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1. INTRODUCTION

Consider a time interval I := (0,7) with 0 < T" < oo and a bounded, open, and
connected domain Q C R? for d > 2 with a sufficiently smooth boundary I'. Denote
the time-space domain by @ := I x € and its lateral boundary by ¥ := I x T.
We examine the well-posedness (in Hadamard sense) of the Navier—Stokes—Voigt
equations (NSVE) given by

Oy — kKO AYy —vAy +diviy®y)+ Vp=f in Q, (NSV)

divy=0 1in @, y=0 onX, y(0,-) =yo inQ,
with low time-space regular force f and homogeneous Dirichlet boundary (no-slip)
condition. The unknown y : @ — R? denotes the fluid velocity vector, and p :
@ — R is the unknown pressure. Here, v > 0 is the kinematic viscosity coefficient,
t > 0 is the length-scale parameter for the fluid elasticity, f is a given force field,
and 7o : Q — R? is an initial velocity vector. Although div(y ® y) and (y - V)y are
equal for divergence-free and smooth y, the former is preferred since it allows us to
consider very weak solutions.

The Navier—Stokes—Voigt equations, otherwise known as Kelvin—Voigt fluid equa-
tions (see |9, 33|), will reduce to the classical incompressible Navier—Stokes equations
(NSE) when xk = 0. Because the global existence of strong solutions and the unique-
ness of weak solutions of the three-dimensional NSE remains an open problem, var-
ious generalizations of the NSE have been proposed (see, for instance, |19, 20, 23|
and the references therein). The NSVE was introduced by Ladyzhenskaya [26] and
Oskolkov [28] as a regularization of NSE. It was Oskolkov who showed that the initial
boundary value problem for the two-dimensional (2D) and three-dimensional (3D)
NSVE with forces in Ly(Q) has a unique weak and strong solution in the Hilbert
space setting (Lo-theory); see Section 8 in [29] and [28], respectively. The additional
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linear term —x0; Ay changes the parabolic character of the NSE and does not impose
additional boundary conditions for the global well-posedness of the NSVE.

The physical properties of the NSVE, on the one hand, can be observed from its
total stress tensor

o=2v (1 + S@t> D(y) + (Adiv y — p)I,

that Oskolkov studied (see Section 8 in [29]). The coefficient /v > 0 denotes the
time required to set in motion incompressible non-Newtonian fluids, called viscoelas-
tic fluids, under abrupt forces, and

D(y) := %[Vy +(Vy)']

denotes the strain tensor. On the other hand, Pavlovsky [30] used the NSVE to
describe the laminar flow of aqueous solutions of polymers. Aside from physical
properties, the NSVE has a numerical advantage over the NSE. For instance, Cao,
Lunasin, and Titi described the NSVE for small values of x as a regularization
for the numerical computations of the 3D NSE with a periodic boundary con-
dition or a no-slip Dirichlet boundary condition (see equation 7.17 in [10]). It
was observed that the NSVE behaves like a damped hyperbolic system that pre-
vents unrealistic numerical results [6, 24|. Under appropriate decay assumptions on
the forcing function and the assumption that the dual problem of the linearized
steady-state system admits a positive minimal eigenvalue, both power and expo-
nential convergence of solutions of NSVE towards steady states were established
in [25].

In recent years, more properties of the NSVE have been studied. Damézio, Man-
holi, and Silvestre [13] extended the results of Oskolkov and proved the existence and
uniqueness of weak and strong solutions of the NSVE on bounded domains in the
L-setting for 1 < ¢ < oo. Various modifications of the NSVE system were also in-
vestigated. Antontsev, Oliveira, and Khompysh |7] considered global-in-time unique
weak solutions of NSVE with anisotropic viscosity, relaxation, and damping. The
NSVE with position-dependent slip boundary conditions was studied by Baranovskii
[9]. These boundary conditions are suitable for boundaries with a varying degree
of roughness. Quadratic optimal control and time optimal control NSVE problems
were been considered by Anh and Nguyet [3, 4] with controls in the Hilbert spaces
H(I; Ly(Q)) and Lo(I; Lo(Q)), respectively. They also studied the optimal control
problem on the NSVE with time-periodic velocity and controls in Lg o (R; L2(£2))
[5].

We describe the main contributions and techniques used in this paper. The ex-
istence and uniqueness of weak and very weak solutions of the NSVE in fractional
Bessel potential spaces are established. The solutions of the linear part of (NSV)
are first treated in L,-L, framework for 1 < p < oo and 1 < ¢ < oo. In order to
consider solutions in the Bessel potential space, we need to extend the Stokes oper-
ator on different scales. This is done by considering fractional powers of the Stokes
operator and applying its dual to itself. Using this extended Stokes operator, we
form a linear Cauchy problem whose solutions, represented through the variation of
parameters formula, are equivalent to the solutions of the linear part of (NSV) (see
[13, 17]).
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Rough non-homogeneous initial and boundary conditions are included implicitly
in the non-homogeneous force field. To achieve more time regularity, we apply
complex interpolation between the weak and very weak solution spaces. Following
Farwig and Riechwald [17], we use the Sobolev embedding to determine conditions
so that the nonlinear convection term, div(y ® y), is in the space of force fields.
In this way, we can include the nonlinear term in the force field. The contraction
mapping principle is then utilized together with the results in the linear part of
(NSV) to show the existence and uniqueness of the solutions of (NSV) for spaces in
arbitrary dimensions. Solutions on any given finite-time interval are also shown to
exist for sufficiently small data.

In the 2D case, we decompose (NSV) into its linear and nonlinear parts. The
nonlinear part is shown to have global-in-time solution using the Faedo-Galerkin
approach. This is precisely the technique provided by Casas and Kunisch in [12].
Their method applies to the case of (NSV), the main difference is that the Voigt
damping appears in both the linear and nonlinear parts. With this, maximal par-
abolic regularity for the linear part is no longer applicable, instead, the theory
of uniformly bounded semigroups is utilized. The nonlinear part is treated using
Hilbert space methods similar to those used for the Navier—Stokes—Voigt equation.
We then consider a sum of Banach spaces and combine the results in the linear
and nonlinear parts of (NSV) to establish the well-posedness of (NSV) in 2D with
arbitrary data. Finally, we identify conditions for the well-posedness of solutions
of the NSVE with measure and measure-valued forces. Such forces are desirable as
these lead to optimal controls with sparse supports [11].

The asymptotic behavior of solutions to (NSV) as ¢ — oo will not be addressed in
this paper. Likewise, the precise regularity and the corresponding a priori estimate
of the associated pressure p will not be discussed. In the context of solutions lying
in the anisotropic spaces considered here, the analysis of these interesting problems
can be quite involved. Partial results regarding the regularity of the pressure may
be obtained using interpolation theory and de Rham’s theorem, but these will not
be pursued here.

This paper is organized as follows. The relevant function spaces and auxiliary
results that will be extensively used throughout this paper are introduced in Section
2. We prove the existence and uniqueness of weak and very weak solutions to the
linear part of (NSV) in Section 3. Our analysis includes cases with non-homogeneous
initial and boundary conditions. Parameter values that guarantee the existence and
uniqueness of very weak solutions of (NSV) with small data are determined in
Section 4. Unique global-in-time solutions of (NSV) in 2D are discussed in Section
5. Here, we also identify conditions for the well-posedness of solutions of (NSV)
with forces involving measures. Finally, the sensitivity of solutions of (NSV) in 2D
is examined in Section 6.

2. PRELIMINARIES

The classical function spaces based on Lebesgue spaces and their interpolations are
discussed in this section. Extensions of the Stokes operator to different fractional
scales are also included. We use these extensions to solve a Cauchy problem, which
will be the basis for constructing the solutions of the linearized problem.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



J.W. G. BUENO AND G. PERALTA 4 /30

2.1. FUNCTION SPACES. Throughout this paper, we let p, g € (1,00), 6 € [—1,1],
and s € [-2,2], unless stated otherwise. Denote by L,(2), H?(2), and B; (Q)
the scalar-valued (and vector-valued) Lebesgue, Bessel potential, and Besov spaces,
respectively. We also write

(u,v)g = / w-v de dt.
Q

Similar notations will be used on integrals and function spaces over X, I,€2, and I'.

