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ABSTRACT.

We consider optimal control problems for the two-dimensional stationary
Navier—Stokes equation with cost functionals involving the pressure, stress,
diffusion, and convection. Likewise, we study observations for the velocity,
pressure, and stress, concentrated on a finite collection of points located either in
the domain or on the boundary. Such observations are known to produce PDEs
with measure data for the corresponding adjoint equation. Depending on the
nature of the objective cost functional, the control set will be either the space
of square-integrable functions without constraints, with constraints in Lebesgue
spaces, or with weak derivatives. We prove generalized Green’s theorems for the
weak and very weak solutions that involve the trace and normal stress on the
boundary. Finally, the local optimality systems for such control problems will be
derived and the regularity of the optimal states will be established.

2020 M ATHEMATICS SUBJECT CLASSIFICATION.
35Q30, 49J20, 49K20

KEYWORDS.
Navier—Stokes equation, pressure tracking, pointwise tracking, optimality system,
regularity, generalized Green’s identities, PDEs with measures.

CITATION.

G. Peralta, Optimal control for the stationary Navier-Stokes equation involving
the pressure, stress and their pointwise evaluations, Mathematical Control and
Related Fields.

DOLI: https://doi.org/10.3934 /mcrf.2025024

The author is supported in part by the One UP Professorial Chair Grant
(2022-2024) SN 2019-101366.

Department of Mathematics and Computer Science, University of the Philippines Baguio,
Governor Pack Road, Baguio, 2600 Philippines. Email: grperalta@up.edu.ph.

Disclaimer. This is the preprint version of the submitted manuscript. The contents may
have changed during the peer-review and editorial process. However, the final published version
is almost identical to this preprint. This preprint is provided for copyright purposes only. For
proper citation, please refer to the published manuscript, which can be found at the given link.


https://doi.org/10.3934/mcrf.2025024

OPTIMAL CONTROL FOR NSE INVOLVING PRESSURE AND STRESS 1/47

TABLE OF CONTENTS

Introduction. . .. ..o oo 1
Analysis of state, linearized state and adjoint equations...................... 3
Function SPaces ... ...t 3
Strong solutions to the state equation .......... ... .. ... .. ... . ... 5)
Well-Posedness of the Linearized and Adjoint Systems................... 7
Optimality systems and regularity of optimal solutions .................. ... 24
Stress and pressure tracking......... .. o i 24
Convection, diffusion and pressure gradient tracking.................... 31
Boundary normal stress and pressure tracking ......................... 37
Pointwise velocity, stress, and pressure tracking........................ 40
References . . ... 45

1. INTRODUCTION

Consider an open, connected, and bounded domain € C R? with sufficiently smooth
boundary I'. We study optimal control problems of the form
. P 2
= J - 1.1
(y,p,u)EWQvZ(fIZr)liII}Vva(Q)XLQ(Q) Jo(y,p,0) o(y,p) + 9 ||u||L2(Q) (1.1)
where for a given u € L?(Q), the pair (y,p) € W*2(Q) x W'%(Q) is a solution to
the two-dimensional stationary Navier—Stokes equation

—vAy + (y-V)y+Vp=u in Q,

divy=0 inQ, y=0 onl, /pdsz. (12)
Q

The functions y : © — R? and p : Q@ — R in (1.2) represent the velocity and
pressure, respectively, and u : 2 — R? acts as a control distributed over the domain
Q). The detailed discussion on the notation and definition of function spaces as well
as the review of the existence and regularity of solutions and the corresponding a
priori estimates will be given in the succeeding section. We refer to Section 3 for
the concrete definitions of the cost functionals.

We shall also consider (1.1) with control constraints, that is, we replace L*(2)
with the control space

U, ={ucl?Q):a<u<bae Q}

for suitable a,b :  — R?, taken as a closed subspace of L?(Q2). The relation < on
R? is to be understood componentwise. The control space U,q with a,b € L*(Q)
where 2 < s < oo will be appropriate in dealing with functionals that involve point
evaluations of the pressure or the normal stress on the boundary. In this case, it
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holds that U,q C L*(2) and it can be shown from regularity theory for the Stokes
equation that (y,p) € W2*(Q) x Wh5(Q) (see Subsection 2.2 for the details). With
this, aside from (1.1), we also study minimization problems of the form

(y,p,u)ewzvsgsrzl)ifwl»s(mxuad J(y.pu) = Alyp) + g\lulliz(g) (1.3)
subject to (1.2).

Alternatively, if one wishes to avoid control constraints, then one can utilize con-
trols that are weakly differentiable. More precisely, for the control space W12(Q),
we also consider optimal control problems of the form

: p

(3 p ) WS 2(0) X W22(02) x W2(0) Jely,pu) = Ly, p) + 5”'1"%‘”‘2(9) (14)

subject to (1.2). The optimal control problem (1.4) can be viewed as a regularization
of (1.1) if we equip W*?(Q) with the norm [[ullw120) = ([[ullf> o)+l Va2 q2)',

where ¢ > 0 is a given small parameter. Here, we shall take ¢ = 1 for simplicity
as we are not interested on the asymptotic behavior of the solutions when ¢ — 0.
Specific and precise definitions of (1.1), (1.3), and (1.4) will be given in Section 3.

Note that p(x), for z € Q, is well-defined as soon as p € W'*(Q) or p € W2%(Q),
thanks to the Sobolev embeddings W1*(Q) C C(Q) for 2 < s < oo and W2%(Q) C
C(Q). Hence, (1.3) and (1.4) are suitable for problems with point observations of
the pressure.

The cost functional .J, will include derivatives of the velocity, such as the gradient,
Laplacian, or convection within the domain, the derivative normal to the boundary,
or point evaluations within the domain or on the boundary. With respect to the
pressure, we also investigate the interior, boundary, or point tracking problems. For
optimal control problems of the Navier-Stokes equation, the pressure is typically
not considered in the vast existing literature, particularly for boundary and point
observations of the pressure. The analysis of optimal control problems involving the
pressure is the main contribution of the current work.

The Cauchy stress

T(y,p) := —vVy +pl

within the domain or its associated conormal derivative
T(y,p)n = —v0ny + pn

on the boundary, where n is the unit normal outward on I' with respect to €2, will
be examined in this manuscript as well. In order for the observations of the states
on the boundary or at points in the domain to be well-defined, suitable regularity
is needed, hence there is a need to consider smooth controls. As mentioned above,
smoothness can be achieved by either imposing control constraints or by allowing
weak differentiability of the controls.

Pointwise tracking leads to the investigation of linear PDEs with measure data.
For example, optimality systems and finite element approximations for linear elliptic,
semilinear elliptic, and the Stokes equations have been examined in [8], [2], and
[6, 7], respectively. When considering point-evaluations of the pressure or the normal
Cauchy stress tensor at points on the boundary in the cost functional, we must take
a space larger than the space of regular Borel measures. One framework in the
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study of PDEs with measure data involves reformulating the problem in suitable
negative-indexed Sobolev spaces and resorting to duality arguments.

In general, the adjoint equation to the optimal control problems we consider
here will be a Stokes-type equation having a non-homogenous source, divergence,
or boundary conditions. In particular, for problems with measure data, the notion
of very weak solutions can be employed. Such solutions for the Stokes, Oseen, and
Navier—Stokes equations have been thoroughly investigated and extensively studied
over the past decades (see, for instance, |5, 4, 14, 16, 18, 21, 22|, and the references
therein).

In this work, we deal with the optimal control problems (1.1), (1.3) and (1.4)
having the specific structures given in Section 3, all subject to (1.2), locally at
regular solutions. Roughly speaking, regular solutions are those solutions that yield
topological isomorphisms for the linearized operators, and consequently, leading to
uniqueness of solutions in a certain neighborhood. In this way, a control-to-state
mapping can be defined locally. This framework was introduced in [10] to study
Borel measure controls to the stationary Navier—Stokes equation (1.2). We adapt
the method presented in the latter paper to the linearized problem around an optimal
regular solution, wherein we demonstrate the existence of two mutually exclusive
(Fredholm) alternatives: the associated operator is either an isomorphism or has a
nontrivial kernel. Earlier works that utilized the notion of regular or non-singular
solutions for the steady-state Navier—Stokes equation can be found in [17], where
such concept was used as a framework for numerical approximations, and in [11] as
an application to optimal control problems with distributed control. We emphasize
here that our results are valid provided that appropriate smallness conditions on
the data are satisfied, namely, the smallness of the Reynolds’ number or the norm
of the controls. Such conditions will guarantee the existence and uniqueness of the
so-called regular solutions.

The structure of the paper is as follows: Section 2 deals with the well-posedness
of the state, linearized state, and adjoint equations. Moreover, we prove that weak
and very weak solutions in LP-spaces for 1 < p < oo to the Stokes equation possess
a well-defined normal Cauchy stress on the boundary, extending the results in the
Hilbertian case presented in |21, 22]. Section 3 focuses on the optimality systems
and the regularity of the optimal solutions of the localized problems around regular
solutions.

2. ANALYSIS OF STATE, LINEARIZED STATE AND ADJOINT EQUA-
TIONS

2.1. FUNCTION SPACES. Let 1 <5 < oo and s’ = %5 be the Hélder conjugate
when 1 < s < 0o. The Lebesgue spaces and Sobolev spaces will be denoted by L*((2)
and W"™*(§2), respectively [1]. For the vector case, we set L*(Q) := L*(§2) x L*(f2)
and W"*(Q) := W™*(Q) x W™*(Q). The set of all elements in W1#(Q) that vanish
on the boundary in the sense of traces will be denoted by W, *(Q). We let X25(Q) :=
Wy (Q) N W>*(Q),

() = {pemm: /

pdx:()},
Q
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and Wh(Q) := W=(Q) N L*(Q).
With regard to divergence-free vector fields, we use the following notations:

L)(Q)={yeLl’(Q):divy=0inQ,y - n=0onTI},
V(Q) = {y e Wy(Q) : divy = 0 in Q},
V#(Q) = {y € X**(Q) : divy = 0in Q}.
In the definition of L3 (€2), the equation y - n = 0 on I is taken in the sense of
W—55(I), see [23, Lemma 1.1.2.2] for instance. We denote the associated norms by

[ullLs @ = [JullLs @),
Ivllvis@) = [[VV]lLs @2,
[Wllves@) = [[AW]|Ls o),

for u e L:(Q), v € VI#(Q), and w € V35(Q).

The dual spaces will be denoted with a negative order, that is, we shall write
X25(Q) = X2(Q), W 5(Q) == W (Q), and V*5(Q) = VE(Q) for
k = 1,2. For the spaces W**'(Q) and W"”S'(Q), the respective dual spaces will be de-
noted by the usual notation W**'(Q)" and W’“S/(Q)’. Similarly, we set W=75(I") :=
W2 (T') for o > 0. We also set

L} () :={ueLl’Q): divue L°(Q)}

endowed with the graph norm |[ulrs () = [[ullLs@) + || divul|zs(q).

The space of bounded linear operators from a Banach space X into a Banach space
Y is denoted by £(X,Y) and £(X) := L(X,X). The collection of isomorphisms
in £(X,Y) will be written as Lis,(X,Y). Here, by an isomorphism we mean a
topological one, that is, the bounded linear operator is invertible, hence, has a
bounded inverse according to the open mapping theorem.

Recall that the well-posedness for the Stokes equation with non-homogeneous
divergence and boundary conditions requires compatibility conditions. However,
the data in the observations may not satisfy such conditions, hence, there is a need
to achieve compatibility. In this direction, let ¢,7 € R and 1 < s < oco. To have
a single definition on the spaces associated with the compatibility conditions, we

introduce the notation
t,s Q f >
prog) .= VY =0, 2.1)
W=ts5(Q)  ift < 0.

Same definition will be applied to F t5(§2) where we replace W with ﬁ/\, and to
F"*(T") where we replace ¢t with v, W with W, and Q with T".
Given g € F"5(Q2) and h € F"5(T"), we set

gdzx if t >0,
<g7 ]—>Q = /Q ‘
<gv 1>W_taSI(Q)/7W—t,s/(Q) ift < O,
h-nds if r >0,
<h7n>F = /F

<h, H>W_T7s/ (F)/7W_T’SI(F) lf r < O
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Then, we consider the function space
Ztﬂn’s(QaF) = {(g?h> € Ftys(Q) X FT’B(F> : <ga 1>Q + <h7n>I‘ = O}

taken as a closed subspace of F»*(Q) x F™*(T"). The dual space of Z""*(2,T") with
respect to the pivot space Z*02(Q,T) is given by Z*(Q,T') = Z~5(Q,T).
Define the bounded linear operator IT : F5(Q2) x F"5(T") — F5(Q) by
1
H(97 h) =g— @((ga 1>Q + <h7 n>F>‘
Then, it follows that
(TT(g, 1), h) € Z*(Q,T) ¥(g,h) € F*() x F™*(T). (2.2

Likewise, we introduce the bounded linear operators A : F“*(Q) — F“(Q) and

Y :F» (') — R by
1
Ag = 11(g,0) = g — @@, Da,
1

2]
By definition, it is clear that Ag € F“*(Q) and (Xh,h) € Z"5(Q,T) for every
g € F**(Q) and h € F™5(T).

Sh = I1(0,h) = —— (h,n)r.

2.2. STRONG SOLUTIONS TO THE STATE EQUATION. In this subsection, we
recall briefly the well-posedness theory and the a priori estimates for the solutions of
the stationary Navier-Stokes equation (1.2) for a given control u. In what follows, ¢
or with a subscript will denote a generic positive constant independent on the state
and control variables, unless stated otherwise.

Suppose that u € W12(Q). Then, (1.2) admits a weak solution (y,p) €

V12(Q) x L*(Q) satisfying the a priori estimates

1
[¥llviz@) < ;||u||w—1’2(9), (2.3)

1
Pz <  (ulworo + zlulRe-sa)

for some constant ¢ > 0 independent of y, p, u, and v, see [15, Theorems I1X.3.1].

