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ABSTRACT.
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1. INTRODUCTION

When a rigid body on the peripheries of a medium interact with waves in the
interior, the dynamics can be described by coupling hyperbolic partial differential
equations (PDEs) with ordinary differential equations (ODEs) on the boundaries.
In applications, these hybrid systems model physical phenomena such as blood flow
[6, 8, 11, 23, 24], valveless pumping [4, 18, 22|, fluid-particle interaction, and traffic
flow [3], to name a few.

Consider a distributed parameter system that is described by the following one-
dimensional hyperbolic system of n linear balance laws with dynamic boundary

conditions:
.

u(t, ) + Aug(t,x) + Lu(t,z) =0, t>0, 0<x </,

| ] e RO
W (t) + Hh(t) + G nggg =0, t>0, (1)
u(0,z) = up(x), 0<z</{,

h(0) = ha,

where the independent variables ¢ and x denote time and space, respectively. The
unknown state variables are u : (0,00) x (0,¢) — R™ and h : (0,00) — R™ with
corresponding initial data ug and hg. The constant matrix A € R"*" is diagonal
with entries

\

A< S A <0< A <<,

for some 1 < p < n. Consequently, we can decompose u = (u",u”)? with the
components u~ (t,x) € R? and u™(¢t,x) € R"? that propagate in the negative and
positive directions, respectively. Here, the superscript 7" denotes the transposition
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of a vector or a matrix. The constant matrices L € R™" and H € R™*™ act as
damping mechanisms for (1.1) provided that they are positive semi-definite. With-
out the source term L and damping on the boundaries, the state variables in (1.1)
are conserved.

On the other hand, the constant matrices Q € R™™ and G € R™*" can be
viewed as feedback interconnections between v and h at the boundaries, see [21] for
instance. In the absence of the PDE-ODE coupling on the boundary, that is, when
@ and G are both zero, the second equation in (1.1) reduces to the static boundary

condition
Mmﬂ -k {Zﬁg 8] >0,

where K € R™ " is constant. In this setting, the incoming characteristics are de-
termined by the outgoing characteristics, regarded as reflections of waves on the
boundaries [25].

Existence and uniqueness of the solutions of systems with static boundary condi-
tions are presented in |7, 9, 12]. Well-posedness in Hilbert spaces is proved in |25,
Theorem 3.1|, as well as in [1] by semigroup methods.

In this study, the well-posedness of (1.1) will be established using the classical
Lumer-Phillips Theorem. As usual, the first step is to reformulate the system as an
initial value problem on a suitable state space. The infinitesimal generator of the
semigroup associated with the resulting system is then shown to satisfy properties
required by the classical theorem. In |1, Appendix A|, this is done by applying the
theorem to a closed operator and its adjoint. In contrast to their work, we shall
consider a more straightforward approach where the existence of a weak solution for
a two-point boundary value problem is directly established thanks to the diagonal
form of the system.

We transform (1.1) so that w is in one direction of the input, and in this case, to
the right. To this end, we introduce v defined by v(t,z) := u (t,¢ — z). Setting

@ := (uT,v)T, system (1.1) is equivalent to

g (t, z) + Aty (t,2) + La(t,z) =0, t>0, 0<z </,

R'(t) + Hh(t) + Gu(t, ) = 0, t>0,

t,0) = Ku(t, ) + Qh(t), t>0, (1.2)
0,2) = ug(x), O<z</{,

0) = ho,

N

=g}

(
(
(

>

\

where iio(x) = (ug (), ug (¢ — )T and A(z) = diag(A1, ..., Apy =Apits o —An)-
Observe that A has positive diagonal entries. For simplicity, we remove the tildes
in the following discussions.

Under suitable conditions, we shall construct a stability theory for systems of the
form (1.2), and apply it to specific physical models. In certain instances, the expo-
nential stability with respect to the state space energy can be directly derived using
Lyapunov, energy, and spectral methods. The energy method is a popular strategy
in showing the stability of systems defined in the entire space. However, employing
the energy method to some physical systems on bounded domains necessitates the
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inclusion of first-order derivatives of the solution, and this requires additional regu-
larity and compatibility conditions on the data. With this observation, we shall first
establish stability with respect to the first-order energy by developing appropriate
energy and dissipation functionals of the system. Then, with additional assumptions
on the semigroup, the stability will be lifted back to the state space energy. Systems
of the form (1.2) may have nontrivial equilibrium states, and in such situations, we
shall decompose the state space in terms of the equilibrium states.

