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ABSTRACT.

We provide the well-posedness for a partially dissipative viscous system of balance
laws in smooth Sobolev spaces under the same assumptions as in the case of
inviscid balance laws. A priori estimates for coupled hyperbolic-parabolic linear
systems with coefficients having limited regularity are derived using Friedrichs
regularization and Moser-type estimates. Local existence for nonlinear systems
will be established using the results of the linear theory and a suitable iteration
scheme. The local existence theory is then applied to the Kuznetsov—Westervelt
equation with damping for nonlinear wave acoustic propagation. Existence of
global solutions for small data and their asymptotic stability are established.
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1. INTRODUCTION

Partial viscous systems of conservation laws can be used to describe many physical
phenomena. These are coupled systems of partial differential equations consisting
of first-order hyperbolic equations and second-order parabolic equations. The hy-
perbolic part describes the evolution of the conservative quantities in the system,
while the parabolic part constitutes those that posses dissipative mechanisms, for
instance, viscosity and thermal conductivity. Several equations in fluid dynamics,
magnetohydrodynamics, viscoelasticity, thermoelasticity, heat conduction with fi-
nite speed propagation, and nonlinear acoustics can be written in the form of such
systems.

In this paper, we study the well-posedness of a partially dissipative viscous system
of conservation laws with source terms that depend on the states. In this situation,
the systems are called balance laws instead of conservation laws. More precisely, we
consider the following coupled quasilinear hyperbolic-parabolic system of balance
laws in non-divergence form

( d
Ap(w, z)0pw + ZAj(w, 2)0jw = f(w,z,Vz) in (0,00) x R4,
jzl
¢ (1.1)
Bo(w,2)0iz — > Bjp(w, 2)00;z = g(w, z, Vw, Vz) in (0,00) x R%,
jk=1
| wli=0 = wo, zli—0 = 20 in R4,
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The unknown state variables are w : (0,00) x R? — R? and z : (0,00) x RY — R"P.
Here, n is a positive integer representing the size of the system, 0 < p < n is an
integer representing the size of the hyperbolic part, while wy and z; denote the
given initial data for the hyperbolic and parabolic components, respectively. The
case p = 0 corresponds to a purely parabolic system, while in the case p = n we
have a plain hyperbolic system. Here, the functions A;, Bj;, f, and g encode the
type of the physics modelled by the system (1.1). Precise regularity assumptions
and other conditions for the coefficient matrices and on the inhomogeneities will be
given below.

The coupled system (1.1) has been studied by Kawashima in his seminal work
[25]. For general data in the Sobolev space H™(R?), where m > £ + 2 is an integer,
local-in-time existence and uniqueness of solutions has been established and energy
estimates for the solutions in terms of the initial data have been provided. In
addition, existence of global-in-time solutions for small amplitude data and their
asymptotic stability has been proved as long as m > %l—l—S and the so-called Shizuta—
Kawashima (SK) condition is satisfied.

Local existence and uniqueness of solutions for the corresponding system of con-
servation laws, that is when f and g vanish, has been improved by Serre to m > %l—l-l
in [33]. However, energy estimates were not explicitly stated. This result means that
the well-posedness theory for the viscid case is valid under the same assumptions
as those in the inviscid case, for example those provided by Majda [27]|, Benzoni-
Gavage and Serre [2], Rauch [32]|, and Metiviér [29]. The methodology presented
in [33] is classical, one linearizes the system and then proceed with an iteration
scheme. With regards to the linear system with smooth coefficients, the existence
and uniqueness of solutions to the Cauchy problem for smooth data is obtained
through a vanishing viscosity method, that is, by adding artificial viscosity to the
whole system and passing to the limit as the artificial viscosity parameter tends to
zero. For the iteration scheme, a priori estimates through nonlinear Moser-type in-
equalities for Sobolev spaces is the main ingredient. These a priori estimates provide
a high-norm boundedness and low-norm contraction of the iterates, thereby provid-
ing existence of solutions for nonlinear systems. We would like to point out that
in [25], the extra additional regularity is needed in the application of commutator
estimates in Matsumura [28] and Mizohata [30].

The paper [33] has been extended by the author in the study of singular limits
for a family of viscous conservation laws in [35]. Under certain stability criterion on
the diffusion tensors, the uniform boundedness and convergence of solutions for the
associated Cauchy problems have been established.

Our aim is to prove that the result in [33] is also valid in the non-homogenous
case for m > 4 4 1, that is, for the system (1.1) originally considered in [25]. The
new feature of the paper in comparison to the references mentioned above is the
derivation of an a priori estimate for coupled hyperbolic-parabolic systems with
limited regularity as well as the well-posedness of such systems, which in some sense
are in the same spirit as in the inviscid case. We recall that for linear systems, a
priori estimates provided in [25] involve only purely hyperbolic or purely parabolic
cases (see [25, Proposition 2.7]). For uniqueness of solutions, we shall follow the
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method of Kawashima using mollifiers combined with Friedrichs regularization and
Moser-type estimates to bypass the additional needed regularity.

Let us mention some of the previous works related to this manuscript. In [36],
Vol’pert and Hudjaev considered a coupled nonlinear hyperbolic-parabolic system
with initial data in H™(R?), where m > ¢ + 3 in the general case and m > % + 2
in the quasilinear case. Using mollifiers, an auxiliary PDE system was studied
and the local-in-time existence of solutions were established through the Schauder’s
fixed point theorem. The results were applied to a model for viscous compressible
non-isothermal fluids.

Exploiting the result of [36] and using an entropy functional for symmetrization,
Giovangigli and Massot applied the abstract result to multicomponent reactive flows
for dilute polyatomic gas mixtures in [11]. Using the results and methods in [25], the
corresponding asymptotic stability to constant equilibrium states was established in
[12] under the condition m > [¢] + 2, where [] denotes the integral part of a real
number. Moreover, the global-in-time existence and asymptotic stability for general
systems were demonstrated in [13] when m > [¢] + 3. The full vibrational non-
equilibrium scenario was considered under a stronger assumption, m > %l + 3, again
using [36].

Regarding applications to ambipolar ionized gas mixtures where electric and mag-
netic fields were ignored, Giovangigli and Graille [10] considered entropic variables
to symmetrize the system. Global-in-time existence for small data were proved when
m > [2]+2 and rational decay estimates were shown when m > [¢]+ 3 and an addi-
tional integrability of the deviation between the solutions and the steady states is sat-
isfied. The extension to magnetized gas mixtures using partial symmetrization tech-
niques and [36] were considered in [16]. Also, applications of hyperbolic-parabolic
systems to compressible non-isothermal diffuse interface fluids can be found in [9].

Giovangigli and Yong studied the asymptotic stability with respect to the
Chapman-Enskog expansions in [17] for coupled hyperbolic-parabolic systems.
Asymptotic stability analysis of multicomponent reactive fluids under fast chemistry
was proved by the same authors in [18] when m > [4] + 2. Second-order accurate
reduced systems with respect to the relaxation parameter for small diffusion and
stiff terms were studied in [15].

Common to most of the papers mentioned above are the decoupling of the par-
abolic and hyperbolic components of the system via linearization, application of
Friedrichs regularization, a range condition for the initial data, demonstration of
high-norm boundedness using commutator estimates, and the convergence of suc-
cessive approximates (Picard iteration). These are also the same techniques uti-
lized in this paper, however, as alluded earlier, the main difference is the condition
m > % + 1, which was adapted in the unforced case as in the works of Serre in
[33, 34, 35|. Besides, the application we have in mind deals with a nonlinear wave
equation acoustic propagation model.

Recently, Crin-Barat and Danchin considered quasilinear hyperbolic systems that
are symmetrizable and with partial dissipation in hybrid Besov-type spaces in [6] for
the one-dimensional case and in [5] for the multi-dimensional case. Here, the SK
condition is utilized, and Paley—Littlewood decompositions were used in the analysis
of low and high frequencies with respect to the Fourier variables. Extension to the
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case where the solutions possess LP-type boundedness for the low frequencies, where
p > 2, is given in [7]. These were applied to isentropic compressible Euler systems
with velocity damping (friction term) or with relaxation. The results of the current
paper may be improved if one decouples the hyperbolic and parabolic parts and
proceeds as in the analysis given in the purely hyperbolic case. Such adaptation is
not covered in this paper, as it is outside of the scope.

All throughout this work, we shall consider the following assumptions as in [25].
The phase space O is assumed to be an open and convex subset of R", and up to
translation, we may take without restriction that it contains the origin. We use the
notation Q7 = [0, 7] x R for the time-space domain, while M,,,(R) denotes the
set of matrices with real entries and size m x n.

(A1) The functions Ay € C*°(O; M,x,(R)) and By € C*°(O; M(y—pyx(n—p)(R)) are
symmetric and uniformly positive-definite on compact subsets of O, that is,
for every compact subset K of O there exists g > 0 such that Ag(u)w-w >
ox|w|? and By(u)z - z > ox|z|? for every u € K, w € R? and z € R"P.

(A2) For every j =1,...,d, A; € C®(O0; Mpxp(R)) is symmetric.

(A3) The functions Bj, € C*(O; M(n—p)x(n—p)(R)) are symmetric and satisfies
Bji = By, for every j,k = 1,...,d. Moreover, for every compact subset K
of O there exists (x > 0 such that

d
> Bin(u)zize > (k2 (1.2)
jk=1
for every u € K and z = (zy,...,24) € R
(A4) We have f € C°(0 x R RP), g € C(0 x R™*™; R*P), f(0) = 0, and

9(0) = 0.

Notice that the coefficient matrices Ay, By, and Bj; are only locally uniformly
positive-definite in the phase space. We limit ourselves to the case where the hy-
perbolic part is symmetric. Almost every model, if not all, in continuum physics
can be put in a symmetric form. For example, systems that admit strongly con-
vex entropies for which there is an available symmetrizer for the system. Also, the
assumption that the diffusion tensors are symmetric is reasonable after a possible
change of coordinates. This symmetric property is an example of the reciprocity
relations of Onsager [31]. For more details, we refer the reader to [33, 34].