If u € L2(Q), then (y,p) € V22(Q) x WL2(Q). Let us derive a priori estimates
where the dependence on the viscosity coefficient v is explicitly stated. For this, we
rewrite (1.2) as follows:

—vAy+Vp=u—(y-V)y in Q,

2.4
divy=0 in€, y=0 onl, /pd:v:O. (24)
Q

Invoking the a priori estimate for the Stokes equation to (2.4), see |23, Theorem
I11.1.5.3| for instance, we obtain

1 c
I¥llvez@ + S lIplgiee) < - (lalleze) + 1 - V)ylea@), (2.5)

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA 6 /47

where ¢ > 0 denotes a generic constant independent of v. Using the Holder and
Ladyzhenkaya inequalities, the continuity of the embedding V12(Q) ¢ L4(), and
Young inequality, we get

Iy - V¥ylee < Iyllve | Vylluig:?
3/2 1/2
< eyl o Y Va0
< Ayl ie + =yl
=5, Yy V12(Q) 2% Yy V2:2(Q)-

Plugging the last estimate in (2.5), applying (2.3), and using the continuity of
L2(2) c W 12(Q), we deduce that

RO

1 1
Wit + Sl < < (e + lulie) . 20

Assume that a,b € L*(Q2) where 2 < s < oo. If u € U,q, then u € L*(Q2) and it
holds that

[ullLe@) < eslllallLs@) + Iblles@) (2.7)

for some (generic) constant ¢; > 0, thanks to the inequalities |u| < max{|al, |b|} <
|a] + |b| almost everywhere in 2. Thus, we have

Iy - V)Yllee) < [¥lee @I VYL @e < ellylvez ) (2.8)

thanks to the continuity of V*2(Q2) € L>*(2) N W!#(Q) due to the Sobolev embed-
ding theorem. Regularity theory for the Stokes equation [3, 12] in general Lebesgue

spaces, (2.6), and (2.8) lead to (y,p) € V*(Q) x W\LS(Q) and

1 c
I¥llvzs@ + S lpliFs @) < - (lalle@ + 1y - V)yle@)

c 1 9 1 6
< £ (Mo + S5l + slulise ) (29

Without explicit dependence on v, this a priori estimate can also be derived by

applying the well-known result for the stationary Navier—Stokes equation, see [15,
Theorem 1X.5.2].
According to Sobolev embedding theorem [13, Section 5.6.3], V*5(Q2) C X*#(Q)

C Co(Q)NCH1=3(Q) and W#(Q) € C%1=3(Q) continuously. Therefore, we deduce
from (2.9) that

1
||y||Co(Q)I"IC1’17%(Q) + ;Hp“CO,l—%(Q)

<€ 1 9 1 6
< < (Il + 5l + 5l ) -

2

In particular, since C113(Q) ¢ CHQ) and C*'=5(Q) c C(Q) continuously, the
following a priori estimate holds:

1 c 1 1,
¥ lco@ncr @ + ;”pHC(Q) < > [ullLs @) + ﬁHuHLQ(Q) + ﬁHqu(Q) :
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Suppose that we have a control u € WH2(Q). Then, by the Holder’s inequality
and the continuous embedding V*2(Q) C L>(Q) N WH4(Q), we get

IV - VIV)llea@z < VY ILi@pe + [ lLe @l VY lLz@z<2)
< cllylir2@)- (2.10)
Invoking the regularity theory for the Stokes equation |9, Theorem IV.5.8], (2.8),
and (2.10), we obtain

1
Iy llvezi) + S lpligee@) < - (lallwiz@) + Iy - V)yllwize)

o xXIo

< 1 2 1 6
=2 ullwrz@) + ﬁ”uHL?(Q) + mHuHLz(Q) :

Consequently, by the continuity of the embeddings V32(Q2) c Cy(2) N CY() and
W22(Q) C C(Q), it holds that

1 c 1 1
1¥llconct@) + ;HPHC(Q) < > (Hu”wlv?(ﬂ) + ﬁ”u”%ﬁ(m + WHUH%Q(Q)) :

Take note that the results for the cases where the controls belong to U,q or
W12(Q) yield that point-evaluations involving the pressure and the gradient of the
velocity are well-defined. As a result, observations involving such quantities can be
studied.

2.3. WELL-POSEDNESS OF THE LINEARIZED AND ADJOINT SYSTEMS. In

this subsection, we analyze the linearized version of (1.2) and the associated dual

problem for this linearized system. Specifically, we consider the linearized system

with non-homogenous divergence and boundary conditions and apply duality argu-

ments to derive the associated dual problem having similar non-homogeneities.
The linearized problem around a reference state y is given by

—VvAW+ (W-V)y+ (y- V) W+ Vr=r in

2.11
—divw=¢q in), w=z onl, mdxr =0, ( )
Q

where r, ¢, and z are suitable data with the compatibility condition

/qu—i—/z~nds:(). (2.12)
0 r

In the case of less regular ¢ or z, these integrals should be replaced by duality
pairings. Note that the compatibility condition (2.12) is a consequence of the second
and third equations in (2.11) and the divergence theorem.

The dual problem corresponding to (2.11) is given by

—VvAV+ (Vy)'v—(y-V)v+Vo=f in Q,

2.1
—divv=g¢g in€, v=h onT, /de—O7 (2.13)
Q

for appropriate f, g, and h with the compatibility condition

/gdx—i—/h-nds:(). (2.14)
0 r

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA 8 /47

For smooth enough solutions (w, ) for (2.11) and (v,0) for (2.13), integration
by parts leads to the following equation:

/f-wdx+/g7rdx—|—/h-T(w,7r)nds
Q Q r
:/v~rd:€+/aqda:+/T(v,a)n-zds. (2.15)
Q 0 r

In particular, when z = 0, (2.16) reduces to

/f-wdx+/g7rdx+/h-T(w,7r)nds:/V-rdx+/0qu. (2.16)
Q Q r Q Q

This equation motivates the definition of very weak solutions to (2.13) with rough
data (see Definition 2.11 below) and the conversion of the required compatibility of
the data arising from the cost functional.

Sufficient regularity assumptions for the validity of the equation (2.15) are as

follows: y € V22(Q), r € L¥(Q), ¢ € W"(Q), z € W2 o5(T), f € L(Q), g €
Wh'(Q), and h € Wz_i’sl(l’), where 1 < s < oco. Consequently, we have w €
W25(Q), 7 € W(Q), v € W2(Q), and o € W'(Q), and hence, T(w,m)n €
W!=25(T), and T(v,0)n € Wlfﬁsl(f‘). For less regular f, g, or h, the integrals
appearing on the left-hand side of (2.15) will be replaced by duality pairings. In
particular, (2.15) will be generalized in Theorem 2.14 and Theorem 2.15.

Given a fixed y € V*2(Q), consider the bounded linear operator

Ay : W (Q) x L°(Q) = WH5(Q) x L*(Q)
defined by
Ay, (w,m) = (Ay(w, ), —divw),
Ay(w, ) = —vAw+ (w-V)y + (y - V)w + V.
Note that for (w,7) € Wy*(Q) x ES(Q) and v € W(l)’8/(9>7

<Ay <W7 7T), V>W—173(Q),Wé’s/(ﬂ)

::/I/VW:VV—i—(W-V)y-V—i—(y-V)W-V—ﬂdivvdx. (2.17)
Q

Similarly, define the bounded linear operator

A Wy (Q) x L7 () - W (Q) x L (Q)

y
according to

(v, 0) = (Aj(v,0), —divv),
A(v,0) == —vAv+ (Vy)'v—(y - V)v+ Vo,
where, for (v,0) € WL (Q) x L¥'(Q) and w € W*(Q),
(A5 (v, 0), W>W*1’5’(Q),Wé’s(§2)

= / vWw:Vv+ (Vy)'v-w—(y - V)v-w—odivwdz. (2.18)
O
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The operators 2, and 27 are dual to each other in the sense that
<Qly (W, ﬂ-)’ <V7 a)>W71,S(Q)XES(Q)’W37‘SI(Q)XES’(Q)
= (W, ), A5(V, 0))w -1 (@) x o (2, W () x L+ () (2.19)

for every (w,m) € WE*(Q) x L*(Q) and (v,0) € W* () x L¥(€). This can be
established easily from the above definitions.

Definition 2.1. A solution y € V*2(Q) to (1.2) with associated pressure p €
Wh2(Q) corresponding to a source u € L*(Q) is called reqular if

Ay € Lo (VI2(Q) x (), W™13(2)).

To deal with optimal control problems having point-evaluations of the velocity as
observations, it is necessary to extend this definition so that Ay, € Li(V'"(Q) x

ET(Q), W-L(Q)) with r # 2. We will prove this in Lemma 2.7. Moreover, to treat
observations that are point-evaluations of the pressure or the normal stress on the
boundary, we need to study the case of non-homogeneous divergence and Dirichlet
boundary data. This will be done in Lemma 2.10 and Corollary 2.13.

The following lemma tells us that there are two alternatives for the operator
Ay, € LIVEA(Q) x L2(9), W=12(Q)), compare with [15, Lemma [X.2.2].

Proposition 2.2. Giveny € V*%(Q), either Ay € Lis,(VH?(Q) x L2(Q), W=12(Q))

or Ay has a nontrivial kernel.
Proof. First, let us note that by the triangle and Hélder inequalities
(W V)y + (v - V)W) < [[wllua@)lIVy L@z + 1Y e @ I VW2 @)
< dlyllvez@) Iwllvizg) (2.20)
thanks to the continuous embeddings V*2(Q2) C L>*(Q2) N W4(Q) and V12(Q) C
LY(Q). R
Consider the bounded linear operator Ay : V2(Q) — V~12(Q) defined by
Ayw := —vAw + I[(w - V)y + (v - V)W),
where I denotes the canonical embedding from L*(2) into V(). Let us decom-
pose this operator as A, =: Cy + K,,, where
Cyw = —vAw + I[(y - V)w|, Kyw:=I[(w-V)y].
Since (Cyw, W)v-12(0)vi2@) = V||W|vi2q), it follows that
Cy € Lin(VI2(Q), V712(0)
from the Lax—Milgram Lemma.
On the other hand, for every w € L2(Q2) and v € V12(Q)
[(Eyw, Vv viz@l < Wikl Vyllus@zllviivse
< cdwllz@llyllve2@llvivia@-

Thus, Ky, € L(L2(Q), V" 13(Q)), and as result, Ky, € L(V?(Q), V712(Q)) is com-
pact due to the compactness of V12(Q) C L2(1).
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For w € V?(Q) and r € V™12(Q), the equation A\yw =r in V"12(Q) is equiv-
alent to (1 + C;'Ky)w = Cy'r in VI*(Q). Since C; 'Ky € L(V'*(Q)) is com-
pact, we deduce from the Fredholm alternative that —1 is either in the resolvent
set or in the point spectrum of C7 'Ky. In the first alternative, we obtain that

Ay € Lio(V2(Q), V712(Q)). Thanks to the Banach inverse theorem, if Ayw = r,
then
”WHVI’Q(Q) < CHI‘HV—Lz(Q), c:= HA;lHE(V—LQ(Q),VL?(Q))-
The second alternative implies that A\y has a nontrivial kernel.
Given r € W 12(Q) c V~12(Q), the preceding paragraph yields either A,w =r
for a unique w € V1?(Q) and
[Wllviz@) < cllrflw-120),

or Ayw = 0 for some 0 # w € VL2(Q). In the first case, we obtain from de Rham’s

theorem the existence of a unique 7 € L%(€2) such that Ay (w, ) =r and
17|72 () < cllVallw-120) < clllrlw-r2@) + [[Wllviz@) < cllrllw-r2).
Thus, we have
[Wllvrz) + (|7l 720) < cllrllw-12(0)- (2.21)
It follows that A, is surjective. It is also injective, since A, (w, ) = (0, 0) implies
Ayw = 0 so that w = 0 by injectivity of Ay, and hence Vr = 0, which leads to

7 =0 in L%(). The second case obviously implies that (w,0) # (0,0) lies in the
kernel of A, . O

Corollary 2.3. Lety € V2%(Q). If for every 0 # w € V2(Q) we have
/ v|Vw|? + (w - V)y - wdz # 0,
Q

then Ay € Liso(VI2(Q) x L2(Q), W—12(Q)).
Proof. If the kernel of Ay contains a nontrivial element, say (w,r) € V13(Q) x
L?(2), then we have w # 0 and

0= (Ay(w,m), W>w71,2(9),w(1)72(9) = /S;V‘VWF +(w-V)y wdz.

This is a contradiction to the given hypothesis. Hence, A, must be an isomorphism
due to Proposition 2.2. O

A sufficient condition for the existence of regular points is given in the following
theorem (see also [10, Definition 2.7]). In particular, this result tells us that if the
viscosity coefficient is sufficiently large, then it is guaranteed that there is at least
one regular point of (1.2). At this point, there is no need to specify the tracking
parts Jy, for £ = 0,1,2, of the cost functionals J; as the non-negativity of J, will
suffice for the validity of the following theorem. Non-negativity of Jj is satisfied by
all functionals defined in Section 3. Unlike in the introduction, we now include the
last three equations in (1.2) for the function spaces for y and p.
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Theorem 2.4. Let (y,p,u) € V22(Q) x W2(Q) x L2(Q) be such that (y,p) is a
solution of (1.2) with control u and Jo(y,p,u) < Jo(0,0,0), where Jy : V*2(Q) x

Wl’Z(Q) x L2(Q) — R is of the form
Tolypw) = Joly.p) + S lulfacay

with Jo : V22(Q) x W2(Q) = R a non-negative function. Then, there exists vy > 0
such that if v > vy, then'y is a regular solution to (1.2). Analogous results hold for
the case of cost functionals Jy : V*5(Q) x /WLS(Q) x L*(Q2) = R, with 2 < s < oo,
of the form

Ty pw) = iy.p) + Sl
for some non-negative J; : V**(Q) x Whs(Q) = R, and Jo : (V22(Q)NW32(Q)) x
W22(Q) x WL2(Q) = R of the form

Doy pw) = Ja(y.p) + Sl
for some non-negative Jy : (V*2(Q) N W32(Q)) x W22(Q) — R.

Proof. Let J© := 7,(0,0,0) = Jy(0,0) and 0 # w € V12(Q). Notice that (0,0)
is a feasible point of (1.1). From the non-negativity of .Jy, we have ||u||i2(Q) <

270(y,p,u)/p < 27 /p, and using this inequality in (2.3) we obtain

¥ lvie@) < v leo 209/ p)?

where ¢y > 0 denotes the operator norm of the embedding L?*(2) € W~12(Q).
Note that

< e Wit VYl @2

[y

< eciveo(2T /) 2w R 2.
where ¢; > 0 is the operator norm of V12(Q2) C L*(2). By taking
vy > ccfu_lco(2‘7(0)/p)1/2 >0,

we deduce that for v > 1y we have
/ vIVwW[* + (w - V)y - wdz > (v — yo)/ IVw|?dz > 0.
Q Q

Using Corollary 2.3, we see that y is a regular solution of (1.2).

For the last statement of the theorem, note that the proof for the case of 77 is
the same but with J© replaced by JW := 7;(0,0,0) = J;(0,0). On the other
hand, that of J; can be established by applying the embedding W?(Q) C L?(Q)
and J© replaced by J®? := 7,(0,0,0) = J5(0,0). O

For a given fix v > 0, it is possible to prove that a solution y of (1.2) is regular if
one imposes smallness condition on the size of the control. For example, if |[u||y2(q) <
§, where 6 > 0 is small enough so that v? — ccicyd > 0, then following the same
argument as above we can verify that y is regular.
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The results of Theorem 2.4 also hold if we replace Ji(y,p) and Ji(y,p,u) for
k =0,1,2 with Ji(y) and Ji(y,u), or with Jx(p) and Ji(p,u), respectively, with
appropriate modifications on the spaces where these functionals are defined. Such
functionals are suitable when one has to deal with either the velocity or the pressure.
The following lemma provides an equivalent definition of regular points.

Lemma 2.5. Lety € V22(Q). Then, Ay € Lio(VY2(Q) x L2(), W2(Q)) if and
only if Ay € Liw(Wy*(Q) x L(Q), W12(Q) x L*(Q)).
Proof. Tf 2, : Wy*(Q) x EQ(Q) — W12(Q) x L*(2) is an isomorphism, then given
re Wfl’z(Q) there exists a unique (w, ) € WE?(€) x L2(Q) such that Ay (w, ) =
(r,0) and (2.21) holds. Hence, w € V12(Q) and Ay(w, ) =r. Therefore, Ay is an
isomorphism.
Conversely, suppose that (r,q) € W12(Q) x L*(Q). Let (wy,m) € Wp?(Q) x
L*(2) be the weak solution of the Stokes problem
—vAw;+Vm=r inQ, —divw;=¢q in2, w; =0 onl.
Then, we have
[Willwizi) + 1mllz20) < elllrllw-r2@) + lallzzq)- (2.22)
If Ay : V22(Q) x L2(Q) — W~12(Q) is an isomorphism, then there exists a unique
(wa,m) € VE2(Q) x L*(Q2) such that Ay(wy,m) = —(wy - V)y — (y - V)w; and
w2 llwizq) + 1m2llizg) < cl = (Wi V)y = (v - V)willw-12¢0)
< cllylivee@rllw-r29) + llllz2)); (2.23)
where we used (2.22) in the second inequality.
Setting (w, ) := (W1 +Wa, T +72) € Wi(Q) x L*(Q), we have 2y (w, 7) = (r, q)
and from (2.22) and (2.23), one has
1Wllw2q) + 17l 220 < e(T+ Iy llvez@) (Irllw-r2@) + laliz2 @)

Injectivity of 2y follows from that of Ay. Hence, 2, is an isomorphism. O

In the following lemma, we establish that 2y, and 25 are isomorphisms in general

Lebesgue spaces. Here, we adapt and generalize the proof provided in [10, Theorem
2.9].

