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Abstract

Mixed and hybrid finite element discretizations for distributed optimal control prob-
lems governed by an elliptic equation are analyzed. A cost functional keeping track
of both the state and its gradient is studied. A priori error estimates and super-
convergence properties for the continuous and discrete optimal states, adjoint states,
and controls will be given. The approximating finite-dimensional systems will be
solved by adding penalization terms for the state and the associated Lagrange
multipliers. In general, performing optimization, discretization, hybridization, and
penalization in any order lead to the same optimality system. Numerical examples
based on the Raviart-Thomas finite elements will be presented.
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1 Introduction

In this paper, we analyze mixed and hybrid finite element discretizations for the dis-
tributed optimal control of a linear elliptic problem with a homogeneous Dirichlet
boundary condition. For example, the state equation models stationary heat distri-
bution on a two-dimensional medium. We consider the following linear-quadratic
optimal control problem

. 1
min  J(u, Vi, @) :=—/ ol — uaP + BIVu — ol + ylgPdx (1)
qeL2($2) 2 Ja
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subject to the state equation

—Au = f+4+q in$2,
|: u=20 on ds2. @)

In (2), u = u(x) is the temperature of a certain material at the point x € £2. We
assume that £2 is an open and convex polygonal domain in R?. The functions uy :
2 — Rand oy : 2 — R? are given desired temperature distribution and heat flux,
and the precise function spaces where they belong will be stated below. Moreover,
f : 2 — R represents an external heat source or sink, while ¢ : £2 — R is the
control. The parameters in the cost functional J are assumed to satisfy o, § > 0
with @ + 8 > 0 and y > 0. For simplicity of exposition, the thermal diffusivity is
normalized to 1.

In the case B = 0, a typical discretization scheme for the optimal control problem
(1) is the H'-conforming scheme using piecewise Lagrange polynomials. However,
if the gradient of the state variable is included in the objective functional, then mixed
methods are advantageous in the sense that both the state variable and its gradient
can be approximated at the same order of accuracy. If one wishes to obtain super-
convergence for the gradient in the H'-conforming scheme, then post-processing
is necessary. Mixed and hybrid methods for approximating the solutions of partial
differential equations and their applications to optimal control problems have been
well studied in the literature. For instance, the reader may consult to [3, 9, 12, 26]
for elliptic problems, [10, 27] for parabolic problems, and [5, 13-15, 17, 19, 25] for
hyperbolic problems.

In this work, we want to extend the study under a post-processing method and
penalization of the mixed and hybrid finite element methods. Specifically, by apply-
ing a post-processing strategy developed by Arnold and Brezzi [1], we prove the
super-convergence properties of the optimal controls, as well as the correspond-
ing optimal states and adjoint states. The advantage of the hybrid formulation is
to simplify the construction of basis functions by introducing appropriate Lagrange
multipliers relaxing the continuity requirement across the edges of the elements. At
the theoretical level, the solutions of the mixed and hybrid formulations coincide;
however, they differ with respect to the implementation aspect, for instance, the total
degrees of freedom for the flux is different.

From the practical point of view, the disadvantage of the hybrid finite element
method is the additional degrees of freedom. For example, in the case of the Raviart—
Thomas finite elements, these additional unknowns correspond to the Lagrange
multipliers on the interior edges of the subdivision of the domain. There are several
methods in order to compute numerically the resulting saddle point problems, for
instance, the mixed-Schur complement, mixed-Lagrangian, conjugate gradient, and
Uzawa algorithms can be utilized.

We shall add regularization terms to the finite-dimensional system and by reduc-
tion, the resulting system will be in terms of the discretized scalar state only.
Moreover, the associated matrix is symmetric and positive-definite; hence, conjugate
gradient methods are applicable in this case. This penalization strategy is widely used
in the discretization of the Stokes equation. Of course, the additional error due to this
penalization will be studied as well. Both at the continuous and discrete levels, the
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analysis of mixed variational problems under certain perturbations has been studied
by Bercovier [6].

For the proposed numerical scheme, the order of performing optimization, dis-
cretization, hybridization, and penalization is immaterial, and they lead to the same
optimality system. A more detailed explanation will be given in the succeeding
sections.

The plan of the paper is as follows: In Section 2, we briefly discuss the mixed and
hybrid formulations of the state equation and the corresponding discretizations by the
Raviart-Thomas finite elements. A priori error estimates for the primal, adjoint, and
control variables in the mixed, hybrid, and penalized discretizations will be developed
in Sections 3 and 4. Finally, in Section 5, we present a gradient-based algorithm
approximating the optimal control and provide numerical examples that illustrate the
results of the paper.

2 Weak formulation and discretization of the state equation
2.1 Weak formulation

In this section, we briefly discuss the mixed formulation of the state equation (2) and
recall the standard existence, uniqueness, and stability of solutions with respect to
the data. Also, the corresponding conforming finite element discretization through
the Raviart—Thomas finite elements as well as its hybridized form will be presented.
For more details, we refer the reader to [8, 22, 23].

First, let us define the appropriate functional spaces in the weak formulation.
Given an open and convex two-dimensional polygonal domain §2, we consider the
Hilbert spaces W = L2(£2) and V = H(div, 2) := {0 € L*(2)? : dive € L?(£2)},
where the latter space is equipped with the graph norm

1

. 2 : 2)2
lollav = (Il + ldivel?) ",

as the state spaces for the temperature and heat flux. We denote the space of controls
by O = L?(£2). The norm and inner product in L2(£2) will be denoted by (-, -) and
Il - |I, respectively. For convenience, we shall also use the same notation for the norm
and inner product of L2-spaces on arbitrary measurable domains. The typical notation
for the Sobolev spaces H k(.Q) and Hé‘ (£2) will be utilized here and || - ||x denotes

the associated Sobolev norms. Furthermore, we let L2(£2) = L2(£2) x L?(§2) and
H*(2) = HX(2) x H*(2).

Introducing the temperature flux o := Vu as a new state variable, we can recast
the state equation (2) as follows

c—Vu=0 in £2,
dive = —(f +¢q) in£2.

Define the continuous bilinear form b : V. x W — R by

b(o,u) = (dive, u).
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The weak formulation of the Poisson equation now reads as follows: Given f € W
and g € Q, find (o, u) € V x W that satisfies

[(o,t)+b(r,u) =0 VT eV,

b(a,v) =—(f+gq,v) YveW. 3

Observe that in this case, the homogeneous Dirichlet boundary condition now turns
as a natural boundary condition in the mixed formulation. It is well-known that the
pair (V, W) satisfies the inf-sup condition

b ’
inf sup M >c>0. 4)
ueW\(0} g v\ (o) llo lldiv[luel]
In what follows, we shall consider the following general variational problem in

order to accommodate also for the analysis of the adjoint equation. Given f € L?(£2)
and g € W, find (o, u) € V x W such that

|:(a,r)+b(r,u) =(f,1) VreV,

b(o,v) =(g,v) YveW. )

This problem corresponds to the mixed formulation of the elliptic boundary value
problem

—Au =divf—g in£2,
[ u=0 on £2. ©)

Using the continuous embedding L?(£2) C V*, where V* denotes the dual of
V., we have the following existence, uniqueness, and stability of solutions to (5) in
virtue of the Brezzi splitting theorem. For a proof, we refer the reader to [8]. Further-
more, by the divergence theorem and elliptic regularity theory, one can show further
regularity of the component u.

Proposition 1 Given f € L*(2) and g € W, the variational system (5) has a
unique solution (o,u) € V x W and there exists a constant C > 0 independent of
the data and the solution such that

o llaiv + llull < CULLI+ NgID- (M

Moreover, if f € V,thenVu =0 — f andu € HO1 (2)NH%(2) is the weak solution
(6).

2.2 Discretization

In this subsection, we present the mixed and hybrid finite element discretizations for
the variational problem (5). Let {7}, }o<n<n, be a shape-regular family of triangula-
tions of §2 parametrized by their mesh sizes h = maxg7; hk, where hg is the length
of the largest edge of K. This means that there exists a constant C > 0 such that
h < Cok and hg < C¥g forevery K € T, and 0 < h < hg, where ox and ¥k are
the radii of the largest inscribed and the smallest circumscribed balls of K, respec-
tively. In particular, this implies that # < Chg for every K € 7Ty. In other words, the
length of the edges of the triangles in the mesh is equivalent to the mesh size.

@ Springer

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Error estimates for mixed and hybrid FEM for elliptic... Page50f35 70

Given a set S and a nonnegative integer k, we denote by Pr(S) the space of all
polynomials in S of degree at most k. For each triangle K € 7Tj, let RT;(K) be the
kth-order Raviart-Thomas finite element on K, that is,

RT(K) = P (K)? @& xP(K),

where P;(K) is the space of homogeneous polynomials of degree & in K.
Associated with a triangulation 7, we define the following standard finite element
spaces

V’;l ={op €V  :onlxk € RTH(K) VK € Ty}
WK ={up € W :uplx € Pe(K) VK € T}

Define the Fortin projection operator IT ];l V- Vﬁ such that
/ (H’,;a : v) apds = / (0 -v)pds Vi, € P(3K),
aK 9K
/ ke -updx = / o - ujdx Yup, € Pr_1(K) x Pr_1(K),
K K

forevery K € T, and o € V, where we set P_;(K) = {0}. For the existence of I'I’;l,
we refer to [8]. Also, define the L2-projection operator P;’f W — W,f by

/(P}Il‘u)uh dx:f uupdx Vuy € W;’f,
K K

for every u € W and K € 7. It is well-known that we have P}]f div = divIl ];l from
V into W}Il‘ . Moreover, the following projection errors hold

IPFu —ull < CR* s 8)
IMfo —oll < CH* ot )
Idiv o —dive|| < CA*M|div ok, (10)

as long as the regularity requirements u € H*t1(2), 0 € H*"'(£2), and dive €
H*1(£2) are satisfied.