Various examples of physical models that can be written in the form of (1.1) can
be found in [25]. Another example is the quasilinear strongly damped wave equation
arising in nonlinear acoustics

(1 — 2ku)0yu — Au — bAu
= 2k(0u)? + o(|Vul* + IVu - Vou) in (0, 00) x R? (1.3)

where Z is the integral operator

(Iv)(t,x):/() v(r,z)dr. (1.4)

This model is called the Kuznetsov—Westervelt equation, where u : (0,T) x R — R
represents the acoustic pressure fluctuation, ¢ > 0 is the speed of sound, b > 0 is
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the diffusivity of sound, and x and o are certain constants. By introducing the
state variables w = (u, Zu, Vu) and z = dyu, one can easily check that (1.3) can be
recasted in the form of (1.1). Further information will be given in Section 6.

The plan of this paper is as follows. In Section 2, we briefly recall the theory for
purely hyperbolic and purely parabolic problems. Derivation of a priori estimates
for the coupled linearized system having frozen coefficients with limited regularity
will be the focus of Section 3. The well-posedness of linear and nonlinear systems
will be given in Section 4 and Section 5, respectively. Section 6 deals with a modi-
fied version of the Kuznetsov—Westervelt equation incorporating additional damping
terms. Finally, we recall in the Appendix the Friedrichs regularization and classical
commutator and Moser-type estimates, which play important roles in the derivation
of the a priori estimates.

2. LINEAR HYPERBOLIC AND PARABOLIC SYSTEMS

The well-posedness of the hyperbolic-parabolic system (1.1) will be developed based
on the results of Kawashima [25] for hyperbolic and parabolic systems with variable
coefficients. For this purpose, consider the hyperbolic system

d
Ap(0)dhw + Y Aj(w)dw = f in (0,T) x R,
j=1

(2.1)
Wl = wo in RY,
with the unknown w : (0,7) x R? — RP and the parabolic system
d
By(v)0yz — Z Bj(v)0p0;w =g in (0,T) x RY,
oy (2.2)
zli—0 = 20 in RY,

with the unknown z : (0,7) x R? — R""P. The frozen coefficient v : (0,T) x
R¢ — R”, initial data wy : RY — R? and z, : R — R™ P, and source terms
f:0,T) xR - RP and g : (0,7) x R? — R"P are given functions. In the
succeeding discussions, it will be useful to decompose the vector-valued function v
as [w, z,]" where w, and z, have p and (n — p) components, respectively, and the
superscript | denotes transposition. Likewise, we write u = [w z]".

We shall abbreviate the notation for the Sobolev space H™(R?) and Lebesgue
space LP(R?) into H™ and LP, respectively.

Theorem 2.1. [25, Proposition 2.7| Suppose that the assumptions (A1)—(A4) are
satisfied and let m > g + 1 be an integer. Assume that v € C(0,T; H™), w, €
CY0,T; H™), and z, € CY(0,T; H™ YN H'(0,T; H™).
(a) Let 1 < ¢ < m+1 be an integer. If f € C(0,T; H*1) N L2(0,T; H*) and
wo € HE, then the hyperbolic system (2.1) has a unique solution

we C0,T; H)Y N CH(0,T; H).
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(b) Let 2 < <m++1 be an integer. If g € C(0,T; H*Y) and 2o € H*, then the
parabolic system (2.2) has a unique solution

2 € C0,T; H)YNCH0,T; H2) N L*(0,T; H).

Energy estimates for the solutions are also available, however, they will not be
utilized and hence we omit them in this paper. The proof of Theorem 2.1 is based
on a priori estimates and Kato’s theory for evolution equations.

For the hyperbolic PDE (2.1), there are other formulation of existence and unique-
ness of solutions depending on the regularity of v and f. In the Sobolev space setting,
we mention [2, 27, 29, 32| for such alternative formulations. On the other hand, for
the parabolic PDE (2.2) with infinitely differentiable v and g = 0, the result in [33]
is applicable.

3. A PRIORI ESTIMATES FOR COUPLED LINEAR HYPERBOLIC-
PARABOLIC SYSTEMS

In this section, we will derive a priori estimates for coupled linear hyperbolic-

parabolic systems. We consider the diffusion term in non-conservative form and

include lower-order terms both in the hyperbolic and parabolic components. Define
the following linear operators with variable coefficients

Ly [v](w, z) :== Ag(v)Ow + Z(Aj(v)ajw + C}(v)0;2) + D1(v)w + Dy(v)z

(3.1)
L,v](w, z) := By(v)0pz — Z B (v)0;0kz + Z(Ej(v)é?jw + F;(v)0;2)
+ Gy (v)w + ég(v)z, (3.2)

where v € L>(0,T; H") N H'(0,T; H™') is given and m > £ + 1 is a fixed integer.

With regards to the coefficients for the lower-order terms, we consider the follow-

ing hypothesis.

(A5) It holds that C}, Dy € C®(O; Mpx(n—p)(R)), E;,G1 € C®(O; Mn_p)xp(R)),
Fj, Gy € C®(O0; Mn—p)x(n—p)(R)), and Dy € C®(O0; My, (R)) for every j =
1,...,d

In certain situations, it is convenient to rewrite the two operators in (3.1) and

(3.2) as a single operator. To do this, we introduce the block matrix-valued functions

50::|:A0 0:|7 SjZ:|:Aj Cj:|’

0 By E;, F,
| D1 Ds 100
r=lor o] ze=[h 4]

Define the following linear differential operator with variable coefficients

d d
Lv]u := Sp(v)0u + Z S;(v)0ju — Z Z(v)0;0ku + R(v)u.

jk=1
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Then, it is easy to see that we have
Livlu = [Ly(v)w Ly(v)2]".

Later, we will use the decomposition of S; = S} + sz where

1|4 0 >._ | 0 Cj
Sj._{o ol sl p (3.3)

and notice that S} is symmetric. Alternatively, one can write S; as a sum of its
symmetric and anti-symmetric parts, however, the above decomposition is sufficient
for our purposes.

Let L be the operator corresponding to the conservative form of L in the second-
order terms. More precisely, L is given by

L[v] = So(v)d, + Z S;(v)8; — Z 8;(Z;(v)8y) + R(v).

Theorem 3.1. Suppose that v € L°°(0,T; H™) N HY(0,T; H™') and m > %+ 1
is an integer. Assume that the range of v is contained in a compact subset Ky of
O and it contains the origin. Let K be another compact subset in O whose interior
contains Ky. Then, for every u = [w 2|7 € HY0,T; H™) N L*(0,T; H™*), there
exists a constant C' > 0 that depends only on d, m, K and the coefficients of L|[v]
such that for every v € (0,1), we have

T
§,m+/0 1V 2(8) 3 dt

sup_|[Ju(t)]
te[0,7

< CetP ) (IIU(O)IIEm +/O {T” || Lufolu(®) |7 + ||Lp[v]u(t)||§,m_1}dt) (3.4)

where py(T,v) := (LT )T (|[0]| oo 0,75m)) + VT 0,0| 20,,mm-1)} and pi(r) :=
1+7r+7r2+rt

Proof. By a standard density argument, we may assume without loss of generality
that u is infinitely differentiable and vanishes outside a compact subset of R%. Let
a be a multi-index with length at most m. Taking the ath derivative of Sy ' L[v]u,
multiplying by Sy, taking the inner product with 9w and then rearranging the
terms yield

L[v]0®u - 0%u = Sp[0%, Sy ' Lv]u - 0%u + 0*L[v]u - 0%u

d
=) So[0%, S5 805w - 0%u — S0, Syt Rlu - 9™u (3.5)
j=1

d
+ Y {Bo[0”, By Bji)0;0cz — dBji[0;0]0,02} - 072
k=1
where [Ly, L] :== L1 Ly — Lo Ly is the commutator between two operators L; and Ls.

The double sum in (3.5) involves only the component z due to the structure of the
diffusion matrices Z;;,. Here and below, we do not explicitly write the dependence of
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the coefficient matrices on the frozen coefficient v. Also, dA denotes the first-order
differential of A viewed as a linear form.

The first step is to bound from below the L'-norm of the left-hand side of (3.5).
To do this, we rewrite the said term as follows

~ 1d 1
L[v]0%u - 0% = 55(308%1 - 0%) — 5 dSo[0yv]0%u - 0%u
d
1
+ 3 > {0;(S]0%u - 0°u) — dS}[0;0]0%u - 0w + 2570;0%u - 0"u}
j=1
d
+ Y {ABj0k0"z - 0,0z — 0;(Bjp0kd"z - 0°2)} + RO"u - 0"u. (3.6)
Jk=1

Here, we used the symmetry of Sy and SJ1 for j =1,...,d. We integrate both sides

of this equation over R?. Notice that the integral of the first term in the single sum
and the second term in the double sum both vanish according to the divergence
theorem and the fact that u vanishes at infinity. In the following estimates, C' will
denote generic positive constants that depend only on m, d, K, and the coefficients
appearing in the operator L[v].

Applying Holder’s inequality and the Sobolev embedding H™™! C L™ to the
second term on the right-hand side of (3.6), we obtain the estimate

1dSo[0v]0™w - 0%ul| 1 < || dSo]| oo [|Oev]| o |0 ul 72
S C’H@tUHquH@O‘uH%Q. (37)
A similar process yields the inequality
HdS;[@jv]@au 0% g1+ |RO“u - 0%ul| g1 < C(1 4 ||v||gm ) ||0%u||2. (3.8)
Next, we estimate the last term in the single sum of (3.6). By using the definition
of S]2 in (3.3) and then integrating by parts, see Proposition 7.6, we obtain
/ S70;0%u - 0%udx = | {C;0;0%2 - 0°w + F;0;0%z - 0%z + E] 0%z - 9;0%w} du
Rd R4
= / (C; — E])8;0%z - 9w dx — / dE][0v]0%z - 0°w dx
R4 R4

+/ F;0;0% - 0%z dx. (3.9)
R4

Applying Young’s inequality to the first integral in (3.9), we have
I(Cj = E7)8;0z - 0wl px < Cyl[(C] — E;)0%wl|72 + 1]|0;0 2|72
< Cyllowlz + nl|0;0% 2|72
< Cy|0%ul|22 +n|0;0% 2 2 (3.10)
where 1 > 0 is a positive constant to be chosen later. In a similar manner, we obtain
1F0;0%% - 0%2| 1 < Cy[|0%2| 22 + nl| ;072 7
< Cyllo®ullfz + nll9;0% 2|7 (3.11)
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On the other hand, the second term in (3.9) can be estimated from above in the
same way as in (3.7) to obtain

[ dET [9;0]0%% - 0%w|[pr < Cllv]|gm [|0%2]| 2] 0%w]| 2 (3.12)
< Cljoll g | 0%ul|Z2- (3.13)