Lemma 2.6. Lety € V*2(Q) be a reqular solution of (1.2) and 1 < s < co. Then,
Ay, A € Liso(Wy*(Q) x L*(Q), W5(Q) x L5(Q)).

Proof. First, we consider the case s = 2 for the operator 207. Let (r,q) €
W12(Q) x L2(Q). Then, for some (w,7) € Wi2(Q) x LA(Q) we have Ay (w,7) =
(r,q) by Lemma 2.5 and the assumption that y is regular. Moreover, for each
(v,0) € Wy*(Q) x L*(2), it holds that

[((r, q), (v, g)>W*1»2(Q)><E2(Q),W(1)’2(Q)><ZQ(Q)|
< C||Ql;(VaU)||wf1,2(9)xi2(9)(||W||w(1;2(9) + ||7T||E2(Q))

< C“Q[;(Va0)||W*172(Q)><E2(Q)(HrHW*lQ(Q) + ||CI||E2(Q)>'
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By duality, this estimate implies that 27 is injective and it has a closed range.
Suppose that 2[3 does not have a dense range so that
(RS (v, ), (W, T))ww-12(0)x E2(0) wi2(@)x E2(0) = 0

for some nonzero (w,m) € Wi2(€) x L(Q) and for all (v,0) € WL2() x L*(Q).
Then, Ay (w,7) = (0,0) so that (w,7) = (0,0) since 2, is injective, which is a
contradiction to the fact that 2y is an isomorphism. Thus, 27 must have a dense
and closed range, and consequently, 25 is surjective.

Suppose 2 < s < oo. From the continuous embedding W=15(€) x L*(€) C
W-12(Q) x L*(Q), given (f,g) € W15(Q) x L*(2), the result of the previous
paragraph implies that there exists only one (v,0) € W~12(Q) x L*(Q) such that
s (v,0) = (f, g), and moreover, we have the priori estimate

IVllwi2) + lollz2@) < cllifllw-r2@) + [l9llz2(0)
< c([If[lw-15() + [9] Es(Q))-
As before, it can be deduced that (Vy)'v — (y - V)v € L*(Q2) ¢ W~14(Q) and
I(VY)'v = (v VIVIw-re@) < ell(VY)'v = (v V)V]eae)

< CHYHVQvQ(Q)HVHW(I]’Q(Q)'

Hence, the L°-regularity theory for the Stokes equation leads to (v,0) € Wé’S(Q) X
L*(Q2) and

IVllwe @) + lollzs@) < e+ [[yllvez@) (Ifllw-rs@ + llg]

This completes the proof of 5 for 2 < s < co. For the operator 2y, the case
s = 2 follows from Lemma 2.5, while the case 2 < s < oo can be handled in a similar
manner as that of 7.

Now, assume that 1 < s < 2 and proceed by a density argument. Given
(r,q) € W15(Q) x L5(Q), there is a sequence (r,¢,) € W12(Q) x L%(Q) such
that (rn,qn) — (r,q) in W25(Q) x L%(Q) since W12(Q) x L2(Q2) is dense in
W-15(Q) x L¥(Q). For each n, we have Ay (W, ) = (T, qp) for some (w,,m,) €
WL2(Q) x L3(Q). Let (£,g9) € W2¢(Q) x L¥(2), where 2 < s < co. The above
discussion shows that 5 (v, o) = (f, g) for some (v, o) € WL (Q) x L¥ () and

ZS(Q))-

(£, 9), (W, 7Tn)>W*LS’(Q)XES’(Q),Wé’S(Q)xZS(Q)‘
= |((rn, qn); (v, U))W*l,S(Q)XES(Q)ywévS,(Q)XES/(Q)|
< || (rm qn) ||W*175(Q)><ES(Q) “ (Vv U) ||W(1)’SI(Q)><ZSI(Q)
< ¢|[(xy, QH)HW—LS(Q)XZS(Q)”(f?g)HW—LS’(Q)xZS/(Q)'

By duality, we obtain up to a subsequence that (w,,m,) — (w,7) weakly in
W (Q) x L(Q) for some (w,7) € WE*(Q) x L*(Q). Passing n — oo in the varia-
tional form of 2y (w,,, m,) = (r,, ¢»), we deduce that A, (w, ) = (r, ¢), showing that
20, maps Wy () x L#(Q) onto W—2#(€) x L*(€). The fact that that this map is in-
jective follows from the surjectivity of A5 : Wé’s/(Q) x L¥ () = W1 (Q) x L¥' ().
Therefore, 2y € Liso(WE*(Q) x L (), WL5(Q) x L*(22)). Analogously, it can be
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shown with the same arguments that 215 € Liso (W*(€) x L5(Q), W5 (Q) x L*()).
U

Lemma 2.7. Let 1 < s < co. If y € V*2(Q) is a regular solution to (1.2), then
Ay, A € Lio(X3(Q) x WH(Q),L2(Q) x WH()).

In particular, we have Ay, A} € Li,(V**(Q) x /Wl’S(Q), L*(Q)).

Proof. We only deal with 20y since the case of 2 is entirely similar. Given (r,q) €
L3(Q) x W(Q) € W=15(Q) x L5(Q), there exists (w,r) € WE*(Q) x L3(Q) for
which A, (w, ) = (r, ¢) and according to Lemma 2.6, we have

Wllwis) + 17z < ey(liellw-rs@) + llg

< ¢y([fr]

ZS(Q))
L@ + el o) (2.24)

where ¢y = c(||y|lv22() > 0 and c: [0,00) = (0, 00) denotes a generic continuous
monotone increasing function.

If s = 2, then it follows from the standard regularity theory for Stokes equa-
tion, (2.20) with [|w|viz() replaced by ||wllyizq), and 2y € Lin(Wy?(Q) x

L2(Q), W=12(Q) x L2(Q)) by Lemma 2.5 that
IWllx220) + 7l () < eylrllez@) + 4l q)-
For 1 < s <2, we have (w-V)y + (y - Vw) € L*(Q) since
[(w-V)y +(y - Vw)|

L@ < [[Wllpeere-0@) VY llLz@z + [y llue@ [ VWIlLs @)

S CHY||V2’2(Q) ||WHWé’s(Q)

due to W5*(Q) € L2/C=9)(Q) and V22(Q) C L®(Q).
If 2 < s < oo, we also have (w - V)y + (y - Vw) € L5(2) since

[(w-V)y +(y-Vw)

L@ < W@ IVYllLs @2 + [ lluee @ IV W|lLs )2

< dlyllvez@ wllwioq)
in virtue of the continuity of Wy*(Q) C L®(Q) and V>2(Q) € W,*°(Q). Using

the fact that 2y, € Lo (W () x L*(Q), W15(Q) x L(€2)), (2.24), and the L*-
regularity theory for the Stokes equation, we have

[wllxzs@) + ||7T||VAV1,S(Q) < cy([rllLe) + ||q||vAV1,s(Q))-

Therefore, we obtain that 2y, € Li,(X**(Q2) x WLs(Q), L3 (Q) x W5(Q)), and
as a result, Ay € Lio(V*5(Q) x W#(Q2),L*()). O

—~

For each ¢ > 0 and 1 < s < oo, we denote the open ball in V*5(Q) x W1*(Q)
centered at (y,p) € V25(Q) x W5(Q) by B, s(y,p). Similarly, if (y, p) € (V**(Q)N
W32(Q)) x W22(Q), then B,(y, p) is the open ball in (V*2(Q)NW?32(Q)) x W22(Q).
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Theorem 2.8. Let 2 < s < oo and y* € V*5(Q) be a regular solution to (1.2)
corresponding to u* € L*(Q) with an associated pressure p* € WLS(Q). Then, there
exists o > 0, an open, bounded, and conver set Us(u*) C L*(Q) containing u*,
and a C®-map Ss : Us(u*) — B, s(y*,p*) such that for each u € Us(u*), the pair
(y,p) = Ss(u) € V25(Q) x W*(Q) is the unique solution of (1.2) and S'(u) €
Lioo(L3(Q), V25(Q) x W*(Q)) for every u € Uy(u*). Moreover, (w, ) := S’ (u)r
for u € Us(u*) and r € L*(QY) if and only if Ay(w,7) =r, that is,

—vAW+ (w-V)y+ (y - V) W+ Vr=r inQ,

—divw=0 nQ, w=0 onT, /de:O. (2.25)
)
Proof. We follow the proof of [10, Theorem 2.10| by using the implicit function
theorem. Define the nonlinear operator T : V24(£2) x WI’S(Q) — L*(Q2) x /VI?LS(Q)
according to
T(y,p,u) := —vAy +(y - V)y + Vp —u.
Clearly, 75 is a C*-mapping and 7T;(y*, p*,u*) = 0. By Lemma 2.7
75

(y,p)

due to the assumption that y* is regular. Therefore, the conclusions of the theorem
follow from the implicit function theorem for Banach spaces [26, Section 4.7] and
(2.25) can be obtained via implicit differentiation. O

(y*,p*,u") = Ay € Lio(VH(Q) x WH(Q),L3(Q))

The analog of the previous theorem for controls in the Sobolev space W2(Q) is
given below.

Theorem 2.9. Let (y*,p*) € (V22(Q) N W32(Q)) x W22(Q) be a solution to (1.2)
with control u* € W2(Q) such that y* is reqular. Then, there is ¢ > 0, an
open, bounded, and conver set V(u*) C WH2(Q) containing u*, and a C*®-map
R :V(u*) — B,(y*,p*) so that for each u € V(u*), the unique solution of (1.2) is

given by (y,p) = R(u) € (VZ2(Q) N W32(Q)) x W22(Q).

Proof. The proof is the same as that of the previous theorem, but now recognizing
the fact that Ay« € Ligo((VZ2(2) N W32(Q)) x W22(Q), W2(Q)) whenever y* is
regular. Indeed, suppose u € W'2(€). Due to Ay- € Lio(V22(Q2)x W2(Q), L2(R))
by regularity of y*, there exists a unique (w,7) € V22(Q) x W2(Q) such that
Ay« (w,m) = u. The latter equation is equivalent to

—VvAW+Vr=u—(y"-V)w— (w-V)y* in Q,

divw =0 inQ2, w=0 onT, /ﬂ'dl’:O.
Q

Moreover, we have
[wllv2z(@) + 17l ) < cllullLz - (2.26)
As in (2.10), one can show that (y* - V)w + (w - V)y* € W2(Q) and
Iy™ - V)w + (W - V)y*lwize) < dly*llvea@llwllvez ). (2.27)
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Applying the regularity theory for the Stokes equation, (2.26), and (2.27), we
deduce that (w, ) € (V*3(Q) N W32(Q)) x W*2(Q2) and
[Wllvee@aws2@) + [T llip22q) < cly”llvez@)llullwizg)-
Therefore, Ay« : (VZ2(Q)NW32(Q)) x /I/I?Q’Q(Q) — W'2(Q) is an isomorphism. [
Now, we include the traces of the linearized and adjoint velocities in the definition

of the operators discussed above. In this direction, we define the bounded linear
operators

By, Dy : WH(Q) x L8(Q) - WH5(Q) x Z%1755(Q,T)
according to
By (w,m) = (™Ay(w, ), W), Dy(v,0):=(A;(v,0),v|r),

for (w, ), (v,0) € Wh5(Q) x L*(Q). Here, Rly(w, ) and 2 (v, o) are defined as in
(2.17) and (2.18), respectively. These maps are well-defined in virtue of the trace
and Gauss divergence theorems:

/(—divw)d$+/w]p-nds:O:/(—divv)dx—i—/v\p-nds.
Q r Q r

Hence, (—divw, w|r), (—divv, v|p) € ZO1=55(Q, T).
The linear maps B, and ®,, are isomorphisms provided that y is a regular solution
according to the succeeding lemma. For this, we define the Stokes operator

S : W25(Q) x WH(Q) — L*(Q) x Z"2+°(Q, T)

according to

S(w,m) = (—vAw + Vr, —divw, w|p). (2.28)
It is well-known that
G € Lio(WH(Q) x FF12(Q), YF25(Q) x ZF14=35(Q,T)) (2.29)

for each non-negative integer k, where ﬁk_lvs(ﬂ) is defined in a similar way as in

(2.1) with W replaced by W and k replaced by k — 1, and if Q is bounded C™»{2k}_
domain, where Y~2(Q) := X725(Q), Y 1#(Q) := W15(Q), Y**(Q) := L*(Q),
and Y**(Q) := W**(Q) when k > 0 is an integer. For this, see for instance [15,
Theorem IV.6.1] for k& > 2, |24, Proposition 2.3] for £ > 1, and [18, Theorem 7] for
k=0.

For the operator & given by

So(w, ) := —vAw + V, (2.30)
we have

So € Liso(VF(Q) x FF15(Q), Y25(Q)). (2.31)

Lemma 2.10. Ify € V*%(Q) is a regular solution to (1.2), then for every 1 < s <
0o we have

By, Dy € Lisg(WH(Q) x L5(Q), W 15(Q) x Z%'~55(Q,T))
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N Lio(W25(Q) x WH(Q), L5 (Q) x Z42+°(Q,T)).

Proof. Let (r,q,z) € W™15(Q) x Z%1=55(Q,T). By (2.29) with k = 1, there exists
(wy,m) € WH(Q) x L*(Q) such that &(wy,m) = (r,¢,z) and satisfying the a
priori estimate

HW1||W1’S(Q) + Hﬂ-1| ES(Q) S Cy”(r7 Q7Z)wal,s(Q)XZO,l—%,S(Q’F)' (232>

Since (wy - V)y + (y - V)w; € L*(Q2), we obtain from Lemma 2.7 that 2, (wo, m2) =
(—(w1 - V)y — (y - V)wy,0) for some (wy, ) € V25(Q) x W1(Q) and

[wallvas@) + [72llme ) < eylwillwis@)- (2.33)

If (w, ) = (W1 4+ Wa, T +m3) € WH(Q) x L*(Q), then By, (w, ) = (r,q,z), and
by (2.32), (2.33), and the triangle inequality, one has

||W||W1'S(Q) + ||7T| EE(Q) S Cy”(r, Q’ Z)||W—1,S(Q)Xzo,17%75(97r)'

On the other hand, if (r,¢,z) € L5(Q) x Z2~(Q, T), then (wy, 1) € W25(Q) x
Whs(Q) from (2.29) for k = 2 with the a priori estimate

[Willwes@) + Tl o) < ell(r¢,2)] (2.34)

Therefore, (2.33) and (2.34) lead to

Ls(Q)xZ1255(Q,I)’

[Wliwee @ + 17y < 510002l gt 2oy

The injectivity of ®, follows from that of %l,. This completes the proof for the
case of the operator By. The case of Dy is completely the same, where we use 20}
instead of 2A,. O

We now discuss the very weak formulation of the adjoint equation (2.13). The
following definition is based on the duality equation (2.16). This definition extends
that of the case of Hilbert spaces in [21, 22]. Moreover, in contrast to [18| for the
stationary Stokes and Navier—Stokes equations, we include the pressure in the defini-
tion, hence, one must consider test functions that are not necessarily divergence-free.
Although, these two formulations are equivalent by de Rham’s Theorem, the defi-
nition provided below is more appropriate when studying optimal control problems
with observations involving the pressure.