Similar to the continuous case (4), the pair (V’,‘l, Wlf) also satisfies the following
discrete inf-sup condition

b(op,
inf sup  2Cmn) (11)

un €W} o eviy oy 10m lldivllunll ™

for some ¢ > 0 independent of A.
The mixed finite element discretization of (5) is given as follows: Given f €
L*(2)and g € W, find (04, up) € V x W[ such that

[(Gh, 1) +b(tp, up) = (f,tn) Vr, € Vi,

12
b(op,vp) = (g,vn) Vup € W[f. (12)

In virtue of the definition of the discrete spaces, V’Z C Vand W,’f C W,thus(12)isa
conforming approximation of (5). Moreover, thanks to the discrete inf-sup condition
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(11), we have the following well-posedness result. Again, we refer to [8] for a proof
of this proposition.

Proposition 2 Given f € L*(§2) and g € W, (12) has a unique solution (o, up) €
Vﬁ X W}]f and there exists a constant C > 0 independent of h, the data, and the
solution such that

lonllaiv + lunll < CALLT+ NIEID- 13)

Now, let us consider the hybridization of the finite element approximation (12).
For this purpose, we denote by &, and £ ;l the set of all edges and interior edges in the
triangulation 7y, respectively. Define the kth-order discontinuous Raviart-Thomas
finite element space

Yk = {ah € LX(2) :oy|k € RTL(K) VK ¢ Th}
and the space of Lagrange multipliers associated with the edges of the triangulation
Lh={rn e L2@E) e € P Ve e &}

Let M}]: = {Ah € L],‘l Anle =0Ve e &y \5}‘;} be the elements in Lﬁ that vanish on
the boundary edges. We denote by div o, the piecewise divergence of o, € Y’;l, that
is, divey|x = div(ey|g) for every K € Ty. Given A, € L;‘l, consider the norm

Inlly =" /aKhmhFds.

KeTy,

By shape-regularity of the triangulations, ||1;]; is equivalent to h% IAn]l-
In addition, let us define the bilinear operators by, : Y',‘l X W;l‘ — R and dj :
Y’,‘l X M}’l‘ — R according to

ba(on up) = Y /K(divah)uhdx

KeTy

dp(op, Ap) = — Z / oy v, ds,
K

KeTy 3

where vk is the unit normal vector on d K pointing outward from K. Likewise, define
the projection operator n,’j cHY(2) > L’;l by

/(n,’;u) pds = /u,\h ds Vi, € Pi(e),

e e
for every e € &.
With the above notations, the hybridization of (12) is given as follows: Given
f e L%(£2) and g € W, find (op, up, Ap) € Y’;l X Wlf X M;f such that

(n, Th) + bu (T, up) +du(th, An) = (f, Th) Y1u € YK,
by(on, vp) = (g, vn) Vup € Wy, (14)
dp(opn, up) =0 Y, € Mf.

@ Springer
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Let us recall that o), € Y’,‘l satisfies dp (o p,, up) = 0 for every uy € M,’f if and only
ifoy, € Vﬁ. Hence, it follows that if (o, up, Ay) is a solution of (14), then (o, uy)
is a solution of (12). On the other hand, the existence and uniqueness of solution
to (14) follow from the fact that the corresponding matrix for the finite-dimensional
square system is injective. For the details, we refer to [1].

In particular, the solution of (14) satisfies the stability estimate (13). Furthermore,
the Lagrange multiplier A;, satisfies the stability estimate

Al < CRILLI+ Rllonll + llunlD. 15)

To see this, let us first recall from [23, Sections 3 and 4] or [1, page 13] that there
exists §;, € Ylli such that ¢, - v|. = Apl. for every edge e in 7;, and there exists a
constant C > 0 independent of Aj, and & such that

Ry /K|Vch|2dx+ 124117 < Clirallz. (16)

KeTy,

Taking &, as the test function in (14), and utilizing (16) yields

Il = —dn(Cps hn) = (@, &) +bu(Ch un) — (f Ep)
< CULI+ llonll + 2 un D) 2nlln

and therefore, we have (15).
Let us recall the post-processing method described in [1]. Let k£ be an even integer.
From [1, Lemma 2.1], we can deduce that for each (A, uy) € L’,‘l X W}]f , there exists

aunique i, € W}Ifrl such that

Z (@h — A)pnds =0 Yy € LY,

(365;, ¢

/ Wn —up)vpdx =0 VY € W,];_z,
2

where we set W, 2= {0}. Therefore, Rle : (A, up) > Uy is a well-defined map

from Lﬁ X W,’l‘ into W;f“. We shall call R;H as the Arnold—Brezzi post-processing
operator. Moreover, it holds that

IRN Gy ui) Il < CIAn A + llun ). (17)

If k = 0, then we simply write Rhlkh for R}l (A, up) since the post-processing
operator R ,ll is independent of the second argument.

The assumption that k is even was imposed in order to have a unified proof for the
above properties of the operator Rﬁ“. For odd k, one needs to construct ad hoc non-
conforming approximation in order for such properties of R]f] to hold. For example,
the cases where k = 1 or k = 3 have been considered in [1].

To provide a priori error estimates for the discrete and continuous primal and dual
variables, we shall often use the following general stability theorem. All throughout
this paper, we shall assume additional regularity on the optimal primal states, dual
states, and control. By classical elliptic regularity theory, these conditions can be
achieved if the convex domain 2 is smooth enough and the desired states are also
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70 Page 8 of 35 G. Peralta

sufficiently regular. Note that it is also possible to manufacture solutions that satisfy
such smoothness properties on rectangular domains, see for instance the discussion
in Section 5 that involves eigenfunctions.

Theorem 1 Suppose thatg, y e W, f €V, f, € Vﬁ, and div f;, = P}’l‘ div f. Let
(o,u) € V x W be the solution of

(o,7)+b(t,u) =(f,r) VT eV, (18)
bo,v) =(g,v) VYveW,
and (op, up, Ap) € Yﬁ X W,{f X M;f be the solution of
(O h, Th) + by (T, up) +du (T, An) = (. Th) YTu € YK,
bp(on,vp) = (y,vp) Yo, € WE, (19)

dp(on, un) =0 Y, € Mf.

Suppose that o, f € H">(2) and g € H*T1(2). Then, there exists a constant
C > 0 independent of h, the data, and on the continuous and discrete solutions such
that

lo — onllay + llu —upll < CE o llka + CUF = Fall + g =y (20)
IPfu —upll < CR*P2 (gl + Idiv flles1) 1)
+ CllPfg = PEyll + Ch(If = fill + llo — anl).

Proof First, let us observe that the solution of (18) satisfies the following system of
variational equations:

(Mo, h) + by (th, Pfu) +dp (th, wfu) = (f + Oko —0. 7)) VT, € Y,}(,
by (Mo, vn) = (g, vn) Yu, € WE, (22)
dp (H];lo', Mh) =0 Yuy € M;:

Consider the difference (804, Sup, 81y) = (ko —op, Pfu —up, wfu — 1p)
of the solutions for (22) and (19). By taking the difference of the variational
formulations, we obtain the following system:

o, Th) + bp(Tpy, Sup) +dp(th, SAp) = (rp, Th) Y, € YK,
by(8op,vp) = (g —y,vn) Yop € Wy,  (23)
dp(8op, ) =0 Yun € ME,

wherer, = f — f, + Hﬁa — ¢. Due to the stability estimate (13), we have

18e s llaiv + 18wl < CULF = frll + 10 — ol + llg = yID- (24)

By rewriting 0 — o, and u — uy, as follows:
o—0) = (a—Hﬁa)%—H’Za—ah: (U—H’Za)—i—&rh
— k k _ k
U—uy = (u—Phu)+(Phu—uh> = (u—Phu>+8uh,

we can deduce (20) from (8), (9), and (24).
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The proof of (21) is based on a standard duality argument. Let z € HOl )N
H?(£2) be the weak solution of the elliptic boundary value problem Az = 8uj, in 2
with homogeneous Dirichlet boundary condition z = 0 on 952, and define ¢ = Vz.
By standard regularity theory, it holds that

el + lizll2 = Clidupl. (25)

Taking IT ’,‘lw € V’;l C Yﬁ as the test function in (23), using the definition of the
Fortin projection, and invoking the fact that ¢ changes signs on opposite sides of
each interior edges, we have

dp, (Hh¢,8kh Z/ @ -vgdi,ds =0,
KeTy

and thus we obtain the following:
18unl> = (f = £4 Mho) — (Moo — )
= (f — i Mo — <p) (th) ¢.0 _O'h)
—(Vz,0 —ap) + (Vz, f = f). (26)

From the divergence theorem, it follows that

—(Vz,0 —0op) = (z,dive —divey) — / (0 —0oyp)-vgzds.
KeTy

Note that 0, € Vﬁ according to [1, Lemma 1.2]. The above boundary terms vanish
due to the fact that both o and o are in V. Hence, according to dive = g and
divey, = P,f v, we deduce that

~(Vz.o —ap) = (3 - Pfv.z)
= (¢— Plg.2) + (Prg - Piv.2)
= (g - P,fg, z— P,i‘z) + (P,]fg — P,]fy, z) .
As aresult, the following estimate holds
(V2.0 —op)| = € (K2glers + I1Pig = PiyI) . 27)
Applying the same line of arguments and the assumption that div f = P;fdiv f,
— (Ve f = fi) = @iv f —div fy,,2) = (div £ — Pfdiv f,z— Pfz),
and therefore, it holds that

I(Vz, f — fi)l < CH*P2Idiv fllxellzll- (28)
Since [[IT}¢ — ¢|| < Chll@|i, we have

|(f = fiTho =) 1 +1 (Mo — 9.0 = 1) 1 = ChULS = £411 + o = auDligl- 29)
Using (27)~(29) and (25) in (26) yields (21). O
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The following theorem deals with the error between the post-processed state and
the component u of the solution. We would like to emphasize that the proofs of the
estimates below are independent of the proofs of the estimates given in the previous
theorem.