The dual of a Banach space V' is denoted by V*, and (-, )y« is the associated
duality pairing. The conjugate exponent of ¢ is written as ¢’ := q/(¢ — 1). Let g
be the trace operator on I', and v; := 0, be the directional derivative with respect
to the outer unit normal vector n on I'. Denote by C(I; V) the space of continuous
functions defined on I = [0, 7] whose values are in V. For each 7 € I, we define the
time-evaluation operator 4, : C(I; V) — V by

5’7’y = y(T)a Y€ C(I_, V)
Asin [1, 2], set

{u € Hj(2) : vou = 0} if 1/qg < s <2,
() {u e H;/q(Q) . supp(u) C Q} if s=1/q,
0 = s .
! H; () if 0 <s<1/q,
H, 5 ()" it —2<s<0,

with the support taken in the sense of distributions in the case of s = 1/q. Define
the solenoidal Lebesgue spaces and Bessel potential spaces, respectively, as follows:

L,o(Q):={uecLyQ):divu=0inQ, u-n=0onTl}

and

HS

q,0,0

(@) = Hy () N Lgo(Q) if0<s <2,
| H L (Q) if —2<s5<0.
Here, u-n is taken in the sense of the Sobolev-Slobodeckii space Wq_l/ UT), see [21].
Note that Hy, (2) C Hy, () for =2 <7 < s < 2. For the functions defined on
the boundary, we will consider the Besov space B; (T'), which is locally B (R*')
after flattening I together with a partition of unity; see [32].

2.2. SPACES .9%5(Q). The Bessel potential space H:(Q) coincides with the
Sobolev space W7 () for 1 < ¢ < oo and s € NU {0}, see Section 1.3.2 in [32]. Up
to norm equivalence, we can characterize Bessel potential spaces as an interpolation
space:

[H;o (Q)7 Hsl (Q)]G = H;0(1_0)+816(Q)7 (21)

where [+, -]p denotes the complex interpolation functor; see Section 1.6.4 in [32]. In
particular, for an appropriate Banach space X and 0 < 6 < 1, we get from Theorem
1.56 in [14] the vector-valued Bessel potential space

[Lo(13 X), Hy(1; X))o = Hy(I; X).
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The (NSV) will be studied in the Banach space

55() = {Hg(l; H:o,(Q) if6e0,1] and s € [-2,2],

X T —60,—s % .

P 9,0 °(Q) if 0 € [-1,0) and s € [-2,2].

Note that $°(Q) = Ly(I; Hy () and $H05(Q)* = Ly (I; H,5 ,(Q)). By the

Sobolev embedding theorem for Bessel potentials, see, for instance, Theorem 3.4 in
27], we have $9%(Q) C C(I; HS () for 6 € (1/p,1] and s € [—2,2]. We denote by

q
H05(Q) the closure of {u € H)5(Q) : 6:u = 0} in H75(Q) for s € [-2,2], 0 € [0,1],
and for 7 =0 or 7 = T. Note that according to Remark 1.67(iii) in [14], we have
539’3(@) _ {u e Y)g:Z(Q) :0,u=0} ifde(1/p,1] and s € [—2,2],
e 9%5(Q) if # €[0,1/p) and s € [-2,2].

For the corresponding dual space, we set

H0EQ) = -9,"7°(Q),  for 0 € [~1,0),s € [-2,2)].
By applying (2.1) and Proposition 1.69 in [14] for each 6 € (0, 1), we can characterize
H05(Q) as follows:

5(Q) = [975(Q), -9,5(Q)]e and ) (Q) = [-9, °(Q),-H,5(Q))s.  (2.2)

We denote by — and <% the continuous and dense continuous embeddings of
Banach spaces, respectively. If Q has a sufficiently smooth boundary, then we have
755110:2(@) — 755212(@)- In fact, by applying Theorem 1.39 in [14], we have

H52Q) S 9%(Q) 5 9%(Q). (2.3)

2.3. STOKES OPERATOR AND ITS FRACTIONAL POWERS. The Helmholtz—
Weyl decomposition is given by L,(2) = G4(2) & L, +(2), where 1 < ¢ < oo and

Go(Q) :=={v € Lg(Q) : v =Vu,u € Hy),. ()}
(see Theorem I11.1.2 in [21]). This implies the existence of a bounded linear operator
P, : L,(2) — L, (%),
called the Helmholtz projector, such that Pg = P, and its dual operator satisfies
Py = Py. Using the Helmholtz projector, the Stokes operator
A, :D(A,) — L, ()

is defined as A, := —F,A. Recall that A, is a closed bijective operator, and its
domain satisfies

(Q) < Ly (Q).

Moreover, its inverse operator A" @ Ly -(Q2) — D(A,) is bounded when D(A,) is
equipped with the graph norm.

For k > 0, the inverse operator (Z + kA,)™! exists as a bounded linear operator
in L,,(£2), where Z denotes the identity operator in L, ,(€2) (see Corollary 1.6 in
[18]). In fact, the equation

D(A,) == H2(Q) N H]

q,0,0

(I—i_K'Aq)y = f7

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



J.W. G. BUENO AND G. PERALTA 6 /30

for a given f € L,,(£2), has a unique solution
y=(T+ “Aq)_lf € D(4,)
satisfying the estimate
1yllpa,) < Clfllz,. @)

for some positive constant C' = C(k, ¢, §2) independent of y and f.
The fractional powers of the Stokes operator,

A2 D(A?) = Leo(Q),

are well-defined for 0 < s < 2 through Dunford integrals. We define Ag as the
identity operator in L, (), and A} := A, so that A2 is well-defined for each
s € [0,2]. It is known that

D(AZ/Q) - [LqJ(Q)vD(Aq)]s/Z = H;Op'(Q)

(see, for instance, Theorem 2 in [22]). We note that D(A?) < L, () according

to Equations 1.1 and 1.2 in [2]. Moreover, for each s € [0, 2], AS/ % is bijective,
(A2 = A% Ly o (Q) — D(AY?)
is bounded, and by duality, (AJ?)* = AZ,/Q on D(A,), see |16].

2.4. OPERATORS A, ,/; AND A\%S/Q. Let £(X,Y) denote the Banach space of all
bounded linear operators from a Banach space X into a Banach space Y, equipped
with the operator norm. The set of bijective bounded linear operators in £(X,Y)
will be denoted by Lis(X,Y). We use the abbreviation £(X) = L(X, X).

The process described by Casas and Kunisch in Section 3(ii) of [12] is utilized to
characterize the Stokes operator in different scales. To this end, for s € [0,2], one

) N .

can show by density arguments that the dual operator (A, ") is an extension of
AZ/ ®. The Stokes operator A, can be extended to different scales of Bessel potential
spaces by defining

Agopz 1= (A ") A% € Lig(HE o (), HiG2 ().

q,0,0

This operator enjoys maximal parabolic L, (1; HJ % (Q))-regularity. Thus, —A,
generates an analytic semigroup e “4e</2! for t > 0 on H 55720(9), and there exist

constants M = M(q,s,Q2) > 1 and 8 = (g, s,2) > 0 such that
—A, /ot —pBt
[ ”,C(H;;)?U(Q)) < Me

(see Remark 11.3(ii) in [8]). Furthermore, note that Ay, = (Agi1-s/2)" on

H; o ,(€). Indeed, for any u € Hi, () and v € HZ 5 (Q), we have
S k 1—8 2
<Aq,5/2u7U>H§5720(Q)><Hq2/’75’0(§2) = (u, (Aq/2) Aq’ / U>H;,Oyg(ﬂ)><H;fO’a(Q)

= (u, Aq/,lfs/2'U>H;’0,U(Q)xH{;fO’U(Q)'

Let us now consider the operator

Agspa = (Zs + ’“46175/2)_11461,8/2 € L(HqS,O,U(Q>>‘
Here,
T H () = Hig ()

q
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denotes the identity operator for s € [—2,2]. See the commutative diagram in Figure
1.

A2
H;,O,G'(Q) ? Lq o’(Q)
qu 5/2\[ Aq,s/2 \[(A(llTS/z)*
Hgo,0() Hi 5% ()

FIGURE 1. Commutative diagram for A, /> and fAlq,s/g.

It is clear that in the domain of A, /5, we have

N 1 1 /1 -1
Ayap=-T,— — | T, + A, .
e5/2 = 2 (/{ + q,/Q)

It can be shown by utilizing the Hille-Yosida theorem that for each ¢ € (1, 00),
t > 0, and a positive integer n, we have

T, "
(o)

(see the proof of Theorem 2.2 in [13] for s = 2). It follows that 121\%3/2 is a bounded
linear operator with norm

<ar (L) -’ (2.4

L(Hg 0,5(2))

||A\q s/2||£(HS Q) < l + L
’ q,0,0 K f{(lﬂ—/BK/)

Furthermore, the operator —uﬁq,s /2 generates a uniformly continuous semigroup on
H?, . (8) such that

q,0,0

—VA\ s =z - (Vt)n IS -
e q,/2t:e~t2%<;+‘4q’s/2 .

n=0
Using the above definition of e=*4s/2* and estimate (2.4), we have
e Aaer2t | o (o < Me™™ Yt >0, (2.5)

where B\ == (1 — ﬁ) > (. Therefore, the abstract Cauchy problem

(2.6)

Oy + l/gqﬁﬁy =F inl,
50y = Yo,

has a unique solution as stated in the following lemma. This lemma is an extension
of Theorem 2.3 in [13] to Bessel potential spaces.

