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1. INTRODUCTION

The aim of this paper is to study linear symmetric hyperbolic systems with damp-
ing, differential constraints and delay. Differential constraints for the states occur
naturally in certain models in fluid dynamics and electromagnetism. They appear in
the system itself, for example in the Euler-Maxwell system, or they are introduced
to factor out spurious solutions as in the case of the wave equation. In this work,
we consider the multidimensional hyperbolic system

d
A°Bpu(t,x) + Z A0, u(t,x) + Lu(t,x) + Mu(t — 7,2) = 0,
. =1 (1.1)
> Q0,u(t,x) + Rult,z) =0, u(0,z) = ug(x), u(f,r) = 20(6, ),

J=1

for t >0, z € R? and 0 € (—7,0) with unknown state u : (0,00) x RY — R™. The
positive integers d and n represent the dimension and the number of equations in
the system. For this system, ug and 2, correspond to the initial data and initial
history, respectively. Our main concern is to develop a well-posedness theory, pro-
vide sufficient conditions that lead to the asymptotic stability of the solutions, and
determine the decay structure. The positive constant 7 represents a delay.
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In (1.1), we assume that all of the coefficient matrices have real entries. The
matrices L, M and A7 for 0 < j < d have size n x n, while the matrices R and
@)’ for 1 < j < d have size n; x n, where n; represents the number of constraints.
Here, L and M will be referred as the damping (or relaxation) and delay matrices,
respectively. It is allowed that the matrices 7 and R to vanish and in such case we
simply have a hyperbolic system with delay. All throughout, we suppose that (1.1)
is symmetric, that is, A7 is symmetric for all 0 < j < d. Moreover, we assume that
A is positive definite.

The physical models we often encounter deal with the case where the state is
independent of the past. However in some situation, this is only an approximation
and a more realistic setting is to include the dependence of the dynamics on the
past states. For this reason, one could incorporate delay in the system and study
its effect. The study of delay to partial differential equations caught its attention
in control theory, specifically in the boundary feedback stabilization of the one-
dimensional wave equation. It has been shown in [5, 6] that the presence of delay in
the boundary feedback for the string equation can lead to instability. These works
have been extended in the multidimensional setting in [15]. Roughly, if damping
dominates the delay factor, then the energy of the solutions for the wave equation
tends to zero exponentially. The delay in the damping occurs either in the interior
or on the boundary. In the event where the damping and delay factors are equal,
there are solutions where the energy is conserved. The proofs rely on semigroup and
energy methods, observability estimates and a compactness-uniqueness argument.

The main goal of this paper is to determine sufficient conditions on the damping
and delay matrices in (1.1) in order for its solution to be stable for every delay 7 > 0.
Our structural condition, see condition (M) below, is similar to the one stated in [8]
for systems of differential equations with delay.

By introducing a state variable that keeps track of the history, the system (1.1) will
be expressed as a hyperbolic system coupled to a transport system with parameter.
For partial differential equations with delay on a bounded domain, for example,
the wave, heat and Schrodinger equations, the existence and uniqueness of solutions
can be obtained through semigroup methods, Kato’s theorem for evolution equations
and Faedo—Galerkin approximations, see [7, 12, 17, 15, 16, 18, 19] to name a few.
The approach we shall pursue here is based on the Friedrichs method. The basic
idea is to derive a priori estimates for suitably smooth functions and apply a duality
argument. Weak solutions for rough data are formulated through a variational
equation. The corresponding results rely on the well-posedness theory for hyperbolic
systems as well as for a decoupled system of transport equations with parameter.
For completeness and clarity, we present the results of the latter.

For data that are smooth and compatible, we expect better regularity for the
solutions. This will be proved by a standard approximation argument and the a
priori estimates for hyperbolic operators in Sobolev spaces. We would like to note
that the advantage of Friedrichs method is its applicability even in the case of
variable-coefficients, see for instance [3|. Another reason of using this method is the
following: For hyperbolic partial differential equations, there is a trade-off in the
regularity between time and space. The higher regularity with respect to time, the
less spatial derivatives are available. Now for the delay variable, which satisfies a
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hyperbolic partial differential equation with parameter, the trade-off is now on three
quantities, namely time, space and the variable with respect to history.

The plan of the paper is as follows. In Section 2, we present the suitable condi-
tions for the matrices involved in (1.1) that guarantee stability. The well-posedness
of transport equations with parameter and hyperbolic systems with delay will be
developed in Sections 3 and 4, respectively. In Sections 5, 6 and 8, we establish the
asymptotic stability, standard decay estimates, and regularity-loss type estimates.
Specific examples that illustrate our results are provided in Sections 7 and 8. These
are the wave, Timoshenko, and Euler—-Maxwell systems with delay.

The Sobolev space W*P(R?) will be simply denoted by W*? and H* := W2,
We let H* := (\*_,H*. If X is a Banach space and m is a nonnegative inte-
ger, then C™(0,T; X) is the space of functions from [0, 7] into X whose derivatives
up to order m are continuous. We shall also use the shorthand Wj*(W#4) =
WHhP(—7,0; WH(R?)). For example, L2(H*) := L*(—7,0; H*(RY)). Depending on
the context, (-,-) denotes the inner product in C" or R". The gradient of a func-
tion u : R? — R™ is denoted by d,u := (Jpu, ..., d,,u)’ where the superscript ©
represents transposition.

2. STRUCTURAL CONDITIONS ON THE COEFFICIENT MATRICES

In this section, we list the structural assumptions on the coefficient matrices that
will guarantee the stability of the solutions of the system (1.1). We follow the
presentation in [29]. The principal symbol of (1.1) is given by iA({), where A(§) :=
AYE 4 -+ A%y for € = (€,...,6)T € RY. Similarly, we define by iQ(¢) =
QY + -+ -+ Q) the principal symbol of the constraint. The unit sphere in R? is
denoted by S?!. Given a square real matrix A, the symmetric and skew-symmetric
parts of A are given by A; := (A+AT)/2 and A, := (A—AT)/2, respectively, so that
A = A; + As. The orthogonal projection of C™ onto the orthogonal complement of
the kernel of A will be denoted by P4. Equivalently, P, is the orthogonal projection
onto the range of AT, and as a consequence, I — Py is the orthogonal projection
onto the kernel of A. Recall that P4 and I — P4 are symmetric matrices.
For the damping or relaxation matrix L, we impose the following condition.

(L) The matrix L is nonnegative and has a nontrivial kernel.

It is not assumed that the relaxation matrix L is symmetric. Thus, condition
(L) provides dissipation only in the orthogonal complement of the kernel of L;.
To obtain dissipation terms in the space Ker(L)*, we introduce the compensating
matrix S as in [29).

(S) There exists a real n X n matrix such that SA° is symmetric, (SL+ L); > 0,
Ker((SL+ L);) = Ker(L), and
(SMz,u)y =0 for all (z,u) € C" x Ker(L). (2.1)
The equation (2.1) means that the range of SM and the kernel of L are orthogonal.
With respect to the delay matrix M, we assume the following condition.

(M) There exist real n X n symmetric matrices G and N such that GA° is sym-
metric positive definite, N is positive definite on Ker(M)+, Ker((GL);) =
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Ker(Ll),
(GMz,u) =0 for all (z,u) € C" x Ker(Ly),
and the symmetric block matrix

2(GL), — PyNPy GM
‘I’G,N,M = MTG N

is positive definite on Ker(L;)t x Ker(M)*.

This condition is similar to the one presented in [8, p. 107]. Due to the possible
degeneracy of the matrices L and M, positivity is only assumed on the orthogonal
complements of their kernels. If M vanishes, the case when there is no delay, one
can see that condition (M) follows from condition (L) by taking G = I and N = L;.
Also, condition (M) implies that Ker(L;) C Ker(M). Indeed, suppose that u €
Ker(L;). Then, for some constant ¢y > 0 it holds that cx|Pyul? < (N Pyu, Pyru) <
2((GL)yu,u) = 0 because the kernels of L; and (GL); coincide. Thus, Pyu = 0,
which implies that u € Ker(M).

The constraint in (1.1) will be satisfied for all ¢ > 0 as soon as the initial data
satisfies it and if the matrices appearing in the constraint as well as those in the
PDE satisfy certain conditions. For this, we consider the following assumption.

(Q) The matrices Q(w) and R satisfy
Q(W)(A) 'A(w) = R(A) 'L = R(A")"'M =0,
Q)(A”) 'L+ R(A") " A(w) = Q(w)(A") "M =0,

for every w € S,

We denote by II; the orthogonal projection of C" onto the image of R, and
hence I, := I — II; is the orthogonal projection onto the kernel of RT. To derive
energy estimates for the derivatives of the state components, we need the following
condition, which is referred as the Shizuta—Kawashima condition |27].

(K) There exist n x n real matrices K! for 1 < [ < d such that K'A° is skew-
symmetric for all [ and
d
D (K'A)wje >0 on Ker(ILQ(w)) NKer(L)
jl=1
for every w 1= (wy,...,wq) € S L.
Conditions (S) and (K) imply the existence of a constant 9 > 0 such that
k
> (K'A)wjw +9(SL+ L)1 >0 on Ker(ILQ(w)) (2.2)
=1
for every w € S 1.
Our final set of assumptions deal with conditions that will determine the decay
structure of (1.1). For a standard decay, the following assumption is sufficient.

(S)s A real ny x n; real matrix W exists with W; > 0 on the image of R and
i(SA(w) — Q)" ILWR); >0  on C"

for every w € S¥71, where S is the matrix in condition (S).
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A weaker version of the previous condition is the following, whose corresponding
decay will be of regularity-loss type. This means that we need additional regularity
for the initial data to obtain stability of solutions.

(S), There is an n; x ny real matrix W such that W; > 0 on the image of R and
i(SA(w) — Qw)'ILWR), >0 on Ker(L)
for every w € S, where S is the matrix in condition (S).

Both conditions (S)s and (S), were introduced in [29]. The rest of the section will
be devoted in studying condition (M) and specifically on the block matrix Ve n -
The first observation is that the positivity of Vg n s is equivalent to the positivity
with respect to Ker(L;)* with possibly a different matrix N.

Theorem 2.1. Let G be a real symmetric matriz as in condition (M). Then, there
is an n X n symmetric matriz N that is positive definite on Ker(M)* such that

(Wonar(u,2), (u,2)) > a|Pryul* + [Par2]?) (2.3)

for some a > 0 and for every (u,z) € C" x C" if and only if there is an n X n
symmetric matriz N which is positive definite on Ker(M)* such that

<\IJG,]V,M(U7 Z)7 (U, Z)) > 62’PLlUJ|2 (24)
for some a > 0 and for every (u,z) € C* x C".
Proof.  One can see that (2.3) implies (2.4) by taking N = N. For the other

direction, let N = N + &Py where ¢ > 0. The block matrices associated with N
and N are related by

—€PM 0
Vo =Yonu+ < 0 ePy > '

As before, (2.4) implies that the kernel of L; lies in the kernel of M and as a

consequence (Pyyu,u) = (P Pr,u, Pr,u). By choosing € < a/||Py||, where || - || is
the operator norm, we have &|Pr,u|? — e(Py Pp,u, Pr,u) > (& —¢l||Py||)|Pr,ul* > 0.
Then, we can see that (2.4) implies (2.3) with o = a — €| Pu||. O

If the delay matrix is symmetric and nonnegative, then a sufficient condition for
the positivity of the block matrix in condition (M) is given by the following theorem.

Theorem 2.2. Suppose that M > 0 is symmetric and L1 — M > 0 on Ker(Ly).
Then, Wrara > 0 on Ker(Ly)* x Ker(M)*.

