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1. INTRODUCTION

Consider an open, bounded and connected domain 2 C R? with a sufficiently smooth
boundary I'. Let 0 < T' < oo be a given final time, I := (0,7") be the temporal
domain, ) := [ x () the space-time domain and ¥ := I x I' the lateral boundary
of @. This paper will investigate the following system of nonlinear partial differen-
tial equations modeling the dynamics of non-isothermal, viscous and incompressible
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binary fluids:

Oip + div (pu) — mAp = o in Q,
=10t — Ao+ F(¢)+ 1.0+ A\ in Q,
0,0 — 1,8 + div (0 — lnd)u) — KAD = ag - u+ h in Q,
Ou+div(u®u) —vAu+Vp =K(p—1.0)Vo+L(p,0)g+ f in@Q, (1.1)
divu =0 in Q,
p=0Ap=0, =0, u=0 on X,

| 0(0) =0, 0(0) =6, u(0)=1wu in Q.

The unknown state variables are ¢ : Q@ — R, p: Q — R, 0 : Q — R, u :
Q — R? and p : Q — R. These represent the order parameter for the normalized
fractional part of a binary fluid mixture, chemical potential, temperature deviation
with respect to some critical value, mean velocity and pressure, respectively. In
(1.1), F(¢) = Bod® — B1¢ is the derivative of a polynomial approximation of the
Landau—Ginzburg—Wilson free energy functional and £(¢,0) = ag + 10 + a6 is a
linearized equation of state for the density, with constant coefficients 3y, 81 > 0 and
g, a1, 9 € R. The other constant parameters are the diffusive mobility m > 0,
viscosity coefficient 7 > 0, interfacial thickness € > 0, thermal conductivity x > 0,
kinematic viscosity v > 0, capillarity stress coefficient I > 0, and gravitational force
g € R2. Moreover, [, [, > 0 are constants related to the latent heat and o € R for
linearized adiabatic heat. The initial concentration, temperature and velocity are
do:Q =R, 0:Q— R and ug : Q — R2, respectively.

The order parameter ¢ describes the concentration of the binary fluid mixture,
for instance, ¢ = 1 signifies a pure single-phase while ¢ = —1 represents the other
phase when fy = 8; = 1. System (1.1) is a coupling of the Cahn—Hilliard system [16]
for non-equilibrium phase transitions and the Oberbeck—Boussinesq system [13, 52]
in thermohydraulics that accounts for surface tension due to capillary action. Here,
the coupling between the order parameter and the temperature is of phase-field-
type [15]. For a derivation of the system (1.1) in the absence of the term 70;¢
and other relevant references, we refer to [19, 24, 46, 54]. Concerning the Cahn—
Hilliard equation and the Cahn—Hilliard-Navier—Stokes system with more general
potentials that include the physically meaningful logarithmic energy potentials, one
may consult the papers [1, 2, 3, 4, 5, 33, 35, 36, 42, 43| and the references therein.

The additional viscous term serves as a regularization to the Cahn—Hilliard system
and it plays a crucial role in the attainment of suitable a priori estimates leading to
the well-posedness of (1.1) with source terms of low regularity. Such a viscous term
has been introduced by Grinfeld and Novick-Cohen [44] to model phase separation
in polymer systems. Recent works related to that model are the boundary optimal
control for the viscous Cahn—Hilliard system in [21| and a finite element scheme for
the viscous Cahn—Hilliard—Navier—Stokes system with dynamic boundary conditions
and its convergence analysis in [20]. An analysis for the long-term dynamics with
respect to the viscous parameter 7 can be found in [25].

In the nonlinear system (1.1), the functions f : Q@ — R?, h : Q — R, o :
Q - R and X : Q — R correspond to external body forces, heat source or
sink, concentration-source and micro-forces, respectively, see [45] for the latter.
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In this work, we aim to establish the existence and uniqueness of weak solutions
o (1.1) having the source functions o € L"(I;W=59(Q)), A € L"(I;Wy(Q)),
h € L'(I;W=15(Q)) and f € L"(I; W~ "?(Q)), with suitable range of values for
p, q, s and r. In the case p = ¢ = s = r = 2, a Hilbert space framework
can be utilized to prove the existence and uniqueness of weak solutions. We shall
also provide the existence and uniqueness of very weak solutions with source terms
having less regularity, namely, o € L"(I;[W29(Q) N W, *(Q)]), A € L"(I; L)),
h e L'(L;[W*(Q) n W, *(Q)]) and f € L'(I;[W?>(Q) N WP (Q)]), with prime
denoting duality. To be more precise, we shall consider these source functions to lie
in sums of reflexive Banach spaces containing the above function spaces.

In the context of weak solutions, our main interest in this study is the case where
1<q<2,§1§s<2,%§p<2,q§sand4§r<oothatwillcover
later the situation of measure-valued sources (Theorem 4.12 and Section 4.5). This
type of problem has been studied by Casas and Kunisch for the two-dimensional
evolutionary Navier—Stokes equation in [18] and its application to sparse optimal
control in [17]. The analysis of the state equation relies on an extended maximal
parabolic regularity (MPR) for the Stokes equation, see also [58] for a different
approach but with a more regular source function.

Our goal is to develop the corresponding well-posedness theory for non-isothermal,
incompressible and viscous binary flows. Moreover, we shall consider the notion of
very weak solutions with % < q<o0,4<ps,r<ooandq<s (Theorem 4.11).
The definitions will be in such a way that weak solutions are also very weak solutions.
Note that this is not always the case in previous literature for the Navier—Stokes
equation. The lower bounds for these parameters are imposed so that a Faedo—
Galerkin approach for the nonlinear part is possible. In contrast to [18|, note here
that the parameter r for time-integrability is independent of the other parameters p,
s, and ¢ related to spatial regularity. This is due to the fact that the convection terms
have been expressed in divergence form. Also, this will provide a unified treatment
for the weak and very weak formulations. For the Navier—Stokes equation in (1.1),
the solutions we consider here belong to the Serrin’s class, hence uniqueness are to
be expected.

Some studies on the maximal parabolic regularity for the Cahn—Hilliard equation
and phase-field systems can be found in [55, 56, 66]. For very weak solutions of the
Navier—Stokes equation we refer to [49] for the stationary case and to [8, 10, 11, 29,
30, 31] for the time-dependent case. With respect to (1.1), we consider the MPR
theory for the system that couples the biharmonic heat, Stokes and heat equations.
Our strategy is to study each equation separately, where available known results are
applicable, treat the coupling terms as sources in each component and then apply
suitable embedding theorems. The latter will be done at first in the Hilbertian case,
thanks to the analyticity of the underlying semigroup. It is well-known that this is
enough to obtain maximal parabolic regularity in the case of Hilbert spaces [22].

Let us present the main strategy in the study of (1.1) under the scenarios described
above. In principle, by eliminating the chemical potential p, this system can be put
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as an abstract semi-linear parabolic problem

OWBZ+AZp)+N(Z)=F inl,

Z(0) = Z,. (1.2)

where Z = (¢,0,u) and F = (0 + mAM\, h, f), with an appropriate linear elliptic
operator A, a nonlinear operator AN and the linear operator B is given by BZ =
(¢ - mTA¢7 0 — lh¢7 U’)

Suppose that Zy = Zy, + Zony and F = F+ F 5, where Z,;, and F'j, lie in some
reflexive Banach spaces while Zy and F' y belong to some Hilbert spaces. We shall
decompose the solution of (1.2) as a sum of a suitable weak or very weak solution
of the linear system

OBZy+A(Zyr,pr)=Fr inl, (1.3)
Z1(0) = Zyr, .
and an appropriate weak solution of the nonlinear system
ZN(O) = ZON- .

Then Z = Z; + Z with the associated pressure p = p; + py would be a weak
or very weak solution of the semi-linear equation (1.2). For such a decomposition,
extended MPR theorems will be used for the linear system (1.3) and a classical
spectral Faedo—Galerkin method will be pursued for the nonlinear system (1.4). We
would like to point out that these are in fact the main ideas that were utilized in
[18] for the in-stationary Navier—Stokes equation, see also [49] for the stationary
case and [50] for the stationary Boussinesq system with inhomogeneous Dirichlet
boundary conditions.

The main challenge in the derivation of the priori estimates involving the term
1V is the low regularity of the chemical potential p. Nevertheless, this is compen-
sated by the viscous term 70;¢ in the equation for the chemical potential, leading
to a better regularity for the time-derivative of the order parameter ¢, and as a
result for that ¢. Also, due to the low spatial regularity of the sources, we need to
impose the stronger integrability condition r > 4 compared to the typical Hilbert
space framework.

We point out that the results of this paper can be specialized to various situa-
tions. For instance, these are the viscous convective Cahn—Hilliard equation (con-
stant w and ), the coupled viscous isothermal Cahn-Hilliard-Navier—Stokes system
(constant @), the Oberbeck—Boussinesq system (constant ¢) and the non-isothermal
viscous Cahn-Hilliard system (constant u).

The structure of this paper is organized as follows: We recall some function spaces
needed in the analysis as well as the precise formulations of (1.3) and (1.4) in Section
2. Extended maximal parabolic regularity theorems for the linearized system will
be presented in Section 3 and the well-posedness of the nonlinear system will be
discussed in Section 4. In Section 5, we will establish the differentiability of the
operator that maps the source functions and initial data to the very weak or weak
solutions. Finally, we present solutions with higher integrability with respect to time
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under additional conditions on the source functions and the initial data in Section
6.

2. NOTATION AND ORIENTATION

Let us introduce the notation for the function spaces and operators to be employed
in this work. The last part of this section deals with the precise formulations of
(1.3) and (1.4) when applied to (1.1).

2.1. INTERPOLATION SPACES. We denote a continuous embedding by — and
a compact embedding by . Suppose that X and Y are Banach spaces such that
X — Z and Y — Z for some Hausdorff topological vector space Z. The sum
X+Y :={u+v:ue€ X,veY}isalso a Banach space when endowed with the
norm

2llx+y = z:llg}iy {llz]|x + lvlly} VzeX+Y.
zeX,yey

The notation := means that the expression on the left is defined by the expression
on the right. The intersection X NY is also a Banach space when equipped with
the norm

vl xny = max{||v|x, [|[v|y} YveXnNY.

Given two Banach spaces X and Y described above, 0 < # < 1and 1 < p < oo, we
consider the real interpolation space (X, Y )y, to be the Banach space of all elements
z € X +Y such that the following norm is finite

1
= Ly ) |
I=llerra, == (/ K(t, 2Pt ?) K= it {llallx+ v}
i i

zeX,yey

Here, we follow the definition based on Petree’s K-method. It follows that if X, and
Y, are Banach spaces with Xy — X and Yy — Y, then (Xo, Y0)s, = (X, Y )g,.

The space of linear and bounded operators from X into Y will be denoted by
L(X,Y) and L£(X) := L(X,X). All throughout in this paper, by an isomorphism
we mean a topological one. If A € L(X + Y, X, + Y]) is an isomorphism such that
the restrictions A|x € L£(X,X;) and Aly € L(Y,Y]) are also isomorphisms, then
A(X7 Y)G,p = (X1> le)G,p-

A prime will denote duality. More precisely, X’ is the space of all linear and
continuous functionals in a Banach space X, while p’ = p%l for a real number
1 <p<oo IfXNYisdensein X and Y, then (XNY) = X'+Y’ (X+Y) = X'nY’
and (X,Y), = (X, Y")g, for every 0 < § < 1 and 1 < p < oo, see [12, Theorem
2.7.1] and |64, Theorem 1.11.2|. If in addition, X and Y are reflexive, then an
immediate consequence of these equations is that X NY, X +Y and (X,Y),, are
also reflexive. With these, the function spaces for the sources, initial data, and weak
or very weak solutions we consider here will be reflexive, with the exception of those
source functions in Section 4.5.

For further details on interpolation theory, we refer the reader to the standard
texts |7, 12, 51, 64] on this subject.
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2.2. LEBESGUE, SOBOLEV, AND SOLENOIDAL FUNCTION SPACES. For 1 <
p < oo and s > 0, LP(Q) and W*P(Q) indicate the classical Lebesgue and Sobolev
spaces [6]. The subspace of W*?(2) having elements that vanish on the boundary
I in the sense of traces will be denoted by W3*(Q) and its dual by W= (Q) :=
WSP(Q2) when 1 < p < co. For the vector-valued case, we set LP(Q) := LP(Q) x
LP(QY), W3P(Q) := W5P(Q) x W*P(Q) and WP (Q) := WP (Q) x WFP(Q).

Denote by LP(Q) the closure of the set of all divergence-free vector fields in
CR(Q) x Cg°(92) with respect to the norm of LP(€2). We use the notation LP(Q) :=
{m e LP(Q) : |,mdx = 0} for the closed subspace of LP(Q2) with elements having
zero averages over €). Likewise, we set Wos’p(ﬁ) = WEP(Q)NLP(Q) and /W‘s’p/(Q) =
Wer ().

Given 1 < ¢ < oo, we consider the Dirichlet Laplacian A, = —A : D(A,) C
L4(Q) — L) with domain D(A,) = W>(Q) N W, Q). Note that there exist
constants ¢y, c; > 0 such that ¢;||¢]|w2e) < [[Ag0]Le) < c2|@llw2aq) for every
¢ € D(A,), see [41, Lemma 9.17|. For each s > 0 we let

X(Q) = D(AY?), X *7(Q) = X*(Q)

with [|¢]| xsa) = ||AZ/2¢||Lq(Q) for ¢ € X*4(Q). In particular, X*4(Q) = L(Q),
X1(Q) = WI(Q), X29(0) = W2a(Q) 0 WE(Q), X39(Q) = {6 € WH(Q) :
¢ = A¢p = 0OonT} and X*(Q) = WH(Q) N X>9(Q). As usual, we again set
XH(Q) = X51(Q) x X5(Q).

Let us consider the Stokes operator A, = —P,A : D(A,) C L?(Q}) — L2(Q) for
1 < p < oo. Here, P, : L*(Q2) — L?(9Q) is the Leray-Helmholtz projector for which
P,v + Vr, = v, where 7, € ﬁ/\lvp(Q) is the weak solution to the boundary value
problem

A, = divo in €,
(Vi,—v) - n=0 onT,

with 7 being the unit normal vector outward to I', see [34]. It holds that P2 = P,
and P, = Py for the dual operator. We have D(A,) = X*P(Q) N L2(Q) and
there exist positive constants ¢z and ¢4 such that cz|ullyzrq) < [|[Apullrro) <
call Apllwzrq) for every w € D(A,). In line with the notations for the Dirichlet
Laplacian, we set

X(Q) = DA, X7 (Q) = X(Q)

for s > 0 and [|u|| xsr ) == ||A;/2u||Lg(Q) foru € X*P(Q). Thus, we have X2*(Q) =
Ly (), X;7(Q) = WP (Q) N LE(Q), X37(Q) = X*P(Q) N LE(Q) and X37(Q) =
X*P(Q) N L2 (). For the domains of the fractional powers of the Stokes operator,
we refer to [39] in the case of smooth domains, and to [63] for three-dimensional

Lipschitz domains. The analyticity of the Stokes semigroup in the LZ(£2) spaces
can be found in [38].

2.3. LEBESGUE-BOCHNER SPACES. For time-dependent functions, we shall
consider mainly the Lebesgue-Bochner spaces

WY([X,Y) = {u€ L’(I;X) : Quu € L’(I;Y)}
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for Banach spaces X and Y with X < Y, where 0, is to be understood in the sense
of vector-valued distributions. If Y = X then we simply write W?(I; X) instead of
WP(I; X, X). Also, WhP(I; X, Y) is a Banach space when endowed with the graph
norm
[ullwrraxyy = llullr i) + 10l Loy

The space of continuous functions on I =1[0,T] into X with the supremum norm

will be denoted by C(I; X). Then W'P(I; X|Y) — WP(I;Y) — C(I;Y). We set
WoP(I; X) = {u € WY(I; X) : u(0) = u(T) = 0}

and W17 (I; X') .= Wy P(I; X)' for 1 < p < oc.
2.4. THE LINEAR AND NONLINEAR PARTS. We now consider the decompo-

sition of (1.1) as elucidated in the introduction. Suppose that the initial data and
source functions can be written as follows:

(60,60, wo) = (dor, bor., wor) + (don, bon, uon) (2.1)
(07 h7 f7 )‘) = (JL> hL> fLa )\L) + (JNa hN7 fN7 )‘N) (22)

The subscripts L and N stand for linear part and nonlinear part, respectively. Then,
the components of the solution to (1.1) will be split according to

(¢a97uauap) = (¢L79LvuLauLapL> + (¢N79N,UN,,UN7PN)- (23)

In the above decomposition, on one hand, the first tuple (¢, 01, wr, pir,pr) con-
stitutes a weak or very weak solution of the linearized system

Opr, — mAuy, = oy, in Q,
pr = 10or — eAdy — Bidr + 1.0 + AL in @,
00, — 1W0spr, — KA, = ag - up + hy, in Q,
dur, — vAuy +Vpr = (a1¢r + a2fr)g + f in @, (2.4)
divur, =0 in Q,
o, =A¢r, =0, 0,=0, u,=0 on X,
| 00(0) = oz,  0.(0) = 6o, ur(0) =uoL in €.

Notice that the linear system (2.4) is obtained by simply dropping the nonlinear
terms in (1.1). On the other hand, the second tuple (¢n, 0N, un, iy, py) satisfies
the following nonlinear system with the frozen coefficients ¢, pr, 0 and wp:

0N +div ((or + on)(ur +uy)) — mAuy = oy in Q,

pn = TOpN — €eAPN + F(br + ¢n) + lOn + Bidr + An in Q,

0N — lhOrdn + div (0L + On — laor, — lhoow)(ur +un)) — kAOy
=ag-uy+ hy in Q,

Oruy +div ((up +un) @ (up + un)) — vAuy + Vpy
= K(pr + pn — 10 — 1ON)V (oL + on) +(dn,On)g+ fv  in Q,

divuy =0 in Q,
¢on =Apy =0, Oy=0, uy=0 on X,
on(0) = don, On(0) =bOon, un(0)=uoy in €.

(2.5)
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The precise functional analytic frameworks to (2.4) and (2.5) will be discussed in
detail in the forthcoming sections.

3. MAXIMAL PARABOLIC REGULARITY FOR THE LINEARIZED
SYSTEM

All throughout this section, we shall take ¢, s, p,7 € (1,00) with ¢ < s. We aim to
present extensions of the MPR theorems for the Stokes, heat, and viscous biharmonic
heat equations. We then combine these in order to prove the MPR for the linearized
system (2.4). Generic positive constants will be denoted by ¢ or with a subscript. In
general, these constants depend in at least one of p, s, q,r, €, T and the parameters
in the nonlinear system (1.1).

3.1. MPR FOR THE STOKES EQUATION. We consider initial data for the
Stokes equation in the following real interpolation spaces:

V() = (X,P(Q), X P ()1

g

V?’”(Q) = (X_27P<Q)= Lg(Q))l/r’,r~

o

The superscript on the left signifies the order of weak differentiability with respect
to the smaller function space in the interpolation. This is motivated from the fact
that if r is large then the interpolated space is “closer” to the smaller function space.

We have V (Q) < V) (Q) since X, "P(Q) — X _*P(Q) and X 7(Q) — LE(Q).
The weak and very weak solution spaces we take into account are as follows:

VL(Q) == W (I XE(Q), X, ()

[

V,.(Q) = W (I Ly (), X *7(Q).

g

In view of the previous embeddings, we have V} .(Q) = V, .(Q).
Define the continuous bilinear form a, : Wy (Q) x W " '(€2) — R according to

2
a,(v,p) = / Vv :Vpdx = Z/ Vo; - Vp;de ¥ (v, p) € WiP(Q) x Wé’p/(Q).
Definition 3.1. Consider a source function and initial data

fLeL'(I; X;'7(), wuo €V, (Q). (3.1)

We say that u;, € V, (Q) is a weak solution of the Stokes equation

8tuL—l/AuL+VpL:fL n Q, (3 2)
diV’U,LZO in Q, ’U,LZO on 27 UL(()):’U,[)L in Q, .

if uy(0) = o in V}M(Q) and the following variational equation

T T T
/0 <atuL,p>x;1’P(Q),X},’P’(Q) dt V/o a(ur, p)dt = /0 <fL’p>X;“’(ﬂ),Xé"’/(ﬂ> dt

holds for every p € L™ (I; X7 (Q)). &
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Thanks to the continuous embedding V,.(Q) < C(I; V, (), see [7, Theorem

[11.4.10.2], the point-wise time evaluation u(0) is meaningful and lies in VIIM(Q).
As usual, the pressure has been eliminated in the weak formulation and it will be
recovered by an application of de Rham’s Theorem.