Definition 2.11. Let 1 < s < 0o, f € X 25(Q), and (g,h) € Z~4~5(Q,T). Then,
(v,o) € L3(Q) x Wh'(Q) is called a very weak solution to the adjoint problem
(2.13) if the variational equation

/Qv-(—I/Aw+(W-V)y+(y-V)w+V7r)dx

— (o, div W>W1!5’(Q)’,/V[7175'(Q) = (£, W)x 210 x2+/(0)

+ (9 7T>W1,S'(Q)’,W173/(Q) + (h, T(w, W)n>w_%,s (2.35)

S/

()W ()

holds for every test function (w,7) € X>%(Q) x Wh¥' ().
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Theorem 2.12. Let y € V*2(Q) be a regular solution to (1.2). Given 1 < s < oo,
the adjoint problem (2.13) with data f € X=25(Q) and (¢,h) € Z=255(Q,T) admits
a unique very weak solution (v,o) € L*(Q) x W (Q) such that

IVlles @) + llollgre @ < cllifllx-200) + lgllwr @y + [hllyy-1. ) (2:36)

Proof. Take note that due to the compatibility condition for (g, h), the variational
equation (2.35) is equivalent to the one with test functions (w,7) € X2*(Q) x

WL (Q). Consider the linear map € : L¥'(Q) x W'(Q) — R given by

Ur,q) = (£, Wix—2s@x2@) {9 Thwie @i @

+ <h7 T(W, 7T)n>W_%’S(F) Wl—s—l,,s’ ()

where, for a given (r,q) € L¥(Q) x /I/I?l’sl(Q), the pair (w, ) € X>'(Q) x /Wl’s/(ﬂ)
satisfies Ay, (w, m) = (r,¢). Such a pair exists due to Lemma 2.7, and furthermore,

(2.37)

[Wllx2. @) + 17l ) < elllrllLe @) + el q)- (2.38)
By standard trace theory, we have
ITCw, mnll g < clliWllxes @) + 17 ll70 q))- (2.39)

Combining the estimates (2.38) and (2.39), we get
< ([Jr]

Wiz @) + 17l @) + 1T (W, mmll g (@) F lellwe o)

By duality, this inequality implies the existence of a pair (v, o) € L*(Q2) x W (Q)
such that

(v, 0), (1, @)1 () i1+ (0 L (@)1 ()
= U(r,q) V(r,q) € L7(Q) x W"'(Q). (2.40)
In addition, we obtain

Vi@ + ol @y = 1l @xmr @y
< c([[f]

x-202) T 9llwrer @y + Bl g1 )

Given a test function (w, ) € X2(Q) x Wh'(Q), we set (r,q) = Ay (W, q) so
that from (2.37) and (2.40),

<(V7 O'), 22[y (W7 Tr))LS(Q)XWI,S’(Q)/J;S’(Q)X/V[?Ls/(g) = <f, W>X72,3(Q)’X2,SI(Q)

g Mhwo @y ) T B T(Wmn) Oy g

This shows that (v,0) is a very weak solution to (2.13) and (2.36) holds for this
pair.

If (vi,01) and (vq, 03) are two very weak solutions of (2.13) in L#(Q) x W' (QY,
then the difference (v, o) := (vq — vy, 01 — 02) satisfies

((v,0), Ay (W, 7T>>LS(Q)></VV1»S'(Q)’,LS’(Q)X/WLS’(Q) =0

for every (w,m) € X2(Q) x W''(Q). From the surjectivity of 2
X25(Q) x WH'(Q) — L¥(Q) x W''(Q) in Lemma 2.7, we conclude that
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(v,0) = (0,0), establishing the uniqueness of the very weak solution. O

Corollary 2.13. Ify € V%%(Q) is a regular solution to (1.2), then for every 1 <
5 < 00, the linear operators By and D, admit unique extensions such that

By, Dy € Liso(LH(Q) x W (Q), X725(Q) x Z757+5(Q,T)).

Proof. The case of Dy is precisely the result of Theorem 2.12, while the case of ‘B,
can be handled in a similar fashion where we use the operator 2(} instead of 2ly,. [

We close this section by proving general integration by parts formula and the
regularity of the normal Cauchy stress on the boundary for weak and very weak
solutions under certain conditions. From now on, we implicitly assume that y &€
V22(Q) is a regular solution to (1.2). For analogous results, we refer to [18].

Theorem 2.14. Let 1 < s < oo, v € W (Q), and o € L*(Q) be such that
A (v,0) € WL (QY. Then, there exists a unique s € W~==(') for which the
generalized Green’s identity

<A;(V, 0—), W>W1*S,(Q)/7W1’SI(Q) — \/g;'/leVde (241)
= (Ay(w, 7T>,V>W_17s/(ﬂ)’w(1),5(9) - /Qadivw + (S,W\p)w_%ys(r)vwl_ivsl(r)
holds for every (w,m) € WL (Q) x L (Q) such that Ay(w,m) € W H(Q) and

I8l g1y < CUIAZ(V, 0) [ wr o ) (2.42)

e
In addition, if v € X25(Q) and o € W3(Q), then s = T(v,o)n in Wi=53(T).

Proof. Let o € L*(Q) and v € W}*(€) be such that A(v,0) € Wh(Q).
Consider the linear functional £ : W% (Q) x Zo’l’i’S/(Q, [') — R defined by

E(I‘, q, Z) = <A;(V7 U)7W>W1,S’(Q)/7W1,S’(Q) - /QTFdiVVdI,

where By (w,7) = (r,q,z) € W1(Q) x Z>7* (Q,T) and (w,7) € W () x
L¥(Q). The existence of (w,7) follows from Lemma 2.10, and moreover,

)-

Thus, we deduce that ¢ € [W=1(Q) x Zo’l_ﬁ’s/(Q,F)]’, and by duality there
exists (V,5,8) € Wi (Q) x Z0+5(Q,T) such that

l(r,q,z) = ((r,q,2),(v,0,8))
for every (r,q,z) € W=1(Q) x Zo’l_sl”sl(Q, I'). Hence, we have

(Ay (W, 7). Py 10y i) — /Q Fdivw o+ W) 1w
By, (7.5.5),

Wl ) + 711z @) < ellilw-rv @ + 1@ 2 o3 g, 1

v
WL (2)xz”' T (Q D), WhS (Q)x 2%~ 5= (Q,T)

)X 2% (D), W () x 20~ 5o (T
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= (A5(V,0), W) w1 oy wis (@) — / mdivvdr (2.43)
Q

for every (w,m) € Wh¥'(Q) x L¥(Q) with Ay(w,m) € W15 (). Observe that the
uniqueness of the triple (v, 5,8) follows from the surjectivity of B, : Wh*'(Q) x
L5 () = WL (Q) x Zo’l_ﬁ’s/(Q, I'). Moreover, one has the estimate

W llwie) 1@ ) g0 1.0 gy < UlAGV O)lwrer @y + [1div vz ). (2:44)

Indeed, this follows from the estimate

{(r,q,2), (v,5, §)>W*1’5'(Q)><ZO’17?1"S/(Q,F),Wé’S(Q)XZO**%’S(Q,F)‘

= <A;(V,U)7W>W1,s/(ﬂ)/7w1ys/(ﬂ)—/WdiVde
Q

< HA;(V’ U)HWLS’(Q)/||W||w1,s'(Q) + || divv
S C(HA;(Va a)”wl,s’(ﬂ)/ + H diVV’

Es(Q)H7r
Es(ﬂ))”(ra q,2)||

L ()

WL (@)xz% 7 (@)
and by invoking the definition of the dual norm.

Suppose that (v,0) € X*%(Q) x /W?LS(Q) and (w,7) € Wh'(Q) x L¥(Q) with
Ay(w,m) € W™1(Q). By density, we can take a sequence such that (r,, ¢,,z,) €
LY (Q) x 227 (Q,T) for each n € N, r,, — Ay(w,T) asn — oo in W=1'(Q), and
(Gn, Zn) — (—divw, w|r) in Z01 % (O, T). Let (Wy,m,) € W2 (Q) x /WI’SI(Q) be
such that By (Wy, m) = (T, Gn, Zn). Then, (W, m,) — (W, 7) in Wh'(Q) x L¥ (Q)
by continuity of %;1, and in particular, we have w,|r — w|r in Wl’si”s/(f‘) by the
trace theorem. Passing to the limit in the equation

/A;(V,a)-wndx—/wndivvdx
Q Q
:/Ay(wn,ﬁn)-vdx—/adivwndx—l—/T(v,a)n-wnds
Q Q r

:/ﬂAy(Wn,wn)-de—/ﬂ[(a—km(v,a)] divw, dz

+ /[T(v, o)n+ k(v,o)n] - w,ds
r
where
1

€2 + [T
we can see that (2.43) holds for the triple (v,o + k(v,0), T(v,0)n + k(v,0)n) €
X25(Q) x ZM155(Q, 1) € Wi*(Q) x Z% (2, T), and in virtue of uniqueness, we
must have v =v, ¢ = 0 + k(v,0), and s = T(v,0)n + k(v,o)n.

Let us return to the case (v,0) € Wi*(Q) x L(Q) where A (v,0) € WH(Q)".
Using density once again, there exists a sequence (f,,¢g,) € L*(Q2) x /Wl’s(ﬂ) such
that f, — A}(v,0) in W'(Q)" and g, — —divv in L*(). Define (v,,0,) €
X25() x W(Q) by A} (Vi, 0n) = (£, gn). By construction, we have 20 (v —v,,,0 —
on) = (A5 (v,0) —£,, —divv —g,). Hence, (vn,0,) — (v,0) in W5 (Q) x L*(Q) by

k(v,0) = (T(v,0)n,n)r, (2.45)
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continuity of (2(;,)*1 and the construction of f,, and g,. Applying the result of the

preceding paragraph to the pair (v, 0,), we obtain that

<Ay(W>W)vvn>w—17s’(ﬂ),w(1)ﬂs(g) - /QEH divw dz (2.46)

+ <SnaW|F>W_%’S(F)XW17;1,,S/(F) pmnd <fn7w>wl,5’(Q)/7wl,5/(Q) + /S;ﬂ-gn dl’,

where v,, 1= v,,, 0, := 0, + K(Vp,0,) and s, := T(v,, 0,)n + K(v,, 0, )n.
Subtracting (2.43) and (2.46), and then using a similar argument as in (2.44), we
have

an—v”wlé(g)"" (G, — 0.8 A)HZO——sQF

< C<||fn - A;<Va U)HWLS Q) + ||gn — div V|

LS(Q))v
Thus, v, — v in Wg*(Q), so that v = v, and (5,,,5,) — (7,8) in Z%+5(Q,T).
This implies that x(v,,0,) = 0, — 0, — ¢ — ¢ and (T(v,,0,)n,n)r = (S, —
K(Vy, 0p)n,n)r — (s,n)r — |I'|(0 — ). From the definition of x in (2.45) and the
operator X, we get 0 = 0 + Xs.

Sending n — oo in (2.46), setting s := § — (X8)n € W—+(T"), and using

—/Gdivwdx:—/adivwdx—«fé)n,w]p) 1
Q Q w

we obtain the desired equation (2.41). Also, (2.42) follows immediately from (2.44).
Recall that § = T(v,0)n + (v, 0)n when (v,0) € X*%(Q) x W#(Q), hence direct
computation yields

1-L s

(), W =577 (I)

s=T(v,o)n+ k(v,0)n + ‘%l( (v,o)n+ k(v,0)n,n)rn = T(v,o)n.

Finally, suppose that s;,s, € W (T") satisty (2.41). Then,

<51 _S27W|F>W_i’ Lo =0

for every w € W2 (Q). Since the trace map w — wlp : W2 (Q) — W2~ (') is
surjective and WQ_%“S/(F) is dense in W'~ (T'), we have 81 —s5 = 0 in W—+(T).
This establishes the uniqueness of s in W’é’S(F). The proof of the theorem is now

complete. 0
Theorem 2.15. Let 1 < s < 00, v € L¥(Q2), 0 € wh Q) (f,9,h) :== Dy(v,0),
and assume that £ € W2 (Q). Then, there exists a unique s € W"5(I') such

that the following generalized Green’s identity

<f, W>W2,s’ (Q)I7W2,s/ (Q)

+ <(gv h)7 (ﬂ- + "i(wu ﬂ-)? T(W7 7T)Il + K(Wa 7T)n)>z_17_%7s(9 T Zl,l—i,s’<Q I

= / v-Ay(w,m)dx (2.47)

(04 Ro(9), 5+ (), (= divw, wln)),
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holds for every (w,m) € W25 (Q) x W¥'(Q), where
€2

ko(s) 1= —1__5g

€2 + T

and we have the estimate
sl 10y < ellE sy + ]

In addition, if v.€ W(Q) and ¢ € L*(Q), then h = v|p in W'o5(I). If
v e Wi*(Q), o € L*(Q), and A%(v,0) € W(Q), then s € W—+5(T') and this
coincides with the one given in Theorem 2.1j. Furthermore, if v.€ W%*(Q) and
o € W (Q), then's = T(v,o)n in W'=45(T).

Proof. By assumption, f € W2 (Q)" ¢ X~%%(Q2). From Corollary 2.13, we imme-
diately obtain the estimate

£l + 119 1)y s gy < (V]

L) + 1ol oy)- (2.48)

L@ + ol q)- (2.49)

In addition, if v.€ W*(Q) and o € L*(Q), then h = v|r in W'~+(I") according
to the definition of Dy,.
Following the proof provided for Theorem 2.14, we consider the bounded linear

functional £ : L% (Q) x Z1’2_§’3/(Q, ') given by
E(I‘, q, Z) = <f7 W>W275/(Q)’7WZ’S/(Q) (250)

+ <(g7 h)7 (ﬂ- + KZ(W7 ﬂ-)? T<W7 ﬂ-)n + K‘J(W7 W)n)>Z—l,—%,S(QJ—\)’Zlvl_%aSl(QJ—x)

where, for a given (r,q,z) € L*(Q) x Z1’2_5’5/(Q,F), the pair (w,7) € W2 (Q) x
W5 (Q) is the solution of the equation By (w, ) = (r,¢,z), see Lemma 2.10. Then,
there exists a unique (v,5,8) € L*(Q) x Z~4"175(Q, T) such that

<f, W>W2,5’ (Q)’,WZ’SI (Q)

+ <(g7 h)? (7T + H(Wa 7T)7 T(W7 71')11 + K(W7 77)11)>Z,1,,%7S(er)’zm—i,s/(QI)

— /Qi? Ay (w,m)dz + ((0,8), (—divw, w|p))

1. L
Al (RO F A A (8

for any (w,7) € W2 (Q) x Wb (Q). Using (2.49) along with the definition of the
dual norm, we have

I [CA M.

S C(Hf”WZ’SI(Q)/ + ||(g7 h)||z—1,—l—%,3(ﬂ7r)>
< c[[fllwes @y + IVlLs@) + llo gy qgy)- (2.51)

If v.e W25(Q) and o € W*(Q), then h = v|p in W2~5%(T"), and by applying the
uniqueness of the triple (v, 7,s), we have v.=v, 0 = 0 — ky(s), and s = s — Kko(s)n,
where s = T(v, o)n, based on the proof of Theorem 2.14 and since ko(s) = —k(v, o).

Take a sequence (£,, gn, hy) € L#(Q) x Z12755(Q, T) such that £, — £ in W2 (Q)’
and (gn,hn) — (g,h) in Z~5=55(Q,T). Introduce (vy,0,) € W25(Q) x Wh3(Q)
by ©y (i, o) = (£, gn, hy,). Then, the difference (v — v, 0 — 0,,) satisfies Dy (v —
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Vp,0 —o,) = (f—1£,,9 — g,,h — h,). Hence, we see that (v,,0,) — (v,0) in
L*(Q) x W'(Q)’ due to the continuity of D;'. Moreover,

(£, W2, (w2 (@) (2.52)
+ ((gn, hy), (m + k(w, ), T(W, 7)n + x(w, W)n»zflv*%vS(Q,r),z“*is'(Q,r)

_ / Vo Ay (W, ) A+ ((F,5), (— divw, wle)
Q °

_1
1,2 S,,.s

(QI),Z Qr)’

where v,, = v,,, 0, = 0,—ko(Spn), Sp = Sp—Ko(s,)n, h, = v, |, and s,, = T(v,,, 0, )n.
Furthermore, thanks to (2.51), we have the estimate

¥ = ¥ty + 1@ = 750 = lys 2oy

< c(|Ifn — f”W?vS’(Q)’ + 1(gn — g, 1y — h)Hzflfl*%vS(Q,r))‘

Similar to the argument provided in Theorem 2.14, we deduce that v = v, ¢ =

o425, and s = s+(Xs)n in (2.48). The last equation implies that X's = %Es =
Ko(s). Sending (2.52) to the limit leads to (2.47), and we obtain (2.48) from (2.51).