Lemma 2.1. Let p,q € (1,00) and s € [0,2]. Given F' € L,(I; H;, ,(§2)) and
Yo € Hi,(Q), the Cauchy problem (2.6) has a unique solution y € $5(Q) such
that for some constant C = C(k,v,p,q,s,Q,T) > 0 independent of y, yo, and F', we

have
Wl gt 0 < Clllvollas

q,0,0

@ + 1l s, @)- (2.7)
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Proof. One can show by direct computation that for almost all (a.a.) ¢ € [0, 7],
~ t ~
y(t) :== eV Aas2ty, +/ e_VAq’s/Q(t_T)F(T) dr € H;’Oﬁg(Q) (2.8)
0

is the unique solution of (2.6). The estimate (2.7) follows directly from (2.8) and
(2.5). In particular,

It = e7"Aasrtyg|l g1 ) < Cillyolla, ),

t -
Ht — / e_”AqﬂS/Q(t_T)F(T) dr
0

o SOl Pl
9pa(Q)

where

1/p

~ =\ 1/ -~ T /3
Cy =) (1 - e*pr?) " and Cy = [02 (/ (1 — e Byt dt> 41
0

for some constants 61, 62 > () independent of y, yo, and F. Hence, y € 5’)11):3(@) for
p,q € (1,00) and s € [0,2]. Using (2.8) and the linearity of the system, one can
prove the uniqueness of the solution in a standard manner. 0]

Although the evolution equation (2.6) corresponding to the operator 1/121\%5 /2 is not
parabolic, the corresponding homogeneous system where F' = 0 still exhibits expo-
nential stability. Despite the operator semigroup not being analytic, it is nonetheless
exponentially stable due to the viscoelastic damping. Note that such a result cannot
be obtained from either classical parabolic theory nor maximal parabolic regularity.

Remark 2.2. We call y in (2.8) a mild solution of (2.6). Such a solution will be
used to construct a weak solution of (NSV).

If we apply the transformation ¢ — T — t and replace (q,s/2) by (¢',1 — s/2)
in (2.6), the following result can be obtained. As in Lemma 2.3 of [17], such a
formulation is crucial for the treatment of very weak solutions of (NSV).

Lemma 2.3. Let p,q € (1,00) and s € [0,2]. For every G € Ly(I; H;,}fg(Q)),

there exists a unique p € Tﬁ;}2q75(Q) such that

—5’50 + l/zzl\q/71_s/2§0 =G m I, (29)
(STQO = 0,
which can be represented by
3 ~
(T —t) = / e A2 QT — 1) dr (2.10)
0

for a.a. t € [0,T]. Moreover, there exists a constant Cy = Cy(k,v,p,q,5,Q,T) >0
independent of p and G such that

HQOHTg;;?qu(Q) < O2||G||Lp,(I;H2,*S Q) (2.11)

q’,0,0
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3. WEAK AND VERY WEAK SOLUTIONS OF LINEARIZED NSV

In this section, we present our analysis for the linear part of (NSV) with homoge-
neous and non-homogeneous boundary conditions. Notions of weak and very weak
solutions are introduced and shown to be unique. Using complex interpolation of
the solution operators corresponding to the weak and very weak formulations, our
results will be extended to different scales of Bessel potential spaces.

We first consider (NSV) without the nonlinear term div(y ® y), namely,

{@y — kO Ay —vAy+Vp=f inQ,

3.1
divy=0 1in Q, Yoy =0 on X, ooy = 1yo in €L (8:1)

We derive the weak formulation of (3.1) as follows. Suppose we have a sufficiently
regular solution y with an associated pressure p. Multiplying (3.1) by a smooth
divergence-free test function ¢ and integrating over €2 for a.a. t € I, we obtain the
following equation:

(Gy(t) — [kO AY(t) + vAy )], o(t))a + (VR(L), () = (f(t), o(t))a.  (3:2)

Note that the time and space weak derivatives may commute (cf. Lemma 64.34 in
[15]). Using Green’s identity, we can write

(RO Ay(t) + vAy(D)], ¢(t)a = = ([kVOy(t) + vVy ()], Ve(t))a
+ (mlKowy(t) + vy )], e ())r, (3.3)
(Vp(t), p(t)a = — (p(t), div @(t))a + (p(t), 0 0p(t))r.  (3.4)
The boundary integral in (3.3) will vanish if we assume vy = 0 on X. Moreover,

because of the divergence-free condition on ¢, (3.4) must be zero. Thus, (3.2)
reduces to

(Gy(t), o(t))a — (VIOy(t) + vy(t)], Ve(t))a = (f(t), o(t))o- (3.5)

Integrating this equation over [ leads to the following definition.  Given
f e 99:72(Q) and yo € H,,(Q), a function y € $H5(Q) is called a weak
solution of (3.1) if the variational equation

{0y + KAqs/200y + v Aqs2y, 90>562:2*2(Q>xﬁ2;?;8<c2> =/ 90>@2:2*2<Q>xs32;?;5<® (3.6)

0275 and the initial condition dyy = vo is
v'.q ) Y

(€2). This can be equivalently written in an abstract form as

holds for all test functions ¢ € $
satisfied in H?

q,0,0

(Zs + KAgs2)O0y + vAgsppy = [ in H772(Q),
oy =yo in Hyy,(Q).

q,0,0

(3.7)

Note that the initial condition is well-defined thanks to the continuous embedding
9,5(Q) = C(I; H , ,(2)). The existence and uniqueness of weak solutions of (3.1)
are guaranteed by the following theorem.

Theorem 3.1. Let p,q € (1,00) and s € [0,2]. Gwen f € H57%(Q) and yo €
H; o, (), then (3.1) has a unique weak solution y € $,5(Q). Moreover, there is a

q,0,0
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constant C = C(k,v,p,q,s,Q2,T) > 0 independent of y, yo, and f such that we have
the a priori estimate

1Wllgt3i0) < € (Iollig, o0 + 17115052 ) - (3.8)

Proof. We can recast equation (3.7) into the form (2.6) by applying the bijective
operator (Zs + kA, s /2)_1. Lemma 2.1 asserts that the resulting abstract form has a
unique solution characterized by

- t -
y(t) = e A2ty 4 / eV Aq,s/2(t=7) (Zs + l{Aq,S/Q)_lf(T) dr, (3.9)
0

for a.a. t € [0,7]. This mild solution is the unique weak solution of (3.1). Indeed,
since y satisfies (Zy + KAgs/2)0y + VAgspy = f in @, then (3.6) holds for all
Y€ S’Jg}?qTS(Q). Estimate (3.8) follows from (2.7) with F := (Z, + kAgs2) ' f. [

Remark 3.2. Define the operator
Pt 09,0(Q) = 19,57(Q)
according to
Py, <P>T52:2‘2<Q)XT52;?;S(Q>
= (O + KAgs /200y + VA 52y, 90>T52:Z’2(Q)XT52}?;S(Q)’ (3.10)
for all ¢ € 5% °(Q). The previous theorem with o = 0 and f € 79%5°2(Q)

e P P
implies that

Poa € Lis(09,5(Q), 9y *(Q))-

Let us consider (3.1) with a rough non-homogeneous boundary condition:

Oy — kO Ay —vAy+Vp=f inQ, (3.11)
divy=0 1in Q, Yy =h onX, doy =yo in Q. .

A slight modification to our definition of weak solutions is needed. The same process
may be followed to obtain (3.2) from (3.11). We can then apply Green’s theorem to
(3.3) so that

([0 Ay(t) + vAy(t)], o(t))a
= —(V[rdwy(t) + vy(t)], Ve(t))a
= ([KOwy(t) +vy(t)], Ap(t))a — (Yo[KIy(t) + vy ()], e (t))r.
Since h = oy on X, then from (3.2) together with the above equation, we obtain
Dy (t), p(t)a — ([KIy(t) + vy(t)], Ap(t))a
= (f(t),0(t)a — ([kOh(t) + vh(t)], 1160(t))r- (3.12)
For sufficiently regular h, we can use the dual of v; to lift the function k9,h + vh

defined on ¥ into the domain @. Integrating equation (3.12) over I leads to following
definition. Given f € $0572(Q) and yo € HS,,(Q), a function y € $)5(Q) is called

y2ul q,0,0
a weak solution of (3.11) if

<aty + /qu,s/Zaty + VAq,s/2y7 90>5§2’,2_2(Q)Xf)2’/?q_’s(62)
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= (f =980 + V), 9) o2 x50 (@)

for every test function ¢ € ﬁg}?qTS(Q) and oy = yo holds in HJ, ,
form, this is equivalent to

(Zo + K Agss2) 0y + vAg ooy = f = 71 (60, + )k in H05(Q),
doy =yo in Hyg, ().

(). In an abstract

(3.13)

The following corollary is immediate from Theorem 3.1.