Theorem 2 Suppose that f, f) € L%(2) andg,y € W. Let (o, u) and (o p,, up, M)
be the solutions of the variational equations in Theorem 1. Then, there exists a
constant C > 0 independent of h, the data, and on the solutions such that

ey — Anlln < C (||P,fu — upll + hlle —onl +hll f - fhn) .30
Moreover, if k is an even integer, then it holds that

= REF G, )l = € (llefae = 2l + 1P = ) + CH 2 ulga. B1)

Proof We utilize the notations in the proof of the preceeding theorem. Similar to the
proof of (15), choose ¢, € Yﬁ such that £, - v = §);, on each interior edge of the
triangulation and such that

Wy f IVE417 dx + 18,17 < Clidaa -
KeT, K

Taking &, as the test function in (23), we have

820112 = — dn(&p, An) = (0 — 01y &p) + b (Cp Sun) — (f — Frs Ea)s

and by the Cauchy—Schwarz inequality and the above estimate for ¢, this implies
(30).

Consider the nonconforming approximation u;, = Rﬁ“ (n;’f u, P,fu) € W,’f“. By
standard scaling argument, see [16] for instance, we have

lu —nll < CH2|ullgsa. (32)

According to the linearity of the Arnold-Brezzi post-processing operator and the fact
that Pf~%u = P 2(PFu), we have @y — Rf T (o up) = Ry (82, Sup), and
consequently, utilizing the estimate (32) along with the boundedness of the operator
RN given in (17), we obtain (31). O

Remark I Combining (30) and (31), we obtain
u=RE G )| = € (P = unll + hlle = ol + BILF = £41)+CH sz,
provided that u € H**2(£2). Therefore, in order to prove super-convergence of the

post-processed state R],;+1(Ah, uy) to u, it is enough to establish super-convergence
of the discrete solution uy, to the projection P,]l‘u of u.
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3 Error estimates for the primal, adjoint, and control variables

The goal of the current section is to recast the optimal control problem (1) in its
mixed and hybrid formulations given in the previous section. We then address the
well-posedness of the optimal control problem. Finally, we shall prove a priori error
estimates for the continuous and discrete optimal states, adjoint states, and controls.
With the mixed formulation of the Poisson equation, the optimal control problem
(1) can be expressed as
min J(u,0,q) subjectto (3). 33)
qeQ
Introducing the control-to-state map g +— (o, u) = (6 (q), u(q)) : L2(2) -> V x
L?(£2), where (a(q), u(g)) is the solution of (3) for a given control g, as well as the
reduced cost j : Q — R by j(g) = J(u(g), 0(q), q), the constrained optimization
problem (33) can be equivalently formulated as an unconstrained minimization in Q
as

min j(q). (34)
q€Q
The derivative of j at ¢ € Q in the direction g € Q is given by

7' (@8q = a(u(g) — ug, u(dq)) + B(o(q) —04,0(89)) + v (g, 8g).

Introducing the adjoint variable (@(q), w(g)) = (¢, w) € V x W solving the
problem

b(e,9) = —a(ulg) —uq, ) VoW,

we can express the above directional derivative as

|:(‘p7 'ﬁ) +b(¢’ w) = —ﬁ(a(fl) —0d, 'ﬁ) V'/, € V’ (35)

i (@)8q = (vq +w(q), 8q).

Take note that the solution of the variational system (35) satisfies dive(g) =
—a(u(q) —ug),andif o4 € V, then w(q) € HO1 (£2) N H2(£2) is the weak solution
of the following boundary value problem:

—Aw(g) = a(u(g) —ug) — Bdiv(e(g) —o4) in £2,
w(g) =0 on ds2.

The following well-posedness result can be established using standard methods in
linear-quadratic optimal control problems, see [24]. Moreover, the first-order neces-
sary optimality condition j'(g)8q = 0 for all ¢ € Q for the optimal control g is
also sufficient.

(36)

Theorem 3 Given f € L*(2), ug € L*(2), and 04 € L*(82), the optimal con-
trol problem (33) has a unique solution (q,o,u) € Q x V x W, where (6¢,u) =
(0(q), u(q)) is the corresponding optimal state. Moreover; if (¢, w) = (¢(q), w(q))
is the associated optimal adjoint state, then § = —y ~ .

Now we discuss the semidiscretization of (33), that is, the optimal control problem
where the state equation as well as the desired states are discretized, while the control
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70 Page 12 of 35 G. Peralta

space is still retained. For the state equation, we have the following mixed finite
element semidiscretization: Given g € Q, find (o, up) € Vﬁ X W}]f such that

[(Gh, Th) +b(Th, up) =0 VT, € V5, 37)

b(on,va) =~ (fu+gq.vn) Yop € Wy,
where fj, € W is a certain approximation of f.
Given appropriate approximations ug, € W and o45 € V of the desired states

ug and g 4, to be specified concretely below, consider the discretized cost functional
Jyp: W x V x O — R defined by

o B ¥ )
Jh(u,0,9) = —llu — + —lo — + =
. 0.q) = Zlu —uanll” + Zllo = oanll” + Zlql
and the semidiscrete reduced cost functional j, : Q — R given by

Jn(q) = Inun(q),on(q), q),
where g — (o, up) := (o5(q), un(q)) : Q — Vﬁ X W/l‘ is the operator that maps

a control g € Q to the solution of (37). The reduced semidiscrete control problem is
now given by

in j(q). 38
gggjh(q) (38)

As in the continuous case, the directional derivative of jj, at g € Q in the direction
8q € Q is given by

in@)8q = (vq +wi(q), 8q),

where wy(g) is the second component of the pair (¢, wy) = (¢,(q), wr(g)) €
VIZ X W,’l‘ solving the semidiscrete adjoint equation

[(«)h, ¥) +bWp wn) = = BOn@) —oan ¥p) V¥, E€Vi 5o
by, ¢n) = —ewn(q) = tan, $n)  Vgn € W,

Observe that (39) is the mixed finite element discretization of the continuous adjoint
equation (35). Hence, the processes of optimization and discretization commute for
the finite element scheme discussed above. In other words, the discretized optimality
system of the continuous control problem is the optimality system of the discretized
control problem. Analogous to the continuous case, we have the following existence
theorem.

Theorem 4 Suppose that f, € L*(2), ugn € L*(2), and o g € L*(82). Then, the
optimal control problem (33) has a unique solution (qn, o, up) € Q X V];l X W,I;,
where (o, up) = (01,(qn), un(qn)) is the corresponding optimal state. Moreover, if
(@1, wr) = (@,,(qn), wn(qn)) is the optimal adjoint state, then g, = —y~lwy,.

The hybrid formulation of the semidiscrete state equation (37) is

(@n, Th) + br(Th, up) +dp(th, ) =0 VT, € Yh,
bu(on,vn) = —(fa +q,vp) Yo, € WS,  (40)
dn(op, un) =0 Y, € Mf.
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For a given control ¢ € Q, we denote the solution of (40) by (a,,(q), un(q), An(q)) €
V’;l X W;f x M ;L‘ By the remarks on the previous section, the solution of the optimal
control problem (38) is the same if we replace the solution operator determined by

(37) with the solution operator determined by the hybrid form (40).
On the other hand, if (40) is utilized as the state equation in (38), the corresponding
adjoint equation will be

(@, V) +on(¥y, wn) +dn(Bpy, n) = — Bor(q) —0an, ¥y) V¥ € Y’é,
bu(@y, dn) = —aup(q) —uan, dn) Ve € W,  (41)
dp (@, 0p) =0 V6, € Mj;.

For a given control ¢ € Q, we denote by (¢, (q), wn(q), ur(q)) € V’Z X W;lf X M}’f
the solution of (41).

Take note that (41) is the hybrid formulation of the adjoint equation (39).
Therefore, with the proposed numerical scheme, the processes of optimization and
hybridization commute at the discrete level. For this type of approximation, we
denote the optimal state by (61, iy, An) = (04 (Gn), un(gn), An(gr)) and the optimal
adjoint state by (@,, Wn, in) = (@,(qn)s Wr(Gn), in(qn))-

We now consider the fully discrete optimal control problem, that is, the con-
trol space is also discretized. Given a finite-dimensional subspace Q, of Q, let
(0r(gp), un(qp)) be the solution of (37) with g replaced by ¢g,. For example, one
may take O, = WF in the mixed case and Q, = W}Il‘H in the hybrid case. As in
the continuous and semidiscrete case, consider the fully discrete reduced cost func-
tional jn, = jnlg, : Qp — R. The fully discrete finite-dimensional approximation
of (34) is

qnéig Jhp@p) = Jn(un(gp), 01(qp), qp)- (42)

The directional derivative of jj, is j,’lp (40)8q, = (vqp+wn(g,), 8q,). Similar to
the above discussions, the unique optimal control of (42), denoted by gy, is given by
qnp = —y~lwy, (gnp)- Likewise, if the fully discrete state equation (37) with g = g,
is replaced by its hybridized form (40) with ¢ = ¢,, then we denote the correspond-
ing optimal state and adjoint state by (61, i, )_»hp) = (01 (Gnp)> urn(Gnp)s An(Gnp))
and (@5, Wip, Ahp) = (@4(Gnp)s wWh(Gnp), ka(Gnp)), respectively. Again, at the
discrete level, the processes of optimization and hybridization commute.

The first a priori estimate we will establish is concerned on the discretization errors
between the continuous and semidiscrete state and adjoint equations with a given
fixed control. In the following and for the remaining parts of the paper, we assume
that the primal, dual, and control variables are sufficiently smooth.