Proof. Given (u,z) € C" x C" we have
(Vram(u, 2), (u,2)) = 2(Lyu,u) — (M Pyru, Pyu) + 2Re(Mu, z) + (M z, z). (2.5)
By the symmetry of the delay matrix M, we obtain (Mz, z) = (M Pysz, Py;z) and
(Mu, z) = (M Pyju, Pyz), and therefore, by the Cauchy—Schwarz inequality we have
1 1
[(Mu, z)| < §<MPMU, Pyu) + §<MPMZ, Py 2). (2.6)

Using (2.6) in (2.5) yields the estimate
(Urarar(u, 2), (u,2)) 2 2((Ly = PuMPyr)u, u) = 2{(Ly — M)u, u) = &| P ul*,
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for some o > 0. The conclusion now follows from Theorem 2.1. O

We close this section by proving the invariance of the condition (M) with respect
to a class of orthogonal matrices.

Theorem 2.3. Let J be a real orthogonal n x n matriz, that is, J*J = I, such that
(i) J(Ker(M)) = Ker(M) and J(Ker(M)*) = Ker(M)*
(ii) (N Pyru, Pyyu)y = (N Py Ju, Py Ju) for all uw € C™.
If M satisfies condition (M), then so is MJ. In particular, —M satisfies condition
(M) if and only if M satisfies the condition.

Proof. Property (i) implies that the kernels of M.J and M coincide, and in par-
ticular, Ker(MJ)* = Ker(M)* and Py ; = Py. Given u € C" there holds

since JPyu € Ker(M)* and J(I — Py)u € Ker(M). Hence, Py, and J commute,
and consequently, Py; and J7 also commute by symmetry of Py;. If (u,z) € C*xC",
then we derive from (ii) and the preceding statement that

(Ve nm(u, J2), (u, Jz))

= 2(Lyu,u) — (N Pyu, Pyu) + 2Re(GM Jz,u) + (NJz, Jz)

= 2(Lyu,u) — (JENJPyyu, Pyyu) + 2Re(GM Jz,u) + (JTNJz, 2)
= <\I]G,JTNJ,MJ(U7 z), (u,2)).

Using condition (M) and the fact that Py, and J commute, we can see from
these equations that g jry sy > 0 on Ker(Ly)* x Ker(M)*. Finally, since J is
bijective, it follows that (GMJz,u) = 0 for every z € C" and u € Ker(L;). These
prove that M.J satisfies condition (M). O

Notice that M satisfies (2.1) if and only if M J satisfies (SM Jz,u) = 0 for every
z € C" and u € Ker(L). Also, the conditions involving the matrix M in hypothesis
(Q) hold if and only if those conditions are satisfied by M.J. The previous theorem
together with the above remark will imply the stability of (1.1), with M replaced
by MJ, where J is an orthogonal matrix satisfying (i) and (ii), provided that the
original system with delay matrix M is also stable.

3. TRANSPORT EQUATIONS WITH PARAMETER

The goal of the present section is to discuss the well-posedness of the following
transport equation with parameter
Orz(t,0,2) — 0pz(t,0,x) + az(t,0,2) =0 for (t,0,2) € (0,T) x (—7,0) x RY,
2(t,0,2) = v(t, x) for (t,x) € (0,T) x RY,
2(0,0,z) = z(0, ) for (0,z) € (—7,0) x RY,
(3.1)
that will be useful in the study of the system (1.1). Here, a is a fixed real number
and z : (0,7) x (—=7,0) x R — R" is the unknown state. Such equation will occur
once we introduce a state component that keeps track of the history. We would like

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



HYPERBOLIC SYSTEMS WITH DAMPING, CONSTRAINTS AND DELAY 7 /40

to point out that the results in this section are analogous to the usual transport
equations. However, for clarity in the development of the well-posedness for (1.1)
and for future reference, we decided to include them here. Define the differential
operator

Lz =0z — gz + az, (3.2)

whose formal adjoint is given by £z := —0;2 4+ Oypz + az.

First, we start with the definition of a weak solution for given square integrable
data v € L*(0,T; L?) and zy € L3(L?). A function z € L*((0,T) x (—7,0) x R?) is
called a weak solution of (3.1) if the variational equation

T (0 0 T
/ / (Z, ogl*w)LZ dodt = / (Z(), 77/}|t:0)L2 do + / (U, w\QZO)L2 dt (33)
0 J—1 —T 0
holds for every ¢ € L2(R% H'((0,T) x (—7,0))) such that ¢, = 0 and ¢jg—_, = 0.

It is clear that every classical solution is also a weak solution. The existence of

weak solutions will be obtained using the following result in [22] inspired by the
Friedrichs work |7].

Theorem 3.1. Let X and Z be Hilbert spaces, Y be a subspace of X, and A :'Y —
X, V:Y - Z, ®:Y — Z be linear operators. Suppose that W = Ker(®) and
A(W) are nontrivial. If there exist v > 0 and C > 0 such that

YNwllx + [Pw]z < COTHAw[X + [QwlZ),  for allw €Y, (3.4)
then the variational equation
(u, Aw)x = (F,w)x + (G, Yw)z, foralwe W, (3.5)

for a given (F,G) € X X Z has a solution u € X. In addition, the solution is unique
if and only if A(W) is dense in X.

Applying the above result requires some a priori estimate. First, let us derive
the estimate associated with .Z}. For a smooth function ¢, we multiply both sides
of the equation (3.2) by e ), where v > 1 is a constant to be chosen below, to
obtain

1

SO ) — Sap(e ) + (7 + ) TP = e T Ly, )

Integrating this equation over (0,0) x (—7,0) x R, using Young’s inequality to the
right-hand side, and then choosing vy > 1 sufficiently large, we have

o

e o232y +7 / e[ ][35 2yt + / e o dt (36)

1 /7 _
<0 (Ioncallgn + 7 [ 1Ll 0my e+ |

for every o € [0, 7], for every v > 79, and for some C' > 0. By a density argument,
(3.6) is satisfied for every ¢ € L*(R% H*((0,T) x (—=7,0))). The dual version of this
estimate is the following: for every v > ~5 and o € [0, 7] it holds that

lotemolEgi 7 | gt + [ utonolts (3.7)
0 0

g

e ool dt)
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" 1 o . o
L A e o R e e )

for some constants C' > 0 and 7 > 1, and for every ¢ € L*(R%; H((0,T)x (—7,0))).

For data that will be regular and compatible, we have additional regularity of
the weak solution. For this we need a priori estimates in terms of the Sobolev
norms. Given 0 < j < m, if we replace ¢ by 9/950% in (3.6), take the sum over all
0<k<m-—7,0<j<mand0</<s, and then finally take the supremum over
all 0 € [0,77], we obtain the weighted a priori estimate

}:sm>e”WW¢Umngs+v§:/' %mﬁwum]m
+ Z/ 27t||8j77/1|9—77-|

O [ ol O3 1ol (33
j=0 j=0

2. dt < —Z / AL s oy

for every ¢» € H™((0,T) x (—7,0); H®).

Theorem 3.2. Given zy € L2(L?) and v € L*(0,T; L?), the equation (3.1) admits
a unique weak solution.

Proof. Let X = L*((0,T) x (—7,0) x RY), Y = L2(R% HY((0,T) x (—7,0))), an
Z = L*(0,T; L*) x LZ(L?). Define the operators A : Y — X, ¥ : Y — Z an
®:Y — Z as follows:

A = LY, U = (Yj9—0, Yje=0) QY = (Yjg=—r, Ypp=1)

for ¢» € Y. The variational equation (3.3) can now be written in the form (3.5).
From the a priori estimate (3.7), one can see that (3.4) is satisfied, and therefore by
Theorem 3.1, (3.1) has a weak solution.

To establish uniqueness, we proceed by a duality argument. Suppose that z; and
2o are two weak solutions and let z := z; — 25. Then, it follows that

Tomzwmwwzo (3.9)
I

for every ¢ € Ker(®). Let (¢,)22 ,be a sequence of infinitely differentiable functions
with compact support in (0,7) x (—7,0) x R? such that ¢, — 2z in L*((0,T) x
(—7,0) x R%). The backward-in-time transport equation

_at¢n + 8977Dn + CL’QZ)n = ¢na 77ZJn|z‘,:T =0, @Dn\G:fT =0

has a classical solution, so that v, € Y for each n. Using this test function in (3.9)
and then passing to the limit, we see that z = 0 almost everywhere. Therefore, the
weak solution of (3.1) is unique. O

d
nd

To prove regularity of the solutions, the following observation will be useful. Given
29, we define recursively z; := Oyzj_1 — azj—;. We say that the data (zo,v) is
compatible up to order k — 1 if 0] vy—g = 2jj9=o for every 0 < j <k —1.
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Theorem 3.3. Let k and s be nonnegative integers. If the pair (z9,v) € Hy(H®) X
H*(0,T; H®) is compatible up to order k — 1 if k > 1, then there is a sequence
(Zom; Un) € HYTH(HSHY) x HFY(0, T H5) compatible up to order k for every n and
(Zom, Un) — (20,v) in HY(H®) x H*(0,T; H®).

Proof. Let p. be a standard mollifier with respect to z, that is, p.(x) :== ¢ 9p(%)
where p € Z(RY) satisfies [p, pe()dz = 1, and let R.v := p. * v. Then, the
regularized data (R.zg, R.v) € Hk(H"O) X Hk(O,T, H®) is still compatible up to
order £ — 1 and

(R.20, Rov) — (20,v) in Hy(H®) x H*(0,T; H)

as ¢ — 0. For a fix ¢ > 0, take a sequence (z5,,v5,) € Hy ™ (H>®) x H*1(0,T; H*®)
such that as n — oo there holds

(25,,v5,) — (R.z0, Rov) in HY (H®) x H*(0,T; H®).

For example, we first extend R.z; to a function in H*¥(R; H*) by a standard re-
flection argument, see [1] for instance, and if }N%(; is the corresponding convolution
operator with respect to 0, then we may take zj, to be the restriction of El /n(Rez0)
n (—7,0).

Define v¢ := v, — v5, where v, € H*1(0,T; H**!) is a function that will be
constructed below that satisfies ve, — 0 in H*HL(0,T; H**Y). For each 0 < j < k,
define

Onj = agv;l\t:o - ZSnj|0:0 € Hhitets,
From the compatibility conditions for the data (R.zo, R.v), we have 0,; — 0 in
H*7+5%5 as n — oo for every 0 < j < k. According to trace theory, for each n
there exists h, € H"**2((0,T) x RY) ¢ H*1(0,T; H**') such that & hyj—o = 0y
for all 0 < j < k, OFhyj—0 = 0, and h, — 0 in H*(0,T; H*™).
Let v, := h,, + gn, Where g, := g, ® 0, and g, € H*1(0,T) satisfies

g1(1])<0) = 07 for j = 07 17 RN k— 17 gﬁzk)<o) = 17 ’|§”|‘Hk+1(0,T) — 0.
For the construction of g,, we refer to |22, 25]. If j < k, then
ajUfL\tzo = ag“iut —o— O hnlt =0 = ZOn]|9 =0-

k A€
Also, 0f Upjt—o = = Oyv, Unijt=0 — 9nk = Z0nk|o=0-
We now construct the sequence (zop,v,) as follows. Given a positive integer n,

let (zon, V) = (zé]/\?, vy ") for a sufficiently large N = N(n) be such that
1
1(z0n, v) — (Ri1/n20, Rl/n”)||H§(Hs)ka(o,T;Hs) < n

From the above construction, we can see that the pair (zo,,v,) satisfies the desired
properties. ]

If the function zy in the previous theorem satisfies zy € L3(L'), then we have
R.zg — 2z in L(L'). Now, for a fixed € > 0, it holds that Ry, (R.z) — Rz in
L3(R; L"), see for example |2, Section 1.3]. In particular, we have 25, — R.zo in
L3(L') and by the same argument as above, we can choose 2, such that 2z, € L3(L")
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for every n and zg, — 2o in L3(L'). With a diagonalization argument we obtain the
following.