The following extension of the maximal parabolic L"-LP regularity theorem for
the Stokes equation has been demonstrated in [18]. We also refer to [37, 40, 47| for
related topics and relevant references. Here, we give an alternative demonstration for
the existence of the pressure compared to those that were presented in [14, 18, 62].
In this direction, we follow the discussion provided in [27, Chapter 72| for the case
of Hilbert spaces.

Theorem 3.2. Letp,r € (1,00) and suppose that (3.1) is satisfied. Then the Stokes
equation (3.2) has a unique weak solution uy, € V, .(Q) and there exists a constant
c1 > 0 independent on uy, f;, and wor such that

luclivy, @ < el Fellrgx, o) + lvorlvy, @ (3:3)

In addition, if f; € L"(I; W~ "P(Q)), then there is a unique associated pressure
pr € WL (I; LP(Q)) in the sense that

T
<atuLa Q>W Lr(I;W 1P (Q)), W, (I Wlp Q) + V/O a’p(uLa Q) dt

T
<pL7 le Q>W 1, 'r([ Lp(Q)) (] Lp (Q) / <fL7 >W*1,p(Q)7w(1)7P,(Q) dt (34)

for every o € W (I; Wol’p,(Q)) and there is a constant co > 0 such that
HPLHW—LT([;EP(Q)) < CQ{HfLHLr(I;W—l»P(Q)) + ”U'OLHVZI,,T(Q)}' (3.5)

Proof. The existence and uniqueness of the weak solution w; € V;yT(Q) as well
as the stability estimate (3.3) has been established in [18, Theorem 2.4| for f; €
L"(I;W~'2(Q)). Note that the proof of that theorem covers the case where f; €
L'(I; X;'?(Q2)). We point out that the definition of weak solutions to (3.2) in
that paper is equivalent to the one prescribed by Definition 3.1 with space-time-
dependent test functions. Let us provide an alternative proof for the existence and
regularity of the associated pressure. The following argument will be utilized later
in the associated pressure for the very weak formulation as well as for the nonlinear
part.

Since uy € L"(I; X1P(Q)) — L"(I; LP(Q)) — L"(I; W™ ?(Q)), it follows that
uy, has a distributional time derivative yuy, € W~L"(I; W™1?(Q)), that is, the
linear form given by

(Our, Q>W Lr(LW=Le (), Wb (LW (@)

T T
= _/0 <uL>atQ>W—1,p(Q)7W(1)7P’(Q) dt = _/0 <uL7atQ>LP( LP () dt

for every o € W (I; Wi (Q)). On the other hand, using the density of
CYI; X!?P(Q)) in V;,T(Q), see |57, Lemma 7.2| for instance, and then integrating
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by parts, we see that the weak derivative dyu;, € L"(I; X,;""(Q)) satisfies the
equation

(Orur, p>Lr([;X;17P(Q)),L’“'(I;X}r‘p/(Q))

T T
- /0 (O, P) x ;g xi (o) A = _/0 (s D)o, ) I

for all p € Wi (I; X1 (Q)) — Wo™ (I WP (Q)).

The above equations imply that the weak and distributional time derivatives
of uy coincide in W, (I X17(Q)), hence the use of the same notation for these
derivatives. Moreover, it follows from the definition of the distributional derivative
8,5’U,L that

0L w—rr w10y < lwrllraze@) < clucllpr.xieq) (3.6)

where ¢ > 0 is the constant associated with the continuous embedding X*(Q) —
LP(Q).
Let £ € WL (I; W1?(Q)) be the linear form defined by

(S @hysrrw (e w w s o)
T T
::/0 <fL’9>W119(9),W3’P’(Q)dt_y/0 ap(ur, @) dt

- <atuL7 Q>Wfl’r(I;Wfl’p(Q)),Wol’T,(I;Wé’p/(Q))

for all @ € W, (I W '(€2)). According to the above discussion and the fact that
uy, is a weak solution to (3.2), we see that £ annihilates WOI’T/(]; X17(Q)). Applying
Proposition 7.1 in the Appendix with £ = 1, we deduce the existence and uniqueness
of an element p;, € W~17(I; EP(Q)) such that £ = Vp;, in the sense of distributions,
and for some ¢ > 0 we have

IpLllw-1r vy < NLllw—rrrw—1e@)- (3.7)

From the definition of the linear form £ and the distributional gradient, we see
that (3.4) holds. In addition, one has

HSHW*“(I;W*LP(Q))

< HfLHLT(I;W—l’p(Q)) + V”uLHL’“(I;X},’p(Q)) + HﬁtuL||W—1W(I;W_1’p(ﬂ))~ (3.8)
The estimate (3.5) now follows from the inequalities (3.3), (3.6), (3.7), (3.8) and
the continuous embedding L™ (I; W'?(Q)) — L"(I; X, "P()). O

In general, the associated pressure may not exist when we merely have a source
function f; € L"(I; X;"*(Q2)). For instance, in the Hilbertian case p = r = 2, it
was shown by Simon in [60] that W~22(I; W~"(Q)) and L?(I; X;"*(R)) cannot
be embedded in the same Hausdorff topological vector space, leading to the possible
non-existence of the pressure.

Now, we turn to the definition of very weak solutions to the Stokes equation, see
also [31].
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Definition 3.3. Consider a source function and an initial data satisfying
fr el (I;X;27(), uop €V, (). (3.9)

A function uy, € V) (Q) will be called a very weak solution to (3.2) if u(0) = oy,
in Vg}r(Q) and the following equation

T T
/0 <atUL, p)ng,p(Q)’Xg’p/(Q) dt + v /0 (uL, Ap,p>Lg(Q),Lg/(Q) dt

T
= /0 <fL7 p>X;2’p(Q)7X3’p/(Q) dt

holds for every p € L™ (I; X7 (Q)). &
Time-evaluation is again valid in virtue of V), (Q) — C(I;V, _(Q)). Due to
the fact that V) (Q) = VO (Q), L"(I; X, "(Q)) < L"(I; X;*"(Q)), V (Q) =
V). (Q) and
a(0.0) = (0. Ay Q) oy e V0.0) € X x X (@), (3.10)

a weak solution to the Stokes equation (3.2) in the sense of Definition 3.1 is nec-
essarily a very weak solution in the sense of Definition 3.3. The equation (3.10)
follows from Green’s identity, divergence theorem, the definition of P, and that v
is divergence-free in ().

Theorem 3.4. Suppose that p,r € (1,00) and (3.9) are satisfied. Then (3.2) admits
a unique very weak solution uy, € Vg,T(Q) and we have
HULHVQ,,T(Q) < Cl{HfLHLT(I;XJQ’p(Q)) + HU’OLHV%T(Q)} (3.11)

for some c¢; > 0 independent on wp, f;, and wey. In addition, if f; €
L7 (I; X~*P(Q)), then we have a unique associated pressure p;, € WL (I; W=1P(Q))
satisfying for every @ € Wy (I; WP (Q)) the variational equation

T
<8tuL7 Q>Wfl,r(I;Wflp(Q))’ngTl(I;ngpl(Q)) - V/O <'U’La AQ>LP(Q)7LP/(Q) dt

T
- <pL7 div Q)Wfl,r(l;wfl,p(Q)LW&vT’ (];WS»P’(Q)) = /0 <fLa Q>W*2vp(Q),W§’p/(Q) dt
and for some constant co > 0 it holds that
oLl i@y < AlFLlrax—2r@) + voLllve @)} (3.12)

Proof. The dual operator A!, : L2(Q) — X ,*?(Q) of Ay : X27(Q) - L2 (Q) is
an isometric isomorphism and extends the Stokes operator A, : X2P(Q) — LE(Q).
Indeed, given u € X*P(Q) N X*%(Q) and v € X7 (Q) N X2*(Q) we have

(A u,v)

= (u, AP"U>L{; u, Arv) 12 (q)

(OF Z4(o) (
= (AZU’?IU)Lg(Q) = <Apu7v>x

X22P(Q). X537 (9)
S @)X (@)

since A, = A, in X2°(Q) N X2%(Q) for s € (1,00). Invoking the density of
X29(Q) N X2%(Q) in X2°(Q) yields AL u = Ajyu in L(Q) for every u € X2P(Q).

)= A;l as an isomorphism from L” () onto X2P(1).

In particular, (A},
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Define g, := (A},)~'f, € L"(I; L}(Q2)) and
vor = (Al) Mo € (A)) V0, (Q) = (LE(Q), X2M(Q)yjs = V2, (),

where f; and wugy satisfy (3.9). From the classical maximal parabolic regularity for
the Stokes equation, we obtain a unique weak solution v, € V?,’T(Q), where

V) Q) =W (1; X2P(Q), LE(9)),

to the evolution equation

Owr +vApv, =g, in L"(I; LE(Q)), (3.13)
’UL(O) = VoL, in V;T(Q), .
and there is a constant ¢ > 0 independent on vy, g;, and vg;, such that
lvellve @) < clllgelloraez@) + llvocllve @} (3.14)

By applying A, to (3.13), setting u, = A, v, € V%T(Q) and then using
A;/AP’UL = A;,,A;,vL = A;,uL, we see that u; satisfies

dup +vAyu, = f; in L'(1; X *P(Q)),
’U,L(O) = U], in Vg,r(Q)

Thus, uy, is a very weak solution to (3.2). The stability estimate (3.11) for this
weak solution follows immediately from (3.14) and the definitions of vy, g, and
vor. Furthermore, the uniqueness of this very weak solution is a consequence of the
uniqueness of solutions to (3.13).

Finally, the existence and stability of the associated pressure can be established

as in the proof of the preceding theorem. Indeed, consider the linear form £ €
W=Lr(I; W22(Q)) given by

(&5 @i (raw 20 Wi w2 (@)
T T
= /0 <fLu Q>W—2,p(Q)7W(2),p’(Q) dt — /0 V<uL7 AQ>LP(Q)’LP’(Q) dt
— {0, @)y w2y Wi (1w ()

for all @ € W2 (I; W27 (2)). Note that the duality pairings on the right-hand side
are well-defined because u; € L"(I; L*(Q)) — L"(I; W~ *(Q)), so that du €
WL (L;W22(Q)), and f;, € L'(I; X *P(Q)) — L"(I; W~ *(Q)). From the
definition of the Leray-Helmholtz projector P, for every @ € L' (I; X*7'(Q)) there
exists 7, € L™ (I; W' (Q)) such that

T T
/0 (L, A) gy L (o) At = /0 {wr, PyAe) pog) p () + (L Vo) o) v/ ()} At

T
= — /O <’U,L, AP,Q>L{,}(Q),L§/(Q) dt

since divuy, = 0 in Q. This implies that £ vanishes on W™ (I; W2 (Q) N LY (Q)).
Thus, we have a unique associated pressure p;, € W17 (I; W ~1?(Q)) from Propo-
sition 7.1 with £ = 2. The stability estimate (3.12) for p;, follows from (3.11), the
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embedding L"(I; X ?P(Q)) — L"(I; X;*?(Q)) and the estimates similar to those
with (3.7) and (3.8). O

Let A% € L(XP(Q), X, ""(Q)) be given by

<A;)Iv7 Q>X;1’p(Q)7Xé’pl(Q) = a’p(,vﬁ Q) v ('U, Q) e X;’p(ﬂ) X Xi’p/(Q)' (315)

It has been shown in [18, Section 3| that A} = (All),ﬂ)/Azl,/2 and it is an isomorphism

that extends the operator A, : X*P(Q2) — LP(2). The construction of weak solution
to the Stokes equation in that paper was done by an application of the operator A7,
instead of A;, as in the above proof, to the evolution equation (3.13). We claim
that A) = A}, from X1P(Q) to X 1?(Q), so that A, is also an extension of Aj.
Indeed, from (3.10), (3.15), and the embedding X "*(Q) < X ,??(12), one has

(A0, 0) 20 20y = (A0 0) ¥ (v.0) € XE(Q)x X2¥(Q).
Thus, for every v € X ?() we have Alv = Alv in X_*”(Q), and hence in
X 17(Q) since the left-hand side belongs to this space.

g

X72P(Q),X27 (Q)

3.2. MPR ror THE HEAT EQUATION. This short section deals with the anal-
ogous results to the heat equation. Initial data will be taken in the following inter-
polation spaces:

23, () = (WH(Q), Wo ™ ()1
Z9, () = (X7%(Q), L ()1,
The corresponding function spaces for the weak and very weak solutions will be
Z,,(Q) = W (I Wy (), W_l’s(ﬂ))
20,(Q) = W (I; L7(Q), X ().
It is clear that Z; () — Z7 () and Z],(Q) — Z7,.(Q).
(

Let us mtroduce the continuous blhnear form a : I/VO1 #(Q) x W (Q) — R, which
extends the Dirichlet Laplacian, defined by

as(v, 0) = / V- Vodar V(v,0) € Wy () x Wy ().
Q
Definition 3.5. Consider a source function and an initial data such that
hy € Lr([; W_l’s(Q)), Yor € Zslm(Q) (316)
A function v, € Z],(Q) is called a weak solution of the heat equation

kA~ — :
at’.}/L RAYL hL m Q? ' (317)
v =0 on X, v,(0) =~ in Q,

if 7.(0) = 7oz in Z},(Q) and we have

T T T
/0 <atPYL> Q>W*1vS(Q),W01’S/(Q) dt + 'Li/(; a’S(VL? Q) dt = /0 <hL7 ’0>W*1vS(Q),W01’S/(Q) de

for every g € L" (I; Wy (2)). &
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The initial condition is meaningful since Z!,(Q) < C(I; Z},(2)) according to [9,
Theorem 111.4.10.2]. We have the following extended maximal regularity theorem
for the heat equation.

Theorem 3.6. Suppose that s,r € (1,00) and (3.16) are satisfied. The heat equa-
tion (3.17) admits a unique weak solution v, € Z} (Q) and there is a constant ¢ > 0
independent of v, hy, and o1, such that

1vellzz, @ < clllhellerw-1s9)) + 1Nocllz:, @ }-
Proof. The proof stated in Theorem 3.2 can be adapted to (3.17), and for this

reason we omit the details. [l

One may also introduce very weak solutions to the heat equation (3.17) similar
to that of the Stokes equation, in such a way that weak solutions are also very weak
solutions. We state without proof the corresponding result in the following theorem.
Time-evaluation for very weak solutions is again well-defined due to ZST(Q) —

C(I; Z],(9)).
Theorem 3.7. Let s,r € (1,00) and
hi € L'(I; X72%(Q)), 7oL € Z9, (). (3.18)

Then (3.17) has a unique very weak solution vy € Z2,.(Q) in the sense that v,(0) =
Yor in Z3,() and the following variational equation

T T
/0 <0t")/L, Q>X72,S(Q)7X2,SI(Q) dt + /‘i/o <’}/L, Asl Q>LS(Q)7LS/(Q) dt

T
:/0 (hr, 0) x—2.5(0) x2 (@) At

holds for every o € L" (I; X>*(Q)). Moreover, there exists a constant ¢ > 0 inde-
pendent of v, hr, and ~or, such that

1vzllze,.@ < elllbrllor@x-2s) + oLl ze,. @}

In what follows, when the conditions (3.16) or (3.18) are referred in the context

of the linear system (2.4), then o, must be replaced by 6y

3.3. MPR rFor THE VIiscous BIHARMONIC HEAT EQUATION. We con-
tinue our discussion on the maximal parabolic regularity for the viscous biharmonic
heat equation. The function spaces for the initial data in the weak and very weak
formulations are given respectively by

Z3 Q) == (Wy(Q), X*9Q))1/m
ZqQ,T(Q) = (Lq(Q)7X27q(Q))1/r’,r-
In the current situation, the weak and very weak solutions will be taken in
Z7,(Q) = WH (I X3(Q), Wy ()
22,(Q) = W (1 X29(Q), L(Q).

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



WEAK AND VERY WEAK SOLUTIONS TO THE VIscous CHOB SYSTEM 15 / 64

Applying |9, Theorem I11.4.10.2| once more, we deduce the continuity of the embed-
dings Z2.(Q) — C(I; Z2,(Q)) and 22 (Q) — C(I; Z2,.(Q)). It is easy to see that
Z3 () = Z2.(Q) and Z? (Q) — Z7,.(Q). Additional embedding properties are
provided in the succeeding lemmas.

Lemma 3.8. For any q,r,s € (1,00), we have the continuous embeddings
Z%T(Q) — ZOSlT(Q) and Z2.(Q) — Z2.(Q). Similarly, Z}.(Q) — Z.,(Q) and
Z,,(Q) = Z;,(Q).

Proof. These follow immediately from the definition of real interpolation spaces and
the continuity of Wy (Q) < L*(Q) — W=1(Q), X>(Q) < X>2(Q) — W,*(Q),
LY(Q) — X 25(Q) and X*1(Q) — X12(Q) < L*(Q) by the Sobolev embedding
theorem. ]

Lemma 3.9. If ¢, € (1,00), then the continuous embeddings Z3.(Q) <
W3=2/m=34(Q) N W, 4(Q) and Z2.(Q) — W2=2/r=24(Q) hold for any & > 0.

Proof. By definition, we have Z3 (Q) — Wy(Q). Since X>9(Q) — W34(Q) and
Wy () — Wh4(Q), by invoking [64, Theorem 4.3.1] we have

Za,(Q) = (WH(Q), W)y, = Byl 17 (Q) = B2 (42)

where the right-hand side denotes a Besov space, see [64, Definition 4.2.1]. We
note that Bay2/"(Q) — W32/r=84(Q) for any § > 0 by [64, Remark 2.3.3/4]
and applying the extension property [64, Theorem 4.2.2]. This proves the first

continuous embedding. The second one can be established with the same argument.

O
Let us now consider the weak formulation for the viscous biharmonic heat equa-
tion.
Definition 3.10. Take a source function and an initial data that satisfy
oL € L'(I;W1(Q)), ¢oL € Z, ,(Q). (3.19)

A function ¢, € Z3,(Q) is called a weak solution of the following viscous biharmonic
heat equation

[ O(pr, — mTAGL) +meAy, — #% =or inQ, (3.20)

¢r=A¢, =0 on X, ¢1(0) = ¢or in,
if ¢1(0) = ¢or in Z;,(2) and the variational equation

T T
/ {(0cdr, P) La() Lo () + MTaq(Oedr, p)} Al + me/ aq(Ag@r, p) dt
0 0

€

T T
——mTQ/O (DLs P) L) L (@) dt:/o <0'Lap>W*17q(Q),W01’q/(Q)dt

holds for every p € L™ (I; Wg? (). &
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Theorem 3.11. Assume that q,r € (1,00) and (3.19) hold. Then the viscous
biharmonic equation (3.20) possesses a unique weak solution ¢y, € Zg}r(Q) and there
exists a constant ¢ > 0 independent of ¢, o, and ¢or, for which

loellzz, @ < cAllolleraw-ra@) + dorllzz, @ }-

Proof. We adapt the proof provided for the Stokes equation in [18] and utilize the
maximal regularity for linear parabolic equations. Let us introduce the following
isomorphism

B,:=1+mrA,: X*(Q) — L1(Q)

where A, is the Dirichlet Laplacian on L?(2). A simple algebraic calculation shows

that in the space £(X?*9(Q), L1(Q)) there holds
1

m272

AZ =

q

(B —2B,+1).

STEP 1. Extending the operator B,. Since B, : X*7(Q) — L7 () and its square
root B;,/ 2 Wy () — L7 () are isomorphisms, it follows that the dual operator

(B;,/ Y . L9(Q) — W14(Q) is also an isomorphism. Consider the linear operator
B Wy (Q) — W4(Q) defined by

{By: Py ooy wit' @) = /Q (¢p+m7Ve-Vp)dr V(4,p) € Wy () x Wy (Q).

This is an extension of the operator B, since By = B¢ for every ¢ € X24(0Q).

Moreover, it is an isomorphism because Bf = (B;,/ 2y By in Wy (€2), which can be

established using a standard density argument, see [18, Section 3| for the details.

STEP 2. FEuxistence of a weak solution. By the maximal parabolic regularity for the
heat equation, see for instance [23], given ¢, € L"(I; L)) and vor, € Z7,(Q2), the
abstract differential equation

€

Opr + — (Bgor, — 2¢1) =<, in L"(I; LI(Q)),

mr?

¥r(0) = oL in Z2,.(2),

admits a unique solution ¢ € Z;,,(Q). In addition, there exists a constant ¢ > 0
independent on ¢, <, and %y, such that

(3.21)

lellzz, @ < clllscllorrra@) + [Yorllzz, @) (3.22)

Suppose that o € L'(I;W1(Q)) and ¢op € Z7.(Q). Consider ¢y :=

B;/2(Bf;)*10L and 1o, = By ’¢or. Since B;/Q(BS)*1 : Wh(Q) — LYQ) and

By - X34(Q) — X29(Q) are isomorphisms, we obtain that ¢; € L7(I; LI()) and
tor, € B;/Q(Z;T(Q)) = 77 ,(Q), along with the estimates

sz llzr(rpa) < elloclloraw-ra@y,  [Yorllzz, @) < clldorllzz, - (3.23)

Let 1 be the solution to (3.21) corresponding to these data.  Applying
(B;/Z(Bg)*l)*l = Bc‘;Bq_l/2 to the differential equation and By */* to the initial data
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n (3.21), and by setting ¢y, := By € Z2.(Q), we have
8tB gbL + (B Bq¢L QBQ¢L) =0y n LT(I, Wﬁl’q(Q)),
¢1(0) = cbOL in 73 (Q).