Theorem 5 Let £ > k, fr, = Pff, Ugp = Pfud, and og, = H];L(Td- Suppose
that 6(q), 04 € H*2(2), f,q,uq € H**' (), and u(q) € H**(2). Given a
control q € Q, there exists a constant C > 0 that depends on || (@) |k+2, | f lk+1,
lg k+1, and |lu(q)||x+2 but independent of h and on the continuous and semidiscrete
solutions such that

lo(q) — on() laiv + llu(g) — un(g) < Ch*H! (43)
I PRu(q) — un(@) | + lImfulq) — An(@)lln < CRET2. (44)
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Similarly, for the adjoint equations, assuming that ¢(q) € H**(2) and w(q) €
H*2(£2), we have

ChiH! (45)
Ch¥+? (46)

19(q) — @4 (@) llaiv + llw(g) — wir (@)l
I PFw(q) — wi(ll + l7fw(g) — un(@)lln

=
=

for some positive constant C depending only of ||lo (@) lk+2. lloallk+2, 19(q)llx+2,

I k1, Mgl gl 11u(@)lle+2, and [[w(g)llk+2. Moreover, if k is an even
integer, then it holds that

lu(g) — RET (@), un(@)l < Ch*F2 (47)
lw(g) — RET (un (@), wa (@)l < ChEF2, (48)

These estimates also hold if we replace the control q in the discrete variables oy, up,
Ah, @5, Wi, and pup by the projection P}{‘q of q.

A

Proof The estimates (43) and (46) involving the state variables can be obtained from
Theorem 1 by taking f = f, =0,g = —(f +¢),and y = — (P}ff + q). Indeed,
(20) implies that

lo(g) — on(@)laiv + lu(@) — un(@ | < CH (llo (@) llks2 + 11f k1)

while (21), (30), and Pfg = — (Pf f + Pfq) = — (PF P f + Pfq) = Pfy, since
£ > k, give us the estimate

I PRu(q) — un(@)ll + Ik u(q) — 2 (@l < CHF2If + qligsr + Chllo (@) — an (@)l

Furthermore, Remark 1 and (43) imply (44).

With regard to the adjoint variables, we take f = —B(o(q) — 04), f), =
—B(on(q) —oan), § = —a(u(q) — uq), and y = —a(up(q) — uan). Observe that
Pfdivo(q) = —Pf(f +q) = dive,(g) and Pfdivey = divITioy; = diveap.
Hence, P;f div f = div f),. Also, one can see that P/l‘g - P}{‘y = —oz(P/l‘u(q) -
up(q)). Applying Theorem 1, we obtain

19(q) — @@ llaiv + w(g) — wi(@)ll
< CH* 1 Clo (@) — on(@) + lloa — aanll + u(q) — un(@ll + lua — uanl),

and this implies (45) using (43) and the definition of the discretizations o 45, and ugj,.
From Theorems 1 and 2, we also have

IPFw(q) — wi( Il + I7fw(q) — wn(@lln < CH*2 + ClIPFu(q) — un(q) |l
+ Ch(llo(q) — an( @Il + loa — oanl)
+ Chlle(q) — @,(@)l.

Utilizing the error estimates (43) and (44), we obtain (46). Moreover, if k is even,
then we also obtain from Theorem 2 the corresponding super-convergence error
estimate (48).

For the last statement of the theorem, it is enough to observe that

@1 @), un@). @) = (o1 (Pfa) . un (Pha) 2 (Pha))
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and as a consequence, we also have the equality

@@ wi @) 1n@) = (o1 (Pia) . wi (Pha) . mn (Pla))-
This completes the proof of the theorem. O
In the following lemma, we establish an error estimate between the directional

derivative of the reduced cost and reduced semidiscrete cost, as well as the Lipschitz
continuity of the reduced semidiscrete cost functional, see [21].

Lemma 1 There exists a constant C > 0 such that for every p, q, §q € Q we have

lw(g) —wr(@)l1dq |l
Clip —qllidql

17" (@)8q — jn(q)3q|
Lin(P)8q — jn(q)3q]

=
=

Proof The first estimate follows from j’(¢)8q — j; (q)8q = (w(g) —wi(q), 8¢). On
the other hand, the second one is a direct consequence of

Jh(P)8q = ja(@)8q = y(p — q,8q) + (wi(p) — wi(p), 8q)
and the stability estimate
lwn(p) — wr(ll = CUlon(p) — on(@Il + llun(p) —ur(@I) < Clip —qll,
where the last inequality is based on the discrete stability estimate obtained from

Proposition 2. O

The following result states that the error between the optimal controls of the
continuous and fully discrete control problems can be bounded by the sum of the dis-
cretization error and the approximation error between the discretized control space
and the solution of the semidiscrete optimal control problem.

Theorem 6 Assume that &, 9,04 € H(2), f,q,uq € H**' (), and it, w €
HM2(2). Let q, qn, and qp, be the optimal controls to the continuous (34), semidis-
crete (38), and fully discrete (42) control problems, respectively. Then, there exists a
positive constant C independent of h and p such that

IGno — gl < C inf |IGn — ppll + CA*. 49)
Pp€Qp

In particular, ifW}]l‘ C Qp, then qn, = gpp = P;/l‘éhp and

IGnp — @l < Ch*HL, (50)

Proof We adapt the proof in [21]. Fix an element p, € Q,. Let us split the error
Ghp — q in three parts as follows:

Gho — 4 = Gnp — Pp) + (Pp — qn) + (Grn — q). (51
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According to the linear-quadratic structure of the reduced cost functional, we have
for every ¢, 8q,0p € O

Ji (@) (8q. 8p) = a(up(q), un(3p)) + B(on(89). o1 (3p)) + y (8¢. 8p).

In particular, j;'(g) is independent of g. Using this, invoking the fact that
Jn@np)(Gnp — Pp) = Jj,@n)(Gnp — pp) = 0, and applying the previous lemma, we
obtain
Vlano = ppll* < Ji'@ (Gnp = Pps @np — Pp)
= Jn(Gnp)@np — Pp) = Jn(Pp)(@np — Pp)
= Jjn(@n)@Gno — Pp) = Jn(Po)(Gnp — Pp)
Clign — pplillgn, — ppll-

IA

Thus, ylIgnp — Poll = Clign — ppll-

Similarly, from the optimality conditions, we have j'(§)(gn — ¢) = 0 and
e = - .
Jn@n)(Gn — q) = 0, and therefore from the previous lemma

yllan — i < ji@@Gn —G.qn — @)
= jn@) G — @) — jn (@G — @)
= j'(@@Gn — @) — jj(@@Gn — )
lw(g) — wa(@Ilgn — Gll-

IA

Consequently, it follows from the stability estimate for the solution of the adjoint
system in Theorem 5 that
vlan = qll < lw@) — wi @Il < Ch*.

Combining the above estimates in (51), we obtain (49).
For the remaining part, it is enough to note that if Q, contains W,’l‘, then g, =
—]/_llZ)h € W}]l‘. As a result, the above infimum in (49) vanishes, and thus (50)

is satisfied. Furthermore, g, and P;l‘(jhp satisfy the same optimality system for the
fully discrete optimal control problem; hence by uniqueness, it follows that we have

Gn = Gnp = PFqnp.- O

The following is concerned with the error estimates for the optimal state and
adjoint state. We would like to point out that these are valid both in the mixed and
hybrid formulations.

Corollary 1 Let g and gy, be the optimal controls to the continuous (34) and
fully discrete (42) control problems, respectively. If (o, u) and (0 pp, Upp) are the
corresponding optimal states, then

16 4o — & llaiv + lliny — ill < CH**! + Cllgn, — G- (52)
Also, if (¢, w) and (@y,,, Wip) are the corresponding optimal adjoint states, then

1@, — @llaiv + lny — @l < CH*F! + Clign, — Gl (53)
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Proof Decompose the error in two parts according to 6, —0 = (0 1,(qnp) —0 1(q))+

(01(q) —0(q)) and upp — u = (up(Gnp) — un(q)) + (un(q) — u(gq)). Then, apply-
ing the stability estimates in Propositions 1 and 2, we obtain (52). Using similar
decompositions for the adjoint variables yields (53). O

The above corollary together with (50) implies that if Q, contains W,’l‘ , then

15 4o — & llaiv + litno — itll + 1@n, — @llaiv + 1wy — Wl < CA*FL (54)

Now, we prove super-convergence of the discrete optimal control to the projection
of the continuous optimal control. As a result, we have the super-convergence of the
scalar state and adjoint state in terms of the Arnold—Brezzi post-processing operator.

Theorem 7 Suppose that g and g, are the optimal controls to the continuous (34)
and fully discrete (42) control problems, respectively. Let (6, u) and (0 pp, ipp, )_\hp)
be the corresponding optimal states. Also, let (¢, w) and (@p,, Whp, fnp) be the
optimal adjoint states. If W}]l‘ C Qy, then there exists a constant C > 0 such that

1Gne — PRIl < CR*F2. (55)
In addition, if k is an even integer; then it holds that
IR (R dtno) — ill + IR (inp, np) — ]| < CH*2. (56)

Proof By applying a similar strategy as in the proof of Theorem 6, one can deduce
that

Ylano — PRI < jiGn) (dno — PEG) = iy (PEG) (@1 — PR)
J'@ (dn — Pta) = jy (PE7) (an — PLa)
= v (7 - PAG.@n — PAG) + (PRw(@ — wi (PEG) . @1y — PG

1 PEw@ — wi (PEG) 1dn — PG

A

IA

Tkhe first telfm on the thirdkline vanishes since gp, — }Il‘c} € W}Il‘. Thus, yllgn, —
Piql < I1Pyw(@) — wi (Pyq) -
According to the last statement of Theorem 1, it holds that
| PYw@ —wi (PRG) | = CA2,

and therefore (55) is satisfied. Next, we decompose the following difference as
follows

PEu@ = wn (np) = (Pru@ = wn (Pia)) + (wn (PEG) = wn anp))

The first difference on the right-hand side can be estimated using the last statement
of Theorem 1, while the second difference can be estimated by invoking Proposition
2 and (55). Hence,

IPFu(@) — un (Gnp) | < CH*H2.
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Therefore, from Remark 1, we have ||R£+1 (Anp itnp) — il < Ch¥2, which proves
the first part of (56).
For the case of adjoint variables, we also write the error P,f w(q) — wr(gnp) as

PRw(@) — wp (Gnp) = (Ph w(g) — wp (Ph 61)) + (wh (P;fq_> — W (Cihp))

and use the same reasoning as above to establish that ||R£+1 (/lhp, u")hp) —w| <
Ch*+2. This verifies the other part of (56). O

Let us analyze the error between the fully discrete post-processed optimal control
and the continuous control. Likewise, we also prove error estimates if this new control
is used on the fully discrete state equation and on the fully discrete adjoint equation
with the state variable u;, replaced by the associated Arnold—Brezzi post-processed
state.