Suppose that v € Wy*(Q), o € L(Q), and f = A (v,0) € wWh(Q)
W-L5(Q). In this case, g = —divv € ES(Q) and h = 0 from the definition of
Dy. Hence, (2.47) reduces to

<A; (V, 0)7 W>W275/(Q)/7W2,s/(ﬂ) - / mdivvdz
Q

:/V-Ay(w,w)dx—/adivwda:—l—(S,W|p)
Q

_ 1
9 W)W ()

for all (w,7) € W2 (Q) x /Wl’s'(Q). Given a fixed z € W2*5’3,(F), take (w, ) €
W25'(Q) x W' (Q) such that By (w,7) = (0, X'z,z). Thus, we deduce the estimate

(s, Z>W‘1‘%’S(F),W2‘§’S
< CV,OH (Xz,2)|

,(F)| < CV,U(HWHWLS/(Q) + 7| Z“"’(Q)>

<
ory S el g,

Zl,27i,5’

where ¢y, = c(||vlL@) + ol qy)-  Using the density of W2~ (T') in
Wl_si”s/(l“), we obtain from the above estimate that s admits an extension,
denoted by the same notation, such that s € W~1=+#(I') and (2.41) holds for
(w,m) € W25 (Q) x WI’SI(Q), hence for all (w,7) € WH'(Q) x ES/(Q) such that
Ay(w,m) € W1 (Q) by employing the same density argument as in the proof of
Theorem 2.14. Due to uniqueness, it follows that the functional s agrees with the
one given in Theorem 2.14.

Finally, suppose that s;,s; € W’l’é’s(f‘) satisfy (2.47). Taking the difference of
(2.47) for s; and s, with test functions (w,7) € W2 (Q) x W (Q) yields

<(K0(Sl — SQ), S1 — S9 + Ko(Sl — Sg)n), (— div W, W|F>>

. =0
Wl s ()W ()

1, _1 g
A s*%Q,F),Zl’2 s Q)
<Sl 827 W ‘F)
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from the divergence theorem. The surjectivity of the trace map w — wip :
W25 (Q) — W2’?1”S/(F) shows that s; = ss. O

Let us compare the previous theorem with that of [18, Theorem 5|. Instead of
the generalized trace of the velocity, we studied the generalized normal stress on the
boundary. However, let us point out that [18, Theorem 5| is not entirely correct as
the result is valid only for more regular data [19]. Note that in the above theorem,
we did not prove the existence of the trace v|r, but instead used the extension of ®,
to implicitly construct the generalized trace. Nevertheless, the result given above
can be viewed as a generalization of [22, Theorem 9.3].

3. OPTIMALITY SYSTEMS AND REGULARITY OF OPTIMAL SO-
LUTIONS

In this section, we study the optimal control problems (1.1), (1.3), and (1.4) for
various cost functionals. The existence of solutions to the optimal control problems
can be established by following the methods in the standard text [25], in particular,
using weak sequential compactness arguments. Nonetheless, we provide the proofs
for the sake of completeness and clarity.

For k£ > 2 integer and 1 < r < 0o, we let

XET(Q) = W (Q) NWET(Q),  VET(Q) = VI(Q) N WF(Q).

In the following, if we write (y*,p*) € VF"(Q) x /Wk_lv’"(Q) for some non-negative
integer k, then we implicitly assumed that Q is a bounded C™*{%*¥}_domain. While
existence of solutions to the optimal control problems is guaranteed, the analysis on
the regularity of the optimal solutions will be done locally at regular solutions as
in [10], see also [11, 17]. In this way, the optimization problems with two or three
variables and a PDE constraint is converted to a local problem in one variable.

We point out that even though the regularity for the state variables can be de-
rived from the known results for the stationary Navier-Stokes equation, we provide
direct proofs by invoking those from the Stokes equation and by using a simple
bootstrapping argument. Indeed, note that (1.2) can be written as

Soy"p) =u" = (y"- V)y” (3.1)
where Gy is the Stokes operator given by (2.30).

3.1. STRESS AND PRESSURE TRACKING. We start our discussion with the op-
timization problem

- p
min j(yvpa ll) = J(y>p) + 5“““%2(9)
(v P EV22(@)x W1 2()xL2(2) (3.2)
subject to (1.2)
with J : V22(Q) x /VI?LQ(Q) — R given by
1
J(y,p) == 5 / alVy — Yol + Blp — pal* + N T(y,p) — Sal* dz, (3.3)
Q

where o, 8, A > 0, with a+ 8+ A > 0, Yo € L%(Q)2, pq € L*(Q), and Sq € L*(02)2.
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Let us prove that the problem (3.2)—(3.3) has at least one solution. Since J
is bounded from below, it has an infimum, say J*. Take a minimizing sequence

{(Yn Py W) 52y i V22(Q) x WH2(Q) x L(92) such that J (y,, pn. u,) < J(0,0,0)
for every n and J(yn,pn,u,) — J*. This implies that {u,}>2; is bounded in
L2(Q), and hence, {(yn,pn)}2, is also bounded in V22(Q) x WL2(Q) thanks to
(2.6). Let u* € L*(Q) and (y*,p*) € V33(Q) x WLQ(Q) be such that, by passing to
a subsequence which we do not relabel for simplicity, we have u,, — u* in L?(Q),
Yo — y* in V22(Q), and p, — p* in W'2(Q). By the weak lower semicontinuity of
the norm

([ gy < lim inf [, |2 q) (3.4)

From the compactness of V22(Q) € W4(Q) and W12(Q) C L*(Q), we get by
extraction of another subsequence that y, — y* in W'4(Q) and p, — p* in L*(Q).
Hence, (y, - V)y, — (y* - V)y* strongly in L*(Q2) due to

[(¥n - V)yn = (¥ - V)¥" L2
< lyn =¥ lluae ||Vyn||L4 2+ 1Y L@l Vyn = Vy*llui?2 — 0.

Passing to the weak limit of both sides of the equation satisfied by (y,, pn, u,), we
see that (y*, p*) is a solution of (1.2) with control u*. Since we also have Vy,, — Vy*
and T(y,,pn) — T(y*,p*) both in L*(Q)?, it follows that

Jim J(yn, pn) = J(y",07)- (3.5)
From (3.4) and (3.5), we obtain
T < J(yp ) < lminf Ty, pew,) = T (3.6)

Therefore, (y*, p*,u*) is a solution of (3.2)—(3.3).

Suppose that the local solution (y*,p*) corresponding to u* is regular and let
Sy Us(u*) = B,a2(y*,p*) be the map given in Theorem 2.8. Let J; : Us(u*) - R
be given by

Jr(u) := J(y(u), p(u)) (3.7)

and introduce the reduced cost functional J; : Us(u*) — R defined by

Jr(u) := J(y(u), p(u),u) = J(y(u), p(u ))+—HUHiz(Q) (3.8)
)

where (y(u),p(u)) = Sy(u), that is, (y(u),p(u)) is the unique solution of (1.2)

corresponding to u € Us(u*). Thus, u* is a solution of the following local problem:

min J:(u). 3.9

Join  J(w) (3.9)

Assumption 3.1. In what follows, we will assume in all localized problems that

the solution to the state equation corresponding to an optimal control is regular in
the sense of Definition 2.1.

Recall that Theorem 2.4 provides conditions for the existence of regular solutions.
Note that the condition J (y*, p*, u*) < J(0,0,0) in Theorem 2.4 is always satisfied
by solutions of the optimal control problems.
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For simplicity, let us write (y p) (y(u),p(u)). Then, the derivative of J, at
u € Uy(u*) in the direction r € L*(2) can be expressed as

J(u)r = /Qoz(Vy —Yq): Vw + 8(p — pa)m + MT(y,p) — Sq) : T(w,n)dz.

Here and for the rest of the paper, (w, ) € V22(Q) x W12(Q) is the solution of the
linearized problem (2.11) with y = y(u), ¢ =0, and z =0
The integrals involving the gradient and the stress can be expressed as follows:

/ a(Vy — Yq) : Vwdz = (a(divYq — Ay), W)W_1,2(9)7Wé,2(ﬂ)
Q

/ MT(y,p) — Sq) : T(w,n)dx = / AMT(y,p) —Sq) : (—vVw + 7l)dz
Q Q

= (AdivSq — M\?Ay + A\ Vp, W)W,l,g(mwé,z(ﬂ) + / A(2p — Tr Sq)m dz
Q

since divT(y,p) = —vAy + Vp and Tr T(y,p) = —vdivy + 2p = 2p. Using the
fact that m has zero mean over €2, we obtain

H(W)E = (605, 2). W) wiy + [ 7A9(p)
where

f(y,p) := adivYq + AdivSq — (a + A\?)Ay + \vVp, (3.10)
9(p) == (B+2\)p — Bpa — ATr Sq. (3.11)

As a consequence, the directional derivative is given by
J!(u)r = /(V + pu) -rdx (3.12)
Q

where 3 (v, ) = (f(y, p), Ag(p))-
As we are in the unconstrained setting, it follows that the local optimality system
corresponding to (y*, p*,u*) is given by

[ —vAY + (y V)y VT = in Q) (3.13)
divy*=0 inQ, y*=0 onT, (p* 1)q=0, .

[ LAV + (Vy*) v — (y* - V)v* + Vo* = f(y*,p*) in Q, (3.14)
divv* = —Ag(p*) inQ, v =0 onI, (", 1)q=0, .
v+ pu* =0 in Q, (3.15)

where f(y*,p*) and g(p*) are defined as in (3.10) and (3.11), respectively. In this
case, the optimal control and optimal adjoint velocity has the same regularity.

To see (3.15), let us start with the fact that J/(u*)(u —u*) > 0 for every u €
Us(u*). Given r € L?(Q), choose € > 0 small enough so that u := u* +er € Us(u*).
This is possible since Us(u*) is an open set that contains u*. With this, we have
J!(u*)r = 0 for every r € L?(Q) and consequently (3.15).
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For emphasis, let us present special cases of (3.14). In the case « = A = 0 in (3.3)
where we only keep track of the pressure, the adjoint system (3.14) reduces to

—VvAV* + (Vy*) v — (y* - V)v* + Vo* =0 in Q,
divv* = =BA(p* —pa) in, v =0 onI, (0% 1)o=0.

On the other hand, for the case where we only keep track of the Cauchy stress,
that is, « = f =0, (3.14) becomes

—VvAV* + (Vy*) v — (y* - V)v* + Vo* = \(divSq — 2Ay* + vVp*) in Q,
divv* = =AA(2p* —TrSq) inQ, v =0 onl, (0% 1)g=0.

Finally, keeping track of the velocity gradient only, the adjoint system with g =
A =0 is given by
—vAV* + (Vy*) v — (y* - V)v* + Vo* = a(divYg — Ay*) in Q,
divv* =0 in€Q, v*=0 onl, (¢"1)q=0.

Theorem 3.2. Let a, 8, > 0 with o+ 3+ A > 0 in (3.3). If Yq,Sq € L*(Q)?
and po € L*(Q2) for some 2 < s < 00, then for the solution of the optimality system
(3.13)—(3.15), we have

(y*,p*,u,v*, o*) € V¥¥(Q) x /I/I?z’s(Q) x W5 (Q) x WE*(Q) x ES(Q) (3.16)

If Yo,Sq € L?(Q)?, divYq, divSg € L"(Q), and po, TrSq € W'T(Q) for some
1 <r< oo, then

(y*, p",u*, v*, 0%) € V() x W3 (Q) x X27(Q) x X27(Q) x W(Q).  (3.17)

Moreover, if 3 = X\ = 0, then u*,v* € V(Q) in (3.16) and u*,v* € V¥ (Q) in
(3.17).

Proof. In the first situation, (3.10) and (3.11) give us f(y*,p*) € W 15(Q) and
Ag(p*) € L*(Q) since divYq, divSq € W15(Q), Ay*, Vp* € L3(Q) € W—14(Q),
and p* € W2(Q) C L*(Q). Hence, (v*,0*) € WE*(Q) x L*(Q) and u* € WL*(Q)
according to Lemma 2.6 for 2. and (3.15). As a consequence, we deduce that
(y*,p*) € V32(Q) x W22(Q) since (y* - V)y* € W2(Q), thanks to (2.31) with
(k,s) = (3,2) and (3.1). This gives us y*,Vy* € W??(Q), and since W??(Q)
is a Banach algebra, we obtain that (y* - V)y* € W#2(Q) c W' (Q) for every
1 < r < oco. Applying (2.31) with k = 3, we see that (y*,p*) € V3(Q) x /WQ’S(Q).
This establishes (3.16).

If the additional regularity assumptions divYq, divSq € L"(Q2) and pg, TrSq €
WLr(Q) for the desired states hold, then we have f(y*, p*) € L"(Q) and Ag(p*) €
WL (Q) since Ay*, Vp* € WH(Q) ¢ WL(Q) C L"(Q) and p* € W25(Q) C
W22(Q) C W (Q). Thus, (v*,0*) x X27(Q) x W(Q) and u* € X27(Q) by
Lemma 2.6 for 24%. and (3.15) once again. Observe that (y*-V)y* € W (Q) from
the above arguments, and so y* € V¥ (Q) ¢ W'*°(Q). Thus,

IV ((y* - V)" ) L2
< c([IV2y* lr@p2 VY e @2 + 1Y lue@ IV lLr@)p<s)
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< oy -

Therefore, (y* - V)y* € W2(Q) and we get (y*,p*) € V4(Q) x W3 (Q) by (2.31)
with (k,s) = (4,r), and this shows (3.17).

Finally, if 3 = A = 0, then g(p*) = 0, and hence divu* = —p~!divv* = 0. These
equations lead into u*,v* € V12?(Q) in (3.22) and u*,v* € V27(Q) in (3.17). O

Next, let us consider the case with control constraints

. P
min J(y,p,u):=J(y,p) + 5”“”%2(9)

(y.p,u) €V (Q)x W3 (Q)x Upq (3.18)

subject to (1.2)

with J : V25(Q) x W(Q) — R given by (3.3), a,b € L3(Q), and 2 < s < .
Since u € U,y C L¥(Q), we have a solution (y, p) € V*(Q) x les(Q) to (1.2), and
so J in the current case is well-defined.

The proof of existence of solutions to (3.18) is similar to (3.2). Indeed, following
the same notation as above and noting that U,q is a bounded, closed, and convex
subset of L2(§2), it is weakly compact in L?(€2). Thus, up to a subsequence, u,, — u*
in L?(Q) for some u* € U,y. With this, we can now proceed as in the unconstrained
case to show the existence of at least one solution (y*, p*, u*) € V*#(Q) x /Wl’S(Q) X
Usa to (3.18).

Let us localize the current problem. Assume that (y*, p*, u*) is a solution to (3.18)
such that (y*,p*) is regular, let Sy : Us(u*) — B, s(y*, p*) be the mapping provided
by Theorem 2.8, and define J, : Us(u*) — R and J, : Us(u*) — R as in (3.7) and
(3.8), where (y(u),p(u)) = S;(u). Our discussion shows that u* is a solution of

. EZ/ISI(I&}‘I)lﬂ o, J:(u). (3.19)

Let n > 0 be such that B,(u*) C Us(u*), where B, (u*) is the open ball in L*(Q)
with center at u* and radius n > 0. We consider the following localized version of
(3.19):

min J:(u). (3.20)

ueUygnB,(u*)

By local optimality of u* and convexity of U,q N B, (u*), it holds that J/(u*)(u—
u*) > 0 for every u € Uy N B,(u*), with J/ given by (3.12). Adapting the
discussion in |25, pp. 67-71] and noting that u* lies in the interior of B,(u*) so
that the constraint is not active, the following projection formula for the pointwise
optimality condition can be deduced:

u* = Ppp(—p 'v") := min{max{—p~'v*, b}, a}
= —max{a — max{p 'v* — b,0} — b,0} +a. (3.21)

Then, the local optimality system for (3.20) is given by (3.13), (3.14), and (3.21).
We see that the regularity of the control depends also on the constraints.