Consider the isomorphism Af := (A;,/Q)’Aé/2 W 9(Q) — W14(Q). This opera-
tor satisfies A3 = -—(B¢ —I) and

(3.24)

€ 1 [§]
Aqu—m2 2(BB 2B, + 1),
with the latter equation taken as equality of isomorphisms from X39(2) onto

W=14(Q). Hence, for each p € L™ (I; W7 (), there holds almost everywhere in I
that

<B:;Bq¢L - 2Bq¢L7 IO>W_1,q(Q)/7W01»q/(Q) - m T aq( q¢L; ) <¢L7 p)LQ(Q)7Lq'(Q)'

Substituting this in (3.24) and then using the definition of B in the time deriva-
tive, we see that ¢ is a weak solution to (3.20). Moreover, from (3.22), (3.23), and
the definition of ¢, we obtain the stability estimate stated by the theorem.

STEP 3. Uniqueness of the weak solution. By linearity it suffices to show that we
have a trivial solution corresponding to the equation with zero source term o = 0
and initial data ¢or, = 0. Indeed, suppose that ¢ € Zg’ﬁ,(Q) is a weak solution to

such a system. Then, if we apply By '/ ZB_e to both sides of the differential equation

n (3.24), we observe that ¢ := 1/2¢L € Z2.(Q) is a solution to (3.21) with
¢, = 0 and ¢, = 0. By uniqueness of solution to (3.21), it follows that ¢, = 0,
and consequently, we get ¢y, = 0. O]

We also have the existence and uniqueness of very weak solutions to (3.20).
Theorem 3.12. Let q,r € (1,00) and suppose that
oL € L'(I; X729(9)), o € Z;,(Q). (3.25)
Then (3.20) has a unique very weak solution ¢r, € Z2.(Q) in the sense that ¢1(0) =
dor, in Z; () and for every p € L7 (I; X%9(Q))
T
/O {{0:dL. P) Loy, Lo (@) T MT(AYOPL, P) x—2.0() x20 (0 At

T
€
+m€/0 (Agdr, AgP) Lag)pe (o) At — / (DL, P) La(oy,ra (@) At

mT

T
= /O <O’L, p>X_2,q(Q),X2,q/(Q) dt.
Furthermore, there is a constant ¢ > 0 independent of ¢, o, and ¢or, for which

lorllzz, @ < clllowllrrx—2a@) + [Pzl z2, @ }-
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Proof. Note that the dual operator B, : LI(Q) — X~>9(Q) of By : X27(Q) —
L7 () is an isomorphism and is an extension of B, : X29(Q) — L9(£2). We then
proceed as in the proof of the preceding theorem, but now by applying B, to the
differential equation (3.24) with ¢, = (B},) "oy € L(I; L9(Q)) and o = ¢or €
Zqzvr(Q). The required very weak solution would then be ¢; = ;. Note that in
order to pass from the abstract differential equation to the variational equation in
the very weak formulation, we utilize the fact that

1
A;/Aq - W(BZ/B(] - QBq + I)
as isomorphisms from X?%9(Q) onto X ~24((Q2). O

As in the case of the Stokes operator, we have B;, = By and A;, = A¢ as isomor-

q
phisms from W, ?(Q) onto W~19(1).

Remark 3.13. Following the strategy in the succeeding subsection, one may drop
the linear term —5¢r, in (3.20). However, since the above form of the biharmonic
heat equation is sufficient to our analysis, we do not provide the details here.

3.4. MPR rOR THE LINEARIZED SYSTEM. Having established maximal par-
abolic regularity theorems for each of the components in the linear system (2.4), we
are now in position to establish the corresponding results for the coupled system.
The main idea is to treat the coupling terms as external sources.

Definition 3.14. Suppose that the source functions and the initial data satisfy the
conditions (3.1), (3.16), (3.19), and let

AL € L' (I; W, 9(Q)). (3.26)
A tuple (¢r, 0z, ur, uz) € Z2,(Q) x 2L (Q) x V1 (Q) x L' (I; Wy (Q)) is said to be

a weak solution to (2.4) provided that the initial condition (¢ (0),0.(0),ur(0)) =
(¢or, Oor, wor) holds in Z2 () x ZL (Q) x V, (), the variational equations

T T
(a) /0 {(0or, P)L2(Q) +mag(pr, p)} dt = /0 (oL, :0>W—1,q(Q),WOW’(Q) dt

T
(b) / {<at0La Q)W—I,S(Q)’Wolasl(ﬂ) - lh(at¢La Q)LZ(Q) + "ias(eLa Q)} dt
0

T
= /0 {(ag “ur, Q)L2(Q) + <hLv Q>W71,s(ﬂ),wolvs’(9)} dt

T

T
= /0 {((1¢r + 201)g, P) 20y + (f 1, P>X;1»P(Q),X};P’(Q)} dt

are satisfied for every p € L7(L,WIT(Q), o € L(LWI(Q), p €
L7 (I; X1 (Q)), and we have

ML :78t¢L—eA¢L _61¢L+ZCQL+/\L a.ce. Q (327)
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If f, € L"(I;W~1?(Q)), then we call p;, € W1 (I; EP(Q)) an associated pressure
if

(0L, @y s (w10 Wi 1w (@)

T
! V/o (2L, @) A = (pr AV @)y sy gy w12 0

T
= /0 {((041¢L + 0429L)97 Q)LQ(Q) + <fL7 Q>W*1»P(Q),Wé’p/(9)} dt

is satisfied by every @ € Wo' (I; W (Q)). &

Observe that one can view (3.27) as an equality in the space L"(1; W,*(€2)) when
g < s. On the left-hand side of the variational equation (a) and the right-hand sides
of (b) and (c), where we have the appearances of the L? inner product, we used the
fact that W14(Q) — WH(Q) — L?(Q) for every s > 1. In particular, we have in
(c) the equation

T T
/ (g + aobr)g, p) 2oy dt = / (Pof(c1dr + a2lr)g}, p) 2o dt
0 0

where we recall that Ps is the Leray-Helmholtz projector from L?(£2) onto L2(f2).
Although the velocities coincide for these two formulations, the associated pressures
will be different, see also Remark 3.17 below.

It will be advantageous to eliminate the linearized chemical potential py, in the
system (2.4) and to introduce the new variable v, := 6, — ;¢ along with the initial

data vor, := Oor, — lnoor- In this direction, we have the following equivalent linear
system
Oi(pr, — mTAGL) + m{eA2¢pr, + (81 — len) Agr — l.Ayp — AN} =07 in Q,
oL — kAL — kKlwA¢p = ag - ur + hy, in Q,
Oyur — vAup + Vpp = {(ag + aoly)odr + a0y }g + £ in Q,
divuy, =0 in Q,
o =A¢p =0, v =0, ur,=0 on X,
| 92(0) = dor, VL(0) =10, wr(0) =wugr in Q.
(3.28)

A similar definition of weak solutions to the equivalent linear system (3.28) can be
formulated as in Definition 3.14, but we leave the details to the reader for the precise
statements. In terms of the extended Dirichlet Laplacian and Stokes operator,
the differential equations in (3.28) is equivalent to the following abstract evolution
equations

(L +mTAbL) + meA; Agdr — m{(Br — leln) Agdr — [ AL} = 0 — mASAL
oL + KASYL + KlnASodr = ag -ur + hy
dur +vAjur = {(a1 + azly)dr + a2y tg + f1

The Laplace and Stokes operators in these equations have to be modified in the
context of very weak solutions.
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We wish is to establish maximal parabolic regularity theorems for (3.28). For
this, we shall proceed by gradually decreasing the order of spatial differentiability.
Let us start with the Hilbertian case, that is, p = ¢ = r = 2. For the meantime we
ignore the subscript L. The main tool is a classical theorem in [22] which we state
for the convenience of the reader.

Theorem 3.15. Let r € (1,00) and A : D(A) C H — H be a closed linear
operator on a Hilbert space H such that —A generates a strongly continuous analytic
semigroup on H. For each f € L"(I; H), the Cauchy problem

Oz+Az=f inL"(I;H),
2(0) =0 in H,
admits a unique solution z € WL (I; D(A), H). Moreover, there exists a constant
¢ > 0 independent on z and f such that
IZlwergpaymy < ellfllor - (3.29)

The aim is to apply this theorem to (3.28) with homogeneous initial conditions.
We introduce the Hilbert space H,, := X*2(Q) x L?(Q) x L2(Q) equipped with the
weighted inner product

(<¢7 e 'U,>, (77Z)7 n, ’U))"'Lw = w(¢7 ¢>X212(Q) + (77 n)LQ(Q) + (’U,, ’U)LE(Q)
where (¢, ) x22(q) = (B2¢, Bo¥) 12() and w > 0. Let us define the linear operator
A:D(A) C H, — #H, having the domain
D(A) = D(A3) x D(A3) x D(Ay) = X*2(Q) x X**(Q) x X2*(Q)
according to
meBy ' ASp — m(B1 — L) By ' Ao +mle By ' Agy
A(p,v,u) = KAy + Kkl Ay — ag - u . (3.30)
vAsu — Po{((oq + aoly)o + aoy)g}
Note that up to a constant factor, the principal term for the first component of A

is the Dirichlet Laplacian. Indeed, this component can be expressed solely in terms
of Ay using the identities

- 1 -
B2 1A2 — E(I - ([ +m7—A2) 1)

1
By'AZ = (mTAy — I+ (I +m7Ay)™h).

m272

Here, (I +m7A,)™! is a smoothing operator in the sense that it maps X*2(2) onto
X*t22(Q) for any s > 0. From these, we see that the map A is well-defined.

It is standard to show that —.A generates an analytic Cy-semigroup on H,, pro-
vided that w > 0 is small enough. Nevertheless, we present the proof in the Ap-
pendix for completeness, see Proposition 7.3. Translating this to the original linear
system (2.4) with vanishing initial data leads to the following theorem. For the
proof, we introduce the following strong solution space for the viscous biharmonic
heat equation

25,(Q) = W (I; X*2(Q), X**(Q)).
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Theorem 3.16. Let r € (1,00).  Suppose that op,hy, € L"(I;L*(Q)),
A\ € LX), fr € L'(LL(Q), oo = 0, b = 0, and ugr = 0.

Then the linear system (2.4) has a unique weak solution
(61,0, wr, 1) € 25,(Q) x 25,(Q) x V3,(Q) x L'(I; X**(Q)).

We have a unique associated pressure pr € LT(I;/V[?LQ(Q)). Moreover, there is a
constant ¢ > 0 independent on the solution and the source functions such that

||¢L||Z§7T(Q) + HQLHZ%,T(Q) +llucllvz @) + kel aixz2@) + 0Ll e @)
< clloclleraz@)y + 1helloraez@) + 1 Folliraez @) + AL Lraix22) }-
(3.31)
Proof. From the assumptions on o and \;, we have By'(op — As)\;) €
L(I; X?%(Q)) and
||BQ_1(O'L — AQAL)||L’I‘(I;X2,2(Q)) S C{HO-L”L’I‘(I;LQ(Q)) + ||)\L||LT(I;X2,2(Q))}. (332)

The analyticity of the Cy-semigroup generated by —.A (see Proposition 7.3) and
Theorem 3.15 imply that the Cauchy problem

Ou(pr, vu, ur) + A(PL, yu,ur) = (By (or — AoAL), hu, f 1)
with the homogeneous initial condition (¢ (0),7v.(0),u.(0)) = (0,0,0) admits a
unique solution (¢, vz, ur) € Z5,.(Q) x 23,.(Q) x V3 .(Q). Invoking the estimates
(3.32) and (3.29), we deduce that
HQSLHZQ{T(Q) + HVLHz;T(Q) + HUJL”v;T(Q)

< llocllerrz@) + 1heller ez + 1F ollorrz @) + ALl 2 x220) 3
(3.33)

By applying B to the first equation in the above Cauchy problem, we obtain that
(¢, 7L, uwr) satisfies the evolution equation associated to the linear system (3.28)
with zero initial conditions. Since Z3,(Q) < Z3,(Q), we have 6, := v + lh¢L €
Z3,.(Q), and by the triangle inequality

10222 @) < c{llvellzz, @ + l1ocllzs @)} (3.34)
Also, puz, defined by (3.27) is an element of L"(I; X*?(2)) and
el ixze@) < elloclza @ + 10l rasxz2@) + IALllrgixz2@) - (3.35)

Thus, (¢r, 01, ur, ) € Z3,(Q) x Z3,(Q) x V3 (Q) x L"(I; X**(€)) and it is the
weak solution to (2.4). The existence of the associated pressure p;, € L"(I; W”(Q))
is a consequence of de Rham’s Theorem, see for instance [61, Section IV.1.4], and
we have

92l < elluclvs @)+ lgllonllor oo
+ glllvellr ey + 1 FLllorasnz ) - (3.36)
Taking the sum of the estimates (3.33)—(3.36) leads to (3.31). O
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Remark 3.17. The preceding theorem is also walid when the condition
Fr € L3(I; LX(R)) is replaced by f; € L*(I;L*(%)). Indeed, the weak solu-
tion wy, is the same for source functions f; € L*(I;L*())) and its projection
P,f, € L*(I; L2()). However, the pressures would be different, that is, if py, is
the pressure corresponding to f;, then the pressure associated with Psf; would be

pr — mr, where m, € L"(I; W”(Q)) satisfies fr = Pof . + VL.

The remaining part of this section is concerned with the existence, uniqueness,
and stability of weak and very weak solutions to the linear system (2.4). Let us
start with weak solutions.

Theorem 3.18. Let p,q,s,7 € (1,00) where ¢ < s. Suppose that (3.1), (3.16),
(3.19) and (3.26) hold. Then the linear system (2.4) admits a unique weak solution

(¢r. 0, ur, 1) € 2,(Q) x Z,(Q) x V,,,(Q) x L' (I; Wy(%)).

If f, € L'(I;W™'2(Q)), then there is a unique associated pressure p; €

WL (I; IP(Q)). In addition, there exists a constant ¢ > 0 independent on the
solution, source functions, and initial data for which

1ozllz,.@ + 10zl 22, @) + llucllvy @) + kLl awir oy + IPLllw—1r 150
< c{ll¢orllzz, @) + 0ozl
AL rawto ) +

21, + worllvy ) + loclleraw-1aa)) (3.37)

\helloraw-re @) + 1 FLllrsw—re @) -

Proof. Following the argument in Theorem 3.16, we first consider the equivalent
linear system (3.28). From Lemma 3.8, note that v, = 0o, — oL € ZSI,T(Q) +
Z3.(Q) = Z;,(2).

STEP 1. FEuxistence. Consider the following linear system

[ Oi(d1 — mTAPy) + meA?py — #qﬁl =or +mAN, + ml. Ay, in Q,
O — KAy = hr, in @,
Ou; — vAu; + Vp = in Q, (3.38)
divu; =0 in Q,
¢p1=A01=0, n=0, u1=0 on X,

L 01(0) = dor, 71(0) = vz, w1(0) = uog in €.

Notice that the differential equations for w; and 7, are independent to each other,
while that of ¢; depends only on 7. From Theorem 3.2 and Theorem 3.6, we
infer that the Stokes and heat equations in this system have respective unique weak
solutions u; € V;VT(Q) and v, € Z;T(Q), and these enjoy the following estimates:

!\ul\lv;m) < C{HfLHLT(I;X;l’p(Q)) + HUOLHv;LT(Q)} (3.39)
oY 71, }- (3.40)

In addition, if f;, € L"(I; W1?(Q)), then we have a unique associated pressure
p1 € WLT(I; LP(R2)) satisfying

z1.@ < dllhelleraw—rs@) + [orl

||P1||w—1m(1;ip(g)) < C{“‘fLHLT(I;W*LP(Q)) + ||UOL||V})’T(Q)}' (3.41)

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



WEAK AND VERY WEAK SOLUTIONS TO THE VIscous CHOB SYSTEM 23 / 64

From the condition ¢ < s, we obtain Wol’s(Q) — W(}’q(9> and W=1(Q) —
W14(Q). Thus, mAX, + ml.Ay € L'(I; W(Q)) and

lmAX, + ml. Ay

Lr(Lw-ta@Q) < C{H/\LHLT(I;WOL"(Q)) + ||’71HLT(I;W01‘S(Q))}'

One can then use Theorem 3.11 to the viscous biharmonic heat equation in (3.38)
to obtain a unique weak solution ¢, € Z(ir(Q) that satisfies the estimate

IP1llz3,@ < clllox
+ H’Vl”Lr(J;W(}vS(Q)) + ||¢0L||Z3,T(Q)}- (3.42)

Let us define oy := —m(B1 — lcln) Apr — ~55¢1, f1 = ((o1 + aaly) 1 +azy1)g and
hi := klhyA¢1 + ag - uq, and consider the following linear system:

Lr(L;w=ta(@)) T ||)‘L||L*(I;W&’q(9>>

[ 002 — mTAGs) + m{eAs + (B1 — Icd) Adz — [ Ay} = 01 in Q,
Dvs — KA — KlAdy = ag - us + hy —
Oruy — vAuy + Vpy = Po{((a1 + azln)¢2 + com2)g} + 1 in @, (3.43)
div Uy = 0 n Q’
P2 =A¢=0, 7=0, u=0 on Z,
I $2(0) =0, 72(0) =0, ux(0)=0 n £

In virtue of the Sobolev embedding theorem W*(Q) — L*(Q) for any s > 1,
we deduce that oy € L'(I;W,%(Q)) — L'(I;L*Q)), hy € L'(I;W,9(Q)) +
L' (I;Wy?(Q)) = L™(I; L*(Q)) and f, € L"(I; L*(R)). Furthermore, the following
estimates hold

||01||LT(I;L2(Q)) < C||¢1||LT(I;X3#1(Q)) (3.44)
17l rzai)) < cllonllerxea@) + 1wl xir @)} (3.45)
”leLT(I;Lz(Q)) < C{||¢1||Lr(1;w(}»qm)) + ||71”LT(I;WOLS(Q))}- (3.46)

According to Theorem 3.16 and Remark 3.17, we have a unique weak solution
(2,72, u2) € Z3,(Q) x Z3,(Q) x V3,.(Q) to the system (3.43), and moreover, the

associated pressure satisfies po € L"(; W”(Q)) Based on the estimates (3.31) and
(3.44)(3.46), we deduce

||¢2||Z§{T(Q) + ||’72||222YT(Q) + ||U2||v§,T(Q) + |Ip2 Lr (I V12(Q))
< cf{l|os W)} (3.47)
The Sobolev embedding W12(Q) — L*(Q2) for any 1 < s < oo yields the following:
2,(Q) = 2,.(Q),  Z5,(Q) = 2,(Q), Vi.(Q) =V, (Q).  (348)

As a consequence, the sum (¢¥r,vr,ur) = (¥1,71,u1) + (a,72,us) lies in
Z3(Q) x ZL.(Q) x V,,(Q) and constitutes a weak solution to the equiva-
lent linear system (3.28). With regard to the associated pressure, we have
pL = p1+ pa € WIT(I; IP(Q)) since LT(I; WH2(Q)) < WL (I;LP(R)). From
(3.39)—(3.42), (3.47), and the triangle inequality, we obtain

rr(rxa) + Wil prxiey + I

locllzz, @ + ellzz, @ + llucllvz @) + IPLlly-1r 20 @)) <R (3.49)
where R represents the right-hand side of (3.37).
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Using the embedding Z7,(Q) < Z.,(Q) in the estimation of 6, = v, + l,¢L and
L7 (I; Wy *(Q)) < L™(I; Wy%(2)) for that of iy in (3.27), we obtain
10221, @ < clvellzr. @ + 9zllzz, @} (3.50)
||MLHLT(I;W0“(Q)) < C{HQSLHZ(?,T(Q) + ||9L||Lr(1;wg’5(g)) + ||)‘L’|Lr(1;wolv‘1(g))}- (3.51)
The inequalities (3.49)—(3.51) imply the estimate (3.37).
STEP 2. Uniqueness. Let us now establish the uniqueness of the weak solution to
(3.28). By linearity it is enough to prove that the solution of (3.28) with zero source

terms and initial data is trivial. Let (¢, v, wr,pr) be such a weak solution having
the regularity as stated by the theorem. First, consider the heat equation

DAL — KA = hy == kI, A¢L + ag -uy in Q,

3.52
YL =0 on X, 7,(0) =0 in Q. (3:52)

We have hy € L™(I; Wo () + L™(I; WeP(Q)) — L"(I; L*(Q)). The classical
maximal parabolic regularity theory for the heat equation with homogeneous Dirich-
let boundary condition imply that (3.52) has a weak solution 7, € Z3,(Q). From
the second embedding in (3.48), Theorem 3.6 and the uniqueness of solution to the
heat equation in the class Z;,.(Q), we have J, = 7.