Combining the inequalities (3.10)—(3.13) yields
1570;0%u - 0%ul|r < Cy(1 + vl )[|0%ul[Z> + 2n|0;0%2| 7. (3.14)

With regards to the first term in the double sum of (3.6), assumption (1.2) pro-
vides us the following estimate from below

d
3 / Biyhd®z - 0,07z da > C|[VO° 2| (3.15)
]Rd

jk=1
By utilizing (3.7), (3.8), (3.14), and (3.15), we achieve the following estimate
~ 1d
/ Lv)0%u - 0%udz > =— [ Sp0%u - 0%udx + ((x — 21)||VO“ 2|32
Rd th Rd

= Cy(L+ [Pl + 10wl =) 10 ul[ 2 (3.16)
The next step is to integrate each term on the right-hand side of (3.5) and de-
rive estimates from above. First, notice that u(t), S;(v(t)) € H™ for almost every

t € [0,T] and for every j. From the Cauchy-Schwarz inequality, the commutator
estimate (7.5) of Proposition 7.2, and Proposition 7.3, we get

1S0[0%, S5 *S;051u - 0%ullr < ClISollzoe S5 Sjill rrm ]| e 100 2
< C(l[vllzeo) vl sl ull 3 (3.17)

If o] = 0 then the commutators in (3.5) vanishes. Now, suppose that |a] > 1 so
that by Leibniz rule

0%, S ' Rlu = Y dg, 077" (0"(S; ' R))u (3.18)
B+y=a,|B]>1

where dg, are constants and pi4 is a multi-index of length one and S—pg is a nonnega-
tive multi-index. Since |3—ps|+|v| = |a|—1 < m—1and 0*(S; ' R)(t), u(t) € H™!
for almost every t € [0, 7], we can apply (7.3) to obtain

107745 (8"2(Sg )™ ul 2 < C|0" (Sg " B) | rm1 [ srm—
< C(lloll )l lul - (3.19)
Thus, using the Cauchy—Schwarz inequality in (3.18) and then summing up yields
110, S ' Rlu - 0%l < C([|ol o) [0l 3 full 7m- (3.20)
According to Young’s inequality, for each 7 and k there holds
| dBjx[0;010k0%z - 0% 1 < 0l|Ok0“2]|72 + Cl[[oll oo ) V]| [|072]| 72 (3.21)
Also, we expand the commutator [0%, By ' Bj;]z in virtue of the Leibniz rule so that

0%, By'Bulz = > dg, 0" (0"(By ' Bjy))0"0;02.
Bty=a, |B8]>1
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Employing Young’s inequality together with the same procedure as in the derivation
of the estimate (3.19), we get

0%, By " Bje]z - 0 zllr < nl|Okzll3im + Cy(llvllzeo) [Vl zm 102172 (3.22)

Recall that 0*L[v|u - 0% = 0% Ly[v]u - 0%w + 0% Ly[v]u - 0%z. For the first term on
the right-hand side, we utilize Young’s inequality. With regards to the second term,
we integrate by parts to pass one derivative of L,[v]ju to 0*z. Through these, we
obtain the following estimate for each v > 0

10°L{v]u - 0%ul| 1 < T”(|0*Lafv]ullZ> + CT " 0%w]|L:
+ CyllLp[v]ullFm— + 0l VO 2|72 (3.23)

By Leibniz rule and using the same argument as in (3.19) and (3.20), the first
commutator on the right-hand side of (3.5) can be estimated according to

1S0[0%, Sy Y| L[v]u - 0%ul 1 (3.24)

< C(l[oll o) [0l m | Lo ul| m—s (|0l 2

< V|| Lafvlullfm-r + 1 Lp[vlullFms + C [0l )X+ T7) 0] 1l
Combining the estimates (3.7), (3.8), (3.14), (3.16), (3.17), (3.20), and (3.22)—(3.24),

and then taking the sum over all d-tuples a with length at most m, we obtain that

d
a2y + (G — el V21
< Cy([Joll =) (X +T7)(pa(l[v]lzrm) + 10c0]| m—2) |l 7
+ C([[vll )T || Lo [o]ullFpm + Collvll o) | Lylv]ullfpm— (3.25)
where
ullZym Z/ So0%u - 0%u dz, (3.26)
|a|<m

cq is a constant independent of  and py(r) := 1+ + 1% + rt.

Recall that the range of v lies in K and so ||v]|=(@,) < diam(K), hence we can
replace the constant C(||v||z~(g.)) by a constant C' depending on K. Moreover, || -
|| s9.m 18 equivalent to the H™-norm. More precisely, there exist constants ¢1 , co x >
0 such that for every u € H™

crl[ullmm < lullsom < coxflull .

Choosing 0 < n < CC—I; and then using Gronwall’s inequality in (3.25), we obtain the
estimate (3.4) of the theorem. O

4. WELL-POSEDNESS FOR LINEAR HYPERBOLIC-PARABOLIC
SYSTEMS
The current section is devoted to the existence and uniqueness of solutions for cou-

pled parabolic-hyperbolic systems with limited regularity that is analogous to The-
orem 2.1. However, our results are valid only for integers m > g + 1. This stems
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from the use of the energy estimate in Theorem 3.1. Nevertheless, such results are
similar to the inviscid case.
Introduce the Banach spaces

X7 = L0, T; H) N H'(0,T; H™ 1)
Y i={ue CW,T; H™) : z € L*(0,T; H™)}
equipped with the norms

1
2

lullxp = (Lo rommy + 10l om—))
1
lullyze = (1ulléorommy + 1V 2 L0 2:00m)) 2

Recall that u = [w 2] where w and z have p and n — p components, respectively.
First, we establish the following lower-order estimates that will be utilize in the
case of nonlinear systems.

Lemma 4.1. Suppose that m > g +1 s an integer and vi,vo € X7 satisfy a range
condition as in Theorem 5.1. Let u; = [w; z;]" € X7 with z; € L*(0,T; H™*') for
j=1,2. Assume that f; € L*(0,T; H™), g; € L*(0,T; H™™') and let F; = [f; g;]"
for j =1,2. If uy and uy satisfy the linear systems L{viJu; = Fy and Llvs]uy = Fs,
respectively, and

max{lv;llxp, llusllxg. 125l 2o} < M,

then there exists a constant C' = C(d,m, K, M) > 0, depending continuously on its
arquments, such that for every v € (0,1) we have

T
sup [lu(t)]2 + / IV 2 ()2 dt

t€[0,T]
T
< Qe (||u(0)||§2 +/0 {T"IlF 172 + 9172 + ||v(t)|!%2}dt) (4.1)
where u = Uy — Uy, 2 1= 21 — 29, V =01 — Vo, [ = f1 — fa, g := g1 — g2, and

p3(T) :=CT(1+T+T7").

Proof. Let u := uy — uy, v := vy — vy, and F := F, — F;. Taking the inner product
of the equation L[vi]u; — L{vsJus = F with u and then rearranging the terms we
have

d
Liv|u-u+ Z dBji(v1)[05v1]0k% - 2
jk=1

=F-u + {S()(Ul) — Sg(vg)}f)tuz U+ {R(Ul) — R(UQ)}’LLQ U

+ Z{Sj (v1) = Sj(v2)}Ojus - u+ Y {Bji(v1) — Bjr(v2)} k22 - 0.

jik=1
Let us denote the right-hand side by @)1 + ()2 where ()5 represents the double sum.
On one hand, by the same process as in the proof of the inequality (3.16), we have

d
/R Tlou-ut Y dBe(on) 0010z - = do (4.2)

Gk=1
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ld Ck
> S Sl + VI - O+ o

for some constant C'= C(d,m, K, M) > 0, where || - ||s,,0 is given by (3.26).
On the other hand, using a first-order Taylor expansion and Hélder’s inequality;,
we have the following estimate for (),

/d Qudz < [[F|[2[lullzz + C([|0vus] oo + IV ugl[zee) Jul 2 [[v]] 22
R

< CM)T|IFIIZ2 + gllZe + lvliZe + (1 4+ T77 + | 0uallfym-) lullZ2).  (4.3)

For the second term (), we apply the same argument together with the embedding
H™=! C L* to obtain

[ @udz <zl o921
R

sm + 1000 m) || ul|2

(K
< 2 IVEIE: + ClIV 2l o]l 7e- (4.4)

Combining (4.2)—(4.4) and then applying Gronwall’s Lemma, we obtain (4.1). [

The succeeding lemma is similar to the regularity result in [25, Lemma 2.6].

Lemma 4.2. Assume that m > %l + 1 is an integer and v € X7 satisfy a range
condition as in Theorem 3.1. Let u = [w z|" € X2 be such that z € L*(0,T; H™*1).
Suppose that ug € H™, f € L*(0,T; H™), g € L*(0,T; H™ 1Y), and let F = [f g]".
If u satisfies the linear hyperbolic-parabolic system

Livju=F,  ulo=1uo (4.5)
then w € C(0,T; H™).

Proof. The main idea is to take the convolution of the equation with a Friedrichs
mollifier. Let o be a multi-index with |a|] < m. Taking the ath derivative of
Sy 'L[v]u and then applying SyR., where R, is the regularization operator defined
in the Appendix, we obtain

d
Lv]0*u, = 0°F. + SoR.G* + J& + Y dZ;;[0;0]0,0u.

k=1
where u, := R.u, I, := R.F,
d d
G = — Z[@O‘, Salsj]u + Z [09, Sngjk]ajaku — [0%, Sy  Rlu + [0%, Sy 'F,
j=1 k=1

d d
J2 = So[Re, S 10°F — > SolRe, 551 S,10;0%u + Y SolRe, Sy Zjn]0;000%u
j=1 k=1
— So[R., Sy ' R]0™u.
We have u, € HY(0,T; H*) C C(0,T; H®). Also, u. — uw in L*(0,T; H™), z. — 2
in L2(0,T; H™), f. — fin L*(0,T; H™), and g. — g in L*(0,T; H™') according
to Proposition 7.5 and the Lebesgue dominated convergence theorem.
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Since 9°u € L*(0,T; L?) and 0°F, 0;0,0%z,0;0%u € L*(0,T; H™'), it follows from
Corollary 7.8 and the Lebesgue dominated convergence theorem once more that
J* — 0in L*(0,T; L?). Because the commutators in G* are of order at most m — 1,
we can see that G* € L?(0,T; L?). Therefore, SyR.G* — SyG* in L*(0,T; L*) by
Proposition 7.5. Using the same argument as in (3.16), we have

/Rd L[]0 (ue — us) - 0% (ue — us) dz

1d
Z 5% Soao‘(us — U5) . 8a(u€ — U5) dx —+ (CK — Cﬂ?)”V@a(ZE — 2’5)"%2
Rd
— Cy(1 A+ [[vllzm + 1000 ]| rm-1) 0% (e — u5) |72 (4.6)

Similarly, for some constant C,, depending only on n > 0, the compact set K and
the norm of v in L>=(0,T; H™) N H*(0,T; H™ '), we have the following estimates

/ O%(F. — Fs) - 0%(u. — ug) dx (4.7)
Rd
1 1
<s5lfe - fsllzrm + S llue = us|7m + Collge = gsllFpm— + 1MV (2 — 25) I3m
/ (SoR.G™ — SoRsG® + J° — J2} - 0% (ue — up) da (4.8)
Rd
1 1
< LIS0R.G" = SuRG7IZa + 12 = T + e = sl
/ AZ;4[050)000° (. — u5) - 0" (e — ug) da (4.9)
R4

< lIV(ze = 25) [ m + Cyllze — 251/ Fm.