Corollary 3.4. Given (2q,v) € L3(L*) x L*(0,T; L?) and positive integers k and s,
there exists a sequence of data (zon,vn) € Hy(H®) x H*(0,T; H®) compatible up to
order k — 1 for each n and

(Zom, Un) — (20,v) in Li(L*) x L*(0,T; L?).

Moreover, if 2o € L3(L"), then zy, can be chosen to be an element of LZ(L') and
Zon — 20 in L3(LY).

Let {t > -0} :={(t,0) : t > —0} and {t < —0} := {(¢,0) : t < —60}. Notice that
the weak solution of (3.1) z as well as Az lie in L?(R%; L?((0,T) x (—7,0))), and
hence, a priori we have the trace regularity zp—_,, zj9—9 € L*(R%; H=2(0,T)). Now
we show that in fact they are both in L?(0,T; L?) and that the weak solutions coin-
cide with the one given by the method of characteristics. The former is sometimes
called hidden regularity in control theory literature.

Theorem 3.5. The weak solution of the system (3.1) satisfies z € C(0,T; L2(L?)),
Zio=—r, 2jo=0 € L*(0,T; L*) and the following energy estimate

T
sup 6_27t]|z(t)|]%5@2)+7/ e_ht”ZH%g(LQ) dt
0<t<T 0

T T
# [ el + ool e £ € (ol + [ €2 ol )
0 0

holds for every v > ~y and for some constants C > 0 and vy > 1. The weak solution
15 given explicitly by

Dyt + 0 n ({t>—-0}N(0,T) x (—7,0)) x R?

o) = [0 (> N OT) X (o)X B

ezt +0,2) in ({t <—=0}N(0,T) x (—7,0)) x R%
Proof. By choosing k and s sufficiently large in Corollary 3.4, one can construct
a sequence (2on,v,) of continuously differentiable data that are compatible up to
order 1 and tends to (zq,v) in L3(L?*) x L*(0,T;L?). For example one may take
k=2and s> %+1. It can be easily verified that the transport equation (3.1) with
boundary data v,, and initial data zy, has the classical solution

o0, ) = {eaeyn(t +6,r) in({t>—-0}N(0,T) x (—7,0)) x RY,

ezt +0,2) in ({t < —0}N(0,T) x (—7,0)) x R% (3.11)

Applying the a priori estimate (3.6) to z, — z,,, one can see that (z,), is a Cauchy
sequence in C'(0,T; L3(L?)), while (zjp=—;), and (2,p=0)n are a Cauchy sequences
in L?(0,T; L?). By passing to the weak formulation of the equation for z,, we can
see that the limit in C'(0,7; L2(L?)) is a weak solution, and thus, the limit must be
the weak solution of (3.1) by uniqueness. Note that the traces z,9—_. and 2,9—o
tend to 2zjp—_, and 2jp—o in L*(R% H~Y2(0,T)), respectively, and consequently in
L?(0,T; L?) by uniqueness of limits in the sense of distributions. Passing to the
limit in (3.11), up to a subsequence we can see that the weak solution of (3.1) is
given by (3.10). The energy estimate can be obtained by passing to the limit of the
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priori estimate (3.6) for z,. O

If z is the weak solution of (3.1), then the differential equations are satisfied in
the sense of distributions, the boundary and initial conditions are satisfied in L2,
and the variational equation

T 0 0 T
/ / (2, L) 2 dOdt = / (20, Yjt=0) 2 df + / (u, Yjp=o) 2 dt
0 J—71 0

-7

T
- / (Z|0:—’T7 w|9:—T)L2 dt (312)
0

holds for every ¢ € L*(R%; H((0,T) x (—7,0))). Letting n — oo in (3.11), it follows
that zjp—_- is given by

B (t2) = e ot —T,x) ift>T,
p=—r\h == et —Tx) HO<t<T

With additional regularity for the initial and boundary data, one can obtain better
regularity of the solutions. If m is a nonnegative integer and the data (zp,v) €
HJ'(H®) x H™(0,T; H®) is compatible up to order m — 1 if m > 1, then the weak
solution of (3.1) satisfies

z€(\CUO.T; H 7 (H?)), 29— € H™(0,T; H), (3.13)
j=0
and we have also a corresponding energy estimate

m

m T
—29t j t 2m7, —29t)| A 2m74 dt 14
3, O s 403 [ O 14
m T
b <ol + 3 [ o)
7=0

m_o T
+Y [ e 1ot
j=0"0
The proofs rely on additional a priori estimates in Sobolev spaces, see (3.8). On
the other hand, if (3.1) with initial data (z9,v) € Hy'(H®) x H™(0,T; H®) has a
solution satisfying (3.13), then the data (u, zg) is compatible up to order m — 1.

4. WELL-POSEDNESS FOR HYPERBOLIC SYSTEMS WITH DELAY

We will recast the system (1.1) as a coupled hyperbolic system-transport system with
parameter. In this section, there are no assumptions on the matrices L and M aside
from that they have real entries. Introducing the variable z(t, 0, z) = e Pyyu(t+0, )
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for (¢,0,7) € (0,00) x (—7,0) x R%, the system (1.1) can be written as
(

d
A%9u(t, z) + Z Ay u(t,x) + Lu(t,x) + e Mz (t,z) =0,

j=1
Oyz(t,0,x) — 0pz(t,0,x) + ez(t,0,2) =0, 2(t,0,2) = Pyu(t,x), (4.1)

d .
> Q0 u(t, ) + Rult,z) =0,

J=1

L u(0, ) = uo(x), 2(0,0,7) = ¥ Pyr20(0, ),

for t > 0, 2 € R? and § € (—7,0). Here and in the succeeding sections, z, will
denote the trace zjg—_;.
Define the following differential operators

d d
Lou = A0 + Z Ajaxju + Lu, Lu = Z Qj&,;ju + Ru
j=1 j=1

whose distributional adjoints are given respectively by

d d
Lyu=—A0u—Y Ao, u+ L,  Lu=-) (@) 0u+Ru
=1 j=1
We can then rewrite (4.1) as follows
Lou = —e" Mz,
Lz =0, 2j9=0 = Pyu (4.2)
Lu =0, U= = Uo, =0 = e? Py 2o.

Before we deal with (4.1), we briefly recall the results for hyperbolic systems with-
out constraints. With respect to the hyperbolic operator %, we have the weighted
a priori estimate, see [3] for example,

T
sup e P u®)fe + [ e ulf de
0<t<T 0

1 /T
<C (||u(0)| 2.+ 5/ e || Lyul |3 dt) (4.3)
0

for every u € H'(0,T; H®) and v > ~, for some positive constants C' and ~; > 1.
There is also an analogous a priori estimate for the dual operator .Z". Given an
initial data ug € L? and a source term f € L*(0,T; L?), a function u € L*((0,T) x
R?) is called a weak solution of the system

Lou(t,x) = f(t,x), u(0,x) = ug(x) (4.4)
if for every test function ¢ € H*((0,T) x R?) such that ¢y_7 = 0 we have

T T
/ (U, 32*¢)L2 dt = (UO’ Aogb‘t:O)LQ -+ / (f, ¢)L2 dt.
0 0

If up € H* and f € L*(0,T; H®), then it is known that the Cauchy problem (4.4)
has a unique weak solution, and moreover, we have u € C'(0,7; H®) and the estimate
(4.3) holds where Zu is replaced by f.
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For source terms with more regularity, the corresponding solution has also more
regularity as well. Again they follow from the a priori estimates for Sobolev spaces.
It can shown that if the source term satisfies f € (\;_, H?(0,T; H*"7) and uo € H?,

then the weak solution of (4.4) satisfies the regularity v € C7(0,T; H*™7) for every
0 < j <s, see [24] for instance. Moreover, we have the energy estimate

> sup et H5J+v§j/ 2 |ofu(t) |
oo 0<t<T
b + §j / 3 O

SC(|U0|

Now, we define the weak solutions for the hyperbolic system (4.1). Given ug € L?
and 29 € L2(L?), the pair (u,z) € L*(0,T; L?) x L?((0,T) x (—7,0) x R?) is called
a weak solution of (4.1) if the variational equation

Hsfj dt

2 dt) (4.5)

T
/(uéfcb PM¢90L2dt+// (2, L) 2 dO dt
0

0
= (U(), A0¢|t:O)L2 + (Z(), 669PM77Z)|,5:0)L2 dg (46)

-7

is satisfied for every test function (¢,v) € HY((0,T) x R?) x L2(R% H'((0,T) x
(=7,0))) such that ¢y—r =0, Y=y = 0 and "M ¢ = pjp—_,, and the equation

T
/ (u, L) 2 dt = 0 (4.7)
0

holds for every ¢ € L?(0,T; H').
For systems without constraints, the last equation trivially holds. Weak solutions
are necessarily unique according to the following lemma.

Lemma 4.1. If (u,z) is a weak solution of the system (4.1), then u is the weak
solution of the Cauchy problem

SLou=—e"Mz,, Lu =0, U= = Uo, (4.8)
and z s the weak solution of the transport system
Lz =0, 2j9—0 = Puru, =0 = e Pyr 0. (4.9)

In particular, we have u € C(0,T;L?), z € C(0,T; L3(L?)), z; € L*(0,T; L?), and
the weak solution satisfies the estimate

lullcomr2y + IZlleorez@ey + 2l z20r;02) < Cer (Juollz + |20l £2(22))
for some positive constants C' and 7.

Proof. Taking ¢ = 0 in (4.6) shows that z is the weak solution of (4.9), and
therefore, we have z, € L*(0,T; L?). Given ¢ € H'((0,T) x R?) such that ¢y_r = 0,
the homogeneous backward-in-time Cauchy problem

—0) + O+ =0, Y=y = M, Yy =0
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has a compatible data, and thus, according to the previous section it has a solution
satisfying

Y € C(0,T; Hy(L*) N Lg(H")) N CH(0, T Lg(L?)),
and in particular, v € L*R% H'((0,T) x (-7,0))). Choosing the pair (¢,)
in the variational formulation (4.6) and using (3.12), it follows that w is the
weak solution of (4.8). The energy estimate of the lemma follows from the en-
ergy estimates for solutions of (4.8) and (4.9), and by taking ~ sufficiently large. [

The above lemma together with Theorem 3.5 imply that z(t, 60, z) € Ker(M)* for
almost every (¢,0,z) € (0,T) x (—7,0) x R%. Let

d
X, = {u eL?: ZQjﬁxjunLRu = 0}

j=1
with the differential equation taken in the sense of distributions.

Theorem 4.2. If (ug, 20) € X. x L2(L*) and assumption (Q) holds, then (4.1) has
a unique weak solution.

Proof. Uniqueness follows immediately from the previous lemma. For existence, we
apply Theorem 3.1 and for this we introduce the function spaces X := L?(0, T’; L*) x
L*(0,T; L2(L%), Y = HY((0,T) x R?) x L3R4 H'((0,T) x (—7,0))) any Z :=
L*(0,T; L% x L* x LZ(L?). Define the operators A : Y — X, ¥ : Y — Z and
®:Y — Z as follows:

A(¢7 7/’) = (0%2*¢ - PM1/1|0=07 «iﬂfkw)
V(p, 1) = (07A0¢|t:0,€€6PM¢|t:0)
(P, ) := (€M) — Yg——r, Pjtr, V=)

The variational equation (4.6) can now be expressed as

((u, 2), M, 9))x = ((0, w0, 20), (¢, 9)) 2

for every (¢, 1) € Ker(®). From the a priori estimates for the transport equation
with parameter (3.7) and for hyperbolic systems, the dual version of (4.5), we obtain
the priori estimate (3.4) with the help of an absorption argument. More precisely,
the terms ||¢||z2(0,r;2) and ||jp—o||r2(0,7;22) arising on the right-hand side can be
absorbed by the left-hand side by making v sufficiently large. Therefore, (4.6) is
satisfied for some (u, z) € X.