Theorem 3.3. Suppose that a, B, A > 0 with a+F+X > 0in (3.3). Let2 < s < 00
and a,b € WH5(Q). If Yq,Sq € L¥(Q)? and pq € L*(2), then for the solution of
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the optimality system (3.13), (3.14), and (3.21) corresponding to (3.20), we have
(y*, p*,u*, v¥, %) € V3 (Q) x W25(Q) x W (Q) x W Q) x L°(Q).  (3.22)
Moreover, if Yq,S8q € L*(Q)?, divYq, divSqe € L"(Q), and po, TrSq € W' (Q)
for some 1 < r < o0, then
(v, %) € X27(Q) x W (Q). (3.23)
In particular, if = XA = 0, then v* € V(Q) and v* € V*"(Q) in (3.22) and
(3.23), respectively.
Proof. The first assumption on the desired states implies that (y,p*) € V%5(Q) x
Wh5(Q) due to (2.31) with k¥ = 2 and U,g C L*(Q2). Hence, f(y*,p*) € W 15(Q)
and Ag(p*) € L*(2) from (3.10) and (3.11), and we obtain the regularity of (v*, ")
in (3.22) from Lemma 2.6. The classical theorem for the projection |20, Lemma A.1,
p. 50|, a,b € W'#(Q), and (3.21) imply that u* € W'#(Q). Hence, we obtain the
regularity of (y*,p*) in (3.22) by (2.31) with k = 3 since (y*- V)y* € W*(Q) from
the proof of Theorem 3.2.
If the additional assumption for the desired states hold, then f(y*,p*) € L"(Q)

and Ag(p*) € W“(Q). Thus, we get (3.23) by Lemma 2.7. The last part follows
since as in Theorem 3.2, v* is divergence-free when § = XA = 0. U]

Clearly, the results of the previous theorem hold in the standard case where
the controls satisfy a < u < b almost everywhere in ) with constant constraints
a,b c R%

Now, we consider the following problem with controls in a Sobolev space

mHl j(yapv u) = J(yvp) + g“uH%VlQ(Q)
(y,p,u)eV32(Q)xW22(Q)xW1L2(Q)
subject to (1.2)

(3.24)

and J : V32(Q) x W22(Q) — R is given by (3.3). Existence of local solutions can
be established as before. In fact, following the same notation as above, we have
u, — u* in WH2(Q), and passing to another subsequence, this yields u,, — u* in
L2(Q) in virtue of the compactness of W12(Q) C L?(Q).

Let (y*, p*, u*) be a solution to (3.24) with a regular (y*,p*) and let R : V(u*) —
B,(y*,p*) be the C*-map given in Theorem 2.9. Define J, : V(u*) — R as in
(3.7) with (y(u),p(u)) = R(u) and the corresponding reduced cost functional 7, :
V(u*) — R by

P
Je(w) = T (y(w), p(w), u) = J(y(w), p(w) + S uliyra)- (3.25)
Again, u* is a solution to the following local optimal control problem:
i H(a). 3.26
Jin Ji(w) (3.26)

It can be shown that the directional derivative of J; at u € V(u*) in the direction
of r € WH#(Q) is

J!(u)r = /(v +pu)-r+pVu-Vrde (3.27)
Q
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where 245 (v,0) = (f(y,p), Ag(p)) and the components of the right-hand side are
given by (3.10) and (3.11). Therefore, the optimality system for u* with respect to
(3.26) is given by (3.13), (3.14), and with u* € W2?(Q) the weak solution to the
homogenous Neumann boundary problem

~Au*+u*=—-p v inQ, Jyu*=0 onl. (3.28)
By standard elliptic regularity theory, u* is more regular than v*.

Remark 3.4. Replacing the control space WH2(Q) by W2(Q) leads to the above
elliptic problem but with homogeneous Dirichlet condition u* = 0 on I" in place of
the Neumann one.

Theorem 3.5. Assume that o, B, A > 0 with o« + 5+ X > 0 in (3.3). If Yq,Sq €
L (Q)% and po € L*(2), where 2 < s < oo, then for the solution of the optimality
system (3.13), (3.14), and (3.28) for (3.26), it holds that

(y*, p*,u*, v¥, 0%) € VP5(Q) x W (Q) x W3 (Q) x W (Q) x °(Q).  (3.29)
If Ya,Sq € L?(Q)?, divYq, divSqg € L"(Q), and po, TrSq € WH(Q) for some
1 <r< oo, then

(y*, p*, u*, v¥, %) € VO (Q) x WP (Q) x WA (Q) x X27(Q) x W (Q).  (3.30)
Furthermore, if 3 = X = 0, then v* € V1(Q) in (3.29), and v* € V*"(Q) in (3.30),
respectively.

Proof. The regularity of the adjoint variables (v*,¢*) in (3.29) and (3.30) follow
from Theorem 3.3 since W12(Q) C L*(£2). Hence, the results for the control u* in
(3.29) and (3.30) follow from (3.28) and classical elliptic regularity theory.
The same argument as in the proof of (3.17) leads to y* € V*5(Q) C W3>(Q).
Thus, (y* - V)y* € W5(Q) since
IV V)y)llLa@ze < cIVY L@ | VY L @)z
+ ||V2Y*Hioo(9)2x2 1y e @2 VY s @pexa) < CHY*H%&S(Qy
Applying (2.31) with & = 5 and u* € W?#(Q), we have (y*,p*) € V>*(Q) x
W*5(€)). This completes the proof of (3.29). To show (3.30) in the case of (y*,p*),
first we note that y* € V35(Q) C W>%(Q) since s > 2. As W*2(Q) is a Banach
algebra, (y* - V)y* € W42(Q), and so y* € V&2(Q) by (2.31) with (k, s) = (5, 2).
Finally, using V&2(Q) € W57(Q) N W%°°(Q), one has
IV - W)y ) ler @z < cIVY L@ VY Lo
V2 e @22 [ V2 oo @p2xs + [y Lo @2 V7Y [l (@)2xs)
< CHY*H%M(Q)
so that (y* - V)y* € W47(Q). Therefore, (y*,p*) € V7 (Q) x W5(Q) by (2.31)
with (k,s) = (6,7) and u* € W*"(Q). O

Remark 3.6. Without pressure terms in the cost functional, that is, when g = X =
0, the divergence of the optimal control in the case of controls in W2(Q) are smooth
in the interior of Q. Indeed, taking the divergence of the first equation in (3.28) and
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using v* € L2(Q), we have —Adivu* + divu* = divv* = 0 in w in the sense of
distributions for any smooth subset w C w C (). For instance, one can take w to
be an open ball whose closure lies in ). It follows that divu* € C*(w) by classical
elliptic reqularity. Since w is arbitrary, we have divu* € C*(Q).

3.2. CONVECTION, DIFFUSION AND PRESSURE GRADIENT TRACKING. For
this subsection, we study optimal control problems involving (y - V)y, Ay, and Vp.
First, let us consider the optimal control problem

. P i .
=J -~ bject to (1.2 3.31
(y’u)evggl(g)xLz(Q)J(y,U) () + 5 lullza o) subject to (1.2) (3.31)
where J : V22(Q)) — R is the convection-tracking functional

1

J(y) = 3 /Q M(y - V)y — cql? du, (3.32)

with cq € L?(Q2) and A > 0. Following the notation in Subsection 3.1, the existence
of a solution to (3.31) can be established as we have J(y,) — J(y*).

For regular solutions, we consider the localized problem (3.9) corresponding to
(3.31) with J; : Us(u*) — R given by

Fi(w) == T (y(w), ) = J(w) + S ulfz

where (y(u),p(u)) = Sz(u) and J,(u) = J(y(u)). The derivative of J; : Us(u*) — R
at u € Us(u*) in the direction r € L?(Q) is given by

Ji(w)r = / My V)y —cq) - (w- V)y + (v - V)w) dz

= (f(}’), W>xf2,2(9),x2,2(9)

where we set
f(y) == AVy) ((y - V)y —ca) = My - V)%y + A(y - V)ca. (3.33)

Thus, (3.12) holds for Dy, (v, o) = (f(y),0,0).
The above discussion implies that the optimality system for the localized problem
(3.9) corresponding to (3.31) consists of (3.13), (3.15), and the adjoint system

—VvAV* + (Vy*) v — (y* - V)v* + Vo~
= A(Vy) (- V)y" —ca) = (v - V)’y* + (v V)eg] inQ,  (3.34)
divv* =0 inQ, v*=0 onI, (6" 1)gq=0.

Similarly, one can formulate the localized versions (3.21) and (3.28) of (3.31),
but now with controls in U,y and W2(Q), respectively. We do not repeat the
discussions here for brevity. For the case of U,q, the optimality system is given by
(3.13), (3.34), and (3.15), and for the case of W2(Q2) we have (3.13), (3.34), and
(3.28).

Theorem 3.7. Let A > 0 in (3.32) and 2 < s < co. Then, we have the following
properties for the localized problems:
(i) In the case of L*(Q), if cq € L*(2), then (3.16) holds with u*,v* € V1#(Q).
If cq € W(Q) for some 1 < r < oo, then (3.17) is satisfied with u*,v* €
V2 (Q).
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(ii) In the case of U,g, if a,b,cq € L*(Q), then (3.22) is satisfied with v* €
V(Q). If cqg € WH(Q) for some 1 < r < oo, then (3.23) holds.

(iii) In the case of W2(Q), if cq € L*(Q), then we have (3.29) with v* € V15(Q).
Ifcq € W (Q) for some 1 < r < oo, then we have (3.30) with v* € V27(Q).

Proof. First, since y* € V22(Q) € WH?(Q) for every 1 < r < oo, we have the
following estimates

1(Vy) T (y" - V)y* @) < cllVY* Rerqplly @) < clly*|Ree)
1y - V)*y* ) < clly @ IVY* 1Tz + 1Y e @ I V2 L2 @)2x2)
< elly* 22

by the Hélder’s inequality. These imply that (Vy*)"(y* - V)y* € L"(Q) and (y* -
V)2y* € L2(Q) ¢ WH(Q) for any 1 < r < oo.

Let us prove (i). Assume that cq € L*(Q2). Then, (y* - V)cq € W15(Q) due to
integration by parts and

/Q (" - V)p-cade < [y lum@ Vel

< elly vz lleallu@ll @l

L yzllcalls )

for all o € WE*(Q). Let us show that (Vy*)Tcq € W5(Q). Indeed, if s = 2,
then (Vy*)Tcq € W12(Q) according to

/‘( *)TCQ BN s) dz < ”vy*HL4(9)2HCQ’|L2(Q)H<PHL4(Q)
Q
< CHy*HVM(Q)HCQHL2(Q)HcpHW(1),2(Q)

for all ¢ € W%(Q) € LY(Q). If 2 < s < 00, then 1 < s < 2 and (Vy*)Tcq €
W—L5(Q)) since

/(Vy*)TCQ ~pde < || Vy*[lr oz collt@ el /e- @)
Q

< |y llverollcal

Ls(Q) H P ||W(1)’S’ )

for all ¢ € W (Q) ¢ L2/2=)(Q). Hence, f(y*) € W~15(Q) from (3.33). From
the proof of Theorem 3.2, we obtain (3.16) and u*, v* € V1#(Q) since g(p*) is zero.

Let cg € WH(Q) for some 1 < 7 < co. Then, (y* - V)cq, (Vy*)Tcq € L"(Q) as
in the proof of Theorem 2.7. Also, we have cq € L?(2), and so y* € V3%(Q) C
W27(Q) N W2 (Q). Hence, (y* - V)*y* € L"(Q2) due to

I V)Y ey < ey @l VY 1@y + 1Y [ @) I VY lir@2x2)
< oy Rz

Thus, f(y*) € L"(Q), to which we have (3.17) with u*,v* € V*"(Q) from
Theorem 3.2. This completes the proof of (i). The proofs of (ii) and (iii) are
completely the same as with those given for Theorem 3.3 and Theorem 3.5,
respectively, the main difference here is that u* and v* are divergence-free. O
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Let us now consider the control problem involving the diffusion and pressure
gradient. Given ¢ € L?(Q2) we define the generalized Laplacian A € X~2#(Q) and
the generalized divergence dive € W' (Q) as follows:

(B b)xrnqxerioy = [ @ Abdr V€ X(@),

(div e, ¢>W1’S'(Q)/,les'(ﬂ) == /Q ¢ -Vodr Voe Wl’S/(Q)-

Consider the optimal control problem (3.2) with the cost functional

1
J(y.,p) = §/a|Ay—yQ!2+6|Vp—qQI2dx (3.35)
Q

where yo,qq € L*(Q2). As in Subsection 3.1, one can define J, and J; now for
the functional (3.35). Then, we can write the derivative of J at u € Us(u*) in the
direction r € L%(Q) as follows:

Jw)e = [ a(ay —ya) - Aw -+ B(Vp - an) - Vrds
Q
= (£(y), w)x-22(0)x22(0) + (A9(P), M) 12y 1200
where
f(y) = aA(Ay —yq), g(p) :=—F(Ap— divqg). (3.36)

Then, (3.12) holds for ®,(v,o) = (f(y), g(p),0).
For the localized problem (3.2) with (3.35) at a regular point, the optimality
system is given by (3.13), (3.15), and (v*,0*) is the very weak solution of

—VAV* + (Vy*) v — (y* - V)v* + Vo* = aA(Ay* — yq) in Q,

3.37
divv* = fA(Ap* — divqgg) inQ, v =0 onI, (o%1)gq=0, (3:37)

in the sense of Definition 2.11. In the case where the controls lie in U,q or W12(Q),
we have to replace (3.15) by (3.21) and (3.28), respectively, to obtain the optimality
systems of the localized problems.

Theorem 3.8. Let o, 3> 0 and a+5 > 0 in (3.35). Then, the following properties
hold for the localized problems:

(i) In the case of L*(Q), if ya,qa € L*(Q), then
(y*, p",u", v, 0%) € V22(Q) x WH(Q) x L2(Q) x LA(Q) x W™(Q).  (3.38)

(ii) In the case of U,q, where a,b € L*(Q) for some 2 < s < o0, if yo,da €
L#(Q), then

(y*,p*,ut, vh, o) € V25(Q) x WH(Q) x LH(Q) x L*(Q) x WH'(Q).  (3.39)
(iii) In the case of WH*(2), if yo,qq € L¥(Q) for some 2 < s < oo, then
(y*, p", u*, v¥,0%) € V() x W35(Q) x W25(Q) x L*(Q) x W (Q).  (3.40)
If B=0, then u*,v* € L2(Q) in (3.38), while v* € L(Q) in (3.39) and (3.40).
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Proof. From (3.36) we can see that f(y*) € X24(Q) and Ag(p*) € /I/I?LS/(Q)’
whenever (y*,p*) € VZ5(Q) x /Wl’s(Q) and yo,qo € L*(2), with s = 2 in
the case of (i). Recall that Dy«(v*,0%) = (f(y*),9(p*),0), and therefore,
(v*,0%) € L*(Q) x WLS/(Q)’ according to Corollary 2.13. With these, we can follow
the same lines of argument as above to deduce the regularity of (y*,p*,u*) in

(3.38), (3.39), and (3.40). O

Let us prove further regularity of the optimal solution under additional compat-
ibility conditions on the boundary for the case where the controls are in W2(Q).
While the succeeding two theorems provide better regularity on the optimal solu-
tions, the compatibility conditions on the optimal states and the desired target may
not be achieved from a practical perspective.

Theorem 3.9. Let a,3 > 0 with a + 3 > 0, yo,qq € L*(Q) and consider the
localized problem with the functional (3.35) and controls in W'2(Q). Suppose that
Vya € L"(Q)? and divqg € L"(Q) for some 1 < r < oo. If Ay*|r = yalr
and Onp* = qq -n on I, then (3.29) holds with s replaced by r. In addition, if
Ayq € L™(Q) and divqq € WY (Q) for some 1 < r < oo, then we obtain (3.30).