Theorem 8 Let k be even and W,’l‘ C Q. Consider the post-processed control
—1 pk+1 (- —
CI;zkp =Y th+ (:U«h,m whp)

and let (ahp, uhp, Ay ) = (ah(q;l*p), uh(q;l‘p), A (q;l‘p)) and ((ozp, w;:p, /"Zp) be
the solution of the modified discrete hybrid adjoint system

@iy ¥0) + n W W) + i i) = = (@) = oan. 1) V¥, €Y},
(@), 1) = —a (RO k) — uan, dn) Yoy € W,
dn (@}, 0) =0 Vo, € Mf.

Then, there exists a constant C > 0 independent of h such that
gy, — gl < Ch*+2 (57)
IR Gt ) — i+ IRES (70 w7, ) = 01 < O (58)

o, — & llaiv + @, — @llaiv + lluf, — @l + wy, — wl < CA*H. (59)

Proof The estimate (57) follows directly from the following equation
_ 1 _
Qhp —4 = y (Rk+l (nps> Wnp) — w)

and the error estimate for the post-processed adjoint state given by (56) in the
previous theorem. According to Theorem 1, we have

o}, — & llaiv + lluj, — ill

0k, = Tnpllaiv + 10y — & llaiv + g, — dnpll + llitn, — ull

Cligi, — anpll + CH*1 < Ch*H. (60)

IA

IA

. k -
Next, we split error Pyu— uz 5 as

Pyt — uy, = (Pyu(@) — un(@) + n(@) — un(qjy))-
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We then apply Theorem 1, Proposition 2, and (57) to deduce that ||P/fﬁ —uy p|| <
Ch*t2 Asa consequence of Remark 1, it holds that

IR (o ) — il = CHFF2. 61)
Therefore, (58) and (59) are verified in the case of the state variables.
For the adjoint variables, we shall write ¢}, — @ = ((p,’;p — gbhp) + (@4, — @)

and wji, —w = (pr - u_)hp) + (Wpp — w). The second terms can be bounded from

above thanks to (54). Also, the first terms can be estimated as follows in virtue of
Proposition 2

105 = @aolla + i, = ol = € (I, = Gpll + IRET (30 7,) = Fnoll) - (62)
By further writing o, — &4, = (ozp - 6) + (6 —Gnp) and Ry (k’ﬁp, “Zp) -
iy = ( REH! (A* u?;p) _ ,;) + (il — iyp), and utilizing (54), (60), (61), and

hp?
Theorem 7, one has

@5, — @lldiv + llwp, — Wl < Ch*+!, (63)

Moreover, according to the decomposition

Pl —wj, = (Pw@ - wi@) + (wn@ — wi (a7,))

along with the same argument as in the case of the state equation, we have
k —

IREF (17,0 k) — Bl < CHFF2.

These show (58) and (59) in the case of the adjoint variables. ]

4 Penalization of the optimal control problems

To compute numerically the finite-dimensional systems corresponding to the discrete
state and adjoint equations, we shall add penalty terms for the second and third equa-
tions in the hybrid formulation. This is to reduce the size of the system matrix via
elimination and substitution but at the expense of an additional error, see (100) and
(101) in the succeeding section.

Before going to the discrete case, let us discuss the situation of adding a penalty
term at the continuous level. Given € > 0, let us consider the optimal control problem

min je(q) 1= J(u:(q), 0:(q), q) (64)
qeQ

where given g € Q, the pair (0:(q), us(q)) = (0, us) € V x W is the solution of
the penalized state equation
(0e,7)+b(t,us) =0 VT eV,
b(og,v) —e(ug,v) = —(f+q,v) YveW.

For this state equation, the corresponding bilinear form on V x W is coercive;
hence, existence and uniqueness of solutions to (65) follow immediately from the

(65)
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Lax—Milgram Lemma. Moreover, we have dive, = cu, — (f + ¢) and u, €
H}(2) N H*(£2) is the weak solution of

I:—Aug—l—eug =f+q ing,

u, =0 on 052, (66)

which is a linear perturbation of (6).

The directional derivative of j, at ¢ in the direction §q € Q is similarly
given by ji(q)8qg = (yq + we(q), 8q), where w,(g) is the second component of
(@0:(q), we(q)) = (¢, we) € V x W, the solution to

[ (@e. V) +b(Y.we) =—P(oc(q) —0a.¥) VY eV,
b(@g, @) —e(we, @) = —a(ue(q) —uq, ¢) Vo eW.

Again, the strong form of the equation for w¢(g) in (67) is the following linear
perturbation of the elliptic boundary value problem (36)

—Awe(q) +ewe(q) = a(ue(q) —ug) — Bdiv(e:(g) —0o4) in £2,
we(q) =0 on £2.

(67)

Thus, we can see that the two approaches penalize-then-optimize and optimize-then-
penalize lead to the same optimality system.

Theorem 9 Let g, be the optimal control for (64), (6¢, ug) the optimal state, and
(@,, We) the optimal adjoint state. Then, there exists a constant C > 0 independent
of € such that

g = gell +1l6 = ellaiv + llu —uell + 1@ — @, llaiv + lw — we || < Ce.

Proof Applying the idea of the proof in Theorem 6, one can deduce that
Yllge —qll < lw(g) — we (@)l (68)
According to [6, Theorem 3.1], we know that
lo(q) = oe(@)llav + lu(g) —us(g)ll < Ce. (69)

Let us write the difference of the solutions to the adjoint equations by w(g) —
we(q) = (w(g) —w®(@)) + (w*(g) —w:(q)) and (q) — ¢.(q) = (9(q) — 9 (q)) +
(9°(q) — ¢.(q)), where (¢?(q), w®(g)) € V x W is the solution of

[((Ps(é), V) +b W w(q) =—p(0:(q) —0a.¥) VeV,
b(9°(q), ¢) = —a(ue(q) —ua, d) Vo € W.

From the stability estimate in Proposition 2 and (69), we have
(@) — ¢ @llaiv + [w(@) — w* @Il = Cllo (@) — o@D + lu(@) —us (@l < Ce. (70)
For the other terms, we again apply [6, Theorem 3.1] to deduce that
9 (@) — @:(@ llaiv + lw* () — we (@] < Ce. (71)

Utilizing (70) and (71) in the above decomposition and invoking (68), we obtain the
desired estimate for the error in optimal controls.
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The error estimates for the optimal states can now be established from u — u, =

(u(q) —u(ge)) + u(ge) —ue(ge)) and 6 — 0 = (0(q) —0(Ge)) + (@(Ge) — 9. (qe)).
while the case of optimal adjoint states can be handled in a similar way. O

Now, we discuss the case of the fully discrete problem. Let ¢ = (g1, &2) be a pair
of nonnegative numbers such that |¢| := &1 4+ &2 > 0. The penalized semidiscrete
hybridized optimal control problem is

min jre(q) 1= Jn(Une(q), 01e(q), q) (72)
qeQ

where ¢ — (ups(q), o1n:(q), Ans(q)) is the solution operator which maps a control
q € Q into the solution (6 he, he, 1he) = (Une(q), 0 he(9), tne(q)) € Yiy x Wi x My,
of the penalized discrete state equation

(Ohe, Th) + Dn(Th, Upe) + dn(Th, Ape) =0 V1), € Ylf(’
bp(0 e, vi) — €1Qne, va) = — (fn +q,vn) Yop € Wy, (73)
dn (o he, i) — €2(Mhe, i) =0 Yy € My.
Here (-, -)p, is the inner product corresponding to the norm || - || in L];L.

If &2 > 0, then this is a nonconforming approximation of (3) since Y];, is not con-
tained in V. On the other hand, if &, = 0, then the solution of (73) corresponds to
the mixed finite element discretization of (65). The existence and uniqueness of solu-
tions follow from the fact that the corresponding finite-dimensional square system is
injective. In fact, if &1 > 0 and & > 0, then the corresponding form is coercive.

The directional derivative of ju. at ¢ € Q in the direction g € Q is given by
Jne@38q = (vq + wpe(q), 8q), where wy,, is the second component for the triple

(@he» Whe the) = (04 (@), e (q), 1une(q)) € Y x Wy x M solving the associated
adjoint equation

(@nes ) +bn (W, wpe) +dpn (¥, ne) = — BOne(q) — @an> ¥y) V¥, € Y;]%’
bi(@pe> &n) — e1(Whe, Gn) = — a(Une(q) — uan, dn) Vo € W’fe’ (74)
An(Ppe, On) — €2(lne, On)n =0 V6, € Mj,.

In an analogous way, we consider the fully discrete penalized hybrid optimal
control problem
min Jheo(@p) = Jn(Une(qp), 0he(qp), qp)- (75)
9p€Qp
We have ji.(9p)3q) = (¥qp+whe(qp). 8q,) forevery g, 8, € Qp. Let us denote
the optimal controls of (72) and (75) by gpe and g, respectively.

At this point, we have four processes, namely optimization, discretization,
hybridization, and penalization. Since discretization comes first before hybridization,
there are 12 possible ways of doing these processes in succession. In the event where
hybridization is performed before penalization, the optimality system consists of the
state equation (73) with ¢ = gps,, the adjoint equation (74) with ¢ = gpep, and the
optimality condition j; . (ghep)dq, = O for every 6g, € Q,. On the other hand, in
the approaches where penalization is performed before hybridization, the resulting
optimality system is almost the same as in the above approaches, the main difference
is that &, = 0. We can view the former optimality system as a penalization of the
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latter optimality system. Therefore, loosely speaking, the processes of performing
optimization, discretization, hybridization, and penalization commute.