By adapting a similar argument to the Stokes part of the linear system, we have
uy, € V3,.(Q) due to ((ag + azly)p+ azy)g € L"(I; L*(Q2)) and the third embedding
in (3.48). For the viscous biharmonic heat equation, we obtain that ¢, € Z3,(Q)
from ml Ay —m(By — lln) Adr — ¢ € L™(I; L*(Q)) and the first embedding in
(3.48). Here, we used the fact that v, € 23 .(Q).

We conclude that (¢, 77, w) must vanish according to the Theorem 3.16 since
¢r(0) = 0, v.(0) = 0 and w.(0) = 0. Thus, we also have Vp, = 0 almost
everywhere in @, so that py, is the zero element in W=7 (I; L (©)). This completes
the proof of uniqueness. O

Remark 3.19. It can be seen from the first step in the proof of the preceding theorem
that if [ = 0, then we can drop the condition q < s.

The definition of very weak solutions to (2.4) can be formulated as in the previous
subsections. We leave the details to the reader for this matter, see also the discussion
in the succeeding section.

Theorem 3.20. Suppose that p,q,s,r € (1,00) where ¢ < s. Let (3.9), (3.18),
(3.25) and

AL € L(1; L)) (3.53)
be satisfied. Then the linear system (2.4) has a unique very weak solution
(61,00, ur, 1) € ZS,T(Q) X ZS,T(Q) X Vg,r(Q) x L"(I; LU (2)).

In addition, if f; € L"(I; X >P(Q)) holds, then there exists a unique associated

pressure Py, € W_l’T(I;/W_l’p(Q)). Furthermore, for some constant ¢ > 0 indepen-
dent on the solution, source terms, and initial data, it holds that

1ozl 2z, + 10

20,.@ * lucllve @) + lucllerae@) + 0Ll -1 37100
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< c{ll¢orllzz, @) + 0oLl 20, @) + l[worllve () + llowllrax-29() (3.54)
+ I Azllerrray) + 1hellrax -2 @) + 1 F Ll e x -2 }-

Proof. Let us pursue the strategy presented in Theorem 3.18 and follow the nota-
tions there. Under the given hypotheses, the Stokes equation in (3.38) possesses a
very weak solution such that

lsllvs, o) < el Fellprxsrry + lollve, @} (3.55)
1Pl < AF Ll 2oy + luozllve @} (3.56)

thanks to Theorem 3.2, provided that f;, € L"(I; X *P(Q)) in the case of (3.56).
From Lemma 3.8 we see that vo, € Z;,(€2). Thus, Theorem 3.7 implies that the
heat equation in (3.38) possesses a very weak solution with

Il zo, @ < llbellzrx-250)) + orll 2o, }- (3.57)

We have X 25(Q) — X29(Q) since ¢ < s. Hence, mAN, + ml. Ay, €
L™(I; X~24(Q2)) and we get

[mAXL + mlc A || prx-2a0)) < ALl @2a9) + [I7ller @@ -

By Theorem 3.12 and the previous estimate, we conclude that the biharmonic heat
equation in (3.38) has a very weak solution such that

[¢1]l22,@ < clllocllorax-2a@) + ALllLr (15290
+ [Iller@see@y + 1Yol zz, @) }- (3.58)
We utilize the above information in the other linear system (3.43). Observe
that we have oy € L"([;LYQ)) — L (I;W=12(Q)), f, € L'(I;X>(Q)) +
LN(I; L) < L'(LW Q) and hy € L'(I;LY(Q)) + L"(I; L*(Q)) —
L™(I;W=12(2)). Invoking Theorem 3.18 with p = ¢ = s = 2, we see that (3.43) has
a weak solution satisfying the estimate

I62ll23 (@ + IMollzg. o + luzllug @) + P2l rzocan
< c{llenllraixza@) + lwillrpze) + Il @)} (3.59)

Due to the continuous embeddings Z3.(Q) — Z2,.(Q), Z,,(Q) — Z.(Q),
V), (Q) = V) .(Q) and W (I L(Q)) — W= (I; W-12(Q)), it follows that the

sum (Y, vz, wr) = (Y1, 71, w1) + (12, 72, u2) belongs to Zir(Q) X ZS,T(Q) X VS,T(Q)
and it is a very weak solution to the linear system (2.4) having the associated pres-

sure pr, = p1 + p2 € W (I /I/I7_17P(Q)). Moreover, (3.55)—(3.59) leads to

lollz2, @ + el
where R denotes the right-hand side of (3.54). The embeddings 272 ,.(Q) — 2?,.(Q)
and L7(I; L*(Q)) — L"(I; L9(Q)) yield
1021120, @) < cAllvzllzo. @ + I9cllz2, @ } (3.61)
lpellzrrrae) < Allocllzz, @ + 10ller ey + Azl zrr;ra@) }- (3.62)
From (3.60)—(3.62), we deduce (3.54).

20,(@ T ”uL”vgm(Q) + HpL”W*LT([;W*LP(Q)) <R (3.60)
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The uniqueness of the very weak solution can be established by following the
same method as in the second step in the proof of Theorem 3.18. U

4. WELL-POSEDNESS OF THE NONLINEAR SYSTEM

In this section, we prove the existence, uniqueness, and stability of weak and very
weak solutions to the nonlinear system (1.1). This section is divided into several
parts, namely, nonlinear estimates, definition of weak and very weak solutions to
(1.1), well-posedness of an auxiliary system that includes the nonlinear part (2.5),
and finally that of (1.1). Application to sources with values in the duals of some
Holder spaces will be presented at the end.

4.1. NONLINEAR ESTIMATES. The aim here is to establish the continuity of the
bilinear operators associated with the convection and surface tension terms. Let
S0, 561,52 € [1,00] be such that 5% + 51—1 + siz < 1. We define the trilinear forms

b: L*(Q) x L (Q) x W"2(Q) — R and b : L*(Q) x L**(Q) x W'2(Q) — R
according to

b(u,v,w) ::—/Q(u@)v):dea:

bognd) = = [ w- (uV0) do

foru € L*(Q), v € L (Q), w € WH2(Q), u € L*1(Q), and ¢ € W2(Q). One can
easily check that b and b are well-defined and bounded due to the Holder’s inequality.
Notice that the last argument for b and b contain the gradient. For time-dependent
functions, we have the following lemma, which follows from the Holder’s inequality
as well.

Lemma 4 1. Let s1,t1 € [1,00] and sg, 52, ¢, ta € (1,00) wzth -+ + ;< 1and
- 141 - L1 5 <1 Then the following bilinear operators

B : L™(I; L*(Q)) x L (I; L () — L2(I; W~1%2(Q))

C - LI L (Q)) x LY (15 L4(Q)) — L (1; W% ()

S L™(I; L°(Q)) x L=2(1; Wh(Q)) — L%(I; L*(Q))
defined respectively by

<B(u7 ’U), w>L‘/2([;W*1’5/2(Q)) Lr2(1; W1 52

0= ¥
T
<C(u, M)7 ¢>Lr/2 (I;W71,52( )) L2 I Wl 52 = /0 b , /,l/’
=

(S(k, 9), u>L‘6(1;L56(Q)) L¥o(I,L%0(Q))

are continuous.
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Based on the above definitions, we set div (u ® v) = B(u,v), div (pu) = C(u, p)
and uVo = —S(pu, ¢). In the forthcoming analysis, in particular to the estimation
of the time derivatives, we need the function spaces

X2 2(Q) = LI Wy () N LA(1; X*2())
Xy 2(Q) = L=(1; LA()) N LA (1; Wy *(92))
U 2(Q) == L>(I; L3 (Q)) N L*(1; X*(Q)).

The following lemma is concerned with some restrictions of the operators C', B,

and S. These will later play important roles in the Faedo—Galerkin method.

Lemma 4.2. Suppose that ¢ € (3,00) and s,p,r € [4,00). Then the following

bilinear operators are continuous .
B : [V, (Q) + UL 2(Q)] x [Vy,.(Q) + UL 2(Q)] — L*(I; W™2(Q2))
C: [V, (Q) + U 5(Q)] X [27,(Q) + X5 2(Q)] = L*(I;W13(Q))
S [L7(1; L)) + LA Wy ()] x [27,(Q) + XZ5(Q)] — LA(L; WH(Q)).
Proof. From the Gagliardo—Nirenberg and Holder inequalities

HUHL4(I;L4(Q)) < C{||U\|Loo(1;L§(Q))HU||L2(1;X3;2(Q))}

for each w € UL ,(Q). Thus, UL ,(Q) — LYI;L*Q)). Also, V) (Q) <
L*(I; L*()) since p,r > 4. The continuity of B with respect to the indicated
function spaces follows immediately from V) (Q) + UL, ,(Q) — L*(I; L*(Q2))
and Lemma 4.1 with s = s = t9 = vy = 4 and 59 = v9 = 2. In a similar
way, we have the continuity of C' with respect to the above function spaces since
20.(Q) + XL,(Q) = L'(I; L(%).

Let us show the continuity of S. First, we assume that % < ¢ < 2 and consider
four scenarios. Here, we use Lemma 4.1 in each case.

First, we have Z2.(Q) — L™(I;W>1(Q)) — L"(I; Wh/Z=9(Q)) from the
Sobolev embedding theorem. With sy = 2¢/(3¢ — 4), 51 = q, 52 = 2q/(2 — q),
to =2, and t; =t = r in Lemma 4.1, we see that

S: L'(I; L)) x 27 ,.(Q) — L*(I; L*“~9(q)) (4.1)

is continuous since s, = 2¢/(4 — q).

Using the Gagliardo—Nirenberg and Hoélder inequalities as before, we obtain the
continuous embedding X2 ,(Q) — L*(I;W'*(Q)). With the parameters s, =
4q/(3qg —4), 51 = q, 55 = 4, vg = 2, vy = r, and v5 = 4 in Lemma 4.1, we have
the continuity of

S L'(I; L)) x X2 5(Q) — L*(I; L*/0()) (4.2)

because s, = 4q/(4 + q).
From [9, Theorem I11.4.10.2] and Lemma 3.9 with 0 < § < 1, we have

22.(Q) = O(F Z2,(Q) = LW 59(Q)) — L (I WH(9).

Also, L*(I;W,*(Q)) — L*(I; L*/=1(Q)) by the Sobolev embedding theorem.
Hence, using the parameters s = 51 = 2¢/(¢ — 1), 55 = ¢q, tv = vy = 2, and
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ty = oo in Lemma 4.1, we deduce the continuity of
S L(LWe*(Q) x Z5,(Q) — LA(I; L @+D()) (4.3)
since s(, = 2¢q/(q + 1).

Finally, notice that L2(I;W,?*(Q)) < L*(I;L*Q)) and XZ,Q) —
LOO([, WI’Q(Q». Using 50 — 4, 51 = 4, $9 = 2, T = 1 = 2, and Ty = OO in
Lemma 4.1, we obtain the continuity of

S (LW () x X2 ,(Q) — LA(I; LY*(92)). (4.4)

Invoking the continuity of the S provided by (4.1)—(4.4), along with the definition
of the norm for the sum of Banach spaces and L?(I; L*(Q)) — L*(I; W~ 1%(Q)) for
any s € (1,00), we obtain the continuity of the bilinear operator S under the
function spaces stated by the lemma.

Now for the case ¢ > 2, we just need to use the continuous embeddings
L™(I; L(Q)) = L"(I; L7 (Q)) and Z2,(Q) — 2% .(Q) for a ¢* € (3,2), and apply
the above result. [l

Corollary 4.3. Let ¢ € (1,00), s,p € [5,00), and r € [4,00). Then the following
bilinear operators are continuous

B : [V, (Q) + U (Q)] x [V,.(Q) + U »(Q)] = L*(I; W (1))
C: [V,,(Q) + U 2(Q)] X [2,,(Q) + X n(Q)] = LA W1(Q))
S (L7 (L Wy () + LA(L Wy ()] % [25,(Q) + X% 5(Q)] = LAL W H%(Q)).

Proof. The assumptions on p, s, and ¢ give us, due to the Sobolev embedding
theorem, the following continuous embeddings:

vzl),r(Q) — VZ,T(Q)J Zsl,r<Q) — Z‘?,T‘(Q)J (45)

2;.(Q) = 25,(Q), W () = L*(Q). (4.6)

We obtain the corollary by simply applying Lemma 4.2 with ¢ = 2 and s = p = 4.
O

The next lemma will imply the continuity of the cubic function F' that appears
in the equation for the chemical potential.

Lemma 4.4. Let q € (%,oo), r € [4,00), and k be a positive integer. Then

¢1--- o € L3I, W012(Q)) for every ¢1,...,¢r € Z;T(Q) + X;Q(Q) Moreover,
there exists a constant ¢, > 0 independent on ¢1,. .., ¢, such that

161+ Dl 2wz () < lldrllzz, @+az 4@ - 110kl 22, @22 L@

Proof. Since Z2,(Q) + X2 ,(Q) — L*(I;W,*(Q)), we may assume that k > 1.

Taking 0 < § < ?"é—;‘l and using 7 > 4, we have (2— 2 —§)g > (£ —6)¢ > 2, and thus

23,(Q) = L=(IW22r=09(Q)) — L¥(I; L*(Q))

by Lemma 3.9 and the Sobolev embedding. Likewise, X2 ,(Q) < L>(I; L*(£2)) for
any s € [1,00). Hence, Z} (Q) + X2 ,(Q) — L**(I; L*(Q)) and by the Hélder’s
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inequality
o1~ drllree) < No1llzarren ) - N0kl Lon ;220 )
< cllorllzz @raz @ I9kllz2, @2 @)
We compute the gradient by the product rule, so that

k
V(pr---dn) = Z¢1 Q1041 RV ;.
j=1

Note that Z2,(Q) + X2 ,(Q) — L*(I; W(Q)) n L>=(I; L**~1(Q)). Thus, by ap-
plying Holder’s inequality to the latter equation, one has

k
||V(q§1 T ¢k)||L2(1;L2(Q)) < Z ||V¢j”L2(1;L4(Q)) H ||¢l||L°o(1;L4(k—1>(Q))
Jj=1 I#j

< allillzz, @+az @ 19l 22, @422 L@

Combining this with the earlier estimate establishes the lemma. 0

The first statement of the succeeding corollary follows immediately from Lemma
4.4, while the second is a result of the first and the embedding 27 (Q) — 23 ,.(Q)
for ¢ € (1,00).

Corollary 4.5. Let ¢ € (3,00) and r € [4,00). Then the map F : Z2 (Q) +
X2 5(Q) = L2(I; Wy 2(Q)) defined by F(¢) = Bo¢® — 16 is continuous and there is
a constant ¢ > 0 such that for every ¢ € 22 (Q) + X2 ,(Q), we have

HF(¢)HL2(I;W01’2(Q)) < C{H¢H237T(Q)+X3072(Q) + H¢H2§7T(Q)+X§OJ(Q)}'

If g € (1,00) and r € [4,00), then F : Z2.(Q) + X2,(Q) — LA(I;Wy*(Q)) is
continuous and there exists a constant ¢ > 0 such that for every ¢ € ZST(Q) +
X2 ,5(Q), it holds that

IO 2wz < Alldllzs (raz @ + 1922, @+22 @)}

4.2. DEFINITIONS OF WEAK AND VERY WEAK SOLUTIONS TO THE NON-
LINEAR SYSTEM. Let us begin with the definition of weak solutions to the non-
linear system (1.1). We consider the following assumption:

1<qg<?2, §§87p<2, 4<r<oo, gq<s. (4.7)
For the regularity of the source functions, we shall take the following:
o€ L'(L;W=H9(Q)) + L*(I; W=12(Q2)),
he L"(I;W=15(Q)) + L*(I; W~12(Q)),
ferL(Lwr(Q) + L(LW(Q),
A€ LT(I; Wy () + L2(1; Wy * ().
As for the initial data, we consider
b0 € Zg () + X>2(Q), b€ Z, () +LX(Q), wu eV, (Q)+LiQ). (49)

(4.8)
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These conditions include the situation where a Hilbert space framework can be used,
by simply taking the first components in the above sums to be zero.

Definition 4.6. Suppose that (4.7) is satisfied. A tuple (¢, 0, u, 1) having compo-
nents ¢ € 23 (Q) + 25,(Q), 0 € 2,,(Q) + 25,(Q), u € V,,,(Q) + V3,(Q) and
we L (I; VVO1 q( )) + L2(I; Wy ?(Q)) is called a weak solution to (1.1) if the initial
condition (¢ ( ),6(0),u(0)) = (¢, 00, 1) holds in [Zg,T(Q) + X22(Q)] x [Z;T(Q) +
L2(Q)] x [V! () + L%(Q)], the following variational equations

p,T

v
T
/0 {(at¢7 p)LQ(Q) +b<u7¢7 p) +maq(,uap)}dt = \/0 <U P)W La(Q),W. 1q Q) dt
T
/O {<at07 Q>W—1’S(Q),W01’S/(Q) - lh<at¢7 Q)L2(Q)} dt
T
+/ {b(u,0 — w9, 0) + kas(0, 0) — (g - u, 0) 1210 } dt
Or
= A <h7 Q>W—1aS(Q),WOI’SI(Q) dt
T
/ {(Oyu, p) xotr ) xi @) T b(u,u, p) +rva,(u,p)}dt

/ { g p L% (Q Kb(pa - lce’ ¢) + <.f’ p>X;1’p(Q),X},’p/(Q)} de
hold for every test functions p € L7(LWer?(Q)) N LAL;WEA(Q), o €
L7 (I Wy () N LA W (), p € L7 (1; X7 () N LA(1; X 1*()), and
p="10p—eAp+ F(p)+1.0+ )\ ae. Q. (4.10)

A function p € P .(Q) := W (I; LP(Q)) + WL2(I; L2(Q)) is called an associ-
ated pressure if the fourth equation in (1.1) is satisfied in W=7 (I; WW=1P(Q)) +
W=L2(1; W=12(Q)), that is, we have

T
(O, @)y1 @y 1. (@ * /0 {b(u,u, ) +vay(u, )} dt — (p,div o)pr (@) .71, @)

T
= /[) {(£<¢7 0)97 Q)L2(Q) - Kb(Q? ¢a = lcg) + <.f7 Q>W_1’p(Q),W(1)’p/(Q)} dt

for every @ € V1,(Q) == Wo™ (I, Wi () 0 Wi (1 Wi A(). o

Let us give some comments in the above definition. The duality pairings in the
above variational equations are meaningful. We consider the right-hand side of (a)
as an illustration. From the duality properties between the sum and intersection of
reflexive Banach spaces, we obtain

(L7 (I Wo ™ (2)) N LA(L W () = LT (LW () + LW ().