Corollary 3.3. Let p,q € (1,00) and s € [0,1/q). Given f € $H%72(Q), yo €

p.q
H (), and h € H)(I; Bi,Y4(T)), (3.11) has a unique weak solution y € 9,5(Q)

characterized by

y(t) = e " Aasrty,

t ~
4 [ men T, o) (£ = 2700+ V(D)) dr, (31)
0

for a.a. t € [0,T). For some constant C = C(k,v,p,q,s,Q,',T) > 0 independent
of y, yo, f, and h, we have the a priori estimate

¥llass0) < € (Il
Proof. Since s € [0,1/q), the linear operator v, satisfies
—s 1/q—s
M € L9 (Q): Ly (I: B (I)).
Hence, for the dual operator, it holds that
N € L(Ly(I; By /(1)) Ky (@),

for 1 < ¢ < oo, see Section 4.7.1 in [31]. Replacing f in Theorem 3.1 by
f =71 (k0 +v)h € H2572(Q), we obtain a unique solution y € $)%(Q) satisfying
the abstract form (3.13). The representation (3.14) and a priori estimate (3.15)
follow from (3.9) and (3.8), respectively. O

HS o () + ||f||ﬁ2:f172(Q) + ||h||H;(I;B;;11/q(F))> . (315)

Let us now characterize the very weak solution of (3.1). Such a solution, which
was introduced by Amann for the NSE case, does not possess weak time derivatives
[2]. We consider first the case of homogeneous initial and boundary conditions given
by

{@y — kO Ay —vAy+Vp=f inQ, (3.16)

divy=0 in @, Yy =0 on X, doy =0 in Q.
Assume that we have a sufficiently regular solution y of (3.16). Multiplying (3.16)
by a smooth divergence-free test function ¢ that is zero on the boundary I'; integrat-

ing the resulting equation over €2, and applying Green’s identity, we obtain (3.5).
Integrating by parts over I, we deduce the following equations:

(O, ) = —(¥,0ip)q + (Y(T), o(T))a — (y(0), ¢(0))a,
(VOw, Vp)g = —(Vy,Vop)q + (Vy(T),Veo(T))a — (Vy(0), Ve(0))a.
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Assume that ¢(7") = 0 in Q. Since dpy = 0 in 2, the last two terms in each of the
equations above will vanish. We then have

— (1, 00)q + (Vy, VI=kOip + v¢l)q = (f,¥)e- (3.17)

Based on the above computations, we are now in a position to introduce the notion
of very weak solutions to (3.16). Given f € £$,1°7*(Q), a function y € ¢$9)7:(Q)

is called a very weak solution of (3.16) if for all test functions ¢ € Tﬁl . s (Q), we
have

(y, —(Zs + “Aq/,lfs/2)5t90 + VAQ/’1*3/290>0552;2(Q)xoﬁg;;f(Q)
= (f, 90>T-‘3p¢115 Q(Q)XTﬁ1/2 ~5(Q) (3.18)
The existence and uniqueness of very weak solutions of (3.16) are shown below.

Theorem 3.4. Let p,q € (1,00) and s € [0,2]. Given f € 19, " (Q), there exists
a unique very weak solution y € 0$,5(Q) of (3.16). Furthermore, there is a constant
C =C(k,v,p,q,80,T) >0 independent of y and f such that

1llossi0) < Ol Lo to2c- (3.19)

Proof. Using I, + KAy 1-s2 € EIS(HQ, OSJ(Q), HT% U(Q)) together with Lemma 2.3,

we see that for any g € 532;:;(@) = 0532 ,qS(Q) there exists a unique @, € Tle 2 S(Q)
such that

_atgog + VA\q’,l—s/Q(Pg = (Is + 5Aq’,1—s/2)7lgu
and
sl si0r < CIT K Aga ) ol < Clldllgs s (3:20)
for some constant C' = C(k,v, p,q,s,8,T) > 0 independent of g. Since ¢, depends
linearly on g, we may define y € H92(Q) = ¢H%:5(Q) by duality as follows:

(s 9astzi@xenty 2@ = U Padpsy 2@ xrs @) (3.21)

for all g € 0.60 _S(Q). The function y is the solution that we are looking for since for

any ¢ € Tf_); Qq *(Q), we have G 1= — (T + KAy 1-52)0ip + VAg 1-5)2p € oﬁg;:;(@)
and

<y’ G>0~6212(Q)X052}27(Q) - <f’ S0>T-"Jp}ls Q(Q)XTﬁi}?;/S(Q)'
The a priori estimate (3.19) will follow from (3.21) and (3.20), i.e., for any g €
’<y’g>0.6212(Q)><05§2’,:;(Q)| < ”fHTﬁ;;vS*QHSOQHTﬁl,Q °(Q)
< Cllfllpgype-2llgll00-2 0

Uniqueness of very weak solutions can be shown in a standard manner thanks to
the linearity of (3.16). O
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Remark 3.5. Define the linear operator Py : 0$0°(Q) — 78, ,° *(Q) according
to the following equation:

0,s
<Pp7qy’ SD>T~FJ;;,};’572(Q)XT»7);;?;/S(Q)
=Y, —(Zs + KAy 1-5/2) 00 + VAq’71—5/2¢>oﬁ2:Z(Q)xoﬁg’,;f(cg) (3.22)

1,2—s

for all p € 79,,°,°(Q). Consequently, from the above theorem,

P € Lis(09,5(Q), 79,°72(Q))-
Note that for each y € ¢$,°(Q) & 0332:2(@) and for every ¢ € Tﬁjlg}?(;S(Q) A
Tﬁg&?f(@), it can be shown that

1,s _ 0,s
(Poia¥ €)rsti2@xrs @ = (Poalhs P) g b 2@ xrs (@ (3.23)

p’,q’ p,q

by duality arguments. The above dense embeddings imply that 732:5 is an extension
of 73;;;; see Figure 2 on the following pages. Thus, weakly differentiable (with respect
to time) very weak solutions of (3.16) are precisely the weak solutions of (3.16).

For the very weak formulation of the non-homogeneous case (3.11), we continue
from (3.12). Taking the integral over time and integrating by parts, we obtain

(8tya QO)Q = - (yv (‘9,:90)@ - (y07 604:0)Qa
— (0, Ap)g + (Oh, 119)s = (y, Adwp)g + (Yo, doAp)a
— (h, Om0)s + (R(0), doy10)r,

since d7¢ = 0 on ¥ and assuming that d7v;¢0 = 0 on I'. Combining our observations,
we get

(Y, =0 + KAOyp — vAY)g = (f,¢)g — (h, [=KOm1p + v11¢])s
+ (Yo, [00p — K6 Ap])a + K(R(0), oy1¢)r.

For smooth solutions, when the initial y, has zero trace on I', we have the com-
patibility h(0) = vyo = 0. Hence, the last term in the above equation vanishes. If
1o has a nonzero trace, then the situation is more complicated. We will not consider
such a scenario since it is outside the scope of the current paper.

Based on the above formulation, we have the following definition of very weak
solutions. Given f € 19, 0°7%(Q), yo € H,(), and h € L,(I; BiY(TY), we say
that y € ﬁg:;(@) is a very weak solution of (3.11), if the variational equation

(Y = (Lo + KAy 1-5/2)0p + VAG 1-5/20) 50 Q) x5 2@
= {1 9oy b2 @xrsl (@
= A (SR VNP 1 ey, 114 )
+ <y07 50(Is + HAq’,175/2)90>H50 (QxHS (Q) (3.24)
,U,0 q",0,0

1,2—s

is satisfied for every test function ¢ € 79, (Q). The following corollary is imme-

diate from the previous theorem.
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Corollary 3.6. Let p,q € (1,00) and s € [0,1/q). Given f € 17$,,°7%(Q),

Yo € HqOo‘(Q)7 and h € L,(I; B[;:Zl/q(f‘)), there exists a unique very weak solu-
tion y € HY(Q) of (3.11). There exists a constant C = C(k,v,p,q,s,Q0,T,T) > 0

independent of y, yo, f, and h such that

1Wllssi) < € (190l o0 + 1L ose2ioy + Wbll rgovoey ) - (3:25)

q,0,0
The statements are true for any s € [0,2] if we have a homogeneous boundary
condition, that is, when h = 0.

Proof. Since 19, 7(Q) C C(I; H,% ,(Q)) for s € [0,2]

5* S ‘C( q[)a( )7T~6;;S( ))
is well-defined. Consequently,

(Zs + £Ags/2)05 € L(Hgo,(Q), 79,4 7(Q))- (3.26)

So, (3.11) with homogeneous boundary has a unique very weak solution in the sense
of (3.24) thanks to Theorem 3.4 with f replaced by f + (Z, + kA,,s/2)05Yo-
Assuming 0 < s < 1/¢, the operator

(=0, + V) 1955 (Q) = Ly (I3 By 377 (1))

q,9
is well-defined. Thus, we get

(k)" € LAL(T: B (D)), 29,5 (Q)). (3.27)
We can replace f by f— (=& + v)11)*h + (Ls + £Agsp2)0500 € 19,05 (Q) to
show the existence and uniqueness of y € S’JO’S(Q) = 053%2(@) that satisfies
< (I +/€A/1 5/2)(9,590—1-VA/1 5/2g0> 03( )><.VJ, /(Q)
= <f - ((_"{at + V)Wl) h+ (Is + /qu,s/Q)(SOy(b 90> f)p}ls 2(Q)><T37J;;2‘;S(Q)'

Therefore, y satisfies (3.24) for every ¢ € Tﬁlz *(@). The estimate (3.25) will
follow from (3.19), (3.26), and (3.27). O

We now consider complex interpolation to obtain additional regularity in time.
Applying interpolation on Theorem 3.1 with a homogeneous initial condition and
Theorem 3.4, we will obtain time regularity on different scales as stated in the
following theorem.

