
following constants: m; denotes mass per unit area, d; the resistivity, and k; the
spring constant. We assume that the surfaces of the oscillators are impenetrable by
the fluid. For the physical interpretation of such phenomena, we refer to [16, page
263].

FIGURE 2. A waveguide terminated by oscillators

To facilitate the analysis, we decompose the waves into ¢~ and ¢T, which de-
note the components propagating on the negative direction, and on the positive
direction, respectively [14]. A first order hyperbolic PDE-ODE system is derived
by introducing the variables ¢~ := 2(0y1)+ 0,1), ¢ := (9 — 0,0), and v; := 0},
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for ¢+ = 0,¢. In particular, we have
op (t,x) — o5 (t,x) + (o7 (t, ) + ¢~ (t,x)) =0, t>0,0<z<{,
of (t,x) + ¢F (t,2) + 2(¢T(t,z) + ¢~ (t,2)) =0, t>0,0<z<{,
¢*(t,0) — ¢~ (t,0) = vo (1), t>0,
¢ (t,0) — ¢ (¢, £) = —ve(2), t>0,
Sh(t) =wolt), 8h(t) = ve(t), t>0,
(1) + B (1) + 2260 () + £ (¢ (£,0) + ¢7(£,0)) =0, >0,
vp(t) + B vg(t) + EL6,() + L (¢ (,0) + 6T (2,0)) =0, >0,
¢t (0,z) = ¢ (z), 0<z<d,
¢7(0,2) = ¢ (2), 0<z<{,
5:(0) = 62, i=0,¢,
v;(0) = v, i=0,/.
(4.26)

The total energy of (4.25), and hence of (4.26), is the sum of the kinetic and
potential energy of the wave motion, and of the kinetic and potential energy of the

oscillators. It is defined as

¥/
5&%=A(w+—¢72+@++¢7%dw+

1
;(mm? + ke67 + mova + kodl).

A detailed discussion of the usage of the term can be found in [16, Section 1.3].
Now, let us equip the Hilbert space X' := L?(0,¢; R?) x R* with the inner product

(%Wﬂ%zwﬂﬁﬁﬂﬂf@pm+i

> (k851650 + mjvjivj0),
j=0,¢

where ; = (¢; , @5, 80i, driy Voi, Vi), for i = 1,2. We define A: D(A) C X — X as

b ¢y — 36T +07)
oF —¢f = 5(oT +97)
5 v
Al = J :
vy —do gy — 2o 50 2= (¢7(0) + ¢7(0))
vy _—ﬂw ¢ — *((lﬁ (0) +¢™(0)) |
with domain D(A) = {(¢77¢+75075@7’U07’U€) € X ¢77¢+ € Hl(oag)a Vo =
—¢7(0) + ¢7(0), vg = ¢~ (£) — ¢T(0)}. Tts adjoint A* : D(A) C X — X is
given by
o1 | —pr — 5t + ) ]
ot oF =3t +97)
A* Y0 — —Wo
Y —We
wo| | ~wo+ 20 + £ (¢ (0) + ¢H(0))
we —mwe + g+ R (7 (0) + 9t (0) |

The equilibrium states of (4.26) lie in the set
ker A = ker A* = {c (koke, koke,

—2pky,

—2pko,0,0) : c € R}.
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Now, in theoretical acoustics, states corresponding to hydrostatic pressure occur
when the acoustic pressure is equal to the sum of the displacement of the oscillators
on the two ends. Removing these states, we find that

¢
(ker A" = {(¢_7¢+75(J7§Z7v(],'1)£) S / (¢~ + o) (x)da — dp — §p = 0} ,
0

see for instance [17, Section 6]. We now present our stability result.
Theorem 4.5. There exist C,r > 0 such that for every initial data
(65, D180, 69,05, v9) € (ker A)F N D(A),
the solution of system (4.26) satisfies for every t > 0 the estimate
lo™ @l + 167 @l + [00(B)] + [6e(E)] + [vo(E)] + |ve(?)]
< Ce " (I6g L + ll6g 1 + 1851 + 1871 + vg] + [vg)-

Proof. To simplify the computations, we set 7 := ¢ + ¢~ and Y~ := o7 — ¢~.
Observe that stability in terms of ¢ is equivalent to stability in terms of ¢»*, thanks
to the identity [~ (6)[%: + [¥ ()20 = 2016~ ()% + 67 (1)[13). We proceed
as in the previous models, and for this purpose we define a normalized first-order
energy of the system:

£
E.(t) = /0 (@) + (@7)? + (W) + (¥7)%) dz + K((vp)* + (v7)?)
+vg +ui+ 07 +65. (427

Using the equation for v, and v}, in (4.26), applying the trace theorem, and taking
k > 0 to be small enough, it is not hard to see that E,(t) is equivalent to

14
E(t) = / () + (@) + () + (45)2) do + 03+ oF + 67 + 62,

Step 1: Derivation of £(t) and D(t). First, let us take the sum and difference of the
first two equations in (4.26):
P g+t =0, (4.28)
Y+t =0. (4.29)

We multiply T to (4.28), and 9~ to (4.29). Applying integration by parts to the
sum of the resulting expressions, we compute that

1d [f ¢ _ _

s [ @2 @+ [0 a0 060 - 00wt 0) o
0 0

From the ODEs and boundary conditions in (4.26), this identity now reads

1df [* 1
2dt{ / (™) + (")) da + ;(mevf + mov2 + kb7 + koég)}
0

14
1
+ / (y1)?dz + ;(dwf + dovd) = 0. (4.30)
0
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We multiply the space derivative of (4.28) by ¢, and the space derivative of
(4.29) by ¥ . Following the steps above, we obtain the identity:

1df( [*
Zdt{ / (V) + (ph)*) do + 1(mg(v})Q +mo(vy)? + (de + ke)vd
0 P
+ (d() + k())’l)g + 2ksbpvp + 2/{:0(501]0)} + %((dz =+ m[)(,vz)Q

¢
+ (do + mo) (v))?* — kev? — kovd) + / (¥)*dz = 0. (4.31)
0

Now, let us take the difference between the terms (4.28)xv, and (4.29)xet.
We integrate by parts and use the identity ;" ¢ — o, ¥ = (v 97 ) — (VT )e.
We compute

1d ‘ o + — + -
T 207, dx e — T (O (6) +¢7(0)¢; (0)
0

¢
[ e @ - @hPds =0,
0
Again for the boundary terms, we follow previous calculations, and get
1d

¥/ ¥/
1
—— / 20 da — = (dev? + dovi + 2kedpvg + 2kodoug) ¢+ / (Yo,
2dt 0 14 0

1
+(03)? = ()% dz + ;(kzv? + kovg — me(vg)?* — mo(vg)®) = 0. (4.32)
Let 71 > 0 (constant to be chosen later). The sum of v;(4.31) + %-(4.32) yields the
inequality:
1d C 2 N2 - 1
sa " )7+ D Hvten)det = 5 (ima(eh) + kb
0

2dt ,
1=0,¢
4
+ (ki + %di) v?)} + 3 [P+ W+ i) e
+ - Z (( 1d; + ml) (v))? — 7211%1)?) <0. (4.33)

'LOE

Next, we wish to obtain a dissipation term for 1)~. Let us multiply (¢ — )9~ to
(4.28), and integrate by parts:

L [aw et an s [ (@ 0 20— et e
2dt Jo 2 Jo
L
= 5((@7)%(0) + (F)*(0)) = 0.
The trace theorem is employed to estimate the boundary term: there exists ¢ > 0
such that —(z/ﬂ') > —c fo ()2 + (¥)?) dz. Tt follows that
1d _ Co
s [ eprurans ] [ (@ 0wt ey

+2(0 — )y~ yT) dz — gvg <0, (4.34)

where we used (17)%(0) = v3.
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Finally, we multiply the corresponding ¢; (for i = 0,¢) to the PDE-ODE coupling
n (4.26):

2 2y Kisa P ae)
- Z (dt {5 +26; vl} vy + E(Si +mi(1/)+)(z)5,> =0.

lOZ

Applying Young’s inequality to each ¢ (4)d; for i = 0, £, we derive the estimate

5 <1d Lt sk =+ (- pe 8 = B2 00 20)) <0, (139

S \2di i i
with positive constants ¢; and c., for ¢ = 0,£. We choose ¢; > 0 to satisfy

ki
g < ;, for i=0,¢, (4.36)

and ¢ > 0 such that ¢ = ¢pmax {c.,/my,ce,/mo} for some ¢ > 0. Once again, the
trace theorem implies

4
S0 = B ) (0) 2 /0 () + (¢7)?) de. (437)

my mo

From inequalities (4.35) and (4.37), it holds that

1d(di 4 2 1 2
E hall 2 2 = (ki — pg;) b
<2dt{ 07 + 61}1} v; - (ki — pei) 61)

i=0,¢ v
4
e [ (@ s <o (4.38)