I;
Given p € L (I; Wa? () N L2(1; Wa(2)), we have p(t) e Wr(Q) for almost
every t € I. Also, o(t) € W=H(Q) + W12(Q) = W14(Q) for almost every ¢t € T
since ¢ < 2. Thus,

(9 P) (i =va(ey w1200, L (W @)L W )
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T
- /0 <U7 p>W—1"1(Q),W01’q/ (Q) dt

The other bilinear terms in (a)—(c) can be dealt with a similar reasoning.
Next, we justify that the trilinear terms in (a)—(c) are also well-defined. First,
note that

b(u7 ¢7 p) = <O(u7 ¢)7 p>w—1,2(9)7W01,2(Q)

is integrable over I thanks to Corollary 4.3 and the embeddings Vé,Q(Q) — leioQ(Q),
23 .(Q) = 2;,(Q), and Z3,(Q) — X2 ,(Q). Second, by using the same argument
along with Z3,(Q) — X ,(Q), the following convection terms

b(“’) 0 — lh¢7 Q) = < ( lh¢) >W 1.2(Q), WOLZ(Q)
b(u,u, p) = (B(u, U)7 p>W_172(Q),W(1)’2(Q)

are integrable over I. Finally, the trilinear term

b(p, = 10,0) = (S(9, = 10), Pyy—12(0) w2
associated with the surface tension is also integrable over I thanks to the continuity
of the embedding Z2,(Q) + 23 ,(Q) — L"(I; Wy '(Q)) + L*(1; Wy* () since g < s.
Furthermore, the equation for the chemical potential given by (4.10) can be taken
as equality in the function space L"(I; Wy(Q)) + L*(I; W,*(€)) by Corollary 4.5.
We now turn to the definition of very weak solutions to (1.1). In this case, we
take source functions such that
o€ L'(I; X~29Q)) + L*(I; W~12(Q)),
he L"(I; X725(Q)) + L*(I[; W=13(QQ)),
feL(L;X20(Q) + LX(LW2(Q),
A€ LM(1; L9(Q) + L (1; Wy (),

(4.11)

and initial data for which
b0 € Zg () + X>2(Q), b€ Z0,()+ L), woeV, (Q)+LAQ). (4.12)

Compared to that of the weak solutions, observe that the main differences are the
first components in the sums. These are in fact the function spaces corresponding to
the linearized system. The definition of very weak solutions to the nonlinear system
(1.1) can be adapted as in the previous section. Nevertheless, we present the precise
formulation here for the sake of clarity and completeness, in particular, to those
nonlinear terms corresponding to convection and surface tension. In this direction,
the following assumption will be considered

4
§<q<oo, 4<s,pr<oo, q<s. (4.13)

Definition 4.7. Let (4.13) be satisfied. We say that (¢, 60, u, u) having the com-
ponents ¢ € Z7,(Q) + 23,(Q), 0 € 27,(Q) + 235(Q), u € V, (Q) + V,,(Q) and
p € LM (I; LUQ))+ L2 (1; Wy 2()) a very weak solution to (1.1) if (¢(0), 8(0), w(0)) =
(60, B0, wo) holds in [Z2,.(2) + X22(Q)] x [22,(Q) + L*(Q)] x [V .(Q) + L2()], the
following variational equations
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T
/0 {019, P) La(y L @) + 0w, &, p) — M, Ap) paiqy ra @)} At
T

:/ (o, p)X*Zq(Q),X?»q’(Q) dt
0

T
/0 (040, 0) x-2(@) x2.7 (@) = 1(0:®, 0) L), ()}
T
T / {b(14,0 — 6, 0) — 50, A6) oy 1) — (09 1 ) oy}
0

T
:/ (h, 0) x-2.0(0) x2 (0} At
0

T
A {<atu7 p>X;2’p(Q),X§’p/(Q) + b<u7 u, p) - I/<'U/, Pp'Ap> Q),LE (Q)} dt
T
= /0 {<€(¢> 9)97 p>Lq(Q)7Lq,(Q) - ’Cb(p7 n—= lcea ¢)} dt
/ <f p> —217 Q)XQP )dt

are satisfied by any test functions p € L"(I;X>7(Q)) N L*(I;Wy?*(Q)),
0 € L(LX*(Q) N LALWe*Q), p o€ L(IXZ7(Q) N LA X,%(Q),
and (4.10) holds. Also, p € P (Q) = W' (I; W-Lr(Q)) + W-L2(I; L*(Q))
is called an associated pressure if the fourth equation in (1.1) is satisfied in

W= (LW=22(Q)) + WL2(1; W—12(Q)), that is, the equation

T
(Orw, @)yo, @rye, (@ T / {b(u, u, @) = v(u, AQ) (g 1 (o)} A1
— (p,div o)pg, (@),P8,. (@ —/ {{(0.0)9, €) () v () — Kb(@: &, 10— 1c0)} dt
T
+/0 <.f7 Q>W—2’p(ﬂ),W3’p/(Q) dt

holds for every @ € V9 (Q) := W (1 WEP () N WEA(I; WE2(K2). &

By arguing as in the case of the weak solutions, each term in the above variational
equations is well-defined. In particular, due to Lemma 4.2 and Corollary 4.5, the
nonlinear terms are meaningful.

Remark 4.8. A weak solution in the sense of Definition 4.6 is also a very weak
solution in the sense of Definition 4.7. This follows immediately from the contin-
uous embeddings (4.5) and (4.6). For the associated pressure, we use the fact that

LP(Q) — W=LP(Q) — W-14(Q) for p > 4.

4.3. WELL-POSEDNESS OF AN AUXILIARY PDE SysSTEM. To accommodate
the analysis both for the existence and uniqueness of weak solutions to the nonlinear
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part (2.5), we consider the following auxiliary PDE system:

Do + xdiv (dxun) + div (oyat) + div (puy) — mApy =& in Q,
pn = TOhoN — Dby + X(F(6+ dn) — F(9)) + G(9)dn + 1y + A in Q,
Oy — Oppn + xdiv (O — Ingw)un) + div ((On — o) u)

+div ((0 — lhp)uy) — KAON = ag -uny + h in @,
drun + xdiv (uy @ uy) + div (uy @ u) + div (u @ uy)

— VA’U/N + VPN = X’C(MN — lcth)vng + IC(,E — lCQ)ngN

+ Ky — 1ON)Vo+ Udn. On)g + f in @,
divuy =0 in Q,
oy =AQApny =0, Oy=0, uy=0 on X,

| on(0) = o, On(0) =bOon, un(0) =uon in €,
(4.14)

where y > 0 and G(¢) is a polynomial of degree at most 2, that is, G(¢) = x1¢* +
X2¢ + x3 with x1, x2, x3 € R. This auxiliary system also appears later in the proof
of smoothness of the operator that maps the source functions and the initial data
to the weak or very weak solution. In (4.14), (¢, 0N, un, iy, pn) is the unknown

vector function, while the components of (¢, 8, u, i) are called the frozen coefficients.
These coefficients will correspond to the solution of the linear part (2.4).

We now proceed with a classical spectral Faedo—Galerkin method for the well-
posedness of (4.14). To this end, let {w;}32, C X2*(Q) and {p;}52, C X>*(Q2) be
orthonormal bases for L2(Q) and L?(Q) that consist of eigenfunctions of the Stokes
operator A, and the Dirichlet Laplacian A,, respectively. The existence of such bases
is guaranteed from the fact that A, : X2*(Q) — L2(Q) and A, : X>2(Q) — L*(Q)
are positive operators, respectively, having compact resolvents.

Denote by W and Ry the linear spans of {w;}_, and {p;}¥_,, respectively.
Define the orthogonal projections IT, : L2(Q) — W, and P, : L?(Q2) — Ry by

k k
Maw =) (ww)izou;, Fw=) (90w

j=1 j=1

Note that IT), € L(W, X1*(Q)) and P, € L(Ry, W,*(€2)), and hence for the duals
we have IT), € L(X*(Q), W) and P] € L(W~12(Q), R;). Here, we have identified
the duals of the finite-dimensional spaces W, and R;, with themselves.

Theorem 4.9. Let (4.13) be satisfied and suppose that we have source functions
5 he LA(I;W-12(Q)), f e LALW12(Q), X € LA(I; W)(Q)), and initial data
don € X22Q), oy € L3(Q), uony € L2(Q) in (4.14). Moreover, suppose that
the frozen coefficients satisfy ¢ € Z2.(Q) + X2 ,(Q), 0 c 20.(Q)+ XL ,(Q), u e
V) (Q)+UL (Q) and [t € L(I; LU(Q))+ L*(I; Wy?(Q)). Then (4.14) has a unique
weak solution

(&, On, un, ) € Z55(Q) X 25,5(Q) X V3,5(Q) x LP(I; Wy™*(%)). (4.15)
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Furthermore, there is a unique associated pressure py € W L2(I; EQ(Q)) and a
continuous and monotone increasing function € : [0,00) — [0,00), depending con-
tinuously on the norms of the frozen coefficients but not on the source functions,
initial data, and weak solution, for which €(0) =0 and

H¢NHZ§,2(Q) + ||6N||ZQ{2(Q) + HUN”v;z(Q) + ||MN||L2(I;W&’2(Q)) + HpNHW—L?(I;EQ(Q))
< C([|pon|lx22(0) + [|0on |l z2@) + [[won L2 ) + 0] L2rw-12(0) (4.16)
+ ||>\||L21W12 s+ IRl 2w 2@ + 1 F | 2aw-12gy) + laog))-

Proof. We follow the demonstration given in [54] and divide the proof into 4 steps:
discretization, a priori estimates, passage to limit, and uniqueness. The derivation
of the a priori estimates is more involved due to the limited regularity of the frozen
coefficients. In the proof, € : [0,00) — [0,00) will denote a generic monotone
increasing and continuous function such that € (0) = 0.

STEP 1. Discretization. Given a positive integer k, consider the projected initial
data ¢gonr = Prdon € Ri, bonve = Prbon € Ry, uonk = IHpuoy € Wy, and the
ansatz

t) = Z ar(t)ps,  Ok(t) = Z%j(t)pj, u(t) = Z Bri(t)wy,

where ay;, Brj, ;g € WH(I) for j = 1,...,k, to the following finite-dimensional
approximation of (4.14):
[ 9w+ PLIXC(ur, é1) + C(@, d) + C(uy, ¢)] +mAgpuy, = PG
i =m0k + eAati + PulX(F (6 + ¢) — F(0)) + G()én + N + Lk
00 — i + PLXC (wr, O — ladie) + C(@, 0, — luo) + Clu, 0 — 10)]
+ kA0, = Pllag - uy, + h]
Oruy, + Hk[ng(uk, up) + B(w, up) + B(ug, w)] + vAsu = IT, [(( ¢y, 0r)g]
+IT,[f — xKS(pr — 1O, 1) — S (1 — 10, dn) — KS (s, — 1O, 0)]
| 01(0) = donk, 0k(0) € Oong, uir(0) = wonk.

(4.17)

The first three equations are to be understood in the function space L*(I; Ry),
while the fourth equation in L*(I; W},). From the Cauchy-Lipschitz Theorem, this
system has a unique maximal solution with components ¢, py, Op € WH2(Iy; Ry)
and u;, € WH2(Iy; Wy,) for some time interval I, = (0,¢;) with 0 < ¢, < T. The
a priori estimates that we will derive along with a standard continuation argument
will show that I, = I for each k.

STEP 2. A priori estimates. This is the bulk of the proof. For clarity we derive
these estimates in several steps, with the corresponding result in bullets.

o L®(I; Wy (Q)) N LA(I; X>2())-estimate for ¢p,. Taking ¢y (t) as a test function
in the first equation in (4.17), using b(xur + @, ¢x, ¢x) = 0 and integrating by parts
for the term involving uy, we get

1d ~
5 dt||¢k”L2 (@) + bWk, B, &) = m(pu, Ady) 120 + (7, k) w-r2@wirg)  (418)
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The trilinear term can be estimated by Holder’s inequality and W,*(Q) < L*(Q)
as follows:

1b(wh, & 0)| < el 2oy | Dll o) IV Lo
< c{lluellzz o) + ||¢||W14 1Bkl 12 0 - (4.19)

For the first term on right-hand side in (4.18), we use the equation for yu given
by the second equation in (4.17) and integrate by parts to obtain

mt d

m(uk, Aqbk)p(g) = —TdtHVqékHLz me||Agbk||L2 + m(l 6’k + )\ Agbk)LQ(Q)

+m(x(F (¢ + ¢x) — F(9)) + G(d)n, Adr)r2(0)- (4.20)

For the second term on the right-hand side of (4.18), we have
(G ) w1200y wiz ey < llolfy-12) + ||¢k||%4,01,2(9)}~ (4.21)
Applying Young’s inequality to the third term on the right-hand side of (4.20) yields
(I + X Adw) 2] < 8| Awl[Za(q) + cslllOk T2y + X720} (4.22)

In what follows, ¢ will denote a positive constant, taken to be sufficiently small.
Expanding the cubic term in F'(¢ + ¢5) and rearranging the terms yield

X(F (b + dx) — F(9)) + G()
= XBod} + 3xodd} + [G(9) + 3xBod® — XBidn-

Using Green’s identity and the Holder and Young inequalities, one has

m(xBody, Adr)r2(0) = — 3mXﬁo||¢kV¢k||2Lz(g) (4.23)
Im([G(6) + 3xBod® — XBilér, Ady) 20l
< 01 AGkl a0y + cslllolEsia) + MGkl 12 - (4.24)

In the last inequality we used the assumption that G is a quadratic form. Integrating
by parts, using Holder’s inequality and invoking the embeddings I/VO1 Q) = L®(Q)
and Wy ?(Q) < L*(Q), we have

[m(3XBedt: Ade) 20|

< mxBo{6] (6 V b OV k) p2(ey| + 31(@xV ks V) 2|}

< mxBo{6l| o Vorl| L2y 0]l oo (@) IV bkl L2 + 3110k Vrll 2 198l ooy | VDl Lo }
< mxBolléx Vol g2 + clldllz, 14 ||¢k||?,vgy2(9)- (4.25)

Define J; := H¢H€V14 + H¢H ) + 1. Note that J; € LY(I) since 22 .(Q) +
O )
A2 ,(Q) — L(I; Lﬁ(Q)) N LA(I; W014(Q)) for any 1 < s < co. In particular, we
have

1l < €Il 22, @22 2@ + 1) (4.26)
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Here, % is a continuous function as described from the beginning of the proof. Now,
by plugging the estimates (4.19)—(4.25) in (4.18), it follows that

2dt{”¢k”L2 +mT|VerlZa) + (me — 20) | Ak 720

+2mxBoll oV il T2y < es{llFliv-1200) + IMZ20)} (4.27)
b s {l0n 21 + 100l + sl 22 0}
o L2(I; L*(Q))-estimate for Oypy, and L*(I; W, 2(Q))-estimate for puy,. Applying the

test function py(t) on the first equation in the approximate system (4.17) and using
the antisymmetry of b with respect to its second and third arguments, we get

(OrPrs i) L2(2) — XO(Wr, e, P1) + b(W, Dre, piie) + (g, @, pur)
+ m||vﬂk|’2L2(Q) = (0, Nk>W—1»2(Q),W01’2(Q)' (4.28)
From the Poincaré inequality, we can estimate the right-hand side by
15, s < ONVilda + cololhray (429

For the second trilinear term in (4.28) we use W, 2(9) — L) and for the third
we apply Wy (Q) <= L=(Q), so that

6, b 10| < 18l o el o) | Vel 2o
< OV k3 + Call gyl Bl 20 (4.30)
(s, G 10| < el g0 192 @) | Ve 2oy
< 811V el gy + a9l 100 il (4.31)

Now, by taking the L?-inner product of ux and 0;¢y, one has the equation
(Mkaat¢k)L2(Q = T”at¢k||L2 Q) +5 5 dt||v¢kHL2(Q)

+ (X(F(Cb + Cbk) — F(qb)) + (gb)qbk, at¢k)L2(Q) + (lcgk + X, at¢k)L2(Q). (4.32)

By Young’s inequality the last term on the right-hand side of (4.32) can be estimated
by

(Ll + X, D) 20| < 6110wl 7y + clllOk 2y + N2 }- (4.33)

On the other hand, for the term 1nvolv1ng F and G in (4.32), we can adapt the
methods presented in the previous step to deduce the following bound from below

(X(F(+ 1) — F(0)) + G() bk, 0udn) r2(0y)|

Xﬁo
> X2 Zll6el ) — 010iullZaqe) — eshi{xBollullLsey + I9n]%1 20 -

(4.34)
Thus, upon substitution of (4.29)-(4.34) in (4.28), we obtain

26V 0y + B0l + (7~ 20D

+ (m = 30) | Vitel 320y < el lF 15120y + 1A 20} + XD(utw, i 84)
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+ cs T {XBollGrll 1y + H¢7€“12/VOLQ(Q) + 101172y + HukHig(Q)} (4.35)

where Jo := Ji + |[u|3, (- Note that J, € LY(I) since V) (Q) + UL ,(Q) —
LA(I; L*(Q)), and in particular,

[allray < il +Clullve, @1, @) (4.36)

o L®(I; L*(Q))NLA(I; Wy *(Q))-estimate for 0),. Choosing 0 (t) as a test function in
the third equation of the approximate system (4.17) and using b(xux+u, Ok, 0x) =0
give us

HekHLz + xInb(u, Ok, dr) — hb(w, ¢, Oi) + b(uk, — I, Or)
+ /{HV&kHig(Q) = (ag - U + lhé?td)k, ek)LQ(Q) + <h,, 9k>W*1v2(Q),W01’2(Q)' (437)

By the Cauchy—Schwarz inequality, we can estimate the terms on right-hand side
by

2dt

[ (B, Ok )y Ly wi2(e)) < 5HV91<:”L2 + cs|[ Bl - 1.2(Q) (4.38)
|(ag - wr + WOuBx, Ok 12| < 0110720y + co{llOllZao) + luallzz )} (4:39)
For the last two trilinear terms in (4.37), we estimate as follows:

[nb(w, @r, Or)| < Wllwllpao) 10kl 2@ VOl L2(0)

< 5||V‘9kH2L2(Q + 05”{”‘&,4(9)||¢k||?/{/&v2(g) (4.40)
1/2 1/2 s Y
a8 — 106 60) | < elluasl| 2 11Vl 2 16 — g [ Bl 2

< 6HV916HL2(Q) + 5HV'U4€||3:2(Q)2 + 05{|\0Hi4(g) + H¢Hi4(9)}Huk||2L?(Q) (4.41)
where we used the Gagliardo-Nirenberg inequality in the second trilinear term.
Let Js := [|¢]|] L) T ||8|| a@) t ||u||L4(Q) + 1. Then, we have J3 € L'(I) and
[ T3]l L1y < (5(||¢||zg,r(c2)+xgo,2(@) + ||‘9||29,T(Q)+X;o,2(c;> +1wllve @ru @ + 1)
(4.42)

Thus, plugging the inequalities (4.38)—(4.41) into (4.37), we obtain the estimate
sy + (5~ 201V 30y — 31043y — SVl (4.43)
< esl|hllfyr o) + cs a0kl ne g + 10kl 72y + lwrllF 2o} — Xlub(u, 6x, d).

o L=(I; L%(Q)) N L(I; X1*(Q))-estimate for uy. Testing the fourth equation in
the system (4.17) by ug(t) leads to the following equation

1d
2 dt

= ( (¢k> ek)g> uk)L2(Q) + <f7 uk’)wfl 2(Q),W wbh Q(Q) (444)
— Kb (g, iy, — LBk, Pr) — Kb(wy, i — 1., 1) + Kb(wy, &, jix — 161

”ukHLz(Q + b(uk, u uk) + l/”vukHLQ(Q
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where we used b(yuy + w0, ug, ug) = 0. By the Cauchy—Schwartz inequality

(F kw12 wize)] < SIVURllF2qp + csll Flify-120) (4.45)
|(£(¢k7‘9k)gauk)L2( | < c{loogl® + \chklle(Q) + 10k 220y + lurlzz gy} (4.46)

Here, we recall that (¢, 0r)g = (o + a1¢r + a20k)g. The trilinear term on the
left-hand side of (4.44) is bounded from above by

~ 1/2 3/2 |~
b, @ )| < ][22y [V 22 [l 1
< 5||vuk||3:2(9)2 + Cé”“”iﬂg)nuk”ig(g)- (4.47)

The estimation of the second trilinear term in (4.44) is more delicate. In this direc-
tion, consider an arbitrary representation f@ = iy, + iy, where iy, € L"(I; L9(Q2)) and
fiv € LA(I; Wy?(2)). We write b(wy, fi— Lo, ¢) = b(wy, fir, dr) +b(wr, fiy — 18, dr)
and estimate the terms on the right-hand side. Using Wy*(Q) < L*/®7Y(Q) and
the Holder and Gagliardo-Nirenberg inequalities, we have

[KCb(uy, fir, dr)| < C||uk||L4q/<3q—4> ||l7L||Lq Q) HV%HUL Q)
< el Vaurllp2qope el o IV el oo | Adll g (4.48)
< 0IVurllz2(p + Ol Akl 72 + Ca||uL||Lq<mH¢kHW1 2
KCh(u, fin — 10, ¢1,)| < cllug | o llan =1 9HL4(Q)HV¢1€HL2
< cllenll 2t IV oo i = 1Bl (o |05 2 mrmmniéim
< O VurllFeqe + 0llAG 720
+ Ca{||MN||L4(Q) + ||9||L4(Q)}{||¢>k||€vol,2(g) + ||Uk||2L§(Q)}- (4.49)
Finally, the remaining trilinear term in (4.44) satisfies

Kb, 6, i = LeOi)| < llaagl| ey |9l o= |V s = 1) 2

< B0 ey + BTy + s ey (450)
Utilizing the estimates (4.45)—(4.50) in (4.44) and by setting Jy := ||1~L||4L4(Q) +
ey + I 21y + 1B+ 1311y + 1. we obtain
1d

—lwkllzz o) + (v = 40) [ Vurl 72 )2 — 20/ Akl 72

IV Ry — IVl < csllong® + [ F o)

+ s Ta{ll6xlly22 ) + 110k 1720) + 1wl 2 o)} — XKb(wr, i — lebr, 6x). (4.51)
Furthermore, J; € L'(I) and it holds that

[ allry < €19l 22, @+x2 L@ T 110120, @+ 2L @

+ H’ﬁvam(QHu;o,Q(Q) + el e (rpae) + HIENHLQ(I;WOLQ(Q)) +1). )
(4.52

2 dt
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We now combine the above a priori estimates. Multiply (4.43) by Kl./l, and
(4.35) by K, and then take the sum of the resulting inequalities with (4.27) and
(4.51). After that we choose § > 0 small enough to obtain the differential inequality

1d

§%Ek+CIDk S CQ(F+JEk) in Ik. (453)
for some constants ¢q,co > 0, where J := J; + Jo + J3 + Jy,
KxBo Kl.
Ep = 9 H¢k”%4(9) + H¢kHZL2(Q) + (Ke + mT)HVQSkHiQ(Q) + THQICH%%Q) + HukHig(Q)

Dy = XH‘bkv¢k”i2(Q) + HA(kaiQ(Q) + ||V:ukHi2(Q) + ||V9kH2L2(Q) + HvukHiﬂ(Q)?
F o= 11G1y-12) + IMIZ2 @) + 12l5-12() + 1 F 51200y + laogl.
From (4.26), (4.36), (4.42) and (4.52) we have J € L'(I). Also, F € L'(I) based

on the assumptions on the source functions. Using Gronwall’s Lemma to (4.53), we
obtain that Ex € L*>°(1}) and

HEk”LOO(Ik) S (Ek(O) —|— 202”F||L1(I))6202||JHL1(1> (4.54)
and as a result, by integrating (4.53) over Iy, one has D, € L'(I};) and
2¢1[IDil 1z < (Br(0) + 2¢2([Fl[paey + 2c2] o 1Bkl oo (1)) - (4.55)
From the definition of the approximate initial data and the uniform boundedness of
the projection operators Py, € £(L*(Q))NL(X?%(Q)) and IT, € L(L2(Q)), for each
k one has
Er(0) < E(l[gonllx22(0) + 0ol r2(@) + [[won] L2 q))- (4.56)

Let us denote the right-hand side of the inequality (4.16) by R. With abuse of
notation, we shall write R in place of € (R), that is, the function % in the definition
of R has to be modified at each step. With this convention, we get Ex(0) < R from
(4.56) and ||F|| 11y < R. Plugging these in (4.54) and (4.55), we have

Bkl oo (z) + [IDkllzr(z) < R.