Combining (4.6)—(4.9), taking the sum over all multi-indices « of length at most
m, choosing 1 > 0 small enough, and then applying Gronwall’s inequality yield

T
lte — o g + / IV2e(t) — Vas(t) |3t
T
< o(||u€<o> —us(O) [ + / 1o8) = F5(0) 2 + 192(8) = g5(8) [Zms

T
+ Z / |SoR-G*(t) — SoRsG(1) |22 + ||J(t) — J5(t)||%2 dt)
jaf<m *'°

where C' depends only on v and 7. Note that for each € > 0 we have u.(0) = R.uq
and hence u.(0) — wy in H™. Therefore, (u.). and (z.). are Cauchy sequences in
C(0,T; H™) and L*(0,T; H™1), respectively. By uniqueness of limits, these se-
quences converge to u and z respectively, thereby obtaining the desired regularities
we C(0,T;H™) and z € L*(0,T; H™"). O

We now establish the well-posedness of the linear system (4.5).

Theorem 4.3. Let m > 4 + 1 be an integer and v € X7 N CY(0,T; L?) satisfies
a range condition as in Theorem 3.1. Suppose that ug € H™, f € C(0,T;L*) N
L*(0,T; H™), and g € C(0,T; L?) N L*(0,T; H™'). The linear system (4.5) has a
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unique solution v € C'(0,T; H™) N HY(0,T; H™ ') with z € L*(0,T; H™). More-
over, there ezists a constant C' = C(d,m, K, M) > 0 such that for every v € (0,1),
there holds

T
sup [[u(t)|Zm + / IV 2(8) 3 dt

te[0,T
T

< el + [ LB + loOrdt) (010
0

where po(T,v) is of the form given by Theorem 3.1.

Proof. Step 1. First, we consider the simple case where Dy, Dy, E;, C}, Fj, Gy, G2
vanish and follow the methods in [25]. In this case, the hyperbolic and parabolic
systems are uncoupled. We mollify the initial data, the frozen coefficient and the
right-hand sides, that is, let ug. := R.ug, v. := R.v, and F. := R_F. It follows that
uge € H*, F. € L*(0,T; H*) N C(0,T; H®) and v. € C(0,T; H*) N C(0,T; H>®),
and moreover, we have uyp. — ug in H™, f. — f in L*(0,T;H™), g. — ¢ in
L*(0,T; H™'), and v. — v in L*(0,T; H™) N H*(0,T; H™1).
Consider the approximate linear hyperbolic system

Lp[ve]u® = fe, W |1=0 = Woe, (4.11)
and the approximate linear parabolic system

Lylveu® = g, 2%li=0 = 20e (4.12)
Theorem 2.1 implies that the Cauchy problems (4.11) and (4.12) admit solutions
such that w®,2¢ € C(0,T; H*) N C*(0,T; H*). Therefore, we can apply Theorem
3.1 and have the energy estimate

T
sup [|u ()| + / 1925 (0)| e dit

te[0,7
T

< Celralre) (||U05H%1m+ / T”Hfa(t)H%m+||ga<t>\lim1dt>- (4.13)
0

From Proposition 7.5, the right-hand side of this estimate can be bounded above
by the same term where (uq.,ve, fe, g-) is replaced by (ug,v, f,g). This implies
that (uc). and (2.). are bounded in L>(0,T; H™) and L?(0,T; H™*!), respectively.
Therefore, u. converges weakly-star to w in L>°(0,7; H™) and z. converges weakly
in L?(0,T; H™™) to the component z of u. Moreover, by the lower semi-continuity
of the norm with respect to the weak and weak-star topologies, we have

hm lIlf ||u6||Loo(07T;Hm) S ||u||Loo(07T;Hm)
e—0

hm 1nf ||VZ€||L2(O,T;H7”) S ||vz||L2(O,T;Hm)‘
e—0

Let u. 5 := u® — u® and adapt similar definitions for v. s, f.s and g.s. Note that

d d
Opu” = SO(Us)_l{ =D S0t + Y | Zin(v:) 0,007 + Fs}

j=1 Jk=1
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and from this, we can see that dyu. is uniformly bounded in L?(0,T; H™ '), and
hence converges weakly necessarily to Oyu in this space. From Lemma 4.1, there
exists a constant C7 > 0 independent of £ and 0 such that

T
swu%mm;+/rw%wm;a
0

t€[0,T]

T
S@Qmwwm;+4{mxw$+wmm@+wmmmm0.

As a result, (uf). and (2°). are Cauchy sequences in C(0,T; L?) and L*(0,T; H'),
and they converge to v and z, respectively.

By interpolation, u. — u in C(0,T; H?) and z. — 2 in L?(0, T; H*™) for every real
number s < m. Choose s such that g +1 < s < m. The Sobolev space H*~! C L*
is a Banach algebra, and in particular, v. — v almost everywhere on [0, 7] x R<.
Passing to the limit on the approximate systems (4.11) and (4.12) in L*(0,T; H*™!)
yields that u satisfies the linear system (4.5), and hence, u € L?(0,T; H™1).
Moreover, we have the regularity u € C(0,7; H™) according to Lemma 4.2. The
energy estimate (4.10) can be obtained by passing to the limit inferior in the estimate
(4.13) for u®.

Step 2. Now we consider the general case where the coefficient matrices associated
with the lower-order terms in the operators L; and L, do not vanish. This will be
done through a standard fixed point argument. In this direction, we consider the

map Fu = u defined as follows: Given a sufficiently smoothu = [w 2], let u = [w 2] "
be the solution of the uncoupled linear system
( d
Ap(0)0 + Y A ()05 = Jy[v]u+ f,
j=1
(4.14)

d
By(v)0iZ = Y Bi(v)0;0Z = Jp[vlu + g,
k=1
L Wli=o = wo,  Z|i=0 = 20,

where J,[v] and J,[v] are the linear operators
d
Jpv]u = — Z Cj(v)0jz — Dy(v)w — Dy(v)z,
j=1
d
Jplv]u = — Z{Ej(v)ajw + F;(v)0;2} — G1(v)w — Ga(v)z.
j=1

If uw € Y, then Jy[vju € C(0,T; H™')N L*(0,T; H™) and J,[v]ju € C(0,T; H™ ).
From what we have shown in Step 1, the linear system (4.14) has a unique solution
u € Y;". This means that the linear map § : Y;* — Y;" given by §u = w is
well-defined. For simplicity, we denote the z component of F*u by F*z for positive
integers k, where §* denotes the composition of k-copies of F.
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According to the energy estimates in Step 1, for every uj,us € Y7 and 7 € (0,71,
if u := uy — uo, then

sup [3u(®)|pn + / V&)

te[0,7]

< CePt) (/ 7| T [ou@)l7m + 1T [0](E) ][ dt)
0

< 010y ([T IO + DRI st

Applying Propositions 7.1-7.3, it is not hard to see that

/0~T ”Jh[U]U(t)HJZLIm + HJP[U]UQ)H%mfl dt

<CGi(1+T) (Sup ()7 + /OT IV ()l dt)

te(0,7]

for some constant C'; > 0 depending only on d, m, K and v. Therefore, it holds
that

sup [Fu(t)|[Zpm + / IV52(8) 2

te(0,7]

<k(1+71)" ( sup |lu(t)]|3m +/ 1V 2(t)||5m dt)
t€[0,7] 0
where x 1= CC1eP2(T) (1 + T)).
An induction argument shows that for every positive integer k and 7 € (0,77,

sup 8 u(t)|pe + / IV 2(8) %l
0

tel0,7]

k

< <sup e+ [ 192000 dt) -

tel0,7]
Choosing 7 = T and noting that 0 < v < 1, we have

1+ T))*
Il < ST

For sufficiently large k the constant on the right-hand side becomes arbitrary small.
Hence, §F* will be a contraction and in virtue of the Banach Fixed Point Theorem,
§ has a fixed point which corresponds to a solution of the linear system (4.5).

To prove that the energy estimate (4.10) holds as well, we proceed as in the
previous step by approximating the frozen coefficient and the initial data using
mollifiers. Hence, the a priori estimate in Theorem 3.1 is applicable. The approxi-
mated solution converges to the solution of the original problem and passing to the
limit inferior for the energy estimates of the approximations, we obtain the energy
estimate (4.10) for the solution of the general linear system (4.5). O
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5. LocAL WELL-POSEDNESS FOR NONLINEAR HYPERBOLIC-
PARABOLIC SYSTEMS

We are now in position to prove the local-in-time well-posedness of the nonlinear
hyperbolic-parabolic system (1.1).