Proof. Let t = min{2,r} so that yo € W' (Q) and qq € L, (). Thus, yo|r €
WL i4(T) and qq - n € W—e4(). On the other hand, Theorem 3.8 (iii) with
s = 2 provides us Ay*|p € W22(I') € W #4(I') and dpp* € W22(I') € W—4(T).
Therefore, the stated compatibility conditions are well-defined. Furthermore, using
Green’s identities, we have

J(u)r = / a(Ay* —ya) - Aw + B(Vp* —qq) - Vrdx
Q
— [[a(Vay - Vyo): Y+ 5(8p" - divan)rds
Q

= <f(y*)7W)w—l,r(Q)7W(1)7T'(Q) + /g;ﬂAg(p*) dx

for every r € W'2(Q), where f(y*) = adiv(VAy* — Vyq) € W 17(Q) and
Ag(p*) = —BA(Ap* — divgg) € L(Q). As in Theorem 3.5, this yields (3.29)
with r in place of s.

For the second part, it holds that

J;(u*)r:/Qf(y*)-wdx—l—/ﬂﬂ/lg(p*)dx.

where f(y*) := a(A%y* — Ayq) € L"(Q) and Ag(p*) € /WI’T(Q). Hence, following
Theorem 3.5, we obtain (3.30). O

In the next theorem, we relax the first compatibility condition in Theorem 3.9,
however, with a new adjoint equation.

Theorem 3.10. Let o, 8 > 0 with o+ 5 > 0 in (3.35) and consider the associated
localized problem with controls in W2(Q). Assume that yq,qq € LS, (Q) for some
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2 < s < o0,
Ay n=yg-nonl, and 0O,p*=qq-n onl. (3.41)
Then,
(y*, p,u, v¥, %) € VE5(Q) x W35(Q) x W2 (Q) x W (Q) x L°(Q),  (3.42)

where u* is the solution of

—Au* +u* = —% v — % (Ay* —ya)| nQ, Oyu" =0 onT, (3.43)

and A5.(v*,0%) = (£(y*), Ag(p*)), where
By") == ~(Vy) T (Ay" = ya) = =y V)Y - ya) (3.44)
9(p") = % divya - B(Ap" — divag). (3.45)

If yo € W2'(Q), qq € L2(Q), divyq, divgg € WY (Q) for some 1 < r < oo, and
(3.41) is satisfied, then we obtain (3.30).

Proof. Similar to the proof in Theorem 3.9, the compatibility conditions are mean-
ingful in W*%’S(F). Using the linearized equation (2.11), integrating by parts, in-
voking the conditions Ay* -n = yo - n and 0,p* = qq - n on ', and applying
div Ay* = Adivy* = 0 in {2, we obtain

T = [ S(Ay = ya) (" V)w ot (we W)y + Vr ) da
—/QB(Ap* — divqq)rdx

= —/ S(Ay" —yo) rdr+ €O Whww-ro@)wi (o) T / mAg(p*) du,
oV o Q
where f(y*) € W=15(Q) and Ag(p*) € L2(2) are given by (3.44) and (3.45), respec-
tively, for every r € Wh2(Q).

Let us show the declared regularity of f(y*) and g(p*) in the previous statement.
On one hand, that of Ag(p*) is clear since divygq, divpg € L¥(Q) C L*(Q) and
p* € W22(Q). On the other hand, we have (Vy*)T(Ay* — yq) € L*(Q) € W15(Q)
and (y* - V)(Ay* —yq) € W 14(Q) since

/Q (Vy)T(Ay" — ya) - wde < [y leer(1AY" e + Iyallor) W

< elly* s (Iy* vse + lyallus@)lw

/ (7" V)w - (Ay* — yo) dz < [ly* oo | Vw
Q

< elly” vea@(Ily* Ivaz + Iyalu @)Wl o

L (@)

L' (Q)>

L (@2 (1AY [s(0) + lyelL: @)

for every w € W2 (Q), due to y* € V32(Q) € WL(Q) N W25(Q). Thus, f(y*) €
WL5(Q).
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The derivative of the localized reduced cost functional J; at the optimal control
u* in the direction of r can be written as

0=J(u")r= / [v* - (Ay* — yg)] T+ pu’-r+pVu': Vrde
Q

v

for every r € W'?(Q), where 2. (v*,0%) = (f(y*), Ag(p*)). Hence, u* is a solution
to the elliptic boundary value problem (3.43). Since f(y*) € W=15(Q2) c W~12(Q)
and Ag(p*) € L*(Q), we deduce that (v*,0*) € WE(Q) x L(Q) by Lemma 2.6.
This implies that v* — ¢(Ay* — yq) € L*(Q) since W,2(Q) ¢ L#(Q), and as a
consequence, u* € W2#(Q) by standard elliptic regularity theory. This regularity
of the control leads to (y*,p*) € V45(Q) x W3s(Q). Hence, Ap* € W5(Q) and we
have Ag(p*) € L*(Q). In turn, we deduce that (v*,o*) € W2*(Q) x L*(Q). This
completes the proof (3.42).

Assume that yo € W' (Q), qq € L*(Q2), and divygq, divgg € W (Q) for some
1 < r < oco. Because W' (Q) C L*(Q), we have yq,qq € L4 (©). This means
that (3.42) holds with s = 2. Note that (Vy*)" (Ay* —yq) € L"(Q2) as above, and
moreover, (y* - V)(Ay* —yq) € L"(Q2) since y* € V42(Q) C L>*(Q2) N W37(Q) and

/Q(y* V)(AY" —ya) - wdz < [ly*[lue @ ([VAY lr@p + [[yellu- @)Wl q)
< clly*lvez@ (1" llvez@) + lIyellLr@)Iwlle

for every w € L"' (). Hence, f(y*) € L"(9).

Suppose that 1 < r < 2. Then, from p* € /I/I?w(Q) C W3T(Q) we obtain Ag(p*) €
WL(Q). Thus, (v, 0%) € X27(Q) x W (Q) by Lemma 2.7, which is the last
two components in (3.30). By elliptic regularity, we obtain u* € W?"(Q), so that
(y*,p*) € V5 (Q) x W‘“(Q). As a consequence, the right-hand side of (3.43) belongs
to W27(Q). Thus, u* € W*7(Q) and (y*, p*) € V7 (Q) x /I/I?5’T(Q), establishing the
first three components in (3.30).

Now, assume that 2 < r < oco. In this case, (3.30) holds for r = 2, and in

particular, (y*,p*) € V62(Q) x W52(Q) C V57 (Q) x W4(Q2). From this, we again
deduce (3.30). O

In the context of Theorem 3.10, the optimality system of the localized problem
with cost functional (3.35) and controls in W'2(Q) is given by

—VvAy* + (y* - V)y*+ Vp* =u* in Q,
divy*=0 inQ, y*=0 onI, (p* 1)q=0,
[ VAV + (Vy") v — (y* - V)Vv* + Vo
= S(Vy) " (Ay* —yo) = $(y" - V)(AY* —yq) inQ,
=-A (% divyq — B(Ap* — div qg)) in €,
vi=0 onI, (0% 1)q=0,

—Au* +u* = —% (v* -2 (Ay* — yQ)) in €,
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3.3. BOUNDARY NORMAL STRESS AND PRESSURE TRACKING. For this sub-
section, we analyze the problems (3.2), (3.18), and (3.24) in case of the cost func-
tional with boundary observations

J(y,p) = %/Falany —yrl* + Blp = pr* + A T(y,p)n —sr[* ds (3.46)
where o, 3, A > 0 with a + 8+ X > 0, yr,spr € L?(T"), and pr € L?(T"). Here, we
only provide the main ideas and refer the reader to Subsection 3.1 for the complete
details, in particular, to the localization of the current optimal control problem.

To show existence of solutions, it is enough to prove that (3.5) holds for J given
by (3.46). We only give the details in the case where the control space lies in
L2(Q2) as the other two cases can be dealt with a similar manner. As before,
note that {(y,, pn)}2, is bounded in V22(Q) x W12(Q) and (yn, pn) — (¥*,p*) in
V22(Q) x W'2(Q). Thanks to the Rellich-Kondrachev theorem, we have the com-
pact embeddings V22(Q) ¢ W2=52(Q) and W12(Q) € WI=2(Q), with 0 < & < 3.
Hence, one can extract a subsequence so that y,, — y* in W2=52(Q) and p,, — p*
in W=2(Q). The continuity of 8y : W252(Q) — W2"=%(T) and the trace op-
crator 7o : W1 =2(Q) — W2==%(T) along with the continuity of the embeddings
Wz=2(I') ¢ L) and Wz=%T) C L2(I) imply that 8y, — duy* in L(T),
pulr — p*lr in L*(T), and T(y,,p,)n — T(y*,p*)n in L?(T). Therefore, (3.5) is
satisfied for (3.46).

For the corresponding localized problems at regular points, we only discuss the
case of L?(Q) once again. Denote by J; : Us(u*) — R the reduced cost functional for
(3.46) constructed as in Subsection 3.1. For u € Us(u*) and r € L%(92), we compute
the directional derivative as follows:

Ji(w)r = / a(Ony — yr) - 9w + B(p — pr)m + A(T(y, p)n — sr) - T(w, m)nds

= /F [ﬁ(p—pr)+ 2 (Ony — y1) 'n] mds

14

a
+ / [)\(T(y,p)n —s1) = (Jay - yp)] - T(w, m)nds. (3.47)
r
Here, we used the fact that 9,w = —2T(w,7)n + L7n.

In order to derive the data for the adjoint equation, we need to introduce certain
operators that lift functions defined over the boundary into the domain. Given
¢ € W=5(T), we define 5 € W+ (Q) by

* L 1,8’
<’70¢, ¢>W1VSI(Q)’,W1!5'(Q) . <77Z17 ¢|F>W7%’S(F),W17§’SI(F) \V/¢ 6 W (Q)

In a similar fashion, given ¢p € W—+5(I"), we define v € X~25(Q) by

* L 2,8
(V1Y @) x-2(0) x2.+ () = <1’b’aﬂcP)w*%’S(F),wl’i's'(r) Vi € X% ().

Let us provide a formulation of the adjoint equation having homogeneous Dirich-
let boundary condition. Other formulations leading to the same regularity of the
optimal solutions will be provided below. Since T'(w,7)n = —vd,w + mn and using
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7 € WL2(Q), we obtain from (3.47) that
J(u)r = /(oz((?ny —yr) — \W(T(y,p)n —sr)) - Onw ds
r

+ /F(ﬂ(p —pr) + M(T(y,p)n —sr) -n)mds

= <f(Y7p)7 W)X*QvQ(Q),XZQ(Q) + <Ag(Y7p)7 W>W1,2(Q)/7W1,2(Q)
where

£(y,p) = 7il(a + M) day — ayr — Av(pn — sp)], (3.48)
9(y,p) == %[(B + Np — Bpr + A(—v0ny -n —sp - n)], (3.49)
so that (3.12) is satisfied with Dy (v,0) = (f(y,p), Ag(y,p),0).

As a consequence, the optimality system for the localized problem having the
cost functional (3.46) and controls in L?(€2) is given by (3.13)-(3.15), where the
right-hand sides of (3.14) are those from (3.48) and (3.49). Once again, we need to
replace (3.15) by (3.21) or (3.28) in the situation where the controls belong to U,q
or WH2(Q), respectively.

In the succeeding theorem, we obtain twice the integrability order of the desired
states from the boundary to the interior with respect to the adjoint velocity.

Theorem 3.11. In the case of L*(Q), yr,sr € L*(T), and pr € L*(Q) for some
2 <s<ooin (3.46), we have

(y*, p*,u*, v, 0%) € V**(Q) x /I/I?LQS(Q) x L*(Q) x L*(Q) x /W*LQS(Q). (3.50)

The same result holds for the case of U, provided a,b € L*(Q). Finally, in the
case of WY2(Q), it holds that

(y*, p u) € VE2(Q) x W32 (Q) x W22 (Q). (3.51)

Proof. We show that 1% € Wl’%(Q)’ whenever ¢p € L*('). Indeed, if ¢ €
Wl’%(Q), then ¢|r € W%%(F) C L=1(I') = L*(T) by the one-dimensional
Sobolev embedding theorem since ;1= < 1. Thus, for each ¢ € W (Q) C

) 25—1
S
Whz-1(Q), we have

(0¥ Dhw-ra@ (@) = /FW)\F ds < [|o
<

LS(F)|’¢‘F’ Ls'(T)

Ll .20 )
Since W*'(Q) is dense in Wl’%(Q), we conclude that 5y € Wl’%(ﬂ)’. In a
similar fashion, yj1 € X7%%(Q) whenever ¥ € L*(1).

From the equation Dy«(v*,o*) = (f(y*,p*), Ag(y*,p),0), where the compo-
nents on right-hand sides are given by (3.48) and (3.49), we get (v*,o*) €
L2(Q) x W=125(Q) from Corollary 2.13, and hence u* € L2(Q) by (3.15) in the
case of controls in L?(Q). In light of (3.21), same conclusions hold for controls in
U,q as long as a,b € L?(Q2). For controls in W?(Q), we have u* € W2%(Q)

according to (3.28) and v* € L2(Q), and therefore, (y*,p*) € V42(Q) x W323(Q)
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by (2.31). O

Let us provide an alternative adjoint equation with non-homogenous boundary
data. Utilizing the fact that g(y,p) — I (9(y,p), h(y,p)) is constant, the derivative
provided in (3.47) can be written as

J(wr = (g(y,p), T)wr2@y.wi2@) +/Fh(y,p) -T(w,m)nds

= <H<Q(Y7p>7 h(Y7p))7 7T>I//V\1’2(Q)/,W\1’2(Q) + / h(y,p) . r]?(W7 7T)Il ds

I
where
9(y,p) =% [ﬁ(p —pr) + %(%y —yr)- n} : (3.52)
h(y,p) = — (/\u + %) Bay + A(pn — sp) + %yp. (3.53)

This yields (3.12) with Dy(v, o) = (0, 1I(g(y,p), h(y, p)), h(y,p)).
Note that the above formulation leads to the same regularity result as in The-

orem 3.11. To see this, note that W%%(F) C L*(T") implies that L3(T") C
W’i’%(f‘) by duality. As a consequence, we obtain from (3.53) that h(y*, p*) €
Wfi’Qs(F). As in the proof of the previous theorem, g(y*, p*) € Wlﬁi—l(Q)’ Since
(M(g(y*,p"),h(y*,p")), h(y",p")) € Z71722(Q,T), we have (v*,07) € L*(Q) x
/Wl’ﬁ%l(Q)' thanks to Corollary 2.13.

It is also possible to have a constant-divergence formulation for the adjoint equa-
tion. Indeed, since 7 =7mn-n = T(w,7)n-n+ vd,w - n we have

Ji(w)r = /Fa(f?ny ~¥r) - Guw + B~ pr)m + ATy, p)n —8r) - Tw, mnds
= /F(oz(ﬁny —yr) + Bv(p — pr)n) - dawds

n / I(T(y, p)n — st) + B(p — pr)n] - T(w, m)nds
T
= <f(y,p), W>X*272(Q),X272(Q) + <Eh(y,p), 7r>/m71,2(9)/7/m71,2(9)
+ [ by.p) - Tl mmds
T

where
£(y,p) == ~i[a(Ony — yr) + Bv(p — pr)n], (3.54)
h(y,p) := = \dny + (A + B)pn — Asr — Sprn. (3.55)
Thus, we have (3.12) with
Dy(v.0) = (E(y,p). Th(y.p).h(y.p)) € X H#(Q) x Z717=#(Q.T),

and this gives the same result (3.50).
We close this subsection by highlighting the adjoint systems with observations
involving only the normal stress on the boundary, that is, when a = f = 0 in

(y
(y
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(3.46). On one hand, the corresponding adjoint problem with homogeneous Dirichlet
condition is given by the very weak solution to

—VvAV* + (Vy*) v — (y* - V)V* + Vo* = Avyf(vday* — p'n+srp) in Q,
divv* = =AY (p* —v0hy* -n—sp-n) inQ, v*=0 onl, (0% 1)g=0.