Here, we took the infimum over all representations of g in L"(I;L%(Q2)) +
L2(I;W,2(R)) to pass from the estimate involving Ji; and Jiy to that of /i that
appears in |[J||z1(. Based on the definitions of Ej; and Dy, we get the priori
estimate

6ellc rome + 180l et + Metnller e + Mol pamazy < R (457)

o L*(I;Wy?(Q))-estimates for A¢y and dy¢,. Testing the first equation in the
approximate system (4.17) by —A¢g(t) leads to
1d

+ m(A,uk, Aqf)k)Lz(Q) = —<5, Agzﬁk)W,lyg(Q)’W&g(Q). (458)
For this equation, we have the following estimates:

b, &, Adr)| < 8] VAGk|| 20y + Csll Sl lurlz2q) (4.59)
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[b(xun + &, i, Adi)| < S| VAGk 7210 + cstllunl Lo + HaHZL‘l(Q)}H¢kH‘2)V0L2(Q)

(4.60)
15, Abuhy ot 2ey) < ST AG iy + callF 120 (161)
From the equation for yy in (4.17), we Obtaln
mTt d ~
m(A,uk, A¢k)L2(Q) 2 di ||A¢k||L2 - m(V(lCQk + )\), VAQOk)Lz(Q)

+ mGHVAﬁkaLZ(Q) - m(XV(F(¢ + ¢r) — F((Z)) + V(G<$)¢k)7 VAL) L2(q)
(4.62)

By Young’s inequality, one can estimate the second and fourth terms on the right-
hand side of (4.62) according to

m(V(Ibi + X), VAGK) 20|
< O|IVAGI32) + sl VO Iz + VA T20)} (4.63)
Im(X(VF (6 + ¢x) — VF(9)) + V(G($)dx), VAGK) 2
< S VAGK[I3210) + cs{IVF( + dk) — VF() |32 + IV (G(D)) 3210 -
(4.64)
Let us set J5 := |V (6 + 6x) = VF(9) [0 + IV(G(@)D)IIF2(0) + IV} 20
and Js = ||¢||12/V14 + ||Uk||L4 @ T |3, @ T 1. Note that Jg € L'(I), and by

invoking Lemma 4.4 for the first two terms in J5, we obtain J; € L'(I). In fact, we
have

15l < Clldkllaz ,mxa) + 10kllxz 1<) (4.65)
[ J6l 11y < %(HﬁbHZ%(Q vaz L@ 1 lullve @, @ + 1wkl <o) +1)-
(4.66)

Here, we used XL ,(Iy x Q) < L*(Li; Wy*(Q)) and UL ,(Ix x Q) — L*(I; L*(Q)).
Applying the estimates (4.59)—(4.64) in (4.58), we obtain after integrating by parts

{HW)kHLz +m7[[Ade]| T2} + (me = 50)IVAG] 72

< es{Js + 15 1p-ra@) + [Mfnei0) ) + csstllwnlfagy + Ixlme g} (4.67)
Taking the gradient of the equation for pu; leads to the following estimate:
V0Dl 3e0y < csls + Ve iy + IR - (1.65)

Applying Gronwall’s Lemma in (4.67), taking the sum of the resulting estimate with
(4.68), and then using (4.65), (4.66) and (4.57), one would get
HVA¢k||L2(1k;L2(Q)) + Hvat¢k||L2(Ik;L2(Q)) <R (4.69)

Thanks to the estimates for the trilinear terms in Lemma 4.2, one can also
bound the norm of the time derivatives 9,0 in L*(I;; W~12(Q)) and Oyuy in
L*(I;;; X ;%*(Q)) according to

”atQkHLQ(Ik;W—LQ(Q)) -+ H@tukHLQ(Ik;X;l,z(Q)) <R. (470)

2dt
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Inequalities (4.57), (4.69) and (4.70) lead to the a priori estimate
||¢k||25”2(1k><§2) + ||0k||221’2(1k><ﬂ) + ||uk’||v52(lk><(2) + ||/Lk||L2(Ik;W01’2(Q)) <R (471)

This uniform bound implies that the approximate system (4.17) has a unique solu-

tion over the whole interval I and we can replace the time interval I in (4.71) by
I.

STEP 3. Passage to limit. From the uniform a priori bound (4.71) with I} replaced
by I, we deduce the existence of (¢, 0y, un, un) satisfying (4.15) and such that
for appropriate subsequences (using the same index k for simplicity), the following
weak and weak® convergence hold:

b — ¢y in L=(1; X*2(Q)), up — uy in L®(1; LA(9)),
0, = O in L(1; L*()), dr — oy in L*(I; X>*(Q)),
w, — uy in LA(1; X12()), 0, — Oy in L2(I; Wy ()),
Oy — Oy in LA(I; Wy *(Q)), dyup — Oyuy in LAH(I; X ;5%(Q)),
0,0, — 00 in L*(I; W~12(Q)), e — oy in L2(1; W 2(Q)).

In addition to these, we have the strong convergence ¢ — ¢y in L*(I; X*2(Q2)),
0, — On in L2(I; L*(2)), and ug — uy in L?(I; L2(2)) by the Aubin-Lions-Simon
Lemma [59]. The a priori estimate (4.16) follows by taking the limit inferior to (4.71)
and using the lower semicontinuity of the norms with respect to the underlying weak
topologies.

It is now standard to pass to the limit in the variational formulation of the ap-
proximate system and obtain a weak solution to (4.14). We outline this process for
the sake of the reader. The only crucial parts are the passage to the limit for the
nonlinear terms.

For each p € L®(I; W*(Q)), we have ¢pp — ¢nyp in L*(I; L*(Q)) due to the
estimate

H(ﬁkp — ¢NPHL2(];L2(Q)) < CH¢k - ¢NHL2(I;X272(Q))HpHLOO(I;W(l)’Q(Q))'
Together with Vy, — Vyuy in L2(I; L*(Q2)), one obtains
(St &) — S(pw, dn), p>L2([;W*112(Q)),LQ(WéQ(Q))

T
= / {(Vuw, ¢NP)L2(Q) — (Vi ¢kP)L2(Q)}dt — 0.
0

Using the density of L®(I; W*(Q)) in L2(I; W () and applying the bounded-
ness of the sequence {8 (ju, ¢) 32, in L2(1; W~ 1%(Q)), we deduce that

S(Mk7¢k) - S(MNv ¢N> in L2(17 W7172<Q))'

Similarly, S(0,¢x) — SOy, ¢n) in L2(I; W 13(Q)). We can adapt the same
idea to prove that B(uj, ux) — B(uy,uy) in L2(I; W 2(Q)), Cuy,0;) —
Cluy,fy) in L2(1;W=12(Q)), and C(uy, ¢r) — C(uy,¢n) in L2(I;WH2(Q)).
Let us note that a weak convergence in L?(1; W~%(Q)) implies a weak convergence
in L%(I; X,;'?(Q)) since the former space is continuously embedded to the latter
space.
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Finally, passing to the weak limit in L?(I; L?>(€2)) to the second equation of the
approximate system (4.17), we obtain the second equation in (4.14) since x(F (¢ +
or) — F () + G(9)pr — X(F (¢ + én) — F(9)) + G(d)dn in L*(I; L*()).

From the above discussion, together with the weak convergence for the linear
terms, we conclude that (¢n, 0y, un, py) is a weak solution to (4.14). As usual,

the existence of a unique pressure py € W~12(1; L2(Q)) as well as the required
stability estimate follows from de Rham’s Theorem, see Proposition 7.1 with £ =1
and p = 2. The details are similar to that in the proof of Theorem 3.2.

STEP 4. Uniqueness. Let ( g\,, 03\,, u{v, ,ugv,pgv) for j = 1,2 be two weak solutions of
(4.14), and denote their difference by

<¢N7‘9N>UN7:U'N7PN) = (Qb}\f:e]l\/au]l\hﬂ}\hpjl\f) - ((b?\fve?\hu?\fvﬂ?\hp?\f)'

Then, this difference is a weak solution to the following nonlinear system:

O +div (xdy + d)un) +div (o (xu +©)) —mApuy =0 in Q,

pn = TOdN — eAdN + [XGo($, Bk, B3) + G()]on + lebx in Q.

0N — 1,0,pN + div ((Xejlv - th¢}v + 6 — lho)un)
+div ((On — lon)(xuk + ) — kAOy = ag - uy n @,

Oruy + div (uy @ (xuy + @) + div ((xu} + @) ® uy) (4.72)
—vAuy + Vpy = K(ux = 108)V (x8h + 0) '
+’C(X:UJ?V - XZCQJQV + ﬁ - lce)v¢N + (a1¢N + a29N)g in Q7

divuy =0 in @,

on =A¢pny =0, Oy=0, uy=0 on %,

L on(0) =0, Ox(0)=0, wuy(0)= in ©,

where Gy(¢, ¢L, ¢%) is a quadratic function in three variables.

Notice that (4.72) has the same form as that of (4.14) with y = 0 and ag = 0
in the latter equation. The main difference though is that there are more frozen
coefficients in the convection and surface tension terms, namely, the components
of the two weak solutions. Nonetheless, these components belong to the function
spaces that are required by the theorem for the frozen coefficients. Therefore, we
can follow the derivation of the a priori estimates provided in STEP 2 and obtain
(4.16) for the solution of (4.72). Since we have vanishing source functions and initial
data as well as the absence of the term apg, we deduce that (¢n,On, uy, fin, PN)
must be the trivial solution to (4.72). Hence, the weak solution to (4.14) is unique.
The proof of Theorem 4.9 is now complete. U

Remark 4.10. Adapting the process in the uniqueness proof, it follows that the map

((E,ﬁ, ?ax)7 (Pon, bon, uon)) = (On, On, UN, fin, PN)

1s locally Lipschitz continuous with respect to the function spaces for the sources,
initial data, and weak solution as stated by Theorem 4.9. In fact, this map is of
class C'*°, and this will be shown in the next section.
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4.4. EXISTENCE AND UNIQUENESS OF WEAK AND VERY WEAK SOLU-
TIONS. We now combine the results for the linear and nonlinear parts to establish
the well-posedness of (1.1). In contrast with the discussion with the linear system,
we shall start on the very weak solutions, see Definition 4.7.

Theorem 4.11. Suppose that (4.13) holds, the source functions satisfy (4.11), and
the initial data satisfy (4.12). Then the nonlinear system (1.1) admits a unique very
weak solution

(¢7 Q’Ua M) € [Z;r(Q) + ZS,Q(Q)] X [ZS,T‘(Q) + Z%,Q(Q)]
X [V, (Q) + Vo, (@) x [LN (I L) + LA(L W () (4.73)
with an associated pressure p € WL (1; W=12(Q)) + WL2(I; L2(Q)) in the sense

of Definition 4.7. Furthermore, the solution depends continuously on the initial

data and source functions, that is, there is a continuous and monotone increasing
function € : [0,00) — [0,00) such that €(0) =0 and

19llz2, @23, + 19122 @+21,@ T l1ullve, @i L0

+ ||:u||L?“(I;Lq(Q))-i-L?(I;WOl’Q(Q)) + ||p||W*M(I;W*I»P(Q))+W*1»2(I;ZQ(Q))

< C([|dollz2 @)+ x22(0) + (|00l 20, () +22(0) + lwollve, @)+r2(0) (4.74)
+ laog| + [lo|| or (1 x-20@)+ 2(w-120) + H)‘HLT(I;L‘Z(Q))+L2(I;W()1’2(Q))

+ ||h||LT(I;X*215(Q))+L2(I;W*1v2(ﬂ)) + ||f||Lr(I;X*Q»P(Q))+L2(I;W*laz’(Q)))-

Finally, the map ((o,h, f,\), (¢o, 00, u0)) — (¢,0,u, u,p) is locally Lipschitz con-
tinuous with respect to the above function spaces for the sources, initial data, and
very weak solutions.

Proof. Let us express the source functions and initial data according to (2.2) and

(2.1), respectively. First, recall from Theorem 3.20 that the linear system (2.4)
admits a very weak solution. Second, by taking y =1, G =0, ¢ = ¢, € Zqzm(Q),

0=0,¢€2°.(Q), u=ur €V, (Q), i = pur € L'(I; W, *(Q)),

o =on—div(¢pur) € L*(I; W H(Q)) (4.75)
h=hy —div (0, — lhér)ur) € L2(I; W 12(Q)) (4.76)
f=7Fn—div(u,@ug) e L(I; W 2(Q)) (4.77)
A=Ay + Bion + F(or) € L*(I; W5 *(Q)) (4.78)

in (4.14), we obtain from Theorem 4.9 that (2.5) admits a weak solution. Note that
(4.75)—(4.77) follows from Lemma 4.2 while (4.78) is a consequence of Corollary 4.5.
Then, the sum (2.3) constitutes a very weak solution to (1.1). Indeed, we obtain the
variational equations in Definition 4.7 by simply taking the sum of the variational
equations from the very weak formulation of (2.4) and the weak formulation of (2.5).
Here, one has to take the intersection of the space of test functions for each system,
which is precisely the one being prescribed by D/e\ﬁnition 4.7. Furthermore, we have
an associated pressure p = pr + py € W I (I; W=1P(Q)) + W H2(T; EQ(Q))

The constructed very weak solution, along with the associated pressure, satisfies
the stability estimate stated by theorem due to Theorem 3.20 and Theorem 4.9, and
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after taking the infima over all possible sum representations for the source functions
and initial data.

Let us prove that the very weak solution is unique. As usual, let (¢¥, 6%, u®, ¥, p*)
for k = 1,2 be very weak solutions to (1.1). Then their difference

((ba 07 u, u, p) = ((bla 917 ’U,l, ,ulv pl) - (¢27 027 u2> ,u27 pZ)
is a very weak solution to the following system:
O0ip — mAp = —div (¢pu') — div (¢*u) in Q,
=T —eAp+ 1.0+ Gi(o', p*)o in Q,
040 — 1,0, — KAO — ag - u = —div (0 — ly¢)u') — div ((0* — I,¢*)u) in Q,
Ou — vAu + Vp — (¢ + agf)g = — div (u @ u') — div (u? @ u)

+K(pt = 1.0V + K(u — 1.0)V? in Q,
divu =0 in @,
o6=Ap=0, =0, u=0 on X,

L #(0)=0, 6(0)=0, u(0)=0 in €,
(4.79)

for some quadratic function Gy (¢!, ¢?).
According to the following list of continuous embeddings: X32(Q) — X?29(Q),
Wo(Q) = L(Q) < LUQ), W2(Q) — X2%(Q), X2(Q) — L),

~

W h2(Q) < X2P(Q), and L2(Q) — W12(Q), we deduce that
Z35(Q) % 235(Q) x V3,(Q) x LA Wo™(9)) x W (1, 13(2)
= Z255(Q) x 205(Q) x Vyo(Q) x L(I; Q) x W (LW (). (4.80)
From this embedding, together with r» > 4, we get
(6,0, w, 1, p) € Z2,(Q) x 2%,(Q) x V9,(Q) x LA(I; L)) x W (I, W 1#(Q)).
Observe that div (¢u'), div(¢?w), div((0 — Lo)u'), div((0* — Lo*)u) €
LAI;W=12(Q)) and div (u @ u!), div(u?® @ u), (u' — .01V, (u — 1.0)Ve?* €

L2(I; W H(Q)) from Lemma 4.2. Moreover, Gi(¢',¢*)¢ € LA(I;W,2(Q))
according to Lemma 4.4. From these, we obtain from Theorem 3.18 a weak solution

(6.0,%,71,p) € 23,(Q) x 21,(Q) x V3,(Q) x LA(I; Wy () x W(I; L3 (<))

to the system (4.79) for the difference. In view of the uniqueness of very weak
solutions in Theorem 3.20 and the embedding (4.80), we have (4,0, u,[,p) =
(¢7 97 u, [, p)

Since (4.79) is in the form of (4.14) and only differs on the frozen coefficients,
if we adapt the proof of Theorem 4.9, then we obtain that (¢, 0, u, i, p) must be
the trivial solution. Therefore, the very weak solution to (1.1) is unique. The local
Lipschitz continuity of the solution operator is a direct consequence of the same
property for the solution operators of the linear part (2.4) and the nonlinear part

(2.5). O

The case of weak solutions can be easily shown.
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Theorem 4.12. Let (4.7), (4.8) and (4.9) be satisfied. Then the system (1.1) has
unique weak solution

(6,0,u,1) € [2],(Q) + Z5,(Q)] x [2],.(Q) + Z35,(Q)]
X [V}, (Q) + V5,(Q)] x [L7(I; Wy () + L*(1; Wy * ()] (4.81)

with an associated pressure p € WL (I;LP(Q)) + WY2(I; L2(Q)) in the sense
of Definition 4.6. Moreover, as in Theorem 4.11, the solution depends contin-
uwously with respect to the source functions and the initial data, and the map
(o, hy £, 0), (do, 00, u0)) — (0,0, u, p,p) is locally Lipschitz continuous.

Proof. Follow the proof of the preceding theorem, but now using Theorem 3.18 in
place of Theorem 3.20. Moreover, the uniqueness of the weak solution follows from
the fact that any weak solution is also a very weak solution, see Remark 4.8, and
that the very weak solutions are unique according to Theorem 4.11. 0

Corollary 4.13. The conclusions of Theorem 4.12 are also valid in the case where
q,8,p,r > 2 and s > q.

Proof. The assumptions on g, s, p and 7 imply that Z? (Q) — 25,(Q) — X2 ,(Q),
Z2,.Q) = 23,Q) = X5(Q), V,,(Q) = V5,(Q) — UL,(Q) and
L'(I;Wy'(Q)) — L2*(I;W,?(Q)). These mean that the components of the
weak solution for the linearized system (2.4) satisfy the regularity requirements for
the frozen coefficients in Theorem 4.9. We can then proceed as before to obtain the
conclusions of Theorem 4.12. O]

4.5. SOURCES WITH VALUES IN DUALS OF HOLDER SPACES. Let Cy(f2)
be the Banach space of all continuous functions on the closure of €2 that vanish
on I' equipped with the supremum norm, C*9(Q) be the Holder space, where k
is a nonnegative integer and a € (0,1), and set CI*(Q) := C*9(Q) N Cy() and
CH(Q) == CF () x CE(Q).