Theorem 5.1. Suppose that m > %l-l- 1 is an integer and ug = [wy 2] € H™
with range in a compact and convex subset Ko of O containing the origin. Let K be
another compact and convex subset of O whose interior contains Ko and ||ug||gm <
My. Then, the nonlinear system (1.1) has a unique solution such that u = [w 2]' €
C(0,T; H™) with w € CY(0,T; H™') and z € C*(0,T; H™ )N L*(0,T; H™) for
some T =T(d,m, K, My) > 0. Moreover, there is a constant C = C(d, m, K, My) >
0 such that .

sup[u(t)| 7 +/0 IV2(t)||Fm At < Clluo||Fm- (5.1)

te(0,7)

Proof. Given constants My > My, My > My and T > 0, define the following space
Wr]m = {u € Xr_’-r[wn N Yr{p : H'LLHY{]L < Mb Hat'LLHLQ(Q,T;Hm—I) < MQ,R&HU C K}
For a given u" ! = [w"™! 2"71]

for um = [w™ 2"]T € Wi

(

T € W consider the uncoupled linearized system

d
Ao(unfl)atw" + Z Aj(u"’l)ajw” = f(wnfl, 21 Vz”’l)
j=1

d 5.2
Bo(u"1)0,2™ — Z Bp(u" 1)0,0;2" = g(w™ 1, 2" V" V2 (5:2)

Gk=1
[ W"|i=0 = w0,  2"|i=0 = 20

with initial iterate u® := [wy 29]". From the hypotheses of the theorem, u’ €
W7t In the following argument, we will reduce 7' so that we have u" € Wp'
for every n. If u"~t € W then f(u"',Vz""1) € C(0,T; H™ )N L*0,T; H™)
and g(u"', Vu" ') € C(0,T; H™ ). According to Theorem 4.3, the system (5.2)
has a unique solution u" € C(0,T; H™), and moreover, w" € C*(0,T; H™ ') and
2" e CY0,T; H™ %) N L*(0,T; H™).

Range Condition. Let K, be a p-neighborhood of K that is contained in K, that
is, K, = {z € R" : dist(z, Ky) < p} C K. If u € W, then

¢
[u"(t, ) —ug(x)| < Qd,m—l/ [0pu” (8) || srm—1 ds < Qd,m—1M2T%
0

for every (t,x) € [0,T] x R, where g4,,_1 is the constant from the embedding
H™ ! C L*. Therefore, we have Ranu C K, provided that T > 0 satisfies
1
Odm—1MT2 < p.
High-Norm Boundedness. If u"~!' € W then from the energy estimate for the
solution of the linear system (5.2), we have

T
I E—— / 172" (8) [ dt (5.3)
0
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. T
< &(1) (Mé + [ T s O + s O dt)

where we have set C/(T) := CeCOHT I TnMVTM) - p . f(qyn) znL yznl),
and g,_1 := g(w" 1, 2" V"1 Vz"~1). Here, we can take C' > 1 Wlthout loss of
generality. Applying Proposition 7.3,

T T
/ [ a1 (E) |7 dt < C/ [~ ()| + IV 2" ()| Fpm dt < C(1+T) M7
0 0
(5.4)

T T
/ | gn1 (t)]|5pm—r dt < C/ w1 (t)||3m dt < CT M. (5.5)

Combining (5.3)—-(5.5) provides us the estimate
T
o iy + [ 1920l de < CVME + T(1+ T + TAE),
0

Let us choose M; > 1 so that M > CMg. For a fix v € (0, 3), we can take T > 0

small enough so that C(T){MZ+T"(1+T)M2+TM?2} < M2. From the differential
equation

Oyu”™ = Sp( { ZS ”18u+z

7,k=1

where F,,_1 := [fn,_1 gn_1]", we have the estimate
105" | prm—1 < CME(My + [[V2" || ).
Squaring this inequality and integrating with respect to time, we obtain
“atun”QLQ(O,T;Hm—l) <O+ T)M;.

By taking My so that M2 > C'MY? and then by making 7" small enough, we can now
conclude that u™ € Wi whenever v~ € Wi

Low-Norm Contraction. Let us define v 1= uy"tt — yn, (" = 2L — 20 fn =
fo—fao1, and ¢" := g, — gn—1. Modifying the proof of Lemma 4.1, it can be deduced
that

T
8= 0" Prozr + / 1C )12 dt

T
< CepS‘T)/O {71 ONLe + g Ol + 0" ()72} dt. (5.6)

Let us estimate the terms on the right-hand side. By the mean-value theorem

T T
/O ||fn(t)||%2dtgCT||Un_1||é(O,T;L2)+/O I¢" = ()11 dt. (5.7)

Theorem 7.4 with s =m — 1 and t = r = —1 is applicable since m > 2, hence

1
1" s < / I dg(ug, Vo) o™ Tur T - d6
0

< Clldg(ug, Vug)l| w1 (0" -2 + [VV" 1) < Cllo" e,
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where uj) = 6u™ + (1 — 6)u™! and 6 € [0,1]. As a consequence, we have

T
| 1Ol e < 0T 5.9
0
Plugging (5.7) and (5.8) in (5.6), we obtain that
&, < CeP T+ T + THE, .
Observe that ps is bounded on the compact interval [0, 7] since v € (0, %) Let
T > 0 be sufficiently small so that 0 < CeP*™)(T 4+ T + T**1) < 1. Then, (u),
and (2"), are Cauchy sequences in C(0,7; L?) and L?(0,T; H'), respectively.

By interpolation one can obtain a solution of the nonlinear system by doing the
same arguments as those that were provided in the linear case. The energy estimate
for the solution of the nonlinear system follows from the estimate on the linear
system where the frozen coeflicient is equal to the solution v and by reducing 7" > 0
if necessary. The uniqueness of solutions for the nonlinear system follows from a
similar argument as in the low-norm contraction part. Finally, w € C*(0,T; H™™1)

and z € CY0,T; H™ %) N L*(0,T; H™") follows from the differential equations
and Proposition 7.4. O

6. THE KUZNETSOV—WESTERVELT EQUATION

As an application of the local existence theorem in the previous section, we consider
a quasilinear strongly damped wave equation arising in nonlinear acoustics. The
problem will be posed in the entire space and the main result of this section is
the global-in-time existence and asymptotic stability of solutions. The Kuznetsov
equation, which is a second order approximation for viscous, thermally conducting,
inert fluids, and its simplified form known as the Westervelt equation, are the two
most frequently used models in nonlinear acoustic wave propagation. Medical and
industrial applications of these models include high-intensity focused ultrasound,
such as, lithotripsy, sonochemistry, thermotherapy, and ultrasound cleaning, see
[24].

An outline for the derivation of the model is presented for the sake of the reader.
Starting from the continuity and the Navier-Stokes equations and assuming that
the acoustic velocity is irrotational, one can derive the following model

1 B

uy — AU — bAu, = wﬂ

(u®)ee + 00(v - V), (6.1)

called the Kuznetsov equation. Here, u = u(t, x) is the acoustic pressure fluctuation
at time t and position z, while v = v(t, ) is the acoustic particle velocity and it
satisfies the continuity equation

0oVt + Vu=0 (62)

where g is the constant mass density. The positive constants ¢, b, and B/A represent
the speed of sound, diffusivity of sound, and the parameter of nonlinearity.
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A simplified model is obtained by ignoring local nonlinear effects. In this way,
the term u? — (ggc)?*v - v is assumed to be small, and as a result (6.1) turns into

Uy — AU — bAu, = é (1 + %) (u?) (6.3)
known as the Westervelt equation. This model describes the propagation of plane
waves and is appropriate when the distance of propagation exceeds that of the
wavelength. However, this approximate model is not suitable for standing waves,
we refer to [24] for more details.

Using (6.2), both equations (6.1) and (6.3) can be written in the form of

(1 — 2ku)uy — EAu — bAy, = 2rku? + o(|Vul* + IVu - V), (6.4)

where Z is defined by (1.4). For the Kuznetsov equation we have x = B/(2A00c?)
and o = 0 while k = (1+B/2A)goc* and o = 2/, in the case of the Westervelt equa-
tion. We consider a slightly modified model that includes friction and transversal
acoustic pressure terms, namely,

(1 — 2xku)uy — EAu — bAuy + euy + du = 2ku? + o(|Vul® +IVu - Vi), (6.5)

where e and d are positive constants.

Both the Kuznetsov and Westervelt equations have been studied in bounded do-
mains under various boundary conditions. For example, Dirichlet boundary con-
ditions has been considered in [21] for the homogeneous case and in 23] for the
non-homogenous case, see also [22]. The common feature of these works are the
local existence, global existence, and exponential stability of either strong or weak
solutions. One of the main tools is semigroup theory for strongly damped wave equa-
tions. In fact, the evolution of the linearized system is described by an analytic semi-
group. Appropriate energy estimates for the non-autonomous and non-homogeneous
linearized systems are obtained using the variation of parameters formula and a fixed
point argument. The case of non-homogeneous Dirichlet boundary condition is more
delicate and an appropriate lifting of the boundary data into the interior is needed in
the analysis. Exponential stability for the nonlinear models were obtained through
barrier’s method. For bounded domains having fractal boundaries, we refer the
reader to the recent work |8].

Finite time horizon optimal control problems have been considered for the West-
ervelt and Kuznetsov equations in [4]. The boundary conditions are of mixed type
where a Neumann condition is imposed on a part of the boundary where the con-
trol is applied and an absorbing boundary condition on the remaining part of the
boundary. The purpose of such absorbing conditions is to avoid reflections on the
artificial boundary of the computational domain. Functionals of tracking type were
treated and first-order necessary conditions were derived.

The paper [20] focuses on a Westervelt-type model in bounded domains of spatial
dimension at most 3 that takes the form

I ug)ug — Au=0 (6.6)

where f is sufficiently smooth satisfying f(0) = 0 and f’(0) > 0. For Dirichlet
boundary conditions, the local existence and uniqueness of solutions for the non-
linear wave equation (6.6) was established while global existence and exponential
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decay was obtained for absorbing boundary conditions. The latter is possible thanks
to the presence of boundary dissipation, for which observability estimates can be
derived.

6.1. LOCAL EXISTENCE AND REGULARITY OF SOLUTIONS. In what follows,
we shall rewrite the following quasilinear strongly damped wave equation

(1 — 2ku)uy — AAu — bAuy + euy + du = 2ku? + o(|[Vul* + ZVu - V),
Uli=0 = Uo,  Utli=0 = U,

(6.7)
in (0,T) x RY, where Z is the nonlocal-in-time operator given in (1.4) and d > 2. We
assume that the coefficients are constants, and moreover, ¢,b > 0 and e,d, k,0 € R.
Notice that if x is nonzero, then (6.7) has a potential degeneracy in the sense that
the second order time derivative of u may vanish. Our goal is to prove the existence
of solutions for initial data (ug,u;) € H*™ x H* with integer s > 4 + 1 and u
taking values in the open ball

R, ={z eR:|z| < p.} (6.8)

where p, = ﬁ for k # 0 and p, = oo if kK = 0. For global existence of solutions, we
shall impose the condition e, d > 0 and the smallness of the initial data.