In the following, we establish a priori estimates for the discrete equations with
penalizations.

Theorem 10 Letr f € L2(.Q), g € W,and ¢ = (1, &) with e1, &3 > 0. Suppose
that (o, up, M) € V],‘l X W;l‘ X Mﬁ is the solution of

(O h, Th) + bn(Th, up) +dp(Th, k) = (f,Th) YT, € Y,
bu(on, va) = (g.vp)  Yop € Wy, (76)
dp(op, un) =0 Yun € MK,

and let (O e, Upg, Ape) € Y];l X WZL‘ X M;f be the solution of

(e, Th) + bn(Th, une) + dn(Th, Ane) = (f, Th) Vi € YE,
bi(0 e, vn) — &1(ups, va) = (g, vp) Yo € W, (77)
dp (o ne, itn) — €2(Ane, ) =0 Y, € MY,

Suppose that 0 < h < hg and |e| < 1. Then, for some constant C = C(hg) > 0
independent of the h, e, and on the solutions, we have

Clellfl+llglh — (78)
Clel(lfII+1lglh- (79

lohse — o nlldiv+ lune — unll + 1Ane — Anlln
IRF e tne) — RET oy ) |

IATA

Proof Recall the stability estimate from Proposition 2 and (15)
lonll + llunll + IAnlln < CALLI+ 1IGID- (80)
Let us define the difference of solutions as
(8 e, Stthe, SAne) i= (Th — Ohe, Uh — Une, ki — Ane) € Y x Wi x M,
which satisfies the following variational system

(80 he, Th) + bn(Th, Supe) + dp(Th, SApe) =0 VT, e Y,
by(80 e, vn) — €1(Sune, vi) = —e1(up, vp)  VYup € Wy,
dp (80 e, tn) — €2(8hpes i) = —€2(hn, idn Yiun € My.

With (86 ¢, Supe, 8Ane) as the test function in this system, we have
180 e ll* + e118une I + e21l8Ane 5 < Clellunlllidunell + e2llhnllallSAnelln)-

Applying the uniform boundedness in & of the discrete solution given by (80), we
obtain

180 hell* < Ce(l £1I18unell + g 18Ane In)- (81)
Since divéo e € W}]lC , it follows that
divéopnll = sup [bp(80p, vi)| < Ce(|[Supell + llunll). (82)
lvnl=1
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Let ¢ and ¢ be as in the proof of Theorem 1 with §uj and §Aj replaced by Suj,
and §Aj., respectively. Then, by applying the same argument as in the proof of the
said theorem, one obtains

80 > = by (M. dunc ) = = (0se M)

and thus, [Supe|l < Clld0pell. Likewise, |8Anell < Chlldopell + Sunell =<
C(ho)||80 el since

183ell? = = dn (G, S3ne) = (8, TTEE ) + by (5. oune ).

Using these in (81) and (82) yields (78). The second estimate (79) follows from (78)
together with the linearity and boundedness of the Arnold—Brezzi post-processing
operator R],;‘H given by (17). O

Next, we prove a priori error estimates for the above discretizations with the
additional penalty terms in the optimal control problem.

Theorem 11 Let g and gy, be the optimal controls to the continuous (34) and fully
discrete penalized (75) control problems, respectively. Suppose that W,’lc C Qp lel <
1, and 0 < h < hg. Then, there exists a constant C(hg) > 0 independent of h and ¢
such that

ey — PRGN < € (W2 + Jel) (83)
IGnep — Gl = C (W1 + el (84)
If (o, 1) and (6h€p, Uhep, thp) are the corresponding optimal states, then
G hep = & llav + lnep — il < € (4! +1el) (85)
IREH! (uhep itnep) — il = € (B2 4 fe]) (86)

Also, if (¢, w) and ((ohgp, Whep, fhep) are the corresponding optimal adjoint states,
then

IA

18hep = Pllas + 1Bhep — D] < € (" + o] (87)

IA

IR (e, hep) — 0l < C (hk+2 n |e|) . (88)

Proof Following the arguments in the proof of Theorem 6, one can deduce that
Y Ndnep = PRGN < IPFw(@ — whe (PFG) I (89)

Let (@;,, W, [ip) be the solution of the adjoint hybrid system (41) with o, (¢) and
uy(q) replaced by the discrete penalized counterparts o . (P;’l‘c}) and u, (P,fc}),

respectively. We separate the norm of the error P,fw(cj) — Whe (P;If q") as follows:
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| PEw@ — wae (PAG) I
= 1Pfw@ — wn (PAG) I+ lwn (PEG) = Ball + 135 — wie (PG) I 90)

According to Theorem 1, we have || P;’l‘w(c}) — wp (P/fé) | < Ch**2. From the
stability estimate in Proposition 2

lwi (Pia) = @l = Clllon (PEG) = one (PEa) I+ s (PEG) = une (PEG) 1D O

Applying Theorem 10 to the right-hand side of (91) and the fact that ||« (f, +
Pl < Ca(ll £11 + 1171, we have

lon (PEG) = one (PEa) I+ lun (PEG) = wne (PEG) I < Clel.— 92)
Similarly, since 0 < ¢ < 1, we obtain that
5 = wie (PEG) Il < Clel 93)

The estimate (83) now follows from (89) to (93). Moreover, using the projection error
(8), this also implies (84). In particular, from Theorem 7, we have

oo = il = ldhep = PEGI+1PEG = Gnpll = € (W24 1el). 04)

The error estimates involving the state variables can be established by writing the
difference in solutions as
”lzhsp - L_‘” =< ||ﬁhep - ﬁhp ” + ”lzhp - IZH
0 hep — 0 lldiv < 0 hep — T hplldiv + 16 p — & ldiv-

One can estimate the second terms on the right-hand sides of these inequalities
by using (54). On the other hand, the first terms and the corresponding Lagrange
multipliers can be estimated in two parts according to
”’Zhsp - lzhp” = ||uhs(6hep) - uh(éhsp)” + ”uh(éhsp) - uh(éhp)”
IArep — Anplln < NAne(Ghep) — An(Grep) ln + A0 (Gnep) — An(Gnp)lln
”&hs,o - 6'hp||div = ”0118(‘7}18,0) - Uh(éhsp)”div + ||Uh(6jhsp) - Uh(‘jhp)”diw

Note that ||gnepll < llghep — qll + llgll < C, for some constant C > 0 independent
of ¢ and &, whenever 0 < h < hg and |¢| < 1. This implies that Theorem 10 can be
utilized to bound the first terms on the right-hand sides. For the remaining terms, we
can apply Proposition 2 and (94). Hence,

inep = noll + 15 hep = Gnpla + IRnep = Anolls < € (W24 Jel) . (95)

Utilizing the above estimates yields (85).
With regard to the post-processing operator, we write

REF (Rnep inep) = it = R (e = T nep — iing) + (REF (R i) — )
and apply the boundedness of R];'H, the inequality (95), and Theorem 7 to
obtain (86).
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Finally, let us consider the case of the adjoint equations. Denote by
(G heps Whep Hhep) the solution of (41) with o4 (¢) and uy,(g) replaced by the penal-
ized counterparts 0 s, and upe,. We shall also bound the error on the adjoint
variables as

A

||u_)hep - U_}” = ||U_}h£,o - u_)hp” + ”whp - U_}”
”(phsp - (»_DHdiv = ||¢/’L8p - @hp”div + ||‘»_0hp - (p”div'
The second terms on the right-hand sides are again estimated from (54). We

decompose the first terms along with their corresponding Lagrange multipliers as
follows

A

lWhep — Whpll < N whe(Gnep) — Whepll + 1 Whep — wh(Gnp) |l
”)\hap - )\hp”h = ||)\h£(éhsp) - )‘hsp”h + ||)\hap — Ah (Cihp)”h
1@hep — Pipllaiv < 194e(Ghep) — Ppeplldiv + 1@nep — @4 (Gno) lldiv-

The first terms of these inequalities can be estimated from above with the help of
Theorem 10, while for the second terms we apply Proposition 2 and (95). Doing these
yields

lBhep = Dol + 1nep — Prolaiv + nep — Taplln < € (W42 + 12 )

and consequently (87). By the same argument as in (86), one can also deduce the
estimate (88). O]

To close this section, we present error estimates with the post-processed optimal
control for the penalized hybrid system similar to that in Theorem 8.

Theorem 12 Suppose that k is even, W}l: C QOp, lel < 1,and 0 < h < hg. Define

* —1 pk+1 (- -
Qhep =~V Rh (Mhspa whgp)
and let (ngp’ uzsp, AZSP) = (ahg (q}fap) L Upg (q;8p> , Al (%Tp)) and
<¢Zsp’ szp’ “Zsp) be the solution of the modified hybrid adjoint system with
penalization
@hep i) + b1y i) + dn (W 1) = = B(Oh, — Oan, ¥p) vy, € Y,
b @)y P1) — €1 (W) 1) = — (R';fJrl (k},kgp, ng0> - udh,dbh) You € WE,
A (@hep On) — €2(1)yp O)n =0 Yo, € ME.