Theorem 3.7. Letp,q € (1,00), s € [0,2], and 0 € [0,1]. Given f € 95 1*72(Q),
then (3.16) has a unique very weak solution y € ¢H55(Q) in the sense that the
variational equation

<y’ _(Is _'_ /QAq,’l*s/2)at90 + VAq,’173/2S0>DﬁZ:Z(Q)XOYJ / / S(Q)
— <f, >TYJB ql s— Q(Q)X 57,)1/ 8/2 S(Q) (328)

holds for all test functions ¢ € TS’J1 e 2(Q) Furthermore, there exists a constant

C = C(k,v,p,q,s0,Q0T) >0 mdependent of y and f that satisfies the a priori
estimate

Y1l 5620y < ClANLgt-12(0) (3.29)
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Proof. Using (3.23), (2.2), and (2.3), and then applying Lemma 1.52 in [14], we
have P = PZ?:;|0?J§’Z(Q) with PE5(0995(Q)) = 799, 72(Q). Because Pp;: is an
isomorphism, by complex interpolation (see Figure 2 below), we have

Pri € Lislo95(Q). 79, (Q).
It follows that there exists a unique y € Oﬁg:Z(Q) such that

6,s _
(Pia¥s ) ratoto=2@xrslt20) = 90>TYJZ:£’S‘2(Q)xm;,jj;g‘s(cz)

p'\q

for all ¢ € TS’J;}?q_,S(Q). Equation (3.28) follows because of the dense and continuous
: s d 99—
embedding 165%°(Q) < 755927(Q). -

pls
09,5(Q) —= 7H0:574(Q)

[

0,s
D,

095(Q) = 19, 7%(Q)

[F

0,s
P,

0905 (Q) — = 1H, 15 72(Q)

FI1GURE 2. Commutative diagram for the operators 77]2;;;, Pg:&”, and 731};;.

We have a similar result for the nonhomogeneous case (3.11), which follows di-
rectly from the previous theorem. The conditions 0 < s < 1/g and 0 < 6 < 1/p,
which respectively imply that 2 —s > 1+ & and 1 —60 > 1%, guarantee that

—0,2—s —0/71. pl/g—s
'71 S 5(5/3}7/,(], (Q)? Hp/ <]’ Bq’7q’ (F)))

and

00 € L($1, 3" (Q), Hyh 0 ()
are well-defined.
Corollary 3.8. Let p,q € (1,00), 0 < s < 1/q, and 0 < 0 < 1/p. Given f €
T.V)g;]LS_Q(Q), Yo € Ho,(82), and h € Hg([; ngl/q(F)), there exists a unique very
weak solution y € H%5(Q) of system (3.11) in the sense that the variational equation

(y, —(IS + ﬁAq/;—s/z)atSD + VAq/,1—s/2<P>;Jg;3(Q)Xg;";jﬁ(@)

={f 90>T53§,‘ql’3‘2(@)XTYJ;;Z;Q‘S(Q)
= (s (RO VIND g 1y 1oy 187 )

q.q’

+ <y0, 60(:[5 + HAq/71_S/2>S0>H§,0,U(Q)XH;% J(Q), (330)

holds for every test function ¢ € Tﬁ;,_;,’Q_S(Q). Moreover, there exists a constant

C=0C(k,v,p,q,8,0,QT,T) > 0 independent of y, yo, f, and h such that

19llag.30) < € (Il

H o (@) T HfHTﬁf,;le*Q(Q) + HhHH;’(I;BSQU‘?(F))) . (3.31)
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In particular, the existence and uniqueness of the very weak solution is guaranteed
for s € ]0,2], if we have a homogeneous boundary condition, that is, when h = 0.

Proof. From the embedding theorem for the Bessel potential spaces (c.f., Theorem
3.4 in [27]) we have Tﬁ;,qu,’fs(Q) — C(I; H_%,(Q)), for 0 < 0 < 1/p and any
s € [0,2]. Hence,

8o € L(rHy, 5~ (Q), Hy ,(2))
is well-defined. This implies
(T + K Agsy2)05 € L(HE (0,792 2(Q)). (3.32)

Thus, if we have a homogeneous boundary condition in (3.11), and f is replaced
by f+ (Zs + Ags2)000 € Tﬁg’;l’s’Q(Q) in Theorem 3.7, we obtain a unique very
weak solution y € QZ:Z(Q) satisfying (3.30). By our choice of 0, we have 9, €
E(Tﬁ;,_’qe,’%s(Q),5’)_0’2_3(62)) by complex interpolation. We can characterize

r',q
0; € L(957(Q), 95, 2(Q))
by duality as follows:
O, 90>T52;1’S‘2<Q)xm;zjf‘%@ =¥, at@ﬁi:é”(@)m;ﬁj‘ﬁ(@)

for all ¢ € $H5572(Q) and ¢ € Tﬁ;,_’qg,’z_s(Q). Moreover, from Section 4.7.1 in [31],
we have

W € LIH)(T; By, (D)), 7955 2(Q)) (3.33)
forl<g<ocand 0 <s < é. Thus, due to the dense and continuous embedding

d .
T‘()z:g_s(Q) — Tf)g:]l’z_s(Q), we obtain

(—K0; + V)i € LIH)(I; By (D)), 799, 7(Q))- (3.34)
Replacing f by f—(—k0; +v)vih+ (Ts+ kAqsp2) 0440 € 755,1°73(Q) in Theorem

3.7 guarantees the existence and uniqueness of a very weak solution y € 5’_)2;2(@)
satisfying (3.30). The estimate (3.31) follows from (3.29), (3.32), (3.33), and (3.34).
O

For the case when 1/p < 6 < 1, we use the results from Theorem 3.1 and Theorem
3.7.

Corollary 3.9. Let p,q € (1,00), s € [0,2], and 1/p < 0 < 1. Given f €
Tﬁg;}LS*Q(Q) and yo € Hj, (), there exists a unique very weak solution y €
5’)2’72(@) of (3.1). Moreover, there is a constant C = C(k,v,p,q,s,0,Q2,T) > 0
independent of y, yo, and f such that

915550y < € (Il

Proof. Consider the following decomposition of (3.1):
{&syl — KO Ay —VvAy + Vpr = [ in Q;

HS o ,(Q) + ||f||Tﬁzquv5*2(Q)> . <335)

. . ) (3.36)
divy; =0 in@Q, Yoy1 =0 on X, doy1 =0 in 0,
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(3.37)

Ory2 — KO Ay — VAys + Vpy =0 in Q,
divy, =0 in Q, Yoy =0 on X, doy2 = 1yo  in .

Theorem 3.7 guarantees the existence and uniqueness of a very weak solution y; €
0995(Q) to (3.36) satisfying the estimate

||y1||55212(Q) < CHf”Tﬁz,—qu—z(Q). (338)

Moreover, (3.37) has a unique solution y, € $,75(Q) according to Theorem 3.1 such
that

”1&”52;;(@) < C||y2|‘ﬁ;;;(Q) < Cllyol Hi o () (3.39)

Combining these, we see that y = y1 + y2 € 0H75(Q) + H,5(Q) € H%5(Q) is a
solution of (3.1). The uniqueness of solution to (3.1) follows from Theorem 3.7.
Finally, (3.35) can be obtained from (3.38), (3.39), and the triangle inequality. [

4. VERY WEAK SOLUTION OF NSV WITH SMALL DATA

We are now ready to present one of the goals of this paper. In particular, the very
weak solutions of (NSV) will be described in this section. The contraction mapping
principle will be utilized to show the existence and uniqueness of the solutions of
(NSV) with a smallness condition on the initial data and the forcing function.
Let us now consider the Navier—Stokes—Voigt equations with a non-homogeneous
initial condition
{aty — kO Ay —vAy +diviy®y)+Vp=f inQ,

4.1
divy=0 1in @, Yoy = 0 on X, doy =yo in Q. (4.1)

Similar formal computations from the previous section lead to the following varia-
tional formulation of (4.1):

(Y, [=0wp + KADyp —vAQ|)g = (f,¥)q + (0, 0o(p + KAP))a + (Y @y, Vi)q. (4.2)

Because of the divergence-free condition, we have div(y ® y) = (y - V)y, hence,

(y@y,Volg ==y V)y,»)e-

This leads to an equivalent variational formulation for (4.1) given by

(Y, [=0p + KA — vAP])g = (f, ©)q + (Yo, 0(Z +rA)p)a — (¥ V)y, ¢)q. (4.3)

Given f € 90 .1*72(Q) and yo € H;  ,(€2), we say that y € H%°(Q) is a very weak

solution of (4.1) if (4.2) or (4.3) is satisfied for all test functions ¢ € Tﬁ;,_;,’2_s(Q).
The main difference between the two variational equations will be apparent in rela-
tion to the parameters that we will consider below.