For 1 < r < oo, let L7 (I; C¥*(Q)') be the Banach space of equivalence classes of
Cy®(€)-weakly measurable functions from I into C5*(Q)" equipped with the norm

T 1/r
oll ;v rrka,mn = | Inf inf / )" de
ol g cricm (p%asa>||/70§,am>/ o) )

where the inner infimum is taken over all Lebesgue measurable functions ¢ : I — R
and p ~ o in the outer infimum means that for each ¢ € C;°(Q) there exists
I, C I with Lebesgue measure zeroiand (p, gb)cg,a@),’cg,u@) = (o, ¢>C§,u(ﬁ),’cg,a(ﬂ)
in I\ I;. Then we have L7, (I;Cy*(Q)) = L™ (I;CH*(Q)). In the same manner,
L' (I; CE(Q)) = L™ (I; CE*(Q)). We refer the reader to [32, Section 12.9] or [65,
Chapter 7] for the details and the proof of the duality identification.
Consider the framework of Theorem 4.12, but now we have the source functions
0 € LULCY Q). he LG (), f € Ly(1:Cg” Q)
(4.82)
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where the parameters g, s, p and r satisfy (4.7). By the Sobolev embedding theorem,
sce [28, Section 5.6.3] for instance, we have the continuous embedding W27 (Q) <
O (Q) = ¢8¥17H(Q). Thus, one has LT, (1; Co*/ 71 (Q)) — LT (I; W14(Q)) =
L™ (I;W=14(Q)) by duality and the equality is due to the fact that Wol’q/(Q) is reflex-
ive [32, Example 12.9.6]. In a similar way, L (I; 08’2/8_1(9)’) — L"(I;WW~14(Q))
and L7 (I; Cg’z/p_l(f_l)’) — L' (I; W~'2(Q)). With these, we deduce from Theo-
rem 4.12 that (1.1) with source functions in (4.82) admits a unique weak solution
satisfying (4.81).

Now, let us suppose that the assumptions of Theorem 4.11 hold, with ¢, s, p and
r obeying (4.13), and in addition, we have ¢ > 2 and source functions that satisfy

o e Li(I;Co*Q)), heLL(I;C0**(Q)), fe L (I;Cy""(Q)). (4.83)

Using the Sobolev embedding theorem once more, we have X27(Q) <
CO2HI(Q) = C0¥(Q). Hence, we get LT.(I;COYUQ)) — L'(I; X~29(Q)).
Likewise, we also have LT, (I; C0%*(Q)) < Lr(I; X=2%(Q)) and L",(I; CY**(Q)') —
L"(I;W~2?2(Q))). Based on these embeddings, Theorem 4.11 implies that (1.1)
with the source functions (4.83) has a unique very weak solution with the reg-

ularity (4.73). If we have 3 < ¢ < 2, then the same conclusion holds when

o € L,(I;Cy™ 71 (QY) since X29(Q) < Cy'7(Q) = Cp ¥ ().
As M(Q) := Co(Q) — Cy*(Q) for any a € (0,1), the previous statements are
also valid for source functions

o€ LL(LM(Q), heL(I;MQ), §e L, M(Q)

where as usual M (Q2) = M(Q) x M(Q2). Recall that M(2) can be topologically
identified with the Banach space of real and regular Borel measures in 2 equipped
with the total variation norm. An optimal control problem for the nonlinear system
(1.1) with controls taking values in the space of regular Borel measures will be
considered in future work.

5. DIFFERENTIABILITY OF THE SOLUTION OPERATOR

In this section, we prove that the operator mapping the source functions and initial
data to the very weak or weak solution is of class C'"*°. For convenience, we denote
the space of source functions associated with the very weak and weak solutions by

F (@)

= [L7(LX72Q) + LA WH2(Q)] < [L7(5X72(Q) + LA WH(Q))]

X LML X720(Q) + LA WH2(Q)] x [L7(1 L) + L2 (1 W™ ()]

Foin@)

= [L7(L;WH(Q)) + LALWH(Q)] x [LT(LWH(Q)) + L WH(Q)]

X (LML WP () + LA W H2(Q)] x (LT (1 Wy () + LA Wy ()],
For the function spaces of initial data, we introduce the notation

Uein(Q) = [2,(Q) + X*2(Q)] x [22,.(Q) + L(Q)] x [V,,(Q) + L(Q)]

q7s7p
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Uoi,(Q) = [25,(Q) + X*2(Q)] x [Z, () + L(Q)] x [V,,,(Q) + LZ(Q)].

The corresponding very weak and weak solution spaces are then denoted by
Ui (Q) = [27,(Q) + 25,(Q)] x [2],(Q) + 23,(Q)]
x [V (Q) +V35(Q)] x [U(I L)) + L*(1; W, *()]
Uy, (Q) = [25,(Q) + 25,(Q)] x [2,,(Q) + 25,(Q)]
X [V,.(Q) +V32(Q)] x [L’"(f Wo () + LA(I; Wy ()],

Let us start with the case of very weak solutions and later state the corresponding
result for weak solutions. Consider the so-called solution operator

S Fop(Q) x Uy (Q) = UL (Q)

q,8,p q,8,p q,5,p
defined as follows: &((o,h, f,\), (¢0,00,u0)) = (¢,0,u, ) if and only if
(0,0,u, 1) € UH(Q) is the very weak solution of (1.1) in the sense of Def-

inition 4.7, having the source terms (o,h, f,\) € F07(Q) and initial data
(00,00, o) € Uy, (€2).

q,5,P

Theorem 5.1. Under the condition (4.13), we have
& € CX(FHQ) x UL (). U5(Q).

4,5,p 4,5,p a,5,p
Proof. We shall proceed with the implicit function theorem. Let G7%7(Q) be as
that of FYV"(Q) but with the third function space replaced by L"(I; X;*P(Q)) +

q,5,p
L2(I; X ;1%(Q2)). Also, let S Goop(Q) — U (Q) be the associated solution
operator.
Consider the linear operators

A LTI L3(Q) + LA(1; X 92(Q)) — LT(L; X 25(Q)) + LA(L; W2(Q))
A = ALO, + Ay, 0 =0, + 0y, 0 € L'(I;L5(Q)), Oy € L*(I; X"*())
A L7(LLY(Q) + L2 (L X 2(2) — LT(5; X*P(Q) + L2 (L X, (Q))
Au= A u; + Ayuy, uw=uy+uy, uy € L'(I;L5(Q)), uy € L*(I; X *(Q)).
With abuse of notation, we shall also define the linear operator
A L7(1; X29(Q)) + L*(1; X*2(Q)) — L"(I; LYQ)) + L*(I; X"*(2))
Ap = Agbr + Aspn, 6= ¢+ N, or € L'(1; X>9(Q)), on € L} (I; X*2(Q)).

These operators are well-defined, that is, they are independent with respect to the
representation of the arguments as sums, and moreover, they are continuous.
We introduce the nonlinear operator

M UL(Q) x Gy (Q) x UyTp(€Q) — Gron(Q) x Uy ()
with components DT(u, f, 1up) = (D4 (u, ), o(w, up)), where

¢(0) = ¢o
’)To(u, 110) = 8(0) — 90
u(0) — ug
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Oip +mAu+ C(u, ) — o
(0 — lho) + kA0 —ag -u+ C(u,0 — l,p) — h
Ou+vAu + B(u,u) — (¢, 0)g + KS(u—1.0,9) — f
p— 10— €Ad — 1.0 — F(p) — A

with u = (¢,0,u, 1), ug = (¢o,00,uo) and § = (o, h, f,A). The linear terms are
clearly of class C'°. Also, the bilinear terms and the function F' are of class C'*°
thanks to Lemma 4.2 and Lemma 4.4. Therefore, I is a C*° mapping.

Given f = (07 h7 fa )‘> S ngm(Q) and Uy = (¢07007’u’0> € UVW7T(Q)7 we see from

q?'s?p q’s’p —~
the definition of 9t that the very weak solution u = (¢, 0, u, u) = S(f,uy) to (1.1)

satisfies (S (f,up), f, up) = 0. Taking the derivative with respect to the very weak
solution, we have

‘J”(l (u, f) =

8um<6(f, u0)7 f7 uo) = Ql(u)
where 20 : UT(Q) — LU (Q), Gl (Q) x U () is the operator-valued

. . q7s7p q757p q7s7p
mapping given by

A}y = (@, £, N), (1(0),(0), w(0)))

with § = (¢, (, w,§) € U0 (Q), and the first four components are:

0= 0p + mAE + C(w, ¢) + C(u, 1))
hi=0,(¢C — ) + kAC — ag - w 4 C(w, 0 — L) + C(u, ¢ — L))
f = 0w+ vAw + B(w,u) + B(u,w) — (a1 + a2()g
+ KS(€ = 1C, 0) + KS(p — 10, )
Ni=€ =10 — Ay — 1.C = F (90
Following the proof of Theorem 4.11, it can be shown that 2A(u) is an iso-
morphism from U7 (Q) onto G0 (Q) x U (Q) for every u € UTT(Q).

q787p q787p q787p
Hence, by the implicit function theorem [68, Section 4.7], we deduce that

S e C2(G 5 (Q) x U (Q), U (Q)). Now, the result follows from & = &07,

q787p q787p

where J is the canonical injection from F;"7(Q) x U "y (€2) into G0 (Q) x U771 (9)
that is obviously of class C'*°, and the chain rule. O]

Let us present the action of the first two derivatives of &. These play important
roles in the area of optimal control, for instance, to the first and second order
necessary and sufficient conditions for local optimality. The action of the first and
second derivatives

DS - ]:VW,T(Q) % UVW,T(Q) N £(fVW,T‘(Q) % UVW,T(Q)’L{VW,T(Q))

q’s?p q7s7p q7s7p q7s7p q7s’p
2 . VW,T VW, T VW,T VW,T 2 VW,T
D°& : Fop(Q) x Upen(€) — L{[Fyo,(Q) x Uyt (), Uy (Q))

ire given as follows: For every f,f,,f, € F,% (Q) and ug, ugy, up2 € U7 (), we
ave

DS(f, uo) (F1, mo1) = 2A(w) "' (1, uo1)

D26(f7 uU)((fl? uOl)v (f27 u02>> = —2((11)_1((5,%, ?a X)? (07 07 0))
0 = C(wy, 1) + C(wy, Y1)
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h:= C(wq, (o — hha) + C(wa, G — lnih)
f = B(wi, ws) + B(ws, w:) + KS(& — 1.C1, %) + KS (& — 1elayth1)
X = — F"(¢)1iy

where u = (¢,0,u, u) = S(f,uy) and (V, gk, W, &) = DS(F, up) (F4, tox) for k =
1,2. It is possible to write down the corresponding linear PDE systems for the
actions of these derivatives by simply applying the operator 2(u) to these equations,
see for instance [54, Section 4]. In particular, the PDE system for the second order
derivative has homogeneous initial data.

We close this section by stating without proof the corresponding result for the
case of weak solutions. We still denote the associated solution operator by &.

Theorem 5.2. With respect to the assumption (4.7), we have

S € C(F1,(Q) x Uy, (), Uy, (Q))-

q,5,P q,5,P q,8,p

6. HIGHER TIME INTEGRABILITY

In this section, we consider higher integrability conditions with respect to time on
the source functions. Here, we follow the ideas of the papers [17, 18], see also Remark
6.5 below. The crucial part here is on how to deal with the coupling terms in the
nonlinear system.

First, let us state the following theorem in [9] for the sake of the reader.

Theorem 6.1. |9, Theorem 3| Let Xy and Xy be Banach spaces such that X, is
dense in Xo. If 1 <t <o0,0<s<1/v,and0<t<1—s, then

WL Xy, Xo) S5 L7079 (1 (Xo, Xa)ua)-
We shall start with a simplified version of the auxiliary PDE system (4.14).

Theorem 6.2. Assume that 4 < q,s,p < 00, ¢ < s and 8 < r < oo. Let x =
L and G = 0 in (4.14) and consider source functions o,h € L2(LW12(Q)),
fe L'ALW2(Q), X e LA Wy*(Q)) and initial data ¢oy € Zj, 5(9),
Oon € %21,7'/2(9)7 u0N~E V%J/Q(Q). Moreover, suppose that the frozen coefficients
satisfy ¢ € Z2,.(Q), 0 € 22.(Q), w € V), (Q) and ji € L"(I; L%(R)). Then (4.14)

admits a unique weak solution
(On: Onsun, pin) € Z3,5(Q) X Z5,5(Q) X Vi, 0(Q) x LI Wy () (6.1)

with an associated pressure py € W1/2(I; L2(Q)).

Proof. As we have done in Ehe liriear case, let us introduce vy = Oy — lLonN,
Yon = bon — lndon, and 7 := 6 — l,¢. With these, (4.14) with x =1 and G =0 is
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equivalent to

Opn + div (pnuy) + div (pn) + div (puy) — mAuy =& in Q,
pn = TN — €AdN + F (o + dn) — F(d) + leludn + leyn + A in @,
Oyn + div (yvuy) + div (yva) + div (Juy) — KAYN — kKlWAdyn

=ag-uy+ h in Q,

8tuN + div (UN X UN) + div (’U,N X ’l]) + div (’17, X UN) — VA’U,N + VpN
= K(pn — leyy — lclh¢N)VfN + K(p— 1.0 — l.1,9)Von B
+K(pun — leyy = lelndn)V o + (o + (a1 + aln)dy + aoyn)g + f in Q,

divuy =0 in @,
on =A¢pn =0, =0, uy=0 on X,
L on(0) = don,  YN(0) =70n, un(0) = ugy in .
(6.2)

We shall proceed with a fixed point argument as in [18].

STEP 1. Local Existence. Consider ¢y € L™(1;W24(Q)), 7n € L"(I; L*(2)), and
uy € L7(I; L*(Q)). First, let us take the following heat equation

diyn — wAyy = hy in Q,

6.3
w=0 onX, yv(0)="on inQ, (6.3)

with the source function
77,]\[ = E + ag - ’ZZN + /ilhA(gN — div (:\)//N’,LVLN) — div (7}//]\7{1,) — div (?’&N)
Using Holder’s inequality, it is not difficult to see that hy € L™/2(I; W=12(Q)) and

Lr/2(LL2(Q) T ||¢N||L""/2(I;W1*2(Q))

HhNHL""/Q(I;W*L?(Q)) < C{HhHLT/?(I;W*L?(Q)) + ||"~LN
+ AN 2 (s + HaN”ir([;L‘l(Q)) + 132 (r.paoy + HaHiT(I;L‘*(Q))}' (6.4)

Thus, according to the maximal parabolic regularity for the heat equation in The-
orem 3.6, (6.3) possesses a weak solution vy € Z21’T /2(62), and we have

@ < el + lhoxllzy, o} (6.5)

Il

2,1/2
Applying the properties of real interpolation spaces, one has
(W12(Q), W2 ()5 4 = (WTI2(Q), W), = WH(Q) = L4(9).
Hence, we obtain from Theorem 6.1 with v = £, 5§ = % and t = % the compact
embedding ZQI7T/2(Q) = L"(I; L*(2)). On the other hand, applying [64, Theorem
4.3.1 and Theorem 4.6.1(d)| we get

Z34(Q) = (W), Wh2(Q))s , = Byl (Q) — LY(Q).

Since 7 > 8, this leads us to the embeddings Z;,,(Q) — 2;,(Q) —
C(I; Z34(2)) < C(I; L*()), and as a result it holds that

vwllzroenzay < " wllequaziey < etz @ (6.6)
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Next, we turn our attention to the biharmonic heat equation
0o —mTAGN) +meN by — —— by =mAXy + 5y in Q.
oy =Apny =0 on X, on(0) = gony in £,
where the right-hand sides are given by
Ay 1= At F(6+ 6w) = F(6) + v + lelnon
Gy =5 — #%V — div (pnain) — div (pya) — div (Gay).

(6.7)

Here, 7y is the solution to (6.3). With Hoélder’s inequality, we can estimate the
second and third terms in the definition of Ay according to

1E (¢ +on) = F(D)l w2 ()
< C(H(bH%OO(I;LOO( + ”¢NHLOO [,L>(9)) )(H¢HLT/2(I w2y T onllLrzwiz@))
<E(I9llz2,@ + lonl 22 ,@)

where € : [0,00) — [0,00) is a cubic polynomial with ¢’(0) = 0. Thus, we have
v € L/2(I; VVO1 (Q)), on € L'2(I; W=12(Q)) and these satisfy

”A/\NHLT/Q(I;W*L?(Q)) < ||/\N||Lr/2(1;wgv2(9))

< UM ezt 2 iy + € 10llz2, @ + 190wl 28 @) + 178 | 2wt 2@}
(6.8)
||5N||Lr/2([;w—1,2(g)) S C{HgHL’”/Q(I;W*l»?(Q)) —|— ||¢N||L7‘([;L2(Q)) —{— ||¢N||%T(I;L4(Q))
trzi@y TN sy + 1805 gy - (6.9)

The maximal parabolic regularity for the biharmonic heat equation provided in
Theorem 3.11 is applicable, and hence, (6.7) admits a weak solution ¢y € Z3 . /Q(Q)
and

+ |luy

||¢N||Z3r/2(Q) < C{H)\NHU/2 (LWE2(9) + ||0-N||L7"/2 w-12(9) t ||¢0N||Z3 /Q(Q)}- (6.10)

Q)
Using Theorem 6.1 with t =%, 5 = %

2r/2( Q) = L"(I W2’4(Q)) thanks to

and t = %, we obtain the compact embedding

(Wo (), X>2(Q))s,, = Wy (), WP2(Q) N Wy*(Q))s
< W22(Q) N WEH(Q) = W4(Q).

Invoking [64, Theorem 4.3.1 and Theorem 4.6.1(d)] leads to the continuous embed-
dings

e

Z34(9) = (W(Q), W(Q))s , = By7(Q) = W4 (Q).
This implies that 23, ,(Q) = 23,(Q) — C(I; Z34,(Q)) = C(I; W>*(Q)), and thus
we have the estimate

ol ropywaay < 7 lenllcoamasy < et/ lonllzs, - (6.11)
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Finally, we will deal with the following Stokes equation

8tuN — I/A'U,N + VpN = ?N n Q,

. . _ (6.12)
divuy =0 inQ, uy =0 on X, uy(0) =uoy in €,

where the source function f, is given by
Fa = F + (00 + (o1 + asl)dw + azyn)g — div (Uy ® Uy)
—div(uy ®u) —div(u @ un) + K(iy — leyn — lelndn)Von
+ K(fi = 17 = Ly ) Von + K(fin = Iy = lhidn) Vo
fin = Ay + 7005 — eAdy.

Here, vy and ¢y are the weak solutions to (6.3) and (6.7), respectively.

Applying Hélder’s inequality, we see that the f, and py obey the following
estimates:

||}NHL’“/2(I;W*1'2(Q))
< {|awog| + H-?”LT/Q(I;W‘LQ(Q)) + ol Lrr2err2)) + N L2 p2@)
+ HaNHir(I;UL(Q)) + ||aH2r([;L4(Q)) + ||’YN||%T/2(I;L4(Q)) + H¢N||%T/Z(I;L4(Q))
IV ey + IV ooy = Iy + I rarzecony
+ ||$Hir/2(I;L4(Q)) 1N ez a0) IV ON | oo (1,14 (0)) + HV5HL°°(I;L4(Q)))}

||/7N||Lr/2(1;woly2(g)) < C{”)‘N”LT/Q(I;Wl 2()) T ||¢N||Z§T/2 Q)}‘ (6.14)

We use the fact that ¢ > 4 in the estimate involving the term p. Invoking the
maximal parabolic regularity for the Stokes equation stated by Theorem 3.2, (6.12)
has a weak solution uy € V;T/Q(Q) such that

@) (6.15)

On one hand, owing to the interpolation theory for complemented subspaces in
[64, Section 1.17.1] and the fact that A, is an isomorphism from X1?(Q2) onto
X ;12(Q) and from X?22(Q) onto X1?(0), we have

(X,12(Q), X12(9))s, = Ao(X2(Q), X32(Q)s
= Ay((X"2(2), X**(Q))s, N
= Ay ((X*(Q), XP2(2))s 5 N
= AW Q) N W*(Q) N

@ < Allfwllreaw-r2@) + lwonlve

HU‘NHVI 2,1/2

2,r/2

L ()

L ()
L2(Q)) = W23(Q) — LY(9).
These embeddings and Theorem 6.1 with v = £, s = % and t = % give us the
compact embedding V%ﬁr/g(Q) = L”(I;L4(Q)). On the other hand, by invoking
[64, Theorem 4.3.1 and Theorem 4.6.1(d)| once again, we deduce that

V3,(9) = A(X"2(Q), XP2(Q)s, N L2(2))
o Ap(WH(9), WH2(Q))s , N WH(Q) N L2(2))

)N
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= Ay(B3J(Q) N W (Q) N L3(9))
— Ay(W2HQ) N W2(Q) N L2(Q)) — LY(Q). (6.16)
Thus, the following continuous embeddings hold
Vir2(Q) = V34(Q) = C(1: V,5,(9) — C(I; LY (),
and moreover, we have the estimate

lunll (0,014 ) < tl/TH’U’N”C([O,t];L‘*(Q)) < CtI/THUNHv;,T/Q(Q)‘ (6.17)

Given R > 0, let Br; denote the closed ball with radius R in the space
L7((0,1); W24(Q)) x L7((0,t); L*(Q)) x L"((0,t); L*(©?)). Based on the above

discussion, we have
ZS,T/Q((()?t) X Q) X Z21,r/2((07t) X Q) X v;,r/2((07t) X Q)
= L7((0,1); W24(Q)) x L7((0,1); LY(€2)) x L7((0,1); L*(Q)). (6.18)

It can be deduced from the inequalities (6.4)—(6.6), (6.8)—(6.11) and (6.13)—(6.17)

that (én, 7w, un) — (én, YN, un) maps B, into itself for sufficiently small ¢ and
this map is compact. By the Schauder Fixed Point Theorem, we obtain the existence
of a fixed point, and this corresponds to a local solution of (6.2) belonging to the
function space on the left-hand side of (6.18), and in turn, we obtain a local solution
to (4.14) with x = 1 and G = 0. Note that this solution coincides with that in
Theorem 4.9.