It remains to verify the constraint. For this purpose, let us := Rsu € L?(0,T; H*®)
and 295 := Rszo € LZ(H*™). Let z; be the solution of the transport system with
initial data e Py 295 and boundary data Pyus. Let u® be the solution of the hy-
perbolic system with source term —e®” M 25, and initial data ugs := Rsug. Then, we
have 25, € L?(0,T; H*), and consequently, u € H'(0,T; H*). Moreover, u’ — u
in L? by uniqueness of weak solutions. Therefore, for every ¢ € 2((0,T) x R%) we
obtain from the Parseval’s identity that

T T —~
/ (O, ) 2 dt = / Re((i[€]Q(w) + R)u, §);e dt
0 0

where ~ is the Fourier transform.
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According to condition (Q) and the differential equation for u°, we have

(i16]Q(w) + Ryuf
= [€Qw)(A") T A(w)u — il¢l(Q(w)(A") 'L + R(A”) T A(w))u
— R(AY) 'L + e €] Q(w) (A°) M Z; + e R(A°) 1M 25, = 0.

Thus, Zu?’ is constant, and in particular, we have Z3u’ (t) = Lups = Rs(Laup) =
0 for every t > 0. Passing to the limit in fOT(ué,c%*go)Lz dt = 0 and using the
density of 2((0,T) x R?) in L*(0,T; H'), we infer that the weak solution satisfies
the variational form (4.7) of the differential constraint. O

Theorem 4.3. Ifug € X. N H® and zy € Li(H®), then the weak solution of (4.1)
satisfies w € C(0,T; H*), 2 € C(0,T; L3(H*)), and z, € L*(0,T; H*).

Proof. Let u® := uy and 2° := e Py;zy. Given u" !, let 2" be the solution of the
transport system (4.9) with boundary data Py;u"~! and initial data e Py;zo. Then,
we have 2" € L?(0,T; H®). Let u™ be the solution of the hyperbolic system (4.8) with
initial data ug and source term —e*” M zZ. Hence, it follows that v € C(0,7; H®).
Using the energy estimates for the transport equation with parameter and hyperbolic
systems, one can derive

n

[u” — unilHé(o,T;Hs) +[[2" = ZnilHQC(O,T;Lg(HS)) + 127 = Z:LAH%Z(O,T;HS)

(O€2VTT)n—1
<N )
- (n—=1)!
for some C' > 0 and for every n. This implies that (u"),, (2"),, and (z2), are
Cauchy sequences in C(0,T; H®), C(0,T; L3(H®)), and L*(0,T; H*), respectively.
One can see that the limit of (u", z") is the weak solution of the system (4.1). In
fact, this follows from

(" = w1l + 112" = 2" Z3))

T T
/ (u", 25 ¢ — Puthg—o) 2 dt + / (u™ —u""", Paptbp—o) 2 dt
0 0

T 0 0
+/ / (2", Z5 )2 A9 dt = (ug, A°je—o) 12 +/ (20, € Partfjeo) > 40
0 J—71 —7
which holds for every test function (¢,v) € H'((0,T) x R?) x L*(R% H*((0,T) x
(=7,0))) such that ¢y—r = 0, Yp=r = 0, and e"MT¢p = tpjp—_,. Therefore,
we C(0,T;H*), 2 € C(0,T; L:(H®)) and z, € L*(0,T; H*). d

The solution space for the problem (4.1) with compatible data is based on the
following function spaces

Zm,k: = ﬂ fv’]g(]—]m-‘rk—j)7 Xm,k: = ﬂ Cj(O7T; ]{m-{—k—j)7
jZO j:()
Yo = ﬂ C7(0, T Zn—jn), Wing == ﬂ HI(0,T; H™)

j=0 §=0
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for nonnegative integers m and k. The norms of these functions spaces will be the
sum (or the max) of norms appearing in the intersections.
Given ug and 2y we define recursively the following functions

>~ .__ &b T > i~
20 := €~ Pyr2o, Zi = OgZi—1 — €21,
d
o 1 ET v
U; = — E Ajaxjui,l — Lui,l — € MPMZZ'_1|.9:_T.
Jj=1

The data (ug, 20) is said to be compatible up to order k if Zijg—o = u; for all 0 <@ < k.

Theorem 4.4. Let m and k be nonnegative integers. Assume that the initial data
(ug, 20) € (H™ N X,) X Zp i, is compatible up to order m—1 if m > 1. Then, (4.1)
has a unique solution (u,z) € X,k X Yo satisfying the differential constraint for
every T'> 0. Furthermore, z. € Wy, . There exist positive constants C' and v such
that

ull s + 121 + N2zl < CT (luollamer + |20l ,,,.)- (4.10)

Proof. The case m = 0 has been already established from the previous
theorem, and so, we only consider m > 1. Initially we have the regularity
u € C(0,T; H™), 2 € C(0,T; L2(H™*)), and 2, € L2(0,T; H™"*) accord-
ing to Theorem 4.3, and from the differential equation for u, we can see that
u € HY0,T; H"**=1). The compatibility of the data (Pyru, e Pyzy) implies that
z € C0,T; HY(H™* 1) n Y0, T; LZ(H™*1)) and z, € HY(0,T; H™*1) C
C(0,T; H™*=1). Consequently, v € C*(0,T; H™ 1) n H%(0,T; H™*~2) accord-
ing to the PDE for v once more. Continuing the process, we obtain that z € Z,,
and z; € W, x, and consequently, u € X,, ;. The energy estimate (4.10) is a direct
consequence of (3.14), (4.5), and by making v sufficiently large. O

In deriving energy estimates for (4.1), we will take more derivatives than those
that are allowable by the regularity of the solution. However, the final estimates
only contain the norms of the space where the solution belongs. Therefore, one can
approximate first the solution by smoother ones, derive energy estimates for the
approximations and then pass to the limit to obtain the energy estimates for the
solution.

As an illustration, suppose we have data (ug,20) € (H™* N X.) X Z,,x which
is compatible up to order m — 1 if m > 1. The previous theorem implies that the
weak solution of (4.1) satisfies (u, 2, z;) € X X Yinx X Wi g Given my > m and
ko > k, by Theorem 3.3 there exists (29n,v,) € Hy'(H*) x H™(0,T; H*) that is
compatible up to order mg — 1 for every n and

(Zom, vn) — (% Parzo, Pasu) in Zpp X Wik
The solution of the transport system with parameter
glzn =0, Znlo=0 = Un,  Zn|t=0 = 20n;

satisfies 2z, € Yy, x, and 2, € Wik, and we have z, — 2 in Y, and z,, — 2; in
W k-
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For each n, let ug, := Ry/ug € H™ ™ so that ug, — ug in H™* N X.. Now we
use z, to approximate the solutions of the hyperbolic system. Let u,, be the solution
of the hyperbolic system

_ ET _ _
Lou, = — Mz, Lsu, =0, Unjt=0 = Ugn-

Then we have u,, € X,,,, x, and u,, = u in X,,, . Combining the above systems, we
have

Lou, = —€ "Mz,
Lizy = 0, Znlo=0 = Pryuy, + On;

Lyu, = 0, Upjt=0 = UOn; Znlt=0 = Z0n-

where the residual g, is given by g, := v, — Py,.

Notice that the above system is the same as (4.2) except for the boundary condi-
tion for z, which contains the residual p,. According to the continuous embedding
Xk C Wy we have u, — u in W, and therefore g,, — 0 in W,, ;. From this,
it follows that by taking mgy and ky large enough, we can take any derivatives and
as long as the final estimate involves only the norms of the states in X, 1, Yo i,
Zm i, and W, where they are applicable. The energy estimates for the approxi-
mate functions (u,, z,) imply those for the solution (u, z) of (4.2). If in addition,
the initial data are integrable in the sense that ug € L' and zy € L3(L'), then we
have ug, — up in L' and zp, — 29 in L3(L'), see the paragraph after the proof of
Theorem 3.3. This information will be used in Section 8 in deriving decay estimates
under the additional integrability assumption on the data.

5. ASYMPTOTIC STABILITY AND STANDARD DECAY ESTI-
MATES

The goal of the present section is to derive energy estimates for the solutions of

(4.1) under the conditions for the coefficient matrices presented in Section 2. We

begin with condition (S)s, which is known to provide standard decay estimates for
symmetric hyperbolic systems. For simplicity we denote by

w = Pru, v:i=Ppu

the projection of u onto Ker(L)* and Ker(L;)*, respectively. Also, we simply write
U for the block matrix V¢ v in condition (M). Generic constants will be denoted
by C or with a subscript and their values may possibly vary from line to line.

Theorem 5.1. Suppose that conditions (L), (S), (M), (Q), (K), and (S)s are sat-

isfied. Assume that (ug,20) € (H® N X.) x L2(H*) for some s > 1 and define

2= ||luoll%s + HZDH%Q(HS). Then, the solution of (4.1) with data (ug,e®® Pyrzp)
0

satisfies

t
(ol +H2(t)Hig(Hs>+/O 105u(0) 3151 do (5.1)

+ [ (i@

e+ 120 By ) do S CB 120,
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Proof. As mentioned in the preceding section, we can formally take the derivatives
of the partial differential equations. We divide the derivation of the energy estimate
in several steps.
Step 1. Applying 9% to the PDE for u and then taking the inner product with

GOu yields

1d 1<

0al, A ia¢, ot ¢ ot
5 7 (GA O, Opu) + 5 ; 0y, (GAIObu, O5u) + ((GL)105u, Obu)

+ e (GMO 2, 05u) = 0 (5.2)

for 0 < ¢ < s. By taking the inner product of the transport equation for z with Nz
and then integrating over (—7,0), we obtain

0 0
%% (NOL(0), 0L2(0)) A0 + = / (NOL2(0), 02(6)) 4O
1 1
— §<NPM8£U, Protu) + §<N8£ZT, dz) =0. (5.3)

Getting the sum of (5.2) and (5.3), integrating with respect to x, and using the
fact that the range of GM is orthogonal to the kernel of L;, we have

1d
E%ELK +5(N8£2,8ﬁz)L3(L2) (54)

+ % / <‘I;<aﬁu7 a.’iZT)J (aﬁua a{iZT)> dr + (667— - ].)(GMaﬁZT, aﬁv)L2 =0
Rd

where
By = (GA0u, 0u) 2 + (NO' 2, 8£Z)L§(Lz).

xT T

Using condition (M) on (5.4) and then choosing ¢ sufficiently small, we have

d
B+ C1001172 + 10221175 12) + 1022-]172) < 0. (5.5)

Step 2. The next step is to derive dissipation terms involving w. For this purpose,
we differentiate ¢ times the equation for u and take the inner product with STd%u
to obtain

li 049¢ 1 - 1 Jgf Y j 1 Y
5 77 (5 A%, OLu) + ; 5O, (S A Ou, D) + ((SAT)20s, O, )

+ {((SL)105u, 0bu) + e (SM O 2, 0bw) = 0. (5.6)
Here, we used the fact that the range of SM is orthogonal to the kernel of L. The
second term in the sum can be rewritten as
d d
> ((SA7)50,,0bu, 0bu) = ((Y;0,04u, du) + (Q7T LW R)20,, 05u, 0hu)) (5.7)
j=1 j=1
where

Y; = (SAT — QT ILWR),, 1<j<d.
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Integrating both sides with respect to x and then applying Parseval’s identity to
the first sum on the right-hand side of (5.7), we get
d
> (450, 0, ) = (€47 () )2, (5.5)
j=1
where w := £/|¢| and
Y(w) = i(SA(w) — Qw) ' II,WR),.