We are ready to define the energy and dissipation functionals. Let v2,v3 > 0 (to
be chosen later). The sum (4.30) + (4.33) + 72(4.34) + v3(4.38) yields the estimate
148(t)+ D(t) <0, where

¢
E(t) = /0 ((¢+)2 + (7)) + (g ey + 292(0 - xw—w) dz
+ - Z ( 1m; (v (mi + %di + 71/%') < ) 57

z 0,0
+ (y1ki + 273p) 51’“1’)7

o~ [ Z ( (1+Z =) —me) W)+ %w-)? + (5 — St —e) W3

B+ Jorur (- oo Jaoe s 3 (((ndit Pons) 02

105

'L

¢
+ (d k: - 'ygp) v+ ng(k: psi)éf) _ e
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Step 2: Equivalence of £(t) and D(t) to E,.(t). We prove that £(t) and D(t) are
both equivalent to E,(t) in (4.27). The Cauchy-Schwarz inequality implies

4
ey [ (143 +500) 002 + 0 00 402 + 002 s

3
+ (71"%(”2)2 + (mi + %di + % — ki + ’YBP)
0.l

| (1 2) ke (1)) ),

Setting co > 0 as the maximum value among the coefficients on the right-hand side
above, it holds that £(t) < caE,(t). We invoke by the Cauchy-Schwarz inequality
that —2pd;v; > —p(57- d; 52 + év?) for some constant ¢ > 0, for i = 0,¢. The reverse
inequality reads as

=

We further choose 71, 72,73 > 0 successively such that

2 — 1
7 < 2a V2 <mm{ 2671’6},

e LR T LT )

for i = 0,¢. With these constants, we take ¢c; > 0 be the minimum value among the
coefficients on the right-hand side of the estimate from below for £(t). We obtain
E(t) > c1 Ex(t).

Similarly, we compute

D(t)g/(f<(1++ DL el +0) = 938) (W) + L1+ ()’

4
#2224 (B ) 42 s

1 N Y2pl
+p((dz— *ke—Wsp)Uf-ﬁ- (do—k 0= 5 TP v

5 Z ((Wl + m) (v1)? + Ep(k —p62)52> (4.39)
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Now, let us choose €y, €9, 71, 2,73 > 0 successively such that

e < %, g < %0, as in (4.36),

7 < 2min{gi, %}7 vo < mln{ =, p2€ (do — %ko) },

4.40
v3 < 7y := min ( )

(de — B ke) s 5 (do — Bko — %), 55 (m — 72ct),

1
p

=

(1+2+201 —c£+£))},
where we reduce 71,7v2,73 > 0 as needed. It follows that D(t) < éE,(t), where

¢z > 0 is the maximum value among the coefficients on the right-hand side of (4.39).
On the other hand, the Cauchy-Schwarz and Young inequalities imply

£ —
D(t) > /O ( (1 -t (12d - ece) - 735> @)+ 2w )?
+ (% - *65 730) W)+ (1 - 55) (¢_)2) dx
+;((de— ﬂké—%f))v?ﬁ- (do—ko—%;l—’mp) >

2 Z ((Vld + mz) (v1)? + Z:'Lp(k — pei )§2> (4.41)

zOZ

where €,¢. > 0. We choose ¢, ¢, 0,71, 72,773 > 0 such that

£ < g5, €0,60,m >0 asin (4.40),
Y2 > 0 small enough, 3 < min {7, 1(1 — 2 + (5%

e}

where v > 0 is the constant from (4.40), and 49 > 0 is reduced (if needed) such
that (1 —~1/4) > 72 (. — (1 — ¢f)/2). With these constants, we take ¢; > 0 to be
the minimum value among the coefficients on the right-hand side of (4.41). Finally,
D(t) > ¢1E(t), and the proof is complete. O

An immediate consequence of Theorems 3.3 and 4.5 is stated below.

Theorem 4.6. There exist constants C,r > 0 such that for every initial data
(dg > ba 09,09, v8,09) € X, it holds that

167 (1) = dg " llzz + 167 (6) = &g Hllee + D (16:(8) = 62 + Jui(t) — o)

i=0,¢
< Ce " (lgg Nl + g 1Lz + 1691 + 1671 + [vg | + [vg]),

for all t > 0, where (QSO , S'L 89L, 80 w3t ) = Ho(dg , o, 69, 09,09, v9) and
Iy : X — ker(A) is the orthogonal projection of X onto ker(A).
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