Then, there exists a constant C > 0 independent of h and & such that
iy = 1l = € (W2 4+ Jel) (96)
VBRI (Rhape g ) = @+ DR (ihepe wihy) = 01 = € (W2 41el) - 07)

10 7ep = & llas + 10 = Pllas + Nty — il + 0, — Bl < € (4 Je]) . 98)
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Proof The first estimate (96) follows immediately from (88) in the previous theorem.
Next, we shall write

u;kzs,o —u = (uhg (q,fgp) — uzp) + (”Zp - ﬁ)
Ohep =0 = (ahg (q;',}p) — azp) + (aZp - 6) ,

where o' o and uj, o are those that are given in Theorem 8. We further decompose the
first terms as follows:

o =iy = (sicp =0 (s ) ) + (s (i) = 0 (37,))
)‘Zsp - )‘Z,o = (A'Zé‘p —An (q;:sp)) + (Ah (%Tsp) — An (Q;:p))
O'lte,o - O'Zp = (Gz‘ep —0Oh (Q}Tep>> + (Gh (qz(ep> —0Oh (q;;p)> .
For the post-processing, we write the error as follows:
k+1 — k+1 k+1 -
Rh (Altsp’ qup)_u = Rh <)‘Zep - Zp’ u;‘:ep - uZp)-’_(Rh (AZ/)’ u2p> - u) .

These decompositions along with the same arguments as in the proof of previous
theorem can be used to prove the required a priori error estimates involving the state
equations in (97) and (98). The main difference is the use of Theorem 8 instead of
Theorem 7.

With regard to the adjoint equations, we also split the error into two parts as

wzsp —w = (w}‘;w — w},kp) + (w}lkp — u_))
("Zep - @ = <¢Z£p - (02,0) + (‘PZ,O - (0) .
Let (ahsp, Whep, hep) be the solution of the discrete hybrid adjoint equation (41)

with uy,(g) and o (q) replaced by Rfl‘H ()»ng, u;‘;sp) and GZep’ respectively. With

this definition, we further split the first terms as follows:
rep = i = (Phep = Brep) + (Prep — 01 (a,))
Whep = Why = (wZSp - I’T)h"?ﬂ) + (mhsp — Wp (%fp))
Hhep — Mhp = (M};p - ﬁhgp) + (ﬁhsp = Wi (q;fp)) :

Applying the same reasoning as in the proof of the previous theorem to these
decompositions, one can obtain the a priori error estimates for the adjoint variables
stipulated in the inequalities (97) and (98). O]

Now, let us introduce more practical penalty terms. For this purpose, we define
the symmetric discrete positive-definite bilinear forms sj, : W}Il‘ X W}]l‘ — R and
ry . Mﬁ X M;l‘ — R as follows:
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sp(up, vp) = h2 |K|/ upvy dx
KeTy,

rh(Ans ) = h2 | | /Ahuh ds

eeS’

where |K| and |e| denote the area of the triangle K and the length of the edge e,
respectively. In the case where k = 0, the corresponding mass matrices for r;, and sy,
will be scalar multiples of the identity. This is in fact the usual strategy in practice.
The penalized discrete state equation can be alternatively replaced by the problem

(G her Th) + b (Th, une) + dp(Th, Ape) =0 Vt, € Y5,
bn (0O he, vi) — e1rp(Upe, vi) = — (fn +qp.vn) Yo € Wy, (99)
dn (0 e, tn) — €25n (Anes n)n =0 Vi € MF.

The factor /2 is used in the above bilinear forms so that r;, and s; will be equiv-
alent to the norms on W,f and M ,’f , respectively. Indeed, due to the shape-regularity
of the triangulations, there exist constants ¢, C > 0 independent of / such that
sh s up) > cllupll® and |syup, vi)|l < Cllupllllogll for every up, vy, € WE. In a
similar way, we have ry (A, An) > cllanllf and [rn(n, )| < Clidnllallpnlln when-
ever A, up, € M }’f Using the same methodologies as above, the error estimates in
the previous theorem also hold if we consider the alternative state equation (99) with
the given mesh-dependent penalty terms. The formulation (99) will be utilized in the
implementation given in the succeeding section.

5 Numerical examples

In this section, we give numerical examples illustrating the results of the paper. First,
we shall write the corresponding algebraic form for the penalized discrete and adjoint
equations. We shall utilize the lowest order Raviart Thomas finite element space.
The space of controls will be discretized using the space Oy, = Q, = W;: in the
hybrid formulation and Q, := Q, = WB in the mixed formulation. In the following
discussion, we only present the case of the hybrid formulation, and the case of mixed
formulation can be treated in a similar manner.

Let Nkj and N, be the number of triangles and interior edges of the triangu-

lation 7. Let {wh}iN'fh, {¢h] Kh, {vﬁ}ii’f", nd {95} Net be bases for Y9, wp,

Wh , and ME, respectively. Define the matrices Ay, By, Dy, Ep, and G, having sizes
of 3Nkgn X 3Nkn, 3Nkn X Ngpn, 3Ngn X Nep, 3Ngp X Ny, and 3Nk, x 3Nk,
respectively, with the corresponding entries

(A = ('/f];i 'ﬁﬁ,) (Bn)kj = by ('ﬁ]f, ¢ﬁ>
(Dp)ke = dp <'/f§ 9;;7) ; (Epij = (vlﬁ ¢ﬁ) ; (G = (vf vﬁ,) :
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In the implementation, we shall take the penalty parameters to be of the form
g = eoh_2 and &) = soh_2 for a fixed 0 < gy < 1. Also, we shall use Phlud and
Ph1 f as the approximations of the desired state u, and the external source f. Every
element g;, € Wé can be written uniquely as

3Nkh

k

qn = Z qkVy,.
k=1

Similarly, every element of o) € Yg, up € W;?, and A, € M,(Z) has the following
unique representations

3Nkhn Ngn ) Nen

k j ¢

op = E oYy, up = E ujd;, A = E Aty
k=1 =1 =1

With slight abuse of notation, we identify an element of a vector space with
the vector of coefficients with respect to a given basis. For instance, we let

qn = (Gr)k=1,..3Ngp>» Oh = (Ok)k=1,..3Ngp» Un = (Uj)j=1,. Ng,> and A, =
(A¢)e=1,...,N,,- Furthermore, we shall use the same notation R,i for the matrix
determined by the post-processing operator R}]l.

The algebraic form of the penalized hybrid discrete system (99) is now given
as follows: Given g, € Qp, find (0 e, Upe, Ahe) = (Ohe(qn), une(qn)s Ane(qn)) €
R3Nkn x RNk 5 RNeh guch that

Apope + B;uhg + lehg =0
Bpohe — cottne = —En(fn + qn)
Dy pe — gohpe = 0.

Here, the superscript 7 denotes transposition. This system is equivalent to the
following

Fiope = —o Bl En(fu + qn),
whe = =Bione + o= En(fu + qn), (100)
Ahe = ;_ODhUhe
where

17 [
Fy = A, + —B), By + —Dj, Dy,
0 g0

which is symmetric and positive-definite. Similarly, for the solution (@, Whe,
the) = (@pe(qn). whe(qn). tie(qn)) € RINER x RNKH x RNeh of the modified hybrid
adjoint equation with penalization, we have the system

Frop. = —BAw (0he — 04n) — %thTEh (REAne — uan)
Whe = %Bh‘phs + %OlEh (R}ll)\,hg - Mdh) (101)
MHhe = %Dh(ohs'

After solving the above adjoint equation, we shall post-process the component tj,¢
of the adjoint state and consider the following control

G = —v "R} 1ne (qn).- (102)
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The corresponding modified discrete cost functional where the Lagrange multipliers
associated to the primal and dual states are post-processed, which is still denoted by
Jhe, 18 given by

. o 1 r 1
Jhe(qn) = 5 (Rh?»hg - udh) Gy, (Rh)hhs - udh)

L1 —oa Anose —oan + Lail Gugi,. (103)
We present the gradient-based algorithm utilized in this paper to approximate the
solution of the optimal control problem. The reduced optimization problem is solved
by the Barzilai-Borwein gradient method where the steplength is selected alternately
[4]. The second iterate in the gradient method is computed by backtracking with
the Armijo rule as a steplength selection criterion. We refer the reader to [2] for the
analysis of the Barzilai—-Borwein method when applied to strictly convex quadratic
optimization problems in infinite-dimensional Hilbert spaces.
In the following algorithm, given a control q}]f at the kth iteration, the variables
(a’;w, Upps Ak ) ((p];w, wﬁs, uﬁg), q;’:é‘, and j,’fs are the solutions of (100), (101), (102),
and the value of (103), respectively, with ¢, = q{f.

Initialize «, B, y, 7, €0, and qg.
Construct the mesh 7, and calculate the edge and element data structures.
Assemble the matrices Ay, By, Dy, Fp,, Gj,, and R,ll.

Compute discretizations ugyp and o g, of the desired states.

0 0 0 0 0 *0 -0
Solve for (ahs’ uhs’ }‘hs) (whs’ W I’th)’ Ape> and Jhe-

Determine a second control g ,1 by inexact line search.
Solve for (), s Mie)s (Phes Wies ie)s e and e
Setk = 1.
while |jh8 — ]hg l/JhkS > t do
8‘];3 - qhs dpe i1
Suwne = Ry — Ryt
8ji/18 = yaq;zks + dwe
if k is odd then
| s = Gai )" jhe /1517
15 else
16 | s = 18517/ Gqj) T 8,
17 end if;
18 k=k+1

k—1 k—1
w | gf=qp - (Vq}fé )+Rh'uh8)

k k *k -k
20 Solve for (ahs’ uhs’ )”hs)’ (‘pha’ wha’ Mha)’ pe» and Jhe-

D-TE- - - Y 2 S

- e
W N = D

21 end while

Algorithm 1 Gradient method for penalized hybrid optimal control.
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In system (100), the flux component o, is calculated first using the conjugate
gradient method, and then the result is substituted to the second and third equations
to obtain the other components uj. and Ap.. The same strategy will be employed in
the case of the adjoint (101) after post-processing the Lagrange multiplier ;.. Aside
from (101) and (102), the Arnold-Brezzi post-processing operator was also utilized
in the steplength selection of the Barzilai-Borwein method and the derivative of the
reduced cost functional. An alternative stopping criterion is ||yq,’f]; + R}l lel <7,
that is, when the optimality residual is less than the prescribed tolerance.