The equation (6.7) can be formulated as a coupled hyperbolic-parabolic system,
and thus, we can apply the local existence theory in Section 5. For this direction,
we introduce the state variables w = (wy,wy,ws3)" = (Vu,u,Zu)" and z := u;.
Then we have ws; = u = wy and so w; = (Vz,z,wy)". As a consequence, the

time-derivative of z is given by
(1 — 2kwy)z — bAz = AV - wy — dwy — ez + 262% + o(|wy |* + Vws - V2).

For each (w,z) € R¥2 x R, let Ag(w, 2) be the (d + 2) x (d + 2) identity matrix,
Aj(w, z) be the (d+2) x (d+2) zero matrix for j =1,2,...,d, By(w, z) = 1 —2Kws,
and Bj(w, z) = bdj, for j,k =1,2,...,d, where d;; is the Kronecker delta symbol.
Likewise, for (w, z,y) € R™2? x R x R? and w € R@+2*4 e define the following
functions

f(wazay) = (yazan)T

g(w, z,w,y) == Trw; — dwy — ez + 2k2* + o(Jwi]* + ws - y)

where we decomposed w = (wy,ws,ws) ", with w; having size d x d, while wy and w;
both have size d x 1. Here, Tr denotes the trace of a matrix. With these functions,
(6.7) can now be written in the form of (1.1) with wy = (Vug, ug,0) and zy = u;.

Let O, := {(w, 2) € R*2 x R : wy € R, } where R, is given by (6.8). According
to the local existence theorem in Section 5, given Jy > 0 and integer s > %l + 1,
for every initial data (wo, 29) € H® x H® whose range lies compactly inside O, and
satisfying ||wol|%s +|20]|%s < do, the system (1.1) admits a unique solution on [0, Tp]
for some Ty = Ty(s,dg) > 0 such that the range of (w, z) lies in O, and

w e C(0, Ty; H) N CH0, Ty; H)
z € C(0,To; H) N CH0, To; H*2) N L*(0, T; H*M).
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Moreover, there exists a constant C' = C'(dy, s) > 0 such that

zw/ﬁ 0] ).

Translating these results to the Kuznetsov—Westervelt equation (6.7), we obtain
a local existence theorem. Due to the structure of the nonlinear terms in (6.7), one
can obtain additional regularity for the higher-order time derivatives of the solution.
We remark that these additional regularity will play a crucial role in determining
the appropriate energy and dissipation functionals that will be utilized in deriving
a priori estimates for the nonlinear system. In order to prove this further regularity,
we shall use the following classical Moser-type estimate for the product of suitable
Sobolev functions in [26, Proposition B.4]. The information about the constant can
be seen in the proof of the said proposition.

ie t l12(0)] s dt < C([[wollfs + ||o]

sup ([lw(?)]
0<t<Tp

Theorem 6.1. Let s; > g, sg > —s1, and ¢ > 0. Suppose that f € H®,6 g €
H* N H*2, and 1 + g(x) > ¢ for every x € R%. Then, (1 + g)~'f € H* and there
exists a constant C' > 0 which is increasing with respect to the second argument such

that

|1+ 9) 7 ] e < Ce ™ gl )N (S, 9)
where
N(f g): ”f‘HS% 52§51
’ | fllzss + [ f s gl asn, 52 > 81

A consequence of this result for space-time dependent functions is given below.

Corollary 6.2. Suppose that s; > g, |sa] < 81, ¢ € (0,1), and 1 < p < oo. If

u € LP(0,T; H*') and v € L>(0,T; H*) with ||v|| (0, 1)xrey < ¢, then (1+v) 'u €
LP(0,T; H**) and there exists C > 0 such that
10+ ) o eggony < CCL = )7 ollieozisen) ull ooizsen
For each real number s and 0 < T' < oo, define the following space
X#20,T) := C(0,T; H**Y )N C* (0, T; H*) N C*(0, T; H*?).
Theorem 6.3. Let s > g + 1 be an integer and 0y > 0. For every initial data
uy € H*™ and u; € H® such that the range of ug lies on a compact set of R,

and |Juo||3e11 + llurllZs < o, the equation (6.7) has a unique solution w such that
u(t,x) € R, of every (t,x) € [0,Ty] x R* and

u € XS’Q(O, T(]), Uy € L2(0,T0; Hs+l).
The solution u satisfies the energy estimate

sup ([Ju(t)l[7een + lue()l3s + 1(Zw)(©)]17:)
0<t<Ty

+ [

for some constant C' = C(dg, s) > 0, and moreover, we have

uy € L*(0,Ty; H¥Y), wy € L*(0,Ty; HS?). (6.10)

1o dt < C([Juo| ) (6.9)

fee + [l

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



PARTIALLY DISSIPATIVE VISCOUS SYSTEM OF BALANCE LAWS 23 /35

Proof. The local existence of solutions including its stated regularity, range prop-
erty and stability estimate (6.9) is a consequence of the discussion presented above.
To see that the solution satisfies (6.10), we introduce the following operators

Pu := *Au + bAu; — eu; — du (6.11)
S(u) = 2ku; + o(|Vul* + (VIu) - V) (6.12)

so that we have
Uy = (1 — 2ru) " (Pu + S(u)). (6.13)

First, observe that Pu € L?(0, Ty; H*™1). Since the range of u lies on a compact set
in R,, there exists 0 < p,, < p, such that |u(t, z)| < p, for every (¢, z) < [0, Tp] x R
From the regularity v € C(0,Ty; H**!) and taking s; = s+ 1 and sy = s — 1
in Corollary 6.2, we have (1 — 2xu)~'Pu € L?(0,Ty; H*™'). On the other hand,
since uy, Vu, VZu € C(0,Ty; H®), we have S(u) € C(0,Ty; H*™1) and it follows that
(1 —2ku)~1S(u) € L*(0, Ty; H*™1). As a result, we have uy € L0, Ty; H*™1).

The product and chain rules applied to (6.13) give us the following equation

e = (1 — 260) 7 (Puy + S(u)y) + 26(1 — 25u) 2wy (Pu + S(u)).

In virtue of Pu; € L*(0,Ty; H*™3), taking s; = s+ 1 and sy = s — 3 in Corollary
6.2, we get (1 — 2ku)Puy € L*(0,Ty; H*™3). Because (Zu); = u, we have

S(u)y = dkuguy + 30Vu - Vug + oVZu - Vuy. (6.14

Taking s; = s, s = s3 = s — 2 in Theorem 7.4, we can see that S(u),
L%(0,Ty; H*=2). Also, it is not difficult to see that (1 — 2xu)2u;(Pu + S(u))
L?(0,Ty; H*™1), and therefore, we have uy; € L*(0,Ty; H*=3). This completes th
proof of (6.10).

O

For k # 0, the range condition for ug stated in the previous theorem is satisfied as
soon as &y < (px/04.s-1)* where g4, 1 is the constant of the embedding H*~' C L.
Indeed, for x € R?, one has

[uo(2)] < 0d,s—1]|uol| s < Qd,sq\/(s_o < Pr-
For each real number s and 0 < T < oo, we define the space
Y5(0,7T) := {u € X**(0,T) : uy € L*(0,T; H**),
uy € L2(0,T; H™Y), uyy € L2(0,T; H®)}.

6.2. ENERGY IDENTITIES FOR THE LINEARIZED SYSTEM. The goal of this
subsection is to provide energy identities for the linearized equation corresponding
to (6.7). To be precise, we shall derive energy identities for the linear differential
operator

Lu = uy — 2 Au — bAu; + euy + du = uy — Pu (6.15)
for a fix T' > 0 and sufficiently smooth u, where P is the operator defined by (6.11).
The energy identities will be utilized in the proof of global existence of solutions.
All throughout this section, s > 2 is an integer. If u € Y*(0,T"), then one can easily
check that we have Lu € L*(0,T; H*™') and Lu; € L*(0,T; H*~3). For simplicity,
let

v:=7Tu
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so that v, = u.
For an integer ¢ > 0, we define for ¢t € [0, 7]

Fo(w, 2)(t) = / (w(r), (7))o dr + 3 / (0w (r),8°2(r) dr,

la|=¢

for w € L?(0,T; H') and z € L?(0,T; H*t'). Here, the brackets denote duality
pairing between H ! and H'. Note that if in addition w € L?(0,T; H¢), then using
the Fourier transform this duality pairing can be replaced by the inner product in
L?. Likewise, for w € L?(0,T; H™') and 2z € L*(0,T; H'), we set

Fo(w, 2)(t) ::/0 (w(r), z(T)) dr for t € [0,T7.

Lemma 6.4. Suppose that s > 2 is an integer and u € Y*(0,T). Fort € [0,T)], let
Fi(t) :== Fs(Lu,u)(t)
Fy(t) := Fy_o(Lug, uy) ().
Then for k=1,2 and t € [0,T] we have
Ei(t) + 2Du(t) = En(0) + 2F(t)
where

Eq(t) = llur(®) 5 + IV u@)lzs + dllut)]| -

Di(t) = / (0] Vur(7)]
Ey(t) = Jun ()]

Dy(t) = / (b]| V()

Proof. Using a standard density argument, it is enough to consider the case where

u € 62°([0, T] x RY), that is, u is infinitely differentiable and has compact support

in [0,7] x R% Consequently, Lu € €5°([0, 7] x R?). Given w € 65°([0,T] x R?), a
direct calculation gives us the equation

1d

(Lw)w; = 5

+ b|Vw|* + e|w,|*. (6.16)

Since 9°u € 6§°([0,T] x R?) for every multi-index «, taking w = 9% in (6.16),
integrating over [0,7] x R? and then getting the sum of the resulting terms over
all |a| = s, we obtain Fi(t) + 2D;(t) = E1(0) + 2F(t). The case k = 2 can be
obtained in a similar way by replacing u by u; and s by s — 2. 0J

25)dr

s+ eflue(7)]

2

Fraee V()| Fa-2 + dl|ug(t)[ 7o

?;15—2) dT

?{s—z + GHUtt(T) ’

(Jwe|? + | Vw|? + djw|*) — div(tw; Au + bw, Awy;)