For the treatment of (4.2), we have the following assumptions. Consider the

following conditions:

s€l0,1, ge L%,oo) N (1, 00). (H1)
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of a triple (d, §,q). If (1,0, p) and (d, s, q) both satisfy (H1), the Sobolev embedding
implies

Hy (15 H(Q)) = Ly(I; La(Q))

and
H)7O(1 H Yy (2)) = Liggay (13 Ligray (),
where
. and ¢q= Mg
p_p(1—0)+1 q_q(l—s)er'

It follows from Holder’s inequality that there exists a constant C' = C(p, q, s,6,Q) >
0 such that

[(y1 @ Y2, Vo)o| < Clivillymrgn Vel Lo ia@nI VOl L oy (1516 0y 9)

for yi,ys € 530’5(@) and ¢ € Tﬁl 762 *(Q). Because of the continuity of V :
Tﬁ;i;’%s(Q) — Tf_)l P175(Q), we then have

HVs@IIL(W(I;L@m/(m) < Cliellgr-ea-sg)-

Thus, condition (H1) is sufficient for y; ® 5 to be in Tﬁe Ls— 1(Q) whenever yq, Yo €

562,2(@)
For (4.3), assume (1,0, p) satisfies (H1) and (d, s, q) satisfies one of the following:
3 4

d=2 1< — H2.

: <3 gayySu<oo (H2.2)
3

d=2, 5 <2, 1<gq<oo, (H2.b)

d=3 1<s<2 H2.
: Tl (H2.c)

d>4 1 <2 < H2.d
>4, <s<2 g <g<o,, (H2.d)

with ¢g,q1, and ¢o chosen appropriately, which shall be explained shortly below.
Then,

Hy(I; Hy () = Lp(I; Ly (€2)),
Hy(I; Hy7H()) = Lp(1; Lo, (),
HH(I' Hy () = Ligpay (15 Ly (2)).
Assuming that —i— —|— — =1 holds, by Holder’s inequality we obtain
(1 - V)ym )Q| S Cllyall (1 mag ) V21l o120, @) 11| 25 2y (Lo (9))
with
o2y g (@) < CllPl 1020 -

Hence, each condition in (H2) is sufficient for (y1-V)ys to be in 7% 172(Q) provided

that y1,y2 € H55(Q).
In what follows, we show how to choose the parameters qg, g1, and ¢s used in the
above arguments. For 1 < s < 2, consider

H7(S2) = Ly, (52), Hj’l(Q) — L, (), and Hg,’s(Q) — L4, () (4.5)
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1 f]O q1 32 1 1 . .
il and =* > 7 o O equivalently, if
1 1 1 1 -1 1 1 2
_Z__f7 _2_—8 , and —>1—-- 5 (46)
o q d Qg d 1P q
11

Combining q% =1- i together with the first and second inequalities in (4.6),

we obtain 1+ 21 — 2 > L Hence, L will exist if 1 > 2 — 252 and 1 + 2L -2 >
d q q2 q2 q d d q

1 —1 2= that is, if

q d )

1 1 s 1 s+1 _ 1
— (11—~ - > - d > — 4.7
2 ( d> T3 e (4.7)
We consider different cases based on the bounds of %.
Case 1. 0 < 1 < %. In this case, + — 2 1 % < 0. Choose
q q q
1 1 1 1 1 1
= —=_ —=1-=. (4.8)
Qo 2q @ 2q 72 q
Case 2. % <1< 2. In this case, i_ <0< i_ %. Choose
q q q
1 1 1 1 —1 1 1 1 -1
e (4.9)
Qo  Sq @ q d 02 q sq d
Noticethat0<i<§and0<i§§. Sincel<§then,0§1—§
q0 q1 sq

1, 522 1
1—q—|—d<q2<1.

Case 3. %:3and1<s<2ifd:2,or1<s§21fd23. Choose

1 1 1 1 1 3
= -, —=1-—=. (4.10)
Qo 2d ¢ d ¢ 2d
_ S 1 s 1 : 3
Case 4. Ford—20nlyand;l<E<E+ZW1th1<s<§,or
% < s < 2. Choose

<%<1with

lw

1 1 1 1 -1 1 2 1
Bl A S R (4.11)
o 9 2 @ q 2 0 q 2
The conditions imply that 0 < + < 3, 3 <L <1, and 0 < = < 1.
q0 q0 q2
Case5.§<l<%ifd:3,0r§<1§%ifd24.Inthiscase,0<l—§<
q q q
+ — =1 Choose
q
1 1 1 1 -1 1 2 2s—1
—:——f, — -2 , —=1—- i ) (4.12)
w0 g9 d ¢ q d 0 q d
Note that0<i§§,§§i§§, and0<i<1—§. These observations are
q0 q1 q2

precisely those that have been summarized in (H2).
We are now in a position to define the following bilinear operators associated with
the convection term. Let

87 617 62 : ﬁz:Z(Q) X ﬁz:;(@) — Tﬁz:ILS_Q(Q)
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be given as follows:
<Bl(y1,y2) g0> 0-15-2( )><T5§1, 9/2 Q) = —<y1 & Y2, V(’0>TYJ;0;;117371(Q)><T5’:)1/ 9/1 Q)
(Ba(y1, y2), §0>Tﬁf,:zl’s_Q(Q)xTﬁi};g;Q_s(Q) = ((y1 - V)ya, 90>Tygg;zl’s—Q(Q)XT)a;;g;Q—S(Q)>

Bi(y1,y2) if s €[0,1],

By, y2) = {Bz(yl,yz) if s € (1,2].

Consider the closed ball
B = {5 € 553(Q) : Wllypio) < 7}
and the map
S 9,5(Q) = 935(Q)
defined as follows. For a given y € $5%(Q), let S(y) € $H22(Q) be the solution to
the variational equation
(S(y), —0wp + KAy — VAQO>5§Z:2(Q)X5 Q)
= (f,0) g1 Qa0 (@) T (Yo, 00(Z + /iAq/,lfs/2)90>H;7oﬂa(Q)XH(;’SO’U(Q)
+(B(y, ?/)’ ‘P>Tsazy’s—2(@>xml, @

for all test functions ¢ € Tijl 62~ *(Q). Using Theorem 3.7, Corollary 3.8, Corollary
3.9, and suitable assumptlons (Hl) or (H2), the existence and uniqueness of S(y) is
guaranteed. We can also find constants C; = C;(k, v, p,q,s,0,Q,T) > 0, fori = 1, 2,
both independent of ¥y, yg, and f, such that

1SW)lagai@) < Cr (11 sprecg + ol

q,0,0

@) + Collyle

Now, assume that
3
2.0 (V) = 1601 02

so that whenever y € B,, we have

1
||S<y)||f)g:fl(Q) < 4_02

11, 01020y + ol
and choose r = ﬁ

Hence, S(B,) C B,. For each 41, y, € B,, we have
(S(y1) = S(y2), =Orp + KAOp — vAP) o )x57070(Q)
= (B(y1, y1) — Blyz, 1), ‘P>m2;}1’5*2(@xTﬁ;,jj;?*S(Q)
= (B(
Consequently, we obtain
151) = Swlsgz @) < Co (llsgz) + I192llsgz)) 191 = 2l @)
< 2rGhllyr = wallge )

Yy = y2) + B — 2, 42), 0) 5t )xsl 2 @)

1
=3l = el
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where C, is the same constant as before. Therefore, S is a contraction on B,. The
contraction principle implies the existence of a unique fixed point, hence a unique
very weak solution, y € B, of (4.1). We summarize our observations in the following
theorem.

Theorem 4.1. Let d > 2 and assume (1,60, p) satisfies (H1) with 6 # %. Suppose
that (d,s,q) satisfies (H1) (resp. (d,s,q) satisfies (H2)). Let f € % 1*72(Q) and

»q
Yo € Hy,(2). There exists a constant n = n(k,v,p,q,s,0,,T) > 0 such that if

10012y + ol o0 <

then (4.1) has a unique very weak solution y € ﬁg:g(@) satisfying (4.2) (resp. (4.3)),

and there exists a constant C = C(k,v,p,q,s,0,Q,T) > 0 independent of y, yo, and
f such that

1Wllag:3i0) < € (17 -2y + Mool o)) -

Remark 4.2. Let us compare Theorem 4.1 with the results of [13]. According to
Theorem 4.1, (4.1) has a unique solution for small forces and initial data if we are
given s = 1, 1<q<oof0rd:2,org§q<oof0rd23(c.f. Theorem 3.4 in
[13]). Moreover, when s = 2, this is valid for d € {2,3} with 1 < ¢ < oo, or for
d > 4 with ¢ < ¢ < oo (c.f. in Theorem 3.9 [13]).