We shall construct an analytical solution of (1) based on the eigenfunction

e(x,y) =sin(2rx) sin(2ry) (104)

of the Laplacian on 2 = (0, 1)2. Define the following state, adjoint, control, desired
states, and source term

i=w=e, & =¢=Ve, g=-y"'e,

f = —Ae—i—y*]e, ud:e—i—oflAe, o4 = Ve.
One can easily verify that these satisfy the optimality system for the control problem
(1) for any given positive parameters o, 8, and y.

Now, we verify the error estimates given in the previous sections by starting with a
uniform triangulation of the domain §2 and successively refine the mesh by bisection.
For the parameters appearing in the cost, we shalluse @ = 1, 8 = 1, y = 107!, and
g0 = 10719, The mesh sizes for the triangulations are h = V2 / 2k for2 <k <9.0n
the other hand, in order to examine the behavior of the errors due to the penalization,
we shall use a fixed triangulation with mesh size & = +/2/2° and vary the penalty
parameter using the values g = 107% for 2 < k < 10. We terminate the optimization
algorithm once the relative error between two consecutive cost values is less than the
tolerance 107°.

The algorithm presented above for the reduced optimal control problem was
implemented in Python 3.9.7 (Python Software Foundation, http://www.python.org)
on a 2.3-GHz Intel Core i5 with 8GB RAM. The source code and the numeri-
cal values for the discretization errors are available at https://github.com/grperalta/
rtpoisson.

We report in Table 1 the number of elements and interior edges corresponding to
the triangulations with mesh size h = V2 /2%, The total dof (degrees of freedom) is
computed by 4Nk, + Nep,, which corresponds to the dimension of the approximating
space Y2 X W}? X M,?. The reduction percentage, that is, the ratio of the eliminated
components in the linear system to the total number of unknowns, is calculated by

dof — reduced ssm _ Nkn + Nep
dof ~ 4Ngjp + N

Overall, we can observe an approximate 45% reduction for the size of the linear
systems when the penalty method is applied to compute the solution of the discrete
saddle point problems associated with the state and adjoint equations.

In Fig. 1, we plot the discretization errors for the state variables (left) and the
adjoint and control variables (right) by reducing the mesh sizes. We can see the
expected order of convergence O (h?) according to Theorem 11. In fact, we also have

reduction =
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Table 1 Number of elements (Ngp), interior edges (Nep,), total degrees of freedom (dof = 4Nk, + Nep),
reduced ssm (size of system matrix 3Ng,), and the reduction percentage for the discrete state variable
with decreasing mesh sizes in the hybrid formulation

k Nk Nen dof Reduced ssm Reduction
2 32 40 168 96 42.86%
3 128 176 688 384 44.19%
4 512 736 2784 1536 44.83%
5 2048 3008 11,200 6144 45.14%
6 8192 12,160 44,928 24,576 45.30%
7 32,768 48,896 179,968 98,304 45.38%
8 131,072 19,6096 720,384 393,216 45.42%
9 524,288 785,408 2,882,560 1,572,364 45.54%

a quadratic order of convergence for the Fortin projection of the components ¢ and ¢
of the state and adjoint variables to their numerical counterparts, which is better than
the one expected. This is due to the fact that our triangulations are uniform, see for
instance [7].

In Fig. 2, we plot the discretization errors for the state variables (left) and the
adjoint and control variables (right) by successively reducing the penalty parame-
ter. It can be seen that the errors for the state and flux are large, unless we take the
penalization parameter g = 10~'9. Although penalization reduces the dimension of
the system matrix, one drawback is that the resulting reduced system can have huge
condition numbers that may result to large errors. Nevertheless, we can observe an
approximate order of convergence O(¢) for the majority of the error between the con-
tinuous and penalized discrete state, adjoint state, and control as stated by Theorem
11. Also, the error decreased faster at &g = 10719, We would like to mention that

100 - —®— [|5n — Ghel| 100 —A— [|Gn — Ghe |l
—a— ||y, — R}Lj\th —o— |[&n — Prell
lo-14 —= O(h?) 1™ lwn — Rj.fine|
10703 —— o(n2)
1072 4 10-2 4 ,/'/
-3 ] .
10 10—3 u
1074 10-4 4
o ‘/‘
1070 4 v 1075 4 vl
. -
R e
R e
1076 3 T T 1076 E T T
1072 107! 1072 1071

Fig. 1 Discretization errors for the primal, dual, and control variables with respect to the mesh size in the
hybrid finite element method with fixed penalization parameter g9 = 10710
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105+ —e— (o — o 10°4
—&— ||a, — R Al
109 - 106 1
10* A 10* -
102 A 102 4
100 0 = =
10 _ —— [gn — ane|
/'/ —— [|on — Phell
1072 1 1072 A —&— |[@wh — R} onell
1079 1077 107 1073 1079 1077 107° 1073

Fig. 2 Penalization errors for the primal, dual, and control variables in the hybrid finite element method
for a fixed triangulation with mesh size h = +/2/2°

for eg = 10~!!, the corresponding error increases. Therefore, in practice, there is a
threshold for the penalty parameter due to round-off errors. Moreover, appropriate
preconditioners can be applied for larger penalty parameters due to large condition
number of the system matrix.

We note that the solutions of the penalized mixed method differ from those that
are given by the penalized hybrid method. In fact, as mentioned in the previous
section, the optimality system of the latter optimal control problem is a penalization
of the former problem, where the penalty term appears in the Lagrange multipliers.
In Table 2, we compare the norms of the difference between the computed solutions
obtained from the hybrid and mixed formulations. To distinguish the solutions of the
two methods, we append the superscripts H and M corresponding to the hybrid and
mixed methods, respectively.

The penalization parameter ¢g = 107! was utilized in the comparison. As the
mesh size decreases, we can observe that the difference between the solutions pro-
vided by the two methods decreases as well. The errors in the computed optimal
controls are comparably larger than those in the state and adjoint variables due to the
different discretization of the control space. Furthermore, one can see a linear order
of reduction of the difference in the optimal controls, which is consistent from the
one obtained in the theory, see for instance the a priori estimate (50).

To compare the norms of the fluxes in the state and adjoint variables, they are
expressed in terms of the Lagrange shape functions on each triangle corresponding
to the discontinuous P! finite element space. This is to compensate the different
representations of the flux variables used in the approximations. In particular, the
dimensions of the coefficient vectors of each method differ, for which the number
of interior edges corresponds to the dimension in the mixed method while thrice the
number of elements to that of the hybrid method. In general, the mixed formulation
requires more gradient iterations in contrast with the hybrid one.
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Table 2 Norms of differences between the solutions of the mixed and hybrid finite element approxima-
tions for decreasing mesh sizes

k 174t — e ot —aptll laf, — Ll @ — @hell lliwpt — )t
2 7.759187e-1 2.612056e-2 3.485176e-3 2.080860e—2 4.932468e-3
3 9.768092e-1 1.449179e-2 2.367384e-3 1.562847e-2 2.436102e-3
4 6.100684e-1 4.309833e-3 5.442836e—4 4.206953e—4 5.393033e—4
5 3.217493e-1 2.396436e-3 4.918615e—4 3.177990e—4 1.402689e-3
6 1.629187e-1 3.054530e—4 6.175866e—5 1.010845e—4 9.919974e-5
7 8.172378e-2 7.018624e-5 8.740210e-6 1.287241e-5 1.324480e-5
8 4.089508e-2 1.813897e-5 2.278971e-6 1.089335e-5 2.972948e-6
9 2.045165e-2 7.612611e-6 8.190436e-7 1.150863e-5 9.860226e-7

Let us compare the performance of the penalized hybrid formulation with post-
processing and the typical H!-conforming method. Here, we utilized the same test
example based on the eigenfunction (104). The Lagrange interpolations of the exact
solutions are denoted by uy,, gj,, Wy, while the approximations obtained from the
usual method are given by ., gi, Wy,

If A, and M), are the stiffness and mass matrices for the H'-method, then the
coupled primal-dual system is given by

|: Antin = My fy — v~

~ ~ ~ ~ ~ 105
Apwp, = aMp(up —ugp) + BAL(up — ep). (105

where ﬁ,, an, and ey, are the Lagrange interpolations of the source, desired state,
and eigenfunction, respectively. Unlike for the hybrid method where we used a gra-
dient algorithm to compute for the solutions of the optimal control problem, the
solutions to the coupled system (105) were calculated using a sparse solver. We can
observe from Fig. 3 that the usual method has quadratic orders of convergence for
the errors; however, the hybrid method yields smaller errors in comparison to the
conforming one.

- ||V, — V|| - == 1@ = anll
100 - —o— ||on — onell 100 4 —*— llan — Gnell y
- @y, — @ 7

l[@n — Rhjine]|.*

107! 4

1073 4 10725
1073 4

|V, — V||

1074 4 —— |54 — ancll 101 ] 10-3 4
- [y, — |
10-5 1 —a— |lan — Ri el
T T T T T T
1072 107! 1072 107! 1072 107!

Fig. 3 Discretization errors for the primal, dual, and control variables obtained from the usual H L
conforming FEM (dashed lines) and the penalized hybrid FEM with post-processing (solid lines)
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A disadvantage of the mixed method is the larger number of degrees of freedom
in relation to the usual H'-conforming method. Also, the treatments of the resulting
saddle point problems are not trivial tasks. In this work, additional penalty terms have
been introduced to reduce the size of the corresponding linear systems, leading to
symmetric and positive-definite equations.

To circumvent the difficulties arising from mixed methods, hybridizable discon-
tinuous Galerkin (HDG) methods have been studied and successfully applied to the
discretization of optimal control problems with PDE constraints. For example, in
the case of elliptic PDEs, we refer to [18] and [20] with Dirichlet and Neumann
controls, respectively. Other related discretization schemes that can be explored are
the so-called hybrid high-order (HHO) methods, see [11] for instance. It would be
interesting to compare the performance of mixed and hybrid formulations to other
hybridizable methods. Since these are out of the scope of the current manuscript, we
recommend such topics for future theoretical and numerical investigations.
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