This is based on (3.48) and (3.49) with &« = 8 = 0. On the other hand, if we utilize
(3.52) and (3.53), then we obtain the following adjoint problem with homogeneous
force term

—vAV* + (Vy*) v — (y* - V)v* + Vo* =0 in Q,
divv* = AX(v0p,y* — p'n+sr) in
V' = —AVOny* —p'n+sp) onT, (0, 1)q =0.

We can also obtain this adjoint problem with respect to (3.54) and (3.55) with
a=p=0.

3.4. POINTWISE VELOCITY, STRESS, AND PRESSURE TRACKING. In this
final section, we deal with cost functionals taking into account point evaluations of
the velocity and the pressure. In the case of the pointwise tracking of the velocity,
the result is analogous in the one provided in [8] for linear elliptic problems and in
[6, 7] for the linear Stokes equation.

Consider the functional J : V*2(Q2) — R with pointwise velocity observations

Iy =5 3 ady(€) - vl (3.56)

£eD

where D is a nonempty finite subset of Q and for each £ € D, ag > 0 and y¢ € R”.
Existence of a solution to the optimal control problem (3.31) with the cost functional
(3.56) can be established as follows. Following the notation in Subsection 3.1, one
can obtain y, (&) — y*(£) in R? for every & € ) thanks to the compact embedding
V22(Q) € C(Q). This yields J(y,) — J(y*), and hence, the existence of a solution
to (3.31). The same conclusion holds for the scenario where we have controls in U,q
and W12(Q).

To write the adjoint systems, let us introduce the following notation. For a € R,
¢ € C(Q), and n € Q, we define ad, € M(Q) := C(Q) by

(ady, &) m@).c@) = ad(n).
Similarly, given a € R?, ¢ € Cy(Q2), and £ € 2, we introduce a ® d¢ € My(Q) :=
Co(£2)" by
(a @ d, ‘P>M0(Q)7CO(Q) =a- p(§).
We now proceed with the local problems (3.2), (3.18), and (3.24) corresponding
to (3.56). Again, avoiding repetitive arguments, we only give the main ideas as
the procedure is completely the same as that with Subsection 3.1. Then, for the

induced local reduced version J; of (3.56), the action of the directional derivative
can be written as

Ji(u)r = (£(y), W)Mo(@),Co@)
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where

f(y) =) ae(y(€) — ye) © de.

£eD

The above duality pairing is well-defined due to w € WS’Q(Q) C Cy(£2) by the
Sobolev embedding theorem. Thus, we obtain the equation (3.12) with 21} (v,0) =
(f(y),0). Therefore, the adjoint system in the case of (3.56) is given by the very
weak solution of

—VAV + (Vy") v = (y* - V)V + Vo' = Y ae(y*(€) —ye) ® 8¢ in ©,
¢eD
divv* =0 inQ, v¥=0 onl, (¢ 1)q=

Theorem 3.12. Let 1 < r < 2 and consider the localized optimal control problems
(3.9), (3.19), and (3.26) associated with (3.56). If the controls lie in L*(S2), then we
have

(y*, p",u*, v*, 0%) € V3 (Q) x W27 (Q) x VI'(Q) x VI7(Q) x L'(Q).  (3.57)

If the controls lie in U,q with a,b € WT(Q), then (3.57) holds except that we have
u* € WI(Q). Finally, in the case of controls in W12(Q), we obtain

(y', ' u' v, o) € VT(Q) x TT(9) x W7 (Q) x V" (Q) x E7(Q).  (3.58)

Proof. If 1 < r < 2, then v > 2 so that W(l)’rl Q) C Cy(2) by the
Sobolev embedding theorem. Hence, My(2) € W=17(Q) by duality. This
implies that f(y*) € W~™'"(Q), and since 2}.(v*,0*) = (f(y*),0), we have
(v, 0%) € VIr(Q) x ZT(Q) by Lemma 2.6. Thus, u* € V'"(Q) by (3.15) and
(y*,p*) € V37(Q) x W2(Q) by (2.31). The case where the controls lie in Uy
or WH2(Q) can be handled in a similar way, but now invoking (3.21) and (3.28),
respectively. ([l

Now, we shall take pointwise evaluations on the velocity gradient, the pressure,
and the normal stress, namely,

Ty.0) = 5 S (e Vy(€) — Yel? + 5elp(€) — pel? + Ad Ty, p)(E) — Sef?)
geg

45 S (Gl0y () — yal? + ool Ty, p) () — 5, ) (359

neg

where £ and G are nonempty finite subsets of Q and T, respectively, and ag, Be, Ae,
Gprpp = 0 for every £ € € and n € G, for which at least one of these parameters
is nonzero. Also, pe € R, y,,s, € R? and Y¢, S, € R**? are given data. Note
that (3.59) allows the case where the points can be different for each of the terms
appearing in the above summations.

Observe that controls in L?(Q2) are not amenable due to the limited regularity
of the velocity gradient and pressure, that is, we only have Vy € W2(Q)? and

p € /WM(Q) a priori. In particular, pointwise evaluations of Vy and p are not
well-defined. Hence, U,q for suitable a and b, and W1?(Q2) will be used instead.
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Now, we prove that (3.18) with the tracking functional (3.59) has a solu-
tion. Recall that U,q C L*(Q2) whenever a,b € L*({2), where 2 < s < oco. Let
{(¥ns Pn, un) }22; be a minimizing sequence. Then, {u,}> , is bounded in L*(£2), and
consequently, {(yn, pn)}2, is bounded in V25(€) x W1#(Q) thanks to (2.9). There-
fore, passing to a subsequence, there exists (y*, p*,u*) € V*5(Q) x W\l’S(Q) X Uaq
such that (v, p.) — (y*,p*) in V23(Q) x W*(Q) and u, — u* in L*({). Since
2 < s < o0, we immediately see that the pair (y*,p*) is a solution to (1.2) with
control u*.

By Rellich-Kondrachev theorem, we have the compact embeddings V?$(Q) C
W2-55(Q) and W5(Q) C W=%(Q), where 0 < ¢ < (s — 2)/s. Hence, after
extraction of another subsequence, Vy, — Vy* in W!==%(Q) and p, — p* in
W=e5(Q). The choice of € leads to (1 —¢)s > 2, and hence, we have the continuous
embeddings W!==5(Q) C C(Q) and W'==5(Q) C C(Q). As aresult, for every ¢ € Q,
we obtain Vy,(¢) — Vy*(£) in R**? and p,(£) — p*(£) in R. These also imply

T(Ympn)(g) — T(y*,p*)({) in R?*2,
From above, we also get from the continuity of the trace operators that d,y, —

day* and T(y,, pa)n — T(y*,p*)n in W=+==5(T"). Due to (1 — 1—¢)s > 1and the
one-dimensional Sobolev embedding theorem, we have W'=:==%(I') ¢ C/(I'). Thus,

Onyn(n) = Ony*(n) and T(yy, pa)(m)n(n) — T(y*,p*)(n)n(n) in R? for every n € T
With the above considerations, we now see that J(y,,p,) — J(y*, p*), and again,

this results into the existence of solutions to (3.18) with (3.59). For the case of
(3.24) with (3.59), we immediately obtain existence of a solution by recognizing the
continuous embedding W2(Q) C L#(Q) for every 2 < s < co.
In order to write the action of the derivative, we introduce a ® 8., A ® 52 €
M, (Q) := [Co(Q2) N CHQ))' for a € R?, A € R?*2 and € € Q as follows:
(a® 0, ©)m,@).conct (@ = Ve(§)a,
(A ® 0%, ©)m, (@),.co@nci (@) = V() - A,
for ¢ € Co(2) NCHQ).
Theorem 3.13. Let 1 < r < 2 and consider the localized problems (3.19) and (3.26)
associated with (3.59). In the case of controls in U,q with a,b € L*(Q) for some
2 < s < 00, then for (3.59) we have
(y*, p,u*, v, %) € V23(Q) x W (Q) x L3 (Q) x L(Q) x WY (Q).  (3.60)
If we have controls in WY2(Q), then we obtain

(v', " 0 v 0t) € VAT(Q) x () x W27 (Q) x L(Q) x W' (). (3.61)

Proof. From the notations introduced above, the derivative of the reduced cost J;
induced by (3.59) is given by (we refer the reader back to Subsection 3.1 for the
complete discussion):

T =" ae(Vy(§) — Ye) : Vw(E) (3.62)

£e&

= > [Be(p(€) = p)m(€) + Ae(T(y. p)(€) — S¢) : T(w, m)(&)]

et
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+ ) 16Oy (n) = yn) - Oaw(n) + po(T(y, p)(n)n(n) — ) - T(w, 7)(n)n(n)

neg
= <f(y7p)aW)MI(Q),CO(Q)ﬁcl(Q) + (I(g(y, p), h(y,p)), 7T)M(Q),C(Q)
+ (h(y, p), T(W, 7)n)mr),cm)

where M(I") := C(I')’ and

f(y,p) = Z[(ag + A Vy(€) — agYe — Aevp(€)n(€) + AevSe] @ O
cee

+>G(0ay(n) — yy) @ [n(n) @ 87, (3.63)

neg

9(y.p) =D _[(Be + 22)p(&) — Bepe — AcTr Selde, (3.64)
£e€

h(y,p) ==Y _ py(—v0uy(n) + p(n)n(n) —s,) ® 8. (3.65)

neg

Let us show that the above duality pairings are well-defined. Note that U,q C
L*(Q2) whenever a,b € L#(Q), and so u* € L*(Q2) and (y*, p*) € V**(Q) ><_/V[7175(Q)_C
[Co(Q)NCHQ)]xC(Q) since 2 < s < oo. Similarly, (w,7) € [Co(Q2)NCH(Q)]xC(Q).
Thus, f(y*,p*) € My(Q) € X~27(Q) and g(y*,p*) € M(Q) C WL'(Q) whenever
1 <7 < 2due to X>(Q) € Co(Q) N CQ) and /WI""/(Q) C C(2). Moreover,
h(y*,p*) € M(I') € W—+"(I') since W+ (I') € C(TI"). Thus, we have

Dy(v*,0%) = (F(y",p"), H(g(y",p"), h(y",p")), h(y",p"))
€ X72(Q) x Z7V(Q,T).

Therefore, by Corollary 2.13, (v*,0*) € L"(Q) x /Wl”"/(Q)/ and (3.60) has been
shown.

For the case of controls in W2(2), we have (3.60) for any 2 < s < co because
WH2(Q) C L*(2). Then, the regularity of the triple (y*,p*,u*) in (3.61) follows
directly from (3.28) and by elliptic regularity theory. O

As in the case of the boundary observations discussed in the previous subsection,
it is also possible to formulate the adjoint equation with a homogeneous boundary
condition. Indeed, we expand T(w,n)(n)n(n) = —vVw(n) - n(n) + 7(n)n(n) in
(3.62) to obtain

J;(u)r = (f(y,p), W)Ml(Q),CO(Q)ﬂcl(Q) + (Ag(y, p), W)M(Q),C(Q)

where
f(y.p) = £(y.p) = > vpy[~vOay() + p(n)n(y) — s,] @ [n(n) ® 8], (3.66)
neg
G(y.p) == 9(y,p) + >_ vps[—v0ay(n) - n(n) + p(n) — s, - n(n)]6,, (3.67)

neg
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with f(y,p) and g(y,p) given by (3.63) and (3.64), respectively. In this case, the
optimal adjoint state is the solution to
* * 3 * * -~ * * —4,8 — —l S
Dy-(v*,0%) = (E(y*,p"), Ag(y*,p"),0) € X7>*(Q) x Z7H75*(Q,T).

Let us highlight a simplified version of (3.59). Here, we choose the case where
ag = e = A = 0 and ¢, = 0 for every £ € £ and n € G. This means that we
have the following cost functional keeping track of the normal stress at points on
the boundary:

Ty.) = 5 32 ol Ty p)mn(a) s, (3.68)

neg

From the proof of Theorem 3.13, we see that the adjoint problem reduces to
—VAV* + (Vy*) v — (y* - V)v* + Vo* =0 in Q,
divv® = — anz[(T(y*,p*)(mn(ﬂ) —8;) ®6,] in €,

neg

v =Y py(T(y",p")(mn(n) —s,) @8, onT, (0% 1)q=0.
neg

On the other hand, using (3.66) and (3.67), one has the following problem with
homogeneous Dirichlet data:
[ VAV + (Vy") v = (y*- V)v* + Vo*

== > vp[T(y™. ") (n)n(n) —s,] © [n(n) © 8] in Q.

neg
divy' = — S upy ATy, p*)(mn() — ,] - n(n)s,} in 2,

neg
vi=0 onI, (0" 1)q=0.

We close the subsection with the following theorem wherein the control domain
is disjoint from the observation points.

Theorem 3.14. Let Q). C Q be open, and consider the optimal control problem

: [T :
J - bject to (1.2
(yyp,u)eWQvQ(Qr)n;Ii}Vl«z(Q)><L2(QC) (v.p)+ 2 lullis - subject to (1.2)

with J given by (3.59), and dist(Q., EUGUT") > 0. Let (y*,p,u*) be a solution such
that y* is reqular. Then, (v*|o.,0%|a.) € W22(Q.) x W2(Q,) and u* € W22(Q,.).

Proof. Take a cut-off function ¢ € C*(Q) such that ¢ = 1 on Q \ Qg where
Q. CQ CQ,o=00nQ, and EUG C Q\ Q. Note that the optimal state satisfies

(y*,p") € X22(Q) N W2(Q) C W () NL2(Q)] x L7 () for every 1 < r < oo.
Setting y;, = ¢y* and p}, = A(pp*), we see from the state equation that

—VvAy, +Vp, =1 inQ,
—divy,=¢;, nQ, y,=0 onl, /p:;dx:(),
Q

where 1% := —2v(Vp - V)y* — (Ap)y* — o(y* - V)y* +p*Vp € L7(Q2) and ¢, :=
—y* -V e W (Q). By (2.31), we have (y}, p}) € X*"(Q) x WH(Q). As a result,
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(v, p") € W2(Q\ Qo) x WH(Q\ Q) C [Co(Q\ Qo) NCHQ\ Q)] x C(Q\ Q)
when r > 2 since ¢ = 1 on 2\ Q. This implies that the cost functional (3.59) is
well-defined, and existence of a solution to the above optimal control problem can
be established as above. -

As in the previous theorem, (v*,0*) € L¥(Q) x W' (Q) for all 1 < s < 2. Define
¢Fi=o0* + Iﬁll c WhH'(Q), that is,

* * 1
(" Dwre @y wres@) =07 A gy @) T @/ﬂqu Vg € W (Q).

It is easy to see that V¢* = Vo™ in the sense of distributions. Letting v := 1 — ¢,
vy, = YvE g = A(Ye*), we get the adjoint equation

_VAV:;) + (Vy*)TV:L — (y*- V)VZ + ngz = fqz in €, (3.69)
—divvy =g¢" inQ, v;=0 onl.

where £ == —20(Vi) - V)v* — (vAY + Vi - y*)v* + ¢V € WH(Q) and g, =

—v* - Vi € L(Q). Hence, one has (v, s5) € WLH(Q) x L*(Q), and so (v*,0*) €

W25 (Q0) x Wh(Qg) € WH2(Q) x L2(p) since ¢ = 1 in Q. -

Now, define ¢ € C?(Q) such that ¢ = 1 on Q. and ¢ = 0 in Q\ Q. Set-
ting v; = ¢v*, ¢f = A(¢s*), we deduce (3.69) with 1 replaced by ¢. Then,
f; € L*(Q) and g, € W12(Q). This yields (vi,55) € WH2(Q) x W12(Q). Therefore,
(v¥a., 0*a.) € W22(Q.) x WH2(Q,) since ¢ = 1 on (), and as a consequence,
ut = —plv¥g, € W22(Q,). O
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