Lemma 6.5. Let s > 2 be integer and uw € Y*(0,T). Fort e [0,T], let
F5(t) := Fy(Lu,u)(t)
Fy(t) := Fy_1(Lu,v)(1).
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Then for k = 3,4 and t € [0,T] there holds
Ep(t) + 2Dy(t) = Er(0) + 2Fy(t)
where

Es(t)

2(ug(t), u(t)) gs + 0||Vu(t)| Hs
/0 (@) e + Va3 — fuelr) %) dr
Bu(t) = 2(us(t), 0(0)) s — Ju(®)]%es + [ Vo(t)
T 0(Vut), Vo(t)) et + e(u(t), o(t))

DMU?:—A(WVUWN%&I+%UWW%PJdT

Proof. The energy identities can be deduced as in the proof of the previous lemma
thanks to the following equations

we + eflu(t)]

D3 (t) :

2
Hs—1

o1+ dl|v(t)]

1d
(Lw)w = §E(2wtw + b|Vw|? + eJw|?) — div(bwVw; + FwVw)

— Jw|* + A Vw|* + d|w|?
1d

(Lw)Iw = 5%(21015(110) — |w|* + E|VIw|* + d|Zw]* + bVw - VIw + ewZw)
— (bIVw|* + efw]?)
which can be easily verified for w € €5°([0,7] x R?). O

6.3. ENERGY ESTIMATES FOR NONLINEAR TERMS. With the operator S
defined in (6.12) and the linear wave operator L given by (6.15), the Kuznetsov—
Westervelt equation (6.7) can be rewritten as

Lu = 2kuuy + S(u). (6.17)

In what follows, we shall use this equation to derive estimates for the functionals F}
for k = 1,2,3,4 defined in Lemmas 6.4 and 6.5. We introduce the following energy
and dissipation functionals for ¢ > 0

B(t)? = sup ([u()][f + [Vu()

e+ w1z + [luee (0) 77> + 0(7) 172)

2Hs+l + ||utt(7_)| ?;Is—l) dr

e+ [[ue(7)]

t

DO = [ (lutr)

where we recall that v = Zu. Moreover, we define the total energy functional
N(t)? := E(t)* + D(t)?,

for t > 0. Notice that E, D, and N are increasing functions of time and D(0) = 0.

We need to transform the energy estimates for the local solution in terms of N.
In the situation of Theorem 6.3, one can easily see that there exists a constant
Cs,.1, > 0 such that

N(t)2 < 0507T0N(0)2
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for every ¢ € [0, Tp]. Indeed, let E and D be the functionals E and D without the
terms involving wy, respectively. One can easily check from (6.9) that for some
Cs,m, > 0, we have

E(Ty)? + D(Ty)? < Cs,.1, N(0). (6.18)
Thus, it remains to verify the estimate for the term involving u;. This follows from
(6.13), for which we have the estimate

To
sup Jua®leos + [ e
0<t<Tp 0

where 05, = (1 — 2|k|0as—1v/3) !, and then applying (6.18).
To obtain bounds for the nonlinear terms, the following auxiliary Moser-type
trilinear estimate will be useful.

4rso1 dt < C(0s,, ( ))E(To) D(TO)2

Lemma 6.6. Let s > %l +1,0 < ¢ < s, and m > 0 be integers. If p €
L=, T; H= )™ v e L2(0,T; H)™, and A € L?(0,T; H'Y), where ¢* = min(0, ¢ —
1), then there exists a constant C' > 0 independent of u, v, A, and T such that

IF (- v, N(T)] < Cllall ooy / (O] ey + I B

Proof. By considering each component, we may take without loss of generality that
m = 1. Suppose ¢ = 0. In this case, the duality pairing becomes an inner product
in L?, and thus, we have

Folpw, (T l/Ad A(#) dt.

By Hélder’s inequality and the embedding H*~! C L, we obtain

T
[Fo(uw, )(T)] < Qd,s—IHHHLOO(O,T;HSl)/O (lv@)lZ2 + IA@)1Z2) dt. (6.19)

Suppose 1 < ¢ < s and let @ be a multi-index such that |a| < ¢. We can rewrite
F.(uv, ) as follows

Rl @) = T+ 3 [ ortuwoona asar

Of course, in this representation, if |a| = ¢ then the integral is viewed as a duality
pairing between H ! and H'. The first term on the right-hand side has been already
estimated in (6.19). Suppose 1 < |a| < ¢. Decompose o as a = gy + a3 where
lag| = 1. Integrating by parts yields

/OT Rdaa(,u(t)y(t))aa t)dxdt = //Rdaao )0 N(t) d dt

By definition, we have |ag] <¢—1<s—1and |a+a;| < ¢+ 1. Applying Theorem
7.4 with s1 = s — 1 and s, = s3 = ¢ — 1 and the Cauchy-Schwartz inequality, we
obtain

/Rﬁa »m<mm4(/ 0% (1) (1)0 A ()| da

R4
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T
SC/O () ez W[ () Lz [[ACE) |z
T
< CHuHLw(o,T;Hsl)/O (@l e + A Fresr) it

Taking the sum proves the desired estimate since ¢* = ¢ — 1. 0

A similar procedure proves the following estimate.

Lemma 6.7. Let s > %l—i— 1,0 < ¢ < s, and m > 0 be integers. If u,v €
L>(0,T; HS= Y™ and A € L>°(0,T; H'Y), then

T
[Fe(p- v, N(T)] < OH)‘HLOO(O,T;H‘“)m/O U Fzerym + (V@ Errrym) dt.

Now we are ready to prove the estimates for the functionals Fj introduced in
Lemmas 6.4 and 6.5. First, we consider the case where k =1, 3, 4.

Lemma 6.8. Let s > % + 1 be an integer, T > 0, and u € Y*(0,T) satisfy (6.17).
There exists a constant C' > 0 independent of u and T such that for each k =1,3,4
there holds

|F.(T)| < CE(T)D(T)?. (6.20)

Proof. First, let us consider the case where k = 1. Let p 1= (2ku, 2k, oVu, cVv) ',
v = (uy, kug, Vu, Vug) T, and X == u;. It follows from (6.17) that Lu = p - v.
Because u € Y*(0,T), we have u € C(0,T; H*)**2 v € L*(0,T; H*"1)?*2 and
A € L*(0,T; H*™'). Moreover, the norms of 1 and v can be estimated as follows

sup (| ()| zrs-1yza+2 < C sup (Jlue(t) || s + [[u®)|[ s + [[0(E)[|ms) < CE(T)
0<t<T 0<t<T

T T
/O [ ()1 ¢zro-1yp0e- dE < C/O (el Fre + e ()1 + u®)]I7e) dt < CD(T)?

T T
| O de = [ ol e < coery
0 0

Hence, (6.20) in the case of k = 1 follows from these estimates along with the
trilinear estimate in Lemma 6.6 with ¢ = s.

The proof of (6.20) for & = 3 can be done in the same way by choosing u
and v as above and A := u. For k = 4, we again choose ;1 and v as above, take
A:=wv € L>®(0,T; H*) and apply Lemma 6.7 with ¢ = s — 1. O

Lemma 6.9. LetT >0, s > +1 be an integer, andu € Y*(0,T) satisfy (6.17) and
||| oo (o, 77xRey < v for some v € (0, p). There exists a constant C > 0 depending
continuously on its arguments such that

B (T)| < C(W,, B(T))E(T)(1 + E(T)*)D(T)*
where 9., == (1 — 2|x|y)~.
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Proof. First, let us recall that F5(T) = Fs_o(Lug, ug)(T). We shall use the repre-
sentation (6.13) so that

Lu = uy — Pu = 2xk(1 — 2rxu) " "uPu + (1 — 2xu) S (u)
and by the rules of differentiation, we have
Luy = 26(1 — 2ku) ', Pu + 26(1 — 2ku) " 2uy (25uPu + S(u))
+ (1 — 2ku) " (2kuPu, + S(u),).

Here, we shall use the equation (6.14) for S(u);.
Since d > 2, we have s > 3. Note that we can write F5(T") = Fy_o(p - v, A), where

A= Ut
1= (1 — 2ku) (261, 26050, 261, 261, 4Ry, 30V u, oV) T
v = (Pu, (1 — 2ku)""2kPu, (1 — 2ku) " S(u), Pug, uy, Vg, Vutt)T :

We have that u € C(0,T; H*=1)245 v € L2(0,T; H*=2)2¢5 and X\ € L?(0,T; H*~?%)
with

T
/ N3 dt < CD(T)2.
0

By using Corollary 6.2 and H* ! being a Banach algebra, the norm of ;1 can be
estimated from above as follows

HIUHLOO(O,T;HS—I)QOH—S
< C(Wy, ull oo o,m5-1)) (Nt | oo 0,7525-1) + [[wll oo o,7505) + 0] oo 0,789))
< (9, B(T)E(T).

Using the same corollary with s; = s — 1 and sy = s — 3, we have

B 2
(1 = 25u) ! (Pu, S<“>>HL2(0,T;H5*3)2
< C(Dy, [|ul| oo 0,51y (|| Pu

|%2(0,T;H5*3) + HS(U)“%Q(O,T;H&‘*?’))

where the norms of Pu and S(u) can be bounded from above as follows
1Pl Z20, 703y < Clluellz20 ooy + lllz20 romre)) < CD(T)?

HS(U)H%Z(O,T;HS*“) < C(HU?H%Z(O,T;HS*U + |||VU‘2||%2(0,T;HH) + Vo vut”%Q(O,T;HS*l))'

Here, we utilized the continuous embedding H*™? < H*~! in the case of S(u).
Using the fact that H*~! is a Banach algebra and applying an L>-L? Holder-type
estimate with respect to time, we obtain

||u?||%2(O,T;HS*1) < OHut”%w(O,T;HS*l)”utH%?(O,T;HS*l) < CE(T)QD(T)z
ull 22010 < CE(T)*D(T)?
utH%Q(O,T;HS) < CE(T)*D(T)*.

IV ul?lZ20.imsy < CllulLo o ooy

Vv vutH%?(O,T;HS—l) < CHUH%W(O,T;HS)
The remaining terms in v can be estimated as

H(PutaUtt7Vut»vutt)”%%o,T;Hs—if)?d“ < C(HuttH%Q(O,T;HS*l)"i_HutH%Z(O,T;HS*)) < CD(T)Z-
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Combining the above estimates, we deduce that
T
| WAoot < Ol BN+ BT

Applying the trilinear Moser-type estimate Lemma 6.6 with ¢ = s —2 > 1 and
looking at the definitions of E and D, we obtain the desired estimate for Fy(7"). [

Now, we are in position to prove an a priori estimate independent of T', for which
global existence of solutions and its asymptotic stability will follow.