According to condition (S)s, (5.8) is nonnegative. On the other hand, using the
constraint Zu = 0, we obtain
d
> QT IW R)20,, du, du) = (Wi ROLu, Robu) > 0
j=1
because W, is nonnegative on the range of R. Therefore, integrating (5.6) over R,
using the above information, and Young’s inequality, we have the estimate

O Bt (SIndhu o) 2 — (ol + Gllo3) <0 (5.9
where > 0 and
Eyyp = (SA°0Lu, 0bu) 2.
From condition (S), there exist positive constants C; and C5 such that
((SL)10%u, 0%u) 2 = ((SL + L)10%u, 0%u) 2 — (L0, 05u) 1o
> Ci|0wll7e — Cal|0gvll7..
Plugging this estimate to (5.9) and choosing < C, we obtain

1d
5 7 o+ CUlowl7e = 1052172 = 1950]172) < 0. (5.10)

Multiplying (5.10) by small enough o > 0 and then adding with (5.5), we have

1d
g Eretaba) + Call050lZ2 + 105wl Z2 + 105217212y + 10527 [172) <O (5.11)
for some C, > 0 and for all 0 < ¢ < s.

Step 3. The final step is to derive dissipation terms for the derivatives. Applying
9% to the equation for u, taking the L?-inner product with 22:1 K*T9,, 0tu, and
applying the anti-symmetry of K*A°, we obtain
d d
(K*A°0Lu, 0y, )2 + Y (K* A0, 0w, 0y, 05u) 12
k=1 k=1

N | —
SIS

+ Y (K" Lobw, 0,,00) 12 + e (K* MLz, 0,,00) 12) = 0 (5.12)

d
T~ x Tk ~x
k=1

for every 0 < ¢ < s — 1. Let I; and I denote the last two sums in this equation.
The term I, can be estimated as

|12 < nllo ullze + Cy(l|0zwlgs + [10p2(172)
for every n > 0.
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Now, applying (2.2), the fact that u(t, &) € Ker(IIoQ(w)) for every ¢ > 0 and for
every £ € R?\ {0}, and using Parseval’s identity, we infer that

I = Re(|¢]* K (w) A(w)@, @) 2
= (€ (K (W) A(w) +9(SL + L))yt @)z — I(EPF(SL + L)@, @) 2
> CilllEP a7 — Colllg* @Iz
for some constants C,Cy > 0 and ¢ is the constant in (2.2). Here, K(w) :=

22:1 K*wy. Using Plancherel’s identity to the latter terms and then combining the
above estimates, we obtain from (5.12)

1d

5 77 B+ Cull0: ullze — 10wlFn = 102+ [172) <0 (5.13)
by choosing 1 > 0 small enough, where
d
Bse:=Y (K*A°0Lu, 0, 0bu)
k=1

Multiplying (5.13) by # > 0 small enough and then adding the result to (5.11)
yields, for 0 < ¢ < s — 1, the estimate

1d
5 dt(El ¢+ B+ a(Eoy+ Eopir) + BEsy) (5.14)

+ C (10 ullze + 1050ll3 + 10wl + 1052117 41y + 1027 [32) <0

for some constant C' = C,, g, > 0. By reducing o > 0 and then 8 > 0 if necessary,
we can see that there are constants C', Cy > 0 such that

Cr(ll0zullty + 10520 72)) < B + Evenn + aEag + Bygin) + BEs
< Co([|05ullFn + 10521172 4m1y)- (5.15)
Taking the sum of (5.14) for 0 < ¢ < s — 1, integrating with respect to time, and

then using the equivalence (5.15), we acquire the estimate in the theorem. (]

Using the energy estimate of the previous theorem, one can also derive the cor-
responding estimates for the derivatives with respect to time and history under an
additional compatibility condition.

Theorem 5.2. Suppose that conditions (L), (S), (M), (Q), (K), and (S)s are satis-
fied. Assume that (ug, 20) € (H*"™ N X,) X Zy, i is compatible up to order m —1 for
some k>0 and m > 1. Let s := k+m and I§ := |lu||7 + [|20l|Z, . The solution

of (4.1) satisfies
oot [ ofuto

> [1etato
DI [CEUE / (k=)

=1
for every t > 0.

[ da} (5.16)

bt lofeol, L, ) o < O
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Proof. First, since Z,, 1, C Zys = Lj(H?) it follows that (5.1) holds. The next step
is to obtain an estimate for the time derivatives of u. Taking the (¢ — 1)st derivative
with respect to t of the equation for u, for 1 < ¢ < m, we have

d
Opu = —(A")"' Y A0, 0 u— (A°) Lo w — e (AY) T MOz (5.17)
j=1
Using an induction argument, it can be easily seen that the estimate
=1
s+ 1005 (0)
j=0

10 u(t) [ Fge—e < C(H@mU(t)\ froon + [Jw(t)]

zSM) (5.18)

holds for every 1 < ¢ <m and t > 0.
On the the other hand, by applying 9{0" to the transport equation for z and
multiplying with 9{0%z, we have

SO10602=1%) — Son(1ofaLel?) + elofar=? = o (5.19)

for every 0 </ < m and 0 < v < m — {. From the boundary condition at 8 = 0
and the fact that Ker(L;) C Ker(M), we have zj9—g = Pyu = Py(v+ (I — Pr,)u) =
Pyv. Integrating (5.19) over (0,¢) x (—7,0) x R? and then taking the sum over all
0 < v < s —/{ produce the estimate

t t
060 g & [ 10F( g0+ [ 1002r(0) e

t
< C’(H@fz(O)H%g(Hsz) + /0 10f0(0)]| 2 da> (5.20)

for every 0 < ¢ < m. We note that for every 0 < ¢ < m it holds that
10 2(0) | 3 sy < 120l 2, -
We establish by strong induction the following estimate for 0 < ¢ < m and ¢t > 0

t t
0O 30y + [ 106240} ey do + [ 10820(0)
0 0

The case ¢ = 0 has been already established in Theorem 5.1. Suppose that (5.21)
holds for every 0,1,...,¢ —1. Applying (5.1), (5.18), and the induction hypothesis,
one has

t
JACEC
0

<o t(uamuw

Plugging this in the inequality (5.20) proves (5.21).

Similarly, using a strong induction argument and the equation 0yz = 0,z + €z,
we can obtain estimates involving derivatives with respect to . More precisely, we
have

2eedo <COIZ. (5.21)

/-1

b 3 [0 @)oo < O

Jj=0

w1+ w(o)]

t
100052 g + [ NOLOG@) Bgemcmydr < OB 6522
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for every 0 < /4 p < m. Given 0 < ¢ < m, taking the sum over all 0 < u<m — /¢
n (5.22) results to

m—~

t
S (10O g + [ 100yt ) <CR (523)

pn=0
Combining (5.21) and (5.23), and using the definition of Z,, ;, we obtain

m

> [1ot=z, .+ [ (1o

=0

et lota(ol, ) do] < C

By the Poincaré inequality we have, for every 0 < 7 <m — 1,
107 2 (8) | gre=s-1 < CNNO2(6) ||y (12051

Utilizing this estimate in (5.18) together with (5.1) and (5.23), we have the other
part of the desired estimate
oot [ Wofuto

> [1uto)
This completes the proof of the theorem. O]

Hsfg do S C[g
Z_

The above energy estimates imply the uniform decay of u and z on R? and
(—7,0) x R4, respectively. We denote by [r] the largest integer less than or equal to
reR.

Corollary 5.3. Suppose that the conditions of Theorem 5.2 hold. Let sy := [g] +1
and k > 1. Then, for every 0 <{<m—1 and 0 < j <m — ¢, we have

10fu(t) ||yyrs-so—e-1.00 — 0 as t — o0, if s> so+L+1, (5.24)
10F (v, w) () || yyrs—so—t00 — 0 as t — oo, if s> so+ ¢, (5.25)
||afz(t)||H5(WS_SO_Z_]-,OO) — 0 as t — oo, if s> so+ 0+ ] (5.26)

In particular, for every 0 </ <m—1and 0<j <m—/{—1, we have

H@fz(t)ng,oo(ws,so,g,j,l,oo) — 0 ast — oo, if s> sg+7+ 0+ 1. (5.27)
Proof. First, let us prove the uniform decay (5.24). To do this, we introduce
the functional ®(t) := [|0,0{u(t)||%. . ». According to (5.1) and (5.16), we have
®;, € WH(0,00) and therefore ®,(t) — 0 as t — oo. Let r = d/(2s). Then,
r=d/(d+2)if dis even and r = d/(d + 1) if d is odd, and in any case, we have
r € [3,1). In virtue of the Gagliardo-Nirenberg inequality [20], we get

10Fu(®) | ws—so-e-100 < CllOpOfu(t) |7re—e—2l|Oful®) | 7" sy
< I 10,0 ge s — 0

as t — oo. To prove (5.25) and (5.26), we consider the functional

@y (t) := 1|0 (v, w) ()37 1+Z 1082 ooy,
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From the energy estimates (5.1) and (5.16) we can see that ®; € W1(0, c0), and
hence, ®5(t) — 0 as t — oo. The Gagliardo—Nirenberg inequality once more imply
(5.25), and similarly

10795 = (t, )| 72 ayres0-r-s.)

He-i-s-1110, 04 =(t,0)

de (5.28)

HHS sg—£—3

0
< C/ 10£0 0,2 (t, 0)|| %

for every 0 < o < j and 0 < 5 < m — (. Applying Hélder’s inequality and using the
fact that r < 1, we get

10705 ()| g ws—so-e-s00) < Cl0} 0 2() | 3 ge-2-1) 10,0 =(t)
< Clgloiog+(t)
< CLlot=(0)ll,

HLZ(HS sg—L— j)
||L2 Hs— l—j5— 1)

HJ(Hs L—j— 1)

for every 0 < p < j. Passing to the limit ¢ — oo, this estimate imply (5.26).
Finally, (5.27) is a consequence of (5.26) and the Sobolev embedding. O

The next goal is to derive time-weighted decay estimates for (4.1) under the
assumption (S),. For this, we define the energy functionals

s

Ny(t)*:= ) sup (14 o) ([82u(0) s + 1022(0) 1231101 (5.29)

‘o 0ot

S t
ZE:A(P+@“Wﬂ%wwﬁwmémﬁﬂﬁkwm%mkwda

+Z/ (1+ o) )|67  u(o)|

Theorem 5.4. Under the assumptions of Theorem 5.1, there exists a constant C' >
0 independent of t and the initial data such that Ny(t)* + Dy(t)? < CIZ for every
t > 0. In particular, we have

2 s do. (5.30)

J

105u(®) | rrs-3 + 11052(t) || 2 aresy < C(L+4)72 (5.31)
for every 0 < j < s andt > 0. Moreover, for every 0 < j < s, we have
109 Ru(t) || gre-s—r < C(1+1)" 272, (5.32)

The proof of this theorem follows immediately from the following energy estimates
together with an induction argument. The estimate (5.32) follows from (5.31) and
the differential constraint.

Lemma 5.5. In the framework of Theorem 5.1, there exists C' > 0 such that we
have the following time-weighted energy estimates

(L +6) (15u()l s + 110220172 17e-5))

+Au+®W%wW@WN

2o 10820 |23 g1emsy) dor < CIZ (5.33)
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for every0 < j <sandt >0, and

/0 (1 + o ]|0 (o)

for every 0 < j < s andt > 0.