5. GLOBAL-IN-TIME SOLUTIONS OF NSV 1IN 2D

The well-posedness of the two-dimensional NSVE for arbitrary initial data and
source function will be established in this section. As mentioned in the introduction,
we shall follow the framework utilized by Casas and Kunisch in [12]. We decompose
(NSV) into its linear and nonlinear parts. The existence and uniqueness of solutions
for the nonlinear part are shown using the Faedo—Galerkin approach. The results
in Section 3 are combined with the nonlinear part to show the well-posedness of
(NSV).

Throughout this section, we focus on the case d = 2. Letting y := y; + yny and
p:=pr + pn, we can decompose (NSV) into its linear part

Oyr — kO Ay, —vAyL + Vpr = fr in Q, (5.1)
divy,=0 in@, Yoyr =0 on X, doyYr =yro in .

and nonlinear part
dyn — kO AYn — vAyy + div(yny @ yn) + div(yr @ yn)
+ div(yy @ yr) + Vpn = fv —div(yr ®yr)  in Q, (5.2)
divyy =0 inQ, Yoyn =0 on X, doyn =yno 1n Q.

For the nonlinear part, we consider the auxiliary partial differential equations

given by
Oyn — KAOyn — vAyy + div(yy @ yn) + div(z; @ yy)
+diviyy ® 22) + Vpy =g in Q, (5.3)
divyy =0 inQ, Yoyn =0 on X, doyn = yno in ),
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for some given functions z1, 29 € Ly(Q) = L4(I; L4(R2)) and g € .62:2_1(@). Note that
(5.2) follows by taking y, = 23 = 29, where yy, is the solution of (5.1). Similar to
the previous formal computations, we call yy € ﬁ;;(Q) a weak solution of (5.3) if

Owyn + KA1 /20N + V Az 1 2yn + div(yny @ yn) + div(z @ yw)
+diviyy ® ) =g in H35(Q), (5.4)
doyn =yno  in Hyg ().
Theorem 5.1. Let d = 2, g € $35,'(Q), yno € Hi,(Q), and 21,2 € Ly(Q).
There exists a unique weak solution yy € ﬁ;;(@) of (5.3). Moreover, there exist

constants ¢ = c¢(k,v,,T) > 0 and C = C(k,v,Q,T) > 0, both independent of yn,
Ynos G, 21, and zz, such that

C||z: 4
w2 ooz, < C (lmolli, o+ 91251 g ) €710, (5.5)

2
HyN”%S:%(Q) = EHQH%S;?(Q) + llywollrg o

C||z 4
+ Cllaallty) (lomollly, @) + 191251 ) €Mh@, (5.6)
4 v
2 2 2
||8tyN||ﬁ(2):§(Q) S ?Hg“ﬁg:;l(Q) + EHyNHﬁgjé(Q)
&
+ Zllywle (vl + lalig + lzll@) - 67

Proof. We only show the formal computation of a priori estimates, leading to well-
posedness via the standard Faedo—Galerkin method. For details on approximation
and the limiting process, see for instance [6]. In the following inequalities, we use
the generic constants ¢ = ¢(k,v,Q,T) > 0 and C = C(k,v,Q,T) > 0, which may
be different on each line.
Multiplying the first equation of (5.3) by yy and integrating by parts over €2, we

obtain

= (o () oy + w1 T (1) 0l

3 (o () e + ST OlEa) + (@), o
= (g(1), yN(t)>H£3J(Q)xH;M(Q) + (yn(t) ® yn(t), Vaa(t))o- (5.8)

Note that
(yn () @ yn(t), Vyn(t))e = (21(1) @ yn (t), Vyn(t))o = 0

due to the anti-symmetry with respect to the second and third arguments. The
integrals over I and the pressure are eliminated, thanks to yy being divergence-free
and since yoyy = 0 on X.

We estimate the duality pairing and the inner products on the right-hand side of
(5.8). Applying the Holder, Ladyzhenskaya, Poincaré, and Young inequalities, one
has

[(yn (1) @ yn (1), Vo (t))ol
= [((yn(t) - V)yn(t), 22(t))al
< lyn Ol [[Vyn (Ol o [[22(8) | o)
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< cllyn (1o Vun 0117 5o 22 ()| 2.

IN

14
Vv OlLu@ + clyn L 1220 12,0

1%
Z||yN(t)|iti{07g(Q) + C||yN(t>HiqZ{OJ(Q)|i22(t)|ii4(n)- (5.9)

Moreover, applying the Holder inequality and then the Young inequality on the
remaining term, we have

IN

v 1
(90 v () sy apernyy o < SN By, o+ oI g
These inequalities together with (5.8), imply the differential 1nequahty

? (lyw (DL + £ VYN O 100) + vlyn @)l o)
2 2 4

< 2100y oy + v ®1Ey, o200

Let £ = min{1, k} so that

d 1%

2 9 ) ,
< gl o)+ elun O, @l20)0- (5.10)

We can omit the non-negative term £||yn (t) |13, (0 and apply Gronwall’s inequal-
2,0
ity to obtain (5.5). Integrate (5.10) over the interval I and use (5.5) to get

T
14
2 [ MOl o e+l (DI, @

< 2 lglor o + ol
- I//% j732:2 (Q) Hz,o,g(Q)

C||z: 4
+ Cllzallt e @ (HyNOHiJ;,o,U(Q) * HQHES’?(Q)) '

Inequality (5.6) follows from this inequality.
We now estimate 0;yn. Multiplying (5.3) by 0,yy and integrating by parts over
(), we obtain

10N (17, 00) + KIIVOyN (17,0
=90, yn () iy @)xm, (@)

y /0 (Vun (), Vo ()a df — /O (1) @ yx (£), Voryn (D)o dt

- /0 (yn (1) ® 2(t), VOuyn(t))o dt — /0 (z1(t) @ yn(t), Vouyn(t))a dt.  (5.11)

We infer from (5.5) and (5.6) that yy is in ﬁgé(Q) N Loo(I; Hy ,(2)). Moreover,
the following inequalities are obtained using, once again, the Holder, Ladyzhenskaya,
and Young inequalities:

T
/0 <g(t)7yN(t)>H2iéya(Q)><H217O’G(Q) dt < ||g||ﬁg:;1(Q)||atyN||,V)gé(Q)
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2 2 K 2
S EHgHﬁg:;l(Q) + g”atyNHﬁg:;(Q)
T
v
V/ (Vyn(t), Vowyn(t))a dt = 5 (HyN(T)H?{%()U(Q) - HZ/N(O)H%OU(Q))
0 0, 0,

<Y 2
= §||yN||ngé(Q)'

Furtheremore, since Hy ,(Q) < L4(Q), the antisymmetry with respect to the sec-
ond and third arguments implies

_/O (yn(t) @ yn(t), Voryn(t))a dt

T
< / o (6) 12 0 |9 Buti (8) oy

< cllyn iz, 10wn 591 0)

4 K 2
< cllynllL ) + g”at?JNH;,gé(Q)a
T
— [ () 20, Vo t)a
0

T

< / o (0) a0 | V0 (Ol a1 22D ey dt
0

< ol IVun gz 22Ol )

K
< cllunllz @227, + gHatyNHfagé(Q),
T
- / (21(t) @ yn (1), Vo (£))a dt
0

T
S/O lyn (Ol La@ IV Oryn ()| o[22 () | ooy it

K
< llynlz, ol 7,0 + gHatyNH;gé(Q)'
Integrating (5.11) over I and combining the computed upper bounds, we obtain

10eyn | srizaceny + 10eun 301 )

< HlglZg 1 g + vlionll?
= k7955 @ AL1(e)
+ C|’yNH2L4(Q) (”yN||%4(Q) + ||Zl”%4(Q) + ||Z2||%4(Q)) :
This implies (5.7). O
Given two Banach spaces X and Y and a Hausdorff topological vector space Z,

with continuous embeddings X < Z and Y < Z, thesum X +Y :={z+y:x €
X,y € Y} is a Banach space when endowed with the norm

lzllxry == inf (llelx +llylly), VzeX+Y.
rzeX,yeY
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Let us define the following Banach spaces:

rFpq Q) = 19, Q) + 955 (Q),
Ho(Q) = Hy,,(Q) + Hy,(2),
Voa(Q) = 9,5(Q) + $25(Q).
We have Y2(Q) C C(I; H(2)) for p,g € (1,00), s € [0,2], and 0 € (%, 1].
The embedding theorem for the space of Bessel potentials (cf. Theorem 3.4 in
[27]) implies that

Hﬁ(f; H;(Q)) — Ly(I; La()) = Lu(Q), (5.12)
under one of the following conditions:
pelho),  qelho),  Oe01], se 0,2, (H3.2)
1 1

p € (1,4), q € [4,00), 0 e L_J_Z’l] , s €[0,2], (H3.b)

2 1
pE [4700)7 qc (174)7 0 € [07 1]7 s € |:5_§72:| ) (HBC)

1 1 2 1
1,4 1,4 e |-—-,1 -—=,2]. H3.d
pen,  gean,  seli-tall sel2-la) ama

Combining the results from (5.1) and (5.2), we obtain the following existence and
uniqueness of very weak solutions of (4.1).