STEP 2. FEuistence over the interval I. Let (0,t*) be the maximal interval of exis-
tence. There are two alternatives, namely, t* =T or t* < T and

lim{

t1t*

(©x T llunlly  onxayt =00 (6.19)

2,r/2

|¢NH2237T/2((0,15)><Q) + Il 22

2,7/2

We shall show that the second alternative is not possible, that is, blow-up does not
occur. For the meantime, let us temporarily assume that

(v, uy) € L72((0,1); L*(Q)) x L"2((0,1); L*(Q)) VYt e (0,t%). (6.20)

In order to simplify the succeeding estimates, we introduce the following notations:
N = [lonll 2z, + Iwllzz,@ + lunlvy, @)

Fi=6llz2,@ + 7l

B = [0l 1rr2w-12e0)) + Il Lrzaw-120)) + I Fll nrrzw—12(0))

20.@ + 1llve @) + I7llzr o

+ ||/\||L?“/2(I;W01’2(Q)) + |aog]|
D(#) = llonlizs, L@ + Iww®llz;, L@ + luv@llvy @

2,1/2

Given § > 0, (6.20) and the absolute continuity of the Lebesgue integral imply
the existence of 1y > 0 such that

HVNHLr/?((to,t*);mm)) + HUN|’LT/2((t0,t*);L4(Q)) <0 (6.21)

whenever 0 < t* —ty < ns. Let (on, hy, fn, Anv) be as that with (GN,EN, }N,XN) in
STEP 1 but with (¢n, VN, Un, fin) replaced by (én, Vv, un, piv). In what follows,
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the estimates in the previous step involving the time interval (0,¢) will be replaced

by (t()a t)
By Holder’s inequality, 221774/2((150,75) x Q) < C([to, t]; L*(2)) and (6.21), we have

||’7N||%T((t0,t);L4(Q)) < ||7N||L""/2((t0,t*);L4(Q)) ||7N||C([to,t};L4(Q))
< 5”7N|‘221’T/2((t0,t)><ﬂ)' (6.22)
Similarly, using Vir/z((to,t) x Q) < C([to, t]; L*()), we obtain

||UN||ir((t0,t);L4(Q < 5”"-"1\/”\); 20 )xQ): (6.23)
From the embeddings V} ,(Q) < L™/*((to,t); L*(Q)), 25,(Q) < L"*((to, t); W3(2)),
Z2 (Q) = L((to,t); L*(2)) and V) .(Q) < L"((to, t); L*(2)), we have the following
VIl o5 + 12 r(eo.pyizaa < cF
Nl L2 to.y:2)) + 1ON I L2 (to,0:w12(0)) < eN.

Substituting these, along with (6.22) and (6.23), in (6.4) with I replaced by (to,1),
we get

AN Lrr2(o.w-120)) < AN+ B+ F? + 5”7NH21 ((to,t)x2) T 5||“N||v2 T/z((to,t)xfl)}
Here, ¢ > 0 is a constant that is independent on 5 : Plugglng this in (6.5) yields
(L= cd)llvwllzy, ,onxe) = Ollunllvy,ronxo) < {N+B+F*+D(t)}. (6.24)

For the source term in the viscous biharmonic equation, using ZS’Q(Q) —
CL;W2(Q)) = L7 ((to, 1); W) and 23, ((to, 1) x Q) <> L72((to, £); Wy (),
we obtain from (6.8), (6.9) and (6.23) the following estimates:

AN 2 o022 () < AC(F+N) + B+ ||’VNHZ1 (to,)x) }
lon | e (o120 < {N*+N+B+F + C5||“N||v1 ya((tost) )}

2,r/2

Recall that € is a cubic polynomlal. Utilizing these in (6.10), multiplying (6.14) by
2%, taking the sum of the resulting inequalities, and then rearranging the terms, one
has

—|I¢N||z

— cdfunllyy

1
3 /2 ((t0,t)xQ) 2_6||/~LN||LT/2((t0,t);W(}‘2(Q) C||7N||22 /2 ((t0,)x9)

(tonyxa) < AC(F+N) + N>+ N+B-+F*+D(t)}. (6.25)

2,r/2
Now, let us consider the source term f, in the Stokes equation. It is not difficult
to deduce from the definitions of F and N the inequalities

1| 2 (o020 + 1V 2o izac)) + B L2 (0.0:20())
+ ||(ZHLT/2((t0,t);L4(Q)) + Hg”C([to,t];Wl"‘(Q)) <cF
DN N Lrr2 (0.0, 0200) T 1N Lrr2to.0:02(0)) T NON | /2t 1):29(92))
+ 1N lle(o.wr 4 ) < cN.
These inequalities, together with (6.22) and (6.23), when applied in (6.13) lead to

1 F Nl 2o,y w12 (0)) < C{N2+N+B+F2+5||7N||zl L(to,t)x9)
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+0lunllyy

2/2

(to,t)x) T (N+ F)||:uN||LT/2((t0,t);W01’2(Q))}'
Thus, we obtain from (6.15) the remaining estimate that we need

(1 = cd)[lunllyy

2,r/2

— d|lywllz;

((to,t)x€2) —c(N+ F)||MN||U/2 ((to,t);Wo 2 (92))
(toyx) < ¢{N* + N+ B+ F? + D(to)}. (6.26)

2,r/2

We combine the above estimates with suitable weights. Multiplying both sides of
(6.25) by € and (6.26) by &2, and then taking the sum of the resulting inequalities
o0 (6.24), we get

(1= c(0+&+0)llwllzy,

+¢ (— —c&(N + F)) ||MN”LT/2 (t0,t); Wy % ()

+(&7(1 = cd) — (L +&)llunllyy (o0
< ce{€(F+N)+N*+N+B+F+D(t)} (6.27)

to,t)x ) + 5 ||¢NHZ2 /2 ((to,t)x2)

Note that we can choose £ > 0 and 0 > 0 small enough so that the coefficients on
the left-hand side are positive. Indeed, one may take

. 1 1 : £ 1
0<f<m1n{m,2—c}, O<(5<m1n{c(1+£+§2),2c(1+£2>}
(6.28)

After choosing §, we take ¢y close enough to t* such that 0 < t* — ¢y < ns. Observe
that the right-hand side of (6.27) is independent of ¢.

We finish the proof by a simple bootstrap argument. From Theorem 4.9, it is easy
to see that (6.20) is satisfied when r = 8. Indeed, from the Gagliardo-Nirenberg
inequality we have (v, uy) € Z3,(Q) x V3,(Q) < L*(I; L*(Q)) x L*(I; L*()).
Thus, (6.27) with (6.28) implies that the blow-up (6.19) with » = 8 is not possible.
As a consequence, this proves that we have a solution over the whole interval [
satisfying (6.1) in the case where r = 8. Moreover, from STEP 1 we know that

2,4(Q) x V34(Q) = C(I; L () x C(I; L}()).

Now, suppose that r > 8. Applying the previous case r = 8 and the above
embedding, we infer that (6.20) holds when r > 8. Again, the uniform a priori
bound (6.27) with (6.28) implies that the blow-up scenario (6.19) will not occur,
thereby proving that the weak solution constructed from the previous step exists in
I. Finally, the regularity of the associated pressure py € W~17/2(I; L?(Q)) follows
from Theorem 3.2 with p = 2 and r replaced by r/2. This completes the proof of
the theorem. O
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Let us now state the main result of this section. In the following, the source
functions are taken such that

o€ L"(I; X 29Q)) + L"*(I; W-12(2)),
he Lr(I;X—Q,s(Q)) + LT/2(I; W*M(Q)),
fe L (; X720(Q) + L'A(LWH(9)),
N € L7 (I; LI(Q) + LI, Wy Q)
and the initial data satisfy
¢0 € Zg,r(Q) + ZS,T/2(Q>’ 00 S ZS,T‘(Q) + Z21,r/2(Q)7 Ug € Vg,r(Q) + Vé,T/Q(Q)
(6.30)
Theorem 6.3. Suppose that 4 < q,s,p < 00, ¢ <5, 8 <r < oo, (6.29) and (6.30)
hold. Then the nonlinear system (1.1) possesses a unique very weak solution
(¢7 97 u, ,U) S [Z(?,T(Q) + ZS,T/Q(Q)] X [ng(Q) + 22171”/2(@)}
X [V (Q) + Vi, 0(Q)] X [L7(1; LI()) + L2 (I; Wy ()]

with an associated pressure p € W=L7(1; W=1P(Q)) + W=Lr/2(1;: L2(Q)).

(6.29)

Proof. One can follow the proof provided in Theorem 4.11 and apply the result
of Theorem 6.2 with (5, g,ﬂ,ﬁ) = (¢r,0r,ur, ). Note that the functions
defined in (4.75)—(4.78) satisfy &, h € L"/2(I; W=12(Q)), X € L"/2(I; W}*(Q)) and
fe LW Q)). O

Consider a set of initial data for which
¢0 S Z(?,T<Q) + ZS,T/Q(Q)ﬂ 90 S Zsl,r<Q) + ZQI,T/2(Q)7 ug € Vgl;,r(Q> + V2 r/2<Q)

(6.31)
and let the source functions satisfy
o€ L"(L;W=h4(Q)) + L2(I; W=12(Q)),
he L'(I;W=45(Q)) + L3I, W=12(Q)), (6.32)

FeL (I;WHP(Q)+ L?2(1; W2(Q)),
A€ LM(I; Wy(Q)) + L2(1; Wy ().

Under these conditions, the analogue of Theorem 6.3 in the context of weak solutions
is given in the following theorem.

Theorem 6.4. Let%l <q,8p<2,¢<s 8<r<oo, (6.31) and (6.32) be satisfied.
Then the nonlinear system (1.1) has a unique weak solution

(¢> 97 u, /L) € [Z(?,T(Q) + Z;’,T/Q(Q)] X [Zsl,r<Q) + 221,7"/2(@)]
X V3 (Q) + Vo @) < [L7(1 Wo () + LT2(1 W ()]
with an associated pressure p € W1 (1; LP(Q)) + W=Lr/2(I; L2(Q)).

Proof.  Adapt the proof in Theorem 4.12, apply the continuous embed-

dings 27,.(Q) — 21,.(Q), 2.,(Q) = Z2],(Q). V,,(Q — Vi,(Q) and
L'(I;WyY(Q)) — L'(I; L*(Q)) for the frozen coefficients, and then utilize
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Theorem 6.3. ]

Remark 6.5. We would like to point out that the proof for the embedding
Vou(@Q) = WH(T X2 (), X2 (Q) = C(I; LA(Q))

(e

provided in |18, Theorem 2.9] was not entirely correct. The mistake was due to the
use of the invalid embedding W —2(Q) — W 14(Q). Nevertheless, we have resolved
this issue thanks to (6.16).

7. APPENDIX

7.1. A SPACE-TIME VERSION OF DE RHAM’S THEOREM. We prove a space-
time version of the classical de Rham’s theorem. The following proposition is an
extension of the one stated in [27, Lemma 72.8|, in particular, the case where p =
r=2and k=1.

Proposition 7.1. Let p,r € (l,00) and k be a positive integer. Then
£ e Wb (I, W FP(Q)) satisfies

7,r,l . k, / /
<£7 g>W*I’T(I;W’k’P(Q)),WOl’T/(I;Wg’pl(ﬂ)) =0 Voce VVO1 (I7 WO ? (Q) n L:g' (Q))

if and only if there exists a unique p € Wﬁl’T(I;Wlfk’p(Q)) such that £ = Vp in
the distributional sense, that is,

(E: Phyysr syt s @y = P VPl (i v W ()
for every p € WOI’T,(]; Wg’p/(Q)). In this case, there exists a constant ¢ > 0 such
that

HPHW—LT([;WI—k,p(Q)) < CHQHW*M(I;W*’W(Q))'
Proof. We proceed by a duality argument. First, let us note that the linear operator
div : L (I; WEP(Q)) — L7 (I; Wi ()

is bounded and surjective, see for instance Lemma I1.2.1.1 and Lemma I1.2.3.1 in
[61] for the time-independent case. We claim that the restriction

div = div : Wo"' (I; WP (Q)) — W (I, Wi () (7.1)
is also bounded and surjective. It is clear that (7.1) is well-defined, linear and
bounded. o / o / - /

Let g € Wy (LW "7(Q)) — C(LWE Q) — L7(L; WS '"7(Q)). Then
there is a v € L™ (I; W (Q)) such that divv = 8,9 almost everywhere in Q. For
each t € [0, 77, let us define

T—t (T

w(t) = — i v(s)ds—/t v(s)ds.

It is easy to see that w € W™ (I;: WEP'(Q)), and for all ¢ € [0, T] we have

(ﬁ;/w(t) = % i Og(s)ds —/t Og(s)ds = g(t)
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since g(0) = ¢(7') = 0 in /Wéf_l’p,(Q). We point out that the insertion of the
divergence operator inside the integral is valid since div is linear and continuous,
see for instance [48, Chap. III, Theorem 3.7.12|. This shows that the map (7.1) is
surjective.

It follows from the closed range theorem [67, page 205| that the dual operator

V= div W—tr(r; /Wlfk’p(ﬂ)) — WL (I; W™*P(Q)) has a trivial kernel and a
range Ran(—V) that is closed with respect to the topology of W=7 (I: W%?(Q)).
As a consequence, the inverse (—V) ™! is a well-defined, linear and bounded operator

from Ran(—V) onto W=7 (I; W'"*#(Q)). Thus, if £ € W= (I; W™"7(Q)) van-
ishes on W' (I; WEY (Q) N LP () = Ker(div), then £ € Ker(div)* = Ran(—V).
Therefore, we may take p = —(—=V)"1€=V~1€ e WL ([; W=%P(Q)) with norm

Hp HWflyr(];’Wlfk,p(Q)) < H (—V)fl HL(Ran(_v),wfl,r(I;Wlfk,p(ﬂ))) H 'QHW*LT'(I;W*’W(Q))'

The converse of the first statement in the proposition is trivial. O]

7.2. ANALYTICITY OF THE SEMIGROUP FOR THE LINEARIZED SYSTEM. In
the following, we prove that the linear operator —.A generates a strongly continuous
analytic semigroup on H,,, where A is defined by (3.30). The sesqui-linear form
associated with A is given by

(A(d, 7, w), (¥, 1,))3, = a((¢, 7, w), (¥, 7,v))

where a = a; + a3 and

a1((¢, 7, w), (¥,n,v)) = /Q {wm?TeVAQ - VAY + kV7y - Vij + vV : Vo da

Cl2((¢, Vs u)? (% n, 'U)) = / wm[(ﬁl - lclh)A(b - chPY](mTAE - E) dz

- /Q{(/‘vlhﬁcb)ﬁ + (ag - w) + [(a1 + aaln)¢ + asylg - v} da.

Given € (0,7), we denote the sector 35 := {( € C\ {0} : |arg¢| < 7 — G}.
First, we prove the following elementary inequality.

Lemma 7.2. For each € (0,7), there exists 75 > 0 such that for every a,b > 0
and ¢ € X there holds |aC + b| > 15(alC| + b).

Proof. Suppose a,b > 0. Setting z = a(/b, it suffices to show that |z + 1| >
75(|z| + 1) for every z € ¥5. Write z in its polar form z = re” where [J] < ™ — 3
and r > 0. Let dg := cos(m — ) > —1. Then

lz4+ 1% 7 +2rcosd+1 2(1—dp)r 1 -4
= Z — Z 1 - = Cﬂ
(|z] +1)? (r+1)2 (r+1)2 2
for every r > 0, where c¢g > 0. We may then take 753 = min{1, c;/ 2}, and this clearly
covers the case when a =0 or b = 0. 0J

Proposition 7.3. For small enough w > 0, the linear operator —A : D(A) C
H., — H. generates an analytic Cy-semigroup on H,,.
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Proof. 1t is clear that A is a closed and densely defined linear operator. Let
0 > 0 be a constant to be chosen later. Applying integration by parts and Young’s
inequality, it is not hard to see that for each (¢,v, u) € X32(Q)x W, *(Q) x X 12(Q),
we have
a1<<¢777,u’)7 <¢777’u’>> > C{w|’¢H§(32(Q) + HVH?/V(}Q(Q) + Hu||§(}772(g)}
’Clz(((ﬁ, s U), (¢7 s ’U;))| < CUJH((b? v u)H?HW + w{5"¢‘|§(372(ﬂ) + C(SHVH?/VOL?(Q)}

where ¢ = min{m?7e,x,v} > 0 and c,,c; > 0 are independent of (¢,~v,u). Let
B € (0,7) be fixed. If w > 0 and ¢ € X, then by invoking the estimate in the
previous lemma, we obtain

(¢ + @) (9,7, u) 30, + al(d,7,u), (6,7, w))]
> [(¢C+ @) (@7, w3, + a1((d, 7, 1), (9,7, w))| — |az((6, 7, ), (6,7, u))|
> 7{(I¢] + @) [[(¢, 7, W) I3, + a1((0, 7, w), (9,7, )} — |az((¢, 7, w), (4,7, w))]
> {7s(I¢1 + @) = o}l (@7 w50, + cossll (@7 W sz 0w 20y x22(@)

where ¢, 55 = min{w(crg — 9), 73 —wes}. Taking 0 < 0 < 13, 0 < w < ¢73/¢5, and
w > ¢, /T8 > 0, we have ¢, 53 > 0 and

€+ @) (07, w3, + al(¢,7.u), (6,7, )l
> TB|C| H(¢7 s U’)H’QHW + Cw7575||(¢, ) u)||§(3,2(Q)><W01s2(9)XXcl;Q(Q)' (72>

Thus, the sesqui-linear form ((+w@)(, -)2, +a is bounded and coercive on X32(Q) x
Wy () x X*(Q).

For each (o, h, f) € X2%(Q) x L*(Q) x L2(Q) the following variational equation
for all (¢, n,v) € X32(Q) x Wol’Q(Q) x XL?(Q)

(CH+@) (0,7, w), (10, 0))ae, +a((d,7, 1), (¥,1,0)) = (0, b, £), (¥, 0, 0))a, (7:3)

admits a unique solution (¢,v,u) € X*2(Q) x Wy*(Q) x X13(Q) in virtue of the
Lax—Milgram Lemma. Moreover, it follows from the definition of A that (¢, v, u)
is a weak solution to the following system of boundary value problems:

[ (C+ @) (¢ — mTAG) + meA? + m(By — leln)Ap — ml.Ay =0 —m7Ao  in Q,
((+ @)y — KAy — klbAp —ag - u+Vp=h in ,
((+wmu—vAu — ((og + asly)d + azy)g = f in Q,
divu =0 in €2,

| ¢=Ap=0, v=0, u=0 on I

By classical elliptic regularity theory for the Poisson and stationary Stokes equations,
we have v € X??(Q) and w € X2?(Q). Thus, we also have ¢ € X*2(Q) for
the solution of the above bi-Laplace equation since ¢ — m7Ac + ml.Ay € L*(Q).
Consequently, it holds that (¢,v,u) € D(A).

The variational equation (7.3) is equivalent to [(I+(wI+.A)|(¢, v, u) = (o, h, f),
and moreover, from (7.2) and the Cauchy-Schwarz inequality, one has

alCI (0 v, w)llae, < (o, B, F) 3. (7.4)
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Hence, the sector ¥ lies in the resolvent set of —(wlI+.A), and for every ¢ € ¥4 the
resolvent estimate ||[¢I + (wI + A)] 7|23, < Tﬁ_l/|§| holds due to (7.4). These
show that —(wlI + A) is sectorial, and hence it generates an analytic Cy-semigroup
on H,, by [26, Theorem 4.6]. Thanks to the bounded perturbation theorem in [53,
Chapter 3, Corollary 2.2|, we conclude that — A = —(wl + A) + wl is also a

generator of an analytic Cj-semigroup on H,,. The proposition is now established.
O
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