2 s do < CI2 (5.34)

Proof. Multiplying (5.11) by (1+t)?, integrating with respect to ¢, and then taking
the sum of the corresponding inequalities for 7 < ¢ < s — 7, we obtain

(L+0) (10u)l s + 1102202 17-5))

+ / (1 + 0V (|0, w, 2,)(0)]

Ty + Haa]c'dg)Hig(HSfj)) do

t
<CR+Cj / (14 P (10500 ey + 10220 23 1or)) do

for every 0 < j < s. On the other hand, if we multiply (5.14) by (1 + t)?, integrate
from O to ¢, and then take the sum for every j </ <s—j— 1, we get

/0 (1 + oV (07 u(o)]

S + H@i“z(U)H%g(HS,j,l)) do

t
<CL+Cj [ (14 0P (10 (o) s + 10211 (0) 2y s do
0

Induction argument yields that these estimates imply (5.33) and (5.34). O

Due to the dissipative structure of the damping matrix L, we have the following
better decay for the component w and z assuming that the kernel of L lies in the
kernel of its symmetric part L;. More precisely:

(L), The matrix P;, commutes with GA® and SA° and we have Ker(L) C Ker(L;).

Theorem 5.6. Suppose that the conditions of Theorem 5.1 hold and in addition
that (L), is satisfied. Then, we have

103wl r+-s-1 + 1022 () | 3 are—s-1y) < CAL+1)7572 (5.35)
for every0 < j < s andt>0.

Proof. Taking the inner product of the differential equation for u with Go%w =
G PL0%u and then using the fact that P, and GA® commute, we have

1d
§E<GA08£w, Otw) + ((GL) 05w, Obw) + e (GM O 2, 0bw) = Ry, (5.36)
where Ry, = —Zi:1<GAk8rk8£u,8£w>. We claim that Pp,w = v. Indeed, since

(I — Pp)u is in the kernel of L, and hence in the kernel of L, we have Py, (u— Ppu) =
0. Using the definition of w and v, this implies our claim. Since Pqr), = Pr, and
the range of GM is orthogonal to the kernel of L, the equation (5.36) can be written
as

1
§%<GA08£U), 8ﬁw> + <(GL)18£’U7 8ﬁ’U> —+ eET<GM8£ZT, 8£U> = ng. (537)
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Similarly, from the fact that P, and SA° commute, we obtain by multiplying the
equation for u by STow

1d

2dt

where Ry := —e*™(SM L z,, 'w) — S0 (S A, 8u, dw). Here, we use the fact

that SLu = SLw. Mult1ply1ng (5.38) by «, taking the sum with (5.37) and (5.3),
and then the sum for all j </ < s — j — 1, we obtain

—(SA° w, 0w) + ((SL)10%w, dbw) = Ry, (5.38)

ld= & 0 ot VIR
2th +e(N¥ 2,00z )rams-i-1) + 5 Z / (0,0, 0,27), (0,0, 0527 )) dx

+ (T = 1) (GM& 2, G;U)Hsfjfl +a((SL)ojw, Qjw) g1 = R;,

where E; := ((GA® + aSAO)agw Ow) po—i—1 + (N5z,052) p3(rs-5-1) and the right-
hand side is given by R; Z[ﬁ (Rie + aRyy).
Applying the Cauchy— Schwarz inequality, using condition (M), and then making

« and ¢ small enough, we can see that there exist positive constants ¢ and C such
that

5E+d;<qwﬂ(ﬂ

Multiplying both sides by e and then integrating from 0 to ¢ yields

Hs—i—1:

t
Ej(t) < B;(0)e + C / e )01 (o) [ do
0

t
< E; (0)e™ + C/ e (1 +0) 7 ldo
0
<O+t
This estimate implies (5.35) and this completes the proof of the theorem. O

Next, we have the following estimates on the spatio-temporal derivatives. With
additional structure on the matrices associated with the constraints we get better
decay.

(Q)« For each 1 < < d there exists a n; X n matrix @l such that IT,Q' = @lPL.
Corollary 5.7. In the framework of Theorem 5.2, for 0 < £ < m, we have

105wt | == + 10F 0024 |y (sgv-r-s-y < C(1+£)73 (5.39)

10£0 Ru(t) || pro—e-n— < C(1+1)" 572 (5.40)

forevery0<j<s—(, 0<v<s—(—jand 0 < pu<s—~L In addition, if (L).
and (Q), are satisfied, then we have

1OFOTw(t) | ge-e-s-1 + 10F D02 () |y (pgs-e-3-v-1) < C(L+1) 7272 (5.41)
100" Ru(t) || go—e-n—2 < C(1+1)"27" (5.42)

forevery0 < j<s—l—1and0<v<s—{—75—1, and for every 0 < p < s—~—1.
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Proof. Applying 9 to (5.17) and then taking the sum over j < v < s—/{ —j yields
2

10; () [Fs-e-s < ClIOL I () 3gsmesr + CllO Do ()| Froes
+ OO0 2 () |13y (5.43)

Multiplying the equation (5.19) by (1 +¢)’, integrating with respect to (¢, 6, x), and
then getting the sum for j < v < s— /¢ — j, we have

t
(14 P N0 gy + [ (1 VIO

t t
+ / (1 4+ o) (|00 2, (0)||3e—sy do < CIZ + C/ (1+0)|0foiv(o)|
0 0

2
Hs—[—j dU

t
+Cj [ (1 ) 0o o (5.4

The estimate involving z in (5.39) when v = 0 can be obtained from (5.43) and
(5.44), and when v > 0 we use the equation 0pz = 0z + €z together with strong
induction. The constraint and (5.39) immediately imply (5.40). Finally, (5.41)
and (5.42) can be shown using the same argument as in the preceding theorem. [

6. ASYMPTOTIC STABILITY AND REGULARITY-LOSS DECAY
ESTIMATES

If we replace condition (S)s by (S),, then the inequality (5.11) does not hold anymore.
For this reason, we need to revisit the second and third steps of the proof of Theorem

5.1. As a result, the corresponding estimates will be weaker than those that were
derived from (S)s.

Theorem 6.1. Assume that the conditions (L), (S), (M), (Q), (K), and (S), hold
and let s > 2. Suppose that (ug, z0) € (H*NX,) x L2(H®) and define 12 := ||ug||% +
HZOHig(Hs)' Then, the solution of (4.1) with data (ug, e® Pyrzy) satisfies

[[u(?)]

t
b4 1Ol 00+ [ 10.0) s o (6.)
0

+ /Ot (Il(v,zT)@—)n%p + [|w(o)]|

Proof. Note that inequality (5.5) is still satisfied. The next step is to revise the
estimation of Step 2 in the proof of Theorem 5.1. Since Y (w) is nonnegative only
on the kernel of L;, we need to proceed in a different way to treat the first term on
the right-hand side of (5.7). Recall that Y := (SA7 — QT II;W R)5. We rewrite the
said term as follows:

(Y0, 0%u, 05u) 2 = (Y;0,.08(u — v), 05 (u — v)) 2 — (Y050, 0, 05u) 12

JjT JjT jT

+ (Y;0,.0%(u — v), 050) 2. (6.2)

Jj T

oot 4 120l ) do < CL 220,
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Applying Parseval’s identity and the fact that u(¢) —9(§) € Ker(L;) for every &, we
obtain from condition (S), that

d
> (Y04, 04w — ), 05 (u — v)) 12 = (|*Y (w)(@ — B), @ — D)2 > 0.

=1 ]
We apply Young’s inequality to estimate the last two terms on the right-hand side
of (6.2) as follows:

d
S (0500, 8y, D) 2|+ (Y5, 0% 00 — ), )] < 205wl + Ol
j=1
for every 0 < ¢ < s—1 and p > 0. Plugging these estimates to (5.6) and (5.7), we
obtain
1d Y
5 Foe + CUlozwl7e = 10220 1172) = CollOzollzy — 510 ullz2 <0 (6.3)
for every 0 < ¢ < s — 1. We perform a similar procedure and integrate by parts to

pass the derivatives on v to get

1d 0
Sl t Clla wlz2 = 1957 20 [[72) — Coll0 0l — 5”(952““!\%2 <0 (6.4)
for every 0 < ¢ < s—2.

Combining the estimates (5.5), (5.14), (6.3), and (6.4), we obtain the following:

1d~
s let (€= aCo)||95vll + (C = aC — aBC) |05z I3 (6.5)

+a(C = BC)|0pwlip + a(BC, — 0)[105  ullf2 + Cll052 1722y < 0
for every 0 < ¢ < s — 2, where we used the abbreviation
Ey = Eiy+ Eip1+ Eippo +a(Eoy + Eop1) + afEsy.

Choosing the positive constants o, 3, and « in such a way that 8 < C/C,, 0 < pC,,
and o < max(C/C,,C/(C + BC,)), we can see that every constants appearing on
the left-hand side of the inequality (6.5) are positive. Integrating this inequality
with respect to ¢ and taking the sum for all 0 < ¢ < s — 2, we get the desired
inequality stated in the theorem after reducing o and then [ if necessary. 0

Analogous to Theorem 5.2, one can also derive estimates for the time-derivatives.
The details are left to the reader.

Theorem 6.2. Suppose that the conditions (L), (S), (M), (Q), (K), and (S), hold.
Assume that the initial data (ug, z0) € (H*™ N X.) X Zpx is compatible up to order
m—1 for some k > 1 andm > 1. Let s := k+m and Iy := |luo||zs + || 20| 2,.,.. The
solution of (4.1) satisfies

m

t m
>, {Ilan(t)II%s—e +/0 10 u(e) | Fame-s da} +y o=, .

/=1 £=0

m t
+> / (102 (@) 3oms + NOE2(NE, ,, ) do < CIB, t20. (66)
=0
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The energy estimates in Theorems 6.1 and 6.2 imply the following uniform decay.
The proofs are similar to Corollary 5.3 and for this reason they are omitted.

Corollary 6.3. Assume that the framework of Theorem 6.2 holds. Let sq := [g] +1,
So:=8pifd>1andsy:=so+1ifd=1. Forevery0 <{<m—1and0 <j<m—/
10fu(t) ||yyre-so—e—2.00 — 0 as t — o0, if s >so+ 042, (6.7)

and (5.25), (5.26), and (5.27) are also satisfied, with sy replaced by S.
One can also derive time-weighted decay estimates with condition (S),. To this

end, we define the following energy functionals:
[s/2]

N(1)* =" sup (1+0)([|0u(o)]

=0 0<o<t

[s/2]

Z/ (14 P (100, 20)(0) 3y + 10220 2 ey o

2o+ [1022(0) 23 g1v-as))

[s/2]—

ypy / (14 0P (18500 [esios + 1027 () [3ems—s) do

Theorem 6.4. With respect to the assumptions of Theorem 6.1, there is a constant
C > 0, which is independent of t and the initial data, with N,(t)*> + D,(t)* < CI?
for every t > 0. In particular, we have

J

105(t) | zo-25 + [|022(8) | L2 (rzs-2sy < C (1 + 1) 72
for every 0 < j < [3]. Furthermore, for every 0 < j < [
|0 Ru(®)rre-2-1 < C(L+) 7572

Proof. Given 0 < j < [5], we multiply (5.5) by (1 + t)j, take the sum over all
7 < ¢ < s—j, and integrate with respect to time to obtain the time-weighted

inequality

(1 + ) (|0%u(t)]

|, we have

M

2oy 102D o)

+ / (1+ o) (19 (v, 27)(0)]

318721 + H@iz(a)”ig(m,gj)) do

t
<CR+Cj / (L 0P (1020 B2 + 1922(0) 23 gge-ss)) dor

Now, given 0 < j < [£] we multiply (6.5) by (14¢)’ and then add the corresponding
terms for 7 < /¢ < s — 7 — 2 to have the estimate

t
/ L+ o) (102w (0)[7s-2-1 + 107 u(t) [[3gs-2-) do
0

t
<CR+Cj / (L 0P (10200 3ge-as + 1022(0) |23 gge-2s)) dor

A straightforward induction argument shows that these two estimates imply
N,(t)* + D.(t)* < CI3 for every t > 0 and for some constant C' > 0. The rest of
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the theorem follows from the latter estimate and the constraint. O

We also have better decay under the assumption (L),. The proof is similar as
before and therefore we omit the details.