Theorem 5.2. Assume one of (H3) and that 0 # .. Let f € +JF) *7*(Q) and
Yo € H(). There exists a unique weak solution y € Y2:(Q) of (4.1) such that

H;m)) , (5.14)

for some non-decreasing function n : [0,00) — [0, 00) with n(0) = 0.

Proof. Let f = fr + fx for some f; € Tﬁggl’s”(Q) and fy € 553:2_1(@), and
let yo = yro + yno for some yro € H(,(Q) and yno € Hyg, (). Corollary 3.8
and Corollary 3.9 guarantee that system (5.1) has a unique very weak solution
yr € H95(Q). Let g := fy + div(y, ® yr). Since one of (H3) is assumed, we
are guaranteed that $%5(Q) — L4(Q). It can be shown (by following the proof
of Lemma 2.1 in Appendix A of [12]) that div(y, ® yr), and hence g, belong to
552;;1(@. Taking z; = 29 = yy, it follows from Theorem 5.1 that system (5.2) has
a unique very weak solution yy € ﬁ;;(@) Adding equations (5.1) and (5.2), we
obtain that y =y, +yn € V2:(Q) is a very weak solution of (4.1). The estimate
(5.14) will follow by taking the infimum of the sum of estimates (3.31), (5.6), and
(5.7) over all representations f = fr + fy and yo = yro + Yno-

We now prove that the solution is unique. Suppose that y; € yg;;(Q) and yy €
V0#(Q) are very weak solutions of (4.1). Then, § = y1—y2 € V5:(Q), and p = p1+p2
is a very weak solution to

{@Q — /QAat:lj — I/Ag + Vﬁ = —le(yl & yl) + le(yQ & yQ) n Q,

19llyg:5) < 1 (171l 20102, + ol

7 . i . , (5.15)
divy=0 1in Q, Yy =0 onX, oy =0 in Q.
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The pressure term Vp is eliminated due to the divergence-free solutions. Note that
the right-hand side belongs to Y)g:; "(Q). Then, from Theorem 3.1, system (5.15) has

a unique weak solution y € ﬁ;%(@) Because of our choice of p, ¢, 0, and s, we have
§02(Q) = Ls(Q) C H35 (Q). Hence, Y2:(Q) C H35'(Q). This implies that § = y,
that is, § € ﬁé;(@) Multiplying ¢ on both sides of (5.15), then using integration
by parts, we obtain

1 d -

5 (150 ey + AIVION ) + IO, o

= (11 () @ §(1), Vi(t))a + (G(t) @ y2(t), V(1))

= (9(t) ® y2(t), V(1))

Following a similar approach as in (5.9) yields

SO, + 15O, o

<0, e+ elTO, o920l
Consequently,

d, . -
OBy, o < i, ol

Applying Gronwall’s inequality and the fact that g(0) = 0, we deduce that g = 0,
proving the uniqueness of solutions. The last assertion follows from Theorem 3.7. [

Example 5.3. Additional conditions for # and s in (H3) may be imposed for sources
involving Radon measures. Denote the space of real and regular Borel measures in €2
by M () := Cy(2)*, where Co(2) is the space of continuous functions on 2 vanishing
on the boundary I', endowed with the supremum norm. This duality identification
follows from the classical Riesz—Radon theorem.

Consider the following spaces for the source function:

rHy 7 (I M(Q) = r Hy " (1;Co(Q))7,
M(I; Hy o5 (Q)) = C(I; Hy 57, Q)"
M(Q) == C(I;Co())".

Note that we have the continuous embeddings TH;,_O(I; Co(Q)) = C(I;Co()) and
H2, 0.0(82) = Co(€2) when 0 <0 < % and 0 < s < 2 , respectively. Thus, by applying
duahty, M(Q) = pH)H(I; M(Q)) and M(Q) — HS 2 (£2) under the same restric-

q,0,0

tions on 6 and s. Similarly, we have M(I; H; 2 () < ¢HI™'(1; H; % (€2)) when
0<0< %. The implications of these observations are summarized in the following

corollary, which follows directly from Theorem 5.2.

Corollary 5.4. Assume one of (H3) and let yo € H3(2). Consider one of the

following cases:
(i) f€rH) (I;M(Q)) and 0 < s < 2,
(ii) fe M H5%(Q)) and 0 < 0 < 113,

(iii)fEM(Q),O§s<§, and0§9<%.
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Then, there exists a unique very weak solution y € Yo:(Q) of (4.1) such that

1llygi0) < 1 (11 + Iollreen )

where the norm of f is taken in the corresponding space, and 1 : [0,00) — [0, 00) is
a non-decreasing function with n(0) = 0.

6. SENSITIVITY ANALYSIS OF STATE EQUATION IN 2D

In this section, we show that the operator mapping the source function f to the
solution y with a fixed initial condition yq is, in fact, of class C*°. This is done using
the implicit function theorem for Banach spaces.

Let us consider the framework of Theorem 5.2 throughout this section. Recall
that the extended Stokes operator A, /o : H o, (S2) — H? (% () is defined by

q,0,0 q,0,0
- s/2 1-s/2 2—s
<Aq,s/2u7 U>H§’6720(Q)XH§;05’U(Q) = <Aq/ u, Aq, U>Lq,o(Q)XLq/’U(Q) V’U € Hq/’07a,(Q)
and is linear and continuous for any s € [0,2]. For 0 < 6 < %, define the operator

A 975(Q) +09:5(Q) = 19, H(Q) + 935 (Q)
according to
Ay = Pg”jyl + 73217’21y2,
for any decomposition y = y; + 3o, with y; € f)z:g(@) and yy € oﬁ%é(@) By density
arguments, it can be shown that Ay is independent of the choice of representation
of y = y1 + y» and is also linear and continuous. Moreover, note that the mapping
V0(Q) x Yos(Q) 3 (u,u) = div(u @ u) € pFf,*72(Q) is bilinear and continuous.
Let us define the mapping

S [975(Q) +092(Q)] X v F, Q) = 1 F Q).

S, f) = Ay +div(y @y) — [ = (Zs + KAgs2) 0540 (6.1)
where yo € H,  ,(£2) is given initial data. The observations provided in the previous

paragraph imply that S is a C>**-mapping.

Denote by y; € H75(Q) +03§%1§(Q) the solution of (4.1) for a given source function
f e rF,2*72(Q) and initial data yo € Hi,,(€2). Then, the derivative of S at yy
with respect to a direction z € yg”j(Q), written as the mapping

8,8 (s, 1) : 09%5(Q) + 0935(Q) — +F Q)
0,8(yy, f)z = Az +div(y; ® 2) + div(z @ yy) (6.2)

is linear and continuous. One can show that (6.2) is in fact an isomorphism by
proving the existence and uniqueness of the solution z of

{Az + div(yy ® 2) + div(z @ yy) = g, 63

502 = O,
as in the proof of Theorem 5.2. By the implicit function theorem, there exists a

function S : 7 .15 7*(Q) — 53213(@)%—05’_);:;(@) of class C* such that S(S(f), f) =0
for all f € v F,,"*7?(Q). By the uniqueness of solution of (4.1), we have S(f) = y;.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



J.W. G. BUENO AND G. PERALTA 28 / 30

Note that z, := S'(f)g satisfies (6.3) for f,g € rFp,"**(Q). Similar results hold
for the case % < 0 < 1. We summarize our observations in the following theorem.

Theorem 6.1. Assume that one of (H3) is satisfied and 0 # Ilf The nonlinear
mapping
S r Q) = 9,5(Q) +0923(Q)

that maps a force f € ng,;l’s*Q(Q) to the corresponding very weak solution y €
H25(Q) + 053%:;(@) of (4.1) with fized initial data yo € H;, () is of class C*.
Moreover, given f, g € T]:g;l’s_z(Q), the function z, :== S'(f)g € oﬁg:g(@)%—oﬁ;é(Q)
15 the unique solution of the linearized system

Orzg — KO Azyg — VAZg + div(yy ® 2,) +div(z, @ yp) + Vp, =g  in Q,

divz, =0 inQ, 2,=0 onX, 24(0,-) =0 in Q,

where yr = S(f).
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