Lemma 6.10. Suppose that u € Y*(0,T) satisfies the Kuznetsov—Westervelt equa-
tion (6.7). Then, there exists 01 > 0 and a constant Cs, > 0 independent of T' such
that if N(T)* < 6y, then

N(t)* < C5,N(0)? (6.21)
for every t € [0,T].
Proof. For € > 0, we define £(t) := E1(t) + Ea(t) + c(Es(t) + E4(t)) and D(t) =
D1 (t) 4+ Do(t) + e(Ds(t) + Dy(t)), see Lemma 6.4 and Lemma 6.5 for the definitions
of £y, and Dy for k = 1,2, 3,4. By the Cauchy—Schwarz inequality

Es(t) 2 0| Vu(®)llzs + (e = Dllu®) s — llue(®)ll3:
and for every n > 0 there exists C,, > 0 such that
Ey(t) = (¢* = mIIVo()ll7-r + (d = )o@l 7 — Colllwe()l7ar + Nu®)ll)-

Choosing 1 small enough and then e small enough, we can see that £ is equivalent
to £ and D is equivalent to D. In other words, there exist positive constants ¢; =
c1(n,e) and ¢o = ca(n, ) both independent of ¢ such that c; E(t) < E(t) < B (t)
and ¢;D(t) < D(t) < coD(t). Therefore, we have
E(T)* + D(T)* < CN(0)* + C(|F\(T)| + [ Fa(T)| + |F(T)| + | Fu(T)]).

Using the estimates on Fj and the fact that E(T") < N(T), it follows from Lemma

6.8 and Lemma 6.9 that
E(T)*+ D(T)* < CN(0)* + C(d5, N(T))N(T)(1 + N(T)*) D(T)*

where A is a positive constant such that |u(t,z)] < X for every (¢,z) € [0,T] x R<.
Fix a positive number 8, < (g4s_1/px)? and let 0 < &; < 6,. If N(T)? < 4y, then

E(T)? + {1 — C(¥5,,7/0,)0:(1 + 62)}D(T)?> < CN(0)?

where 95, := (1 — 2|k|gas—1v/0:) " Hence, we choose §; small enough so that the
coefficient of D(T)? is positive. The conclusion now follows from the fact that N is
monotonically increasing. 0

Theorem 6.11. There exists ; > 0 such that if N(0)? < &y then (6.7) has a unique
global solution u € Y*(0,00), and for some constant Cs, > 0 independent of T, we
have

OiltlgT(HU(t)H%s + Va3 + lue@®)lls + [(Zu)(®)]5-) (6.22)
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+ [ e

for every T'> 0. Moreover, it holds that ||u(t)||wz2~ + ||ut(t)||L — 0 as t — oc.

Proof. Taking §y = 0;/2 in Theorem 6.3, there exists Ty = T'(6;) > 0 such that
equation (6.7) has a unique solution u € Y*(0,T,) and we have N(T;)? < Cs N(0)?
for some constant Cj, > 0. Choose

52 = min{51/2a 51/5517 51/(2051)7 51/(551051)}

where Cj, is the constant in Lemma 6.10. If N(0)? < d,, then we have a solution u
on [0, Ty], and moreover,

N(Ty)? < C5,N(0)* < Cs, 6, < 6.

i) At < Co, ([[uol[Frssn + [Juall7)

Frern + [ua(t)]

feen + [[ue(t)]

According to the a priori estimate of Lemma 6.10 with T" = T}, we have
N(t)2 < CglN(O)Q < 051(52 < (51/2

for every t € [0,Ty]. Thus, we can use t = Tj as the initial time and apply the local
existence once more to have a solution on [Tg, 27y]. Then, we have

N(t)2 < 651N(T0)2 < 65105152 < (51

for every t € [Ty, 2Tp]. Therefore, it follows that N(t)? < 6, for every t € [0,2T],
and consequently by Lemma 6.10, we have N(¢)*> < Cs N(0)? for all ¢ € [0, 2Ty].
By induction, we have a solution u € Y*(0,nTy) for every positive integer n and
N(t) < C5 N(0)? for every t € [0,nTpy]. This proves the existence of a global
solution and the energy estimate. The asymptotic stability follows from the
fact that |ul|?> € W1(0,00; H*™), |w|? € WH(0,00; H*'), and the embeddings
Hs™ Cc W2 and H*™! C L*. O

7. APPENDIX

7.1. MOSER AND COMMUTATOR ESTIMATES. Here, we recall some standard
estimates involving Sobolev spaces. For the proofs of the following propositions, we
refer the reader to [1, 2, 19| for example.

Proposition 7.1. Let s > 0 and u,v € L>® N H®. Then, there exists a constant
C > 0 that depends only on s and d such that

e < C([fullze<|lv]

He) (7.1)
and for every d-tuples o and 8 such that |a| + |5] = s, we have
1(0°u)(9%0) 2 < C([Jullz=]Iv] He)- (7.2)

If s > g then the above proposition and the embedding H® C L* imply that H*
is a Banach algebra and we have ||uv||gs < C||lu||gs||v||g- for every u,v € H*. In
addition, if || + |B] < s, then from (7.2) we obtain an alternative estimate

1(0°w) (@) 12 < Cllul He- (7.3)

[[uv] ws + [[v]| oo ]

a4 [0l o< [lul

Hs U‘
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Proposition 7.2. Let s > 1 and u,v € H® with Vu,Vv € L*°. There is a constant
C' > 0 depending only on s and d such that for every d-tuple o with || < s we have

1[0%, oV ]ull L2 < C([|Vul|pellvllzs + [Vl ool ). (7.4)

In particular, if s > g + 1 then for every u,v € H® and |a| < s, we have
I10%, vV]ul| 2 < Cllullgs[lo]l a- (7.5)
Proposition 7.3. Let s > ¢ u € H® and F € C>®(R) satisfies F(0) = 0.

27
Then, F(u) € H® and there are continuous functions C : (0,00) — (0,00) and

C: (0,00) = (0,00) depending on F, s, and d as parameters such that

1F ()]s < Clullze)|ull (7.6)
and for every u,v € H®, there holds
1F(u) = F(©) s < Clmax{ |[ull <, [0l }) [ = vl (7.7)

Another useful fact is the following multiplication property for Sobolev functions.

Theorem 7.4. Let sq, 89,53 € R be such that s; + s9 > 0, s3 < s1, s3 < S9, and
534—% < s1+8y. If f € H and g € H*?, then fg € H* and there exists a constant
C = Oy, 55,554 > 0 such that

[fgllrss < Cllf a1 9]

7.2. MOLLIFIERS AND CUT-OFF FUNCTIONS. Let p € C°(R?) be a nonneg-
ative function such that [, p(x)dz = 1. For each ¢ > 0, let p.(z) := e %p(x/e)
and define the convolution operator R. by R.u := p. x u. It is well-known that
R.u € H* for every u € H", r € R, and € > 0. Note that if p(—z) = p(z) then R.
is self-adjoint in L2

Define also the smooth cut-off function y € C°(R?) which is identically 1 on a
neighborhood of the origin and for each € > 0 let x.(z) := x(ex). The proof of the
following proposition can be seen for example in [3].

Hs1 Hs2 -

Proposition 7.5. Let s € R. There exists a constant C' > 0 depending only on s,
p and x such that for every e € (0,1) and u € H® we have

[Reullgs < Cllullgs and [[xeullus < Cllullms- (7.8)

Moreover, we have R.u — u and x-u — u in H?®.

As a consequence, we have the following integration by parts formula.

Proposition 7.6. Suppose that A € W1 and u,v € H'. Then,

/ Adju-vdr = —/ (0;A)u-vdr — / Au - O;vde.
Rd R Rd

Proof. Note that y.u — w and y.v — v in H' according to Proposition 7.5.
Because y. has a compact support, we can integrate by parts to obtain

/Rd Adju-udr =lim [ 0;(x.u) - AT (xv) dw

e—0 R4

— —1im [ {(xu) - (BAT)(xev) + (o) - AT0;(x.0)} da

e—0 R4
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:_/ (@-A)u-vdx—/ Au - 0;vdx
R4

Rd
and the proposition is proved. (]

Proposition 7.7. Let a € Wh* and u € L?. There exists C > 0 independent of u,
a and € € (0,1) such that for every j =1,...,d we have

IRz, adj]ull 2 < Cllallwro< [|ul| 2.
Furthermore, [R.,ad;lu — 0 in L? ase — 0

Corollary 7.8. Let a € W' and u € H=1. Then there exists C > 0 independent
of u, a, and ¢ € (0,1) such that

IRz, alull 2 < Cllallwro< [[ull -
Moreover, [R.,alu — 0 in L? as e — 0.

Proof. According to a well-known result, there exist u; € L? for j = 0,1,...,d
such that u = ug + O1u1 + - - - + dgug. From Proposition 7.5, it is easy to see that
[ R, aluol|z: < Cllal|ze|luol|z2 and [Re,alug — 0 in L?. On the other hand, for
each j the commutator [R., a]0ju; can be written as

I:Rg, a]ﬁjuj = [Rg, aﬁj]uj — CL[Rg, 8j]uj.

From Proposition 7.7 we have ||[R., a]0;u;|| 2 < Cllal|wi.~]||u;|| 2 and as e — 0, we
obtain [R.,a]d;u; — 0 in L*. Taking the sum proves that [R.,aJu — 0 in L? as
e — 0, and then taking the infimum both sides over all possible representations of
u as sums of the derivatives of L?-functions, we obtain the desired estimate. O]

Corollary 7.9. Suppose that a € WY and w € L?>. Then, for some constant
C > 0 independent of a, u, and € € (0, 1), we have

IRz, alullmr < Cllalfwie[|u] 2.
Moreover, [R.,alu — 0 in H' ase — 0.

Proof. From Corollary 7.8, we only need to consider the term 0;[R., aJu. We can
rewrite this term as follows

Oj[Re, aju = R.((0;a)u) — (0;a)Rou + [Re, adiju — 0

as € — 0 in L?. The estimate of the corollary follows from Propositions 7.5 and
7.7. L]
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