Theorem 6.5. Assume that the conditions of Theorem 6.1 hold. Suppose also that
(L) is satisfied. Then, we have

109 0(t) | o252 + 002(8) | aare—2i—2y < (1 +8)7572 (6.8)
for every 0 < j < [5] and t > 0.

Finally, we close this section with estimates on the time derivatives and derivatives
with respect to @ for the delay variable z. The proofs are the same as before and
for this reason we again omit the proofs.

Corollary 6.6. In the framework of Theorem 6.2, for 0 < { < m, we have
ROt 11—e-ss + 1) iy vy < CLH1)F (69)
|0L0E Ru(t) || gro—r—on— < C(1+1)"572 (6.10)

Jor every 0 < j <[(s—40)/2], 0 <v<s—0—2j, and 0 < p < [(s —0)/2]. If (L),
18 satisfied, then

||8f8§w(t)\ Hs—t—2i—2 + ||8faiz(t)||H5(H5472j7u72) < C(l + t)_%_% (6.11)
for every0 < j<[(s—0)/2] —1 and 0 <v < s—L—25—2, and if (Q). holds, then
0L Ru(t)|| grae—2u—a < C(1+1t)"271 (6.12)

for every 0 < pu < |[(s—1¥)/2] — 1.

7. APPLICATIONS TO THE WAVE, TIMOSHENKO AND EULER-
MAXWELL SYSTEMS

In this section, we shall apply the results of Sections 5 and 6 to certain physical
systems. This includes the Timoshenko system, system of wave equations with
delay in the interaction, and the linearized Euler—-Maxwell system.

7.1. TIMOSHENKO SYSTEM. Our first example is the following dissipative Tim-
oshenko system with delay

{wtt_wxx_'_wxzoa

Y — A2y — Wg + Y + )y + Bify, = 0, (7.1)

fort > 0 and x € R. The unknown scalar functions w and 1 represent the transversal
displacement and rotation angle of a beam, respectively. The constants o and a are
positive while the sign of 3 is arbitrary. As in [10, 11, 29|, by introducing the state
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variable u = (w, — ¥, wy, atb,, 1), we can rewrite this system in the form (1.1) with
the matrices 1

o o O

Al = —

co oo
co oo
O O o+

<

I
oo oo
oo oo
oo oo
o oo

—1

The system has no constraints so that () = R = 0, and so condition (Q) is trivially
satisfied.

Note that the damping matrix is nonnegative and the delay matrix is symmet-
ric. The kernels of L and its symmetric part are given by Ker(L) = {es,e3} and
Ker(L;) = Ker(L) U{e1}, where e; for 1 < j < 4 are the canonical unit vectors in
R*. This means that e; is the vector in R* with entry 1 in the jth component and
zero elsewhere. Choosing the compensating matrices S and K by

0001 0 10 0
B 00 a0 . 100 0
S==nloas00 | =0 00 -1

1000 0 01 0

and by choosing 77 > 0 small enough, conditions (S) and (K) are satisfied. Moreover,
if @ # 1, then (S); is satisfied while (S), holds when a = 1. We refer to [29] for the
computations. If a > ||, then it follows from Theorem 2.2 and Theorem 2.3 that
condition (M) holds. One can easily verify that condition (L), holds. Therefore, the
asymptotic stability and decay estimates presented in Section 5 and Section 6 for
a # 1 and o = 1, respectively, are applicable to the state u corresponding to (7.1).
In this example, we have Pru = (uq,0,0,uy).

7.2. SYSTEM OF WAVE EQUATIONS I. Consider the following coupled system
of three-dimensional wave equations with delay in one component

{ b — DG+ agy + iy + Bére =0, 72)

Yy — A — agy = 0,

for (t,0,2) € (0,00) x (—7,0) x R3. Here, ¢ and ¢ are scalar-valued. A similar
system in the bounded case has been studied in [9].

When o = 0 in (7.2), the wave equations are uncoupled, where one has a damping
term with delay, while the other one is undamped. For a # 0, we can think of the
terms a); and —a¢@; as feedback interconnection that links the two vibrating media
through their velocities. If a > 0, then a negative velocity 1, accelerates the damped
wave, while a negative velocity ¢, decelerates the undamped wave. This approach is
related to the concept of indirect damping mechanisms introduced by Russell [26],
wherein dissipation in one component in elastic systems can be transferred to that
of the whole system.

We shall recast the system (7.2) in the form of (1.1). To do this, we define the
state variable u = (V¢, ¢, Vo, 1), Let e; and €, for 1 < j < 8 and 1 < k < 3,
denote the jth and kth canonical vectors in R® and R3, respectively. The above
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system can be written in the form of (1.1) with A% = I,

0 e 0 O 0O 0 0 0 0 00O
~T
i__ | & 0O 0 0 _ 0 a 0 « _ 0 8 00
A 0 0 0 ¢ » L 0O 0 0 0 , M 0000}
0 0 ?a;T 0 0 —a 0 0 00 00
for j =1,2,3.

The eigenvalues of the principal symbol A(§) are given by +i|¢| and the multiple
eigenvalue 0. Thus, some solutions of the system does not correspond to a solution
of the wave system (7.2), and to factor them out we need to add the constraints
V x (V¢) =V x (Vi) = 0. The corresponding matrices are then given by R = 0
and

Q 0 0 0
; 0 0 0 O .
i _
Q - 0 0 ng 0 Y j - 17 27 3
0 0 0 O
Given & = (&1,&,&)" € R3, the skew-symmetric matrix (¢ is defined by
0 =& &
Qg = &3 0 =&
=& & 0

so that Q¢ = £ x 1, where £ X 1) is treated as a column vector. The damping matrix
is nonnegative and the delay matrix is symmetric. The kernel of L and its symmetric
part are given by Ker(L) = {ei, e, e3,e5,¢6,¢7} and Ker(L;) = Ker(L) U {es},
respectively.

Taking S = I, one can immediately see that (S) and (L), are satisfied. Because
II, = 0 and Il = I, we can take W = 0 and (S); holds. Let us verify condition
(K). For this purpose, define the compensating matrices

0 —& 0 0
0 0 0
0 0 0 —& |
0 0 & 0

J

Note that Ker(Q(w)) = {(1, 91, U2, ¢2) : w x b1 = w X by = 0}. If (Y1, ¢1, 12, ¢2) €
Ker(Q(w)), then wwiy, = w x (w X ¥) + p(wlw) =1y for k= 1,2 and w € S
From this, one can immediately see that condition (K) holds. Also, it is clear that
QIA* = QIL = QM = 0 for every j,k = 1,2,3 and as a consequence, condition (Q)
is satisfied. Under the assumption a > ||, we see that condition (M) holds. The
results in Section 5 can be applied to the state u and the corresponding orthogonal
projection onto Ker(L)* is given by w = (0,0, 0, u4, 0,0, 0, ug).

K’ = j=1,2,3.

7.3. SYSTEM OF WAVE EQUATIONS II. Now let us consider the following cou-
pled system of wave equations with delay in the interaction

{ b1 — Db+ ady + av, + Bérr = 0, 73)

Yy — AV + dipy + Y + 0Uir = 0,
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for ¢ > 0 and z € R®. This has been studied in [23| in the case of one-space
dimension. The system (7.3) is a generalization of (7.2), in which the two waves
have damping with delay, and the effects of the feedback interconnection also include
delays. In other words, the transmission of the dissipation terms does not occur
instantaneously.

The coefficient matrices for this problem are the same as those that are given in
the previous subsection except for the delay and damping matrices. In the current
situation, they are given by

0000 0000
10 a 00 10 a0 B
L= 0000 |’ M= 0000
000d 0 v 0 0

In this case, the delay matrix is not necessarily symmetric anymore. Condition (M)
holds if we have (a— |a|)(d—|d]) > |57], see the Appendix in [21] for instance. More
precisely, by taking G and N of the form

00 0 0 00 0 0

0o a 00 {0oa 00

“=loooo | Y loooo|
0 0 0 a 00 0 a

there are positive constants aj, as, as, and a4 that fulfill condition (M). On the
other hand, conditions (L), (S), (Q), (S)s, and (L), can be easily verified. Therefore,
the results of Section 5 are valid to the system (7.3) with the state variable u =
(Vd)a ¢t, V¢a 1/}13)

The wave equations (7.2) and (7.3) were written as first-order hyperbolic systems
with delay in terms of the velocities and the gradients of the displacements, that is,
using the ansatz u = (Vo, ¢y, Vo, ¢;). On one hand, this is a typical formulation
for the wave equation as the L?-norms of these quantities represent the potential
and kinetic energies of the system. On the other hand, it is also interesting to
derive estimates and study the time-asymptotic behavior with respect to ¢ and
1. However, the results and methods provided here cannot be applied directly to
such problems. For example, estimates for V¢ cannot be transferred to ¢ since, in
general, the Poincaré inequality is not valid in the whole space R?. Nonetheless, in
the case of bounded Lipschitz domains with homogeneous Dirichlet conditions, this
approach is meaningful.

For the damped wave equation without delay, Matsumura [14] obtained estimates
for the displacement, including the spatio-temporal derivatives, in L? and L>. The
results were based on the analysis of the equivalent second-order differential equation
with the Fourier variable as a parameter. It is not clear at this point how such
methods can be applied and extended to the case of wave systems with delays. As
this is outside the scope of the paper, we leave these tasks for future investigations.

7.4. LINEARIZED EULER—MAXWELL SYSTEM. Our final example is the fol-
lowing Euler—-Maxwell system arising in the study of plasma physics. We consider
the system linearized at the constant equilibrium state u, := (ps, 0,0, B,), where
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p. > 0 and B, € R3,

( i+ pudive =0,
pve +p Vp = —p.(E+v x B,) — p.(awv + Bu,),
E, —V x B = p,v, (7.4)
Bi+VxE=0,

(divE =p,—p, divB =0,

for ¢ > 0 and z € R®. The unknown state variables are the density p : (0, 00) x R* —
R, velocity v : (0,00) x R® — R3, electric field E : (0,00) x R?* — R3, and magnetic
field B : (0,00) x R®> — R3. Here, p, is constant.

By letting u := (p — p«, v, E, B— B,), the system (7.4) can be written in the form
of (1.1) with the coefficient matrices

pe/ps 0 0 0 0 pe O 0
0 pl 0O ; pel 0 0 0
0_ J— j
AT = 0 0O I 0 |’ A= 0 0 0 —Qz |’

0 0 0 I 0 0 Q 0
0O 0 00 0 0 0 0
[ 0 Bp.d 00 | 0 pulal =Qp,) pd O
M= O o0 00| L= 0 —pd 0 0
0 0 00 0 0 0 0

The damping matrix L is nonnegative and the delay matrix M is symmetric. Ob-
serve that Ker(L) = {ey, es, €9, €10} and Ker(Ly) = Ker(L) U {es, g, €7}. The coeffi-
cient matrices corresponding to the differential constraints are given by

; 0 0 ¢ O 1 000
o j _
Q‘(oo 0@>’ R_(oooo)'
It has been verified in [29] that (S), (K), (Q), and (S),, without the conditions
pertaining to the delay matrix M, hold with the matrices W = (np./p«)I,

0 0 00 0 (1/p)e; 0 0

B o 0 10 i | —(p/p0)El 0 0 0
S=01 0 (jpar 00 |0 K= 0 0 0 Q
0 0 00 0 0 Q5 0

for n > 0 sufficiently small and for ;7 = 1,2,3. However, it can be easily verified
that the properties in connection to M for conditions (S) and (Q) are satisfied.
Moreover, as in the previous examples, condition (M) is verified when « > |f3].
Finally, conditions (L). and (Q). are satisfied with G = I and the fact that

0000
| oroo0 i_(00¢ 0
Fe=1900 10| MQ_(OO oo)&'
0000

Hence, the Euler-Maxwell system (7.4) with delay has the regularity-loss type decay
and the results of Section 6 can be applied to this system. In this example, note

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA 34 /40

that Ppu = (0,v, E,0), Pp,u = (0,v,0,0), and Ru = (p — p«,0,0,0). See also [31]
and [32] for related results.

8. DECAY ESTIMATES FOR INTEGRABLE DATA

If the initial data and the initial history are both integrable, then we can improve the
decay rates given in the previous sections. In this section, we only focus with decay
estimates for the derivatives with respect to space. The derivatives with respect
to time and delay variable can be handled in a similar way as in the previous
sections. The basic idea is to carry the calculations in the preceding sections in
the Fourier space. More precisely, we take the Fourier transforms with respect to
x of the differential equations and perform the calculations as in the primal space.
As before, using an approximation argument, we can use the differential equations
directly.

8.1. STANDARD DECAY ESTIMATES. Taking the Fourier transform of the sys-
tem (4.1) with respect to the spatial variable yields the following equations:

A%y (t, &) + i€ Aw)
2i(t,0,8) —Z(t, 0, €)
z(£,0,€) = Pyult, €),
(0
§) =

(

u(t, &) + Lu(t, &) + e ™Mz (t,&) = 0,
+e2(t,0,) =0
8.1
F0.0.6) = P50.6) &y
(1l¢|Q(w) + R)u(t,
L ©(0,&) = uo(§),
where w :=¢/[¢| if € #0 and w:=0if £ = 0.
Getting the inner product of the first equation in (8.1) with Gu and taking the
real part, we have
1d
2dt

Taking the inner product of the second equation in (8.1) with NZ and integrating
with respect to 6 yields

1d [° ) o
57 | (NE(0),2(0)) 49 — S (N Pasi, Pyt

Z(GAG, ) + ((GL)@,0) + e Re(GMZ,, @) = 0.

n %(Nzﬂzg + 5/0 (NZ(0),2(6)) b = 0.

—T

Taking the sum of the above equations, we obtain the energy identity

+e / 0 (NZ(0),2(0)) d0 + (e — 1)Re(GM3Z,, ) = 0,

where & = (GA"T,0) + [° (NZ(6),2(8)) d.
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If we get the inner product of the first equation in (8.1) with S7@ and then take
the real part, we have

L g (AW + (S ) + " Re(SME, 8) —

where & = (SAOiZ ﬂ} Finally, we take the inner product of the first equation in
(8.1) by —i|¢| K (w)Tu and then take the real part to get

1y 1 (K (w) Alw)) L, 1)

2dt ()4
— [¢|Re(i K (w)Lw, u) — i|&|e”" Re(K (w)MZ,,u)y = 0,
where & := —1|¢|(iK (w) A, 1). From the above energy identities, we obtain
d
(1+|£|) £+ D1+ D+ Dy =0 (8.2)
where € 1= (& + a& + W&’) and

Dy =27 (1 + [€P){(W(T, 2,), (@, %)) + (N2, 2) p2(_rg) + (67 — 1)Re(GMZ,, 1)}
Dy = a1+ [§){il¢]{(SAW))2t, @) + (ST, T) + e Re(SMZ,, @) }
Ds = a{[¢[((K (w) A(w)hit, ) — i[¢|Re(i (w) LD, 1) — i[¢|e* Re(K (w) M2, ) }.

One can easily see that there exist constants n > 0 and ¢,, C;, > 0 such that for
every a, 8 € [0,7], we have

e[ + 12172 o) < € < Cylal® + 1121172 —r.0))- (8.3)
Utilizing condition (M) and then making ¢ small enough, we obtain
Dy > C(L+ PO + 2 + 121172 —r.0)- (8.4)
On the other hand, using conditions (S) and (S)s, we have
Dy > a(l+ [€P)((SL + L)1, @) — (L45,5) — ol — Cyl2: )
> a1+ [§°)(Cr|@]* = Cofo]* — ColZ: ) (8.5)

by choosing ¢ > 0 small enough. According to the condition (K) and u(t,§) €
Ker(II,Q(w)) we have, after using Young’s inequality,

D3 > af(CLIEPIal” — Col@? — ColZ ). (8.6)
Taking (3 sufficiently small and then « small enough, we obtain from (8.3)—(8.6) that

d ~
(L4 1€7) =& + cleP ([l + 12172(—r0)) <O (8.7)

for some constant ¢ > 0. This inequality sets up the proof of the following theorem.

Theorem 8.1. Assume that conditions (L), (S), (M), (Q), (K), and (S)s are satisfied
and let s > 1. Suppose that (ug, 20) € (H*N X, N L'Y) x LZ(H* N L'). Then, the
solution of (4.1) satisfies the pointwise estimate

[, €)| + 122, €)llr2—roy < Ce™ PO ([0 (€)] + [120(€) ] z2(—r0)) (8.8)
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where p(&) == |£]2/(1 + [£]?), for some constants ¢ > 0, C' > 0 and for every t > 0
and & € R?. Moreover, we have the decay estimate

l0u(t)llze + 105(0) laany < CLL+ 1) 7873 4 Clye™?  (8.9)

for every 0 < £ < s andt > 0, where I == ||lug|| 1 +|[20l| L2 (11) and I := (| 0o L2 +
||8f;zo||L3(L2). In particular, for every 0 < { < s, we have

10 Ru(t)|| 2 < CL (14 )" 57272 + Clypyqe /2. (8.10)

Proof. The pointwise estimate (8.8) in Fourier space follows immediately from the
inequality (8.7) and the equivalence (8.3). The proof of (8.9) relies on integrating
(8.8) over R? and separating the integral into low and high frequency parts. For
€] > 1, we have 2p(§) > 1 and consequently from (8.8) we infer

/5|>1 [P ([at, O + I2(t, §)I72(—r0)) d€

< Ce A PO + IO ri) 9 < O™

by Plancherel’s formula and Fubini’s theorem. On the other hand, for [£| < 1, we
have p(€) > ¢|¢]? for some constant ¢ > 0, and thus,

/|£|<1 €1 ([at, O + I2(t, §)II72(—r0)) d€

(SIS

< 011/ €2 e~EPt Qe < CT (1 + 1) 52,
gl<1

Taking the sum of these estimates and then using Plancherel’s formula and Fubini’s
theorem, we obtain the decay estimate (8.9). Finally, (8.10) follows immediately
from the constraint and (8.9). O

Corollary 8.2. Suppose that the assumptions of the previous theorem hold. If in
addition, (L), and (Q). hold, then for some ¢o > 0 and C > 0, there holds

||(‘3£Ru(t)||L2 S 011(1 + t)_Z_7_1 + 0127“_26—0015 (812)
for every 0 < ¢ < s in (8.11) and 0 < j <s—1 in (8.12).

Proof. The proof of the decay estimate (8.11) is the same as in the proof of
Theorem 5.6. On the other hand, (8.12) follows from (8.11) and the constraints. [

Example 8.3. As an application, we consider the system of wave equations (7.3).
If the initial data corresponding to this system when written in the form of (1.1)
are integrable with respect to space, then the associated state satisfies the decay
estimates (8.8) and (8.11). These results are also valid for the wave system (7.2)
and the Timoshenko system (7.1) when a # 1.
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8.2. REGULARITY-LOSS DECAY ESTIMATES. In this section, we derive decay
estimates for integrable data where condition (S); is replaced by the weaker condition
(S),. For systems without delay, we refer to [29]. Recent advances for regularity-loss
decay estimates can be found in [4, 13, 28, 30] and the references therein.

Let us start with the energy identity

d ~
(L+EP)* =€+ (1L + )1+ Do+ D35 =0 (8.13)

where € = L(& +a(1+|¢2) '€ +aB(1+]€]?)~2Es), while & and Dy, for j = 1,2, 3,
are the same terms as in the previous subsection. The equivalence (8.3) also holds
in place of £. First, we rewrite

(i(SA(w))21, W) = (Y (w)(@ —0),a —0) + (Y (w)D,a) + (Y (w)a,v)
+ {Y(w)0,0) + (i(Q(w) ILW R)ou, 0).

According to condition (S),., the first term on the right-hand side is nonnegative.
The last term can be written as (i(Q(w)T II;W R)yu, u) = (W) Ru, u), which is non-
negative as well since W, is nonnegative on the range of R. Therefore, by applying
Young’s inequality, we get

[E1(L+ (€ (i(SAW))2t, @) > —nléP[al® — Cy(1 + [€7)*[0]?
for every n > 0, and consequently,
Dy > a1+ [E)(C1]@f* — Coft? — ColZ:[*) — an€P[al* — aCy (1 + [€)?[0F.
Using this inequality together with (8.4) and (8.5), we have
(L4 [E)D1 + D2+ Dy > (1 + [E){(C — aCy) (1 + [E]*) — aCa) }ol?
H{OA+[E1°)? — aCy(1 + [¢*) — aBCo}Z P + al¢*(BCy — n)[al?
+ O+ €212 2y + a{CL(1 + []%) — BCa}H @I
Choosing the constants «, 3, and 7 in such a way that 5 < C,/Cs, n < fC4, and
a < min{C/(C, + C,),C/[C2( +1)]}, and then using them in the energy equation
(8.13), we get
(1+ |€\2)2%5 +cleP([al” + 120z2(-r0) <0 (8.14)

for some constant ¢ > 0. With this estimate, we are now ready to establish the
following theorem.

Theorem 8.4. Suppose that the conditions of Theorem 8.1 hold where (S)s is re-
placed by (S),.. The solution of (4.1) satisfies the pointwise estimate
[a(t, €)] + 122, €)llr2roy < Ce™ O ([ (€)] + Z0(€) | 2(—r0)) (8.15)
where o(€) := |€]2/(1 + [£]?)?, for some constants c¢,C > 0, and for every t > 0 and
¢ € R, In particular, we have the decay estimate
[05u(t)|| 2 + ||8£2(t)||L§(L2) <CL(1+ 75)_%_% + Cloyprr(14+1t)” (8.16)

for every 0 < k+{ < s andt >0, where I == |lug||zr + [|z0ll 221y and Lok ==
105 ug]| 2 + |]8£+kz0|]Lg(Lz). Moreover, for every 0 < { < s, we have

MBS

d

10 Ru(t)||z2 < CL(L+ )" 8757% 4 Clygapsr (1 +1)" 575,

[N
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Proof. First, let us notice that we can obtain the same estimate as in the proof
Theorem 8.1 at lower frequencies since g(§) > ¢|¢|* for some constant ¢ > 0 and for
all [¢] < 1. For [£| > 1, we have o(§) > C|¢|72 for some C' > 0, and based on this
we have the estimate

[ PO + IO )

e—cC’t|£|_2

< C'sup T/ €170 ([T (€)1 + 1Z0() 172 (—r0y) dE
g1 €] €1>1

< Clygn(1+1)73.

When combined with the estimate at lower frequencies, we obtain (8.16). The rest of
the theorem can be verified following the comments in the proof of Theorem 8.1.  []

We also have the following result analogous to Corollary 5.4.

Corollary 8.5. In the framework of the previous theorem and with the additional
conditions (L). and (Q)., we have

108w (t)l|z2 + 1052() 222y < CLA+8)73757% 4 Clypapga(1+4)7572 (8.17)
10-Ru() |2 < CL(1+ )52 4 Clyppra(14+6)7271  (8.18)
for every 0 <l +k <sin (8.17) and 0 <+ k < s—1 in (8.18).

Example 8.6. The estimates (8.16) and (8.17) are valid for the Timoshenko sys-
tem (7.1) with delay when a = 1. In this system, recall that Pru = (ug,0,0,uy).
Likewise, (8.16)—(8.18) are satisfied by the Euler-Maxwell system (7.4) with delay,
and for this system, the state components w = Ppu and Ru are given in Section 7.

k
2
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