We organize this paper as follows. In the next section, we establish the well-
posedness of the system (1.2). The main results are presented in Section 3. Finally,
we apply the results to specific physical examples in Section 4: (1) a low loss electrical
line, (2) linearized two-tank model and (3) wave equation with oscillatory boundary
conditions.

Notations. Given £ > 0 and a Banach space Z, the set of all Lebesgue square-
integrable functions from (0, ¢) to Z is denoted by L?(0,¢; Z). The set of all k-times
continuously differentiable functions from [0, ¢] to Z will be written as C*([0,¢]; Z).
Throughout the paper, we set X := L?*(0,¢;R") x R™, and its subspace Y :=
H'(0,¢;R™) x R™. We use the notation |M| for the operator norm of a constant
matrix M.

2. WELL-POSEDNESS OF THE HYPERBOLIC PDE-ODE SYSTEM

We establish the well-posedness of (1.2) using semigroups of bounded linear op-
erators. The first step is to recast the system as a differential equation in an
infinite-dimensional state space. Given pu € R, we denote by Li(O,E) the space
of L2-functions u : (0,¢) — R™ equipped with the weighted norm

l
fully = ([ e Outey?as
0

Note that Li(O, ¢) coincides topologically with the usual Lebesgue space L?(0, ).
Let X be endowed with the inner product

<(uv h): (‘707 ¢)>X = <u, @)Lﬁ + VhT’¢7
where v > 0. Consider the linear operator A : D(A) C X — X defined by

u —Au, — Lu
A [h] = [—Hh - Gu(é)} ! (2.1)
with domain D(A) := {(u,h) € Y : u(0) = Ku({) + Qh}. Defining 2z := (u, h), we
write system (1.2) in an abstract form on X:

1/2

dz
E(t) = Az(t), t>0, (2.2)
2(0) = zo,

where zg = (ug, ho). The first-order energy of a solution z at time ¢ of (2.2) is defined
by

1
Izl peay = (I=@O)N1% + [ 42(B)]1%)?.
We now state our well-posedness result.
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Theorem 2.1. The linear operator A in (2.1) generates a strongly continuous
semigroup, also called Cy-semigroup, of bounded linear operators in X. In par-
ticular, for every zy € D(A), system (2.2) has a unique classical solution z €

C([0,T}; D(A)) N CH([0,T]; X).

Proof. According to the bounded perturbation theorem for operator semigroups
[10, p. 158], it is enough to prove the theorem when L and H are both zero matrices.
We proceed in two steps.

Step 1. Quasi-Dissipativity. Let > 0 and v > 0 be constants that will be chosen
below. Denote by Ay and A\, the smallest and largest positive diagonal entries of A,
respectively, so that A\, < |A| < A,. For z := (u, h) € D(A), we have

(Az,2)x = —(Aug,u)rz — vhT Gu(?).
Applying integration by parts yields

1 1
—(AumJQLi::Ee_MUHHTAuUD——§UUQTAUM)+-5<UMMQL3
With the boundary condition u(0) = Ku(¢) + Qh, we can estimate this from above:
1 1
—(Aug, u)ry < Spdgllulliy + 5 (e (P+2P) — Py),

where Py = h'QTAQh, P, = hTQTAKu(l), and P; = u(()” (A — e " KTAK) u(0).
The Cauchy-Schwarz inequality allows us to estimate further: P, < A\ |QJ?|h|?,
2P, < Ay (|QP|R? + |K*|w(0)?), and P > (As — Ag|K|2e™)|u(¢)|*. Gathering

these computations, we obtain
(g, sy < Sudglluly + AJQPIRPEH — 2 (A — 20 K P ) Ju0). (23)
Using Cauchy-Schwarz inequality once more,
vh" Gu(0)] < % (IR + G lu(OF) - (2.4)
Now, inequalities (2.3) and (2.4) imply
(Az,2)x < aillullzs + colh” = eslu(0)],
where ¢; = $pdg, o = A|QPe ™ + £ and ¢35 = (A — 2)\g| K2 — v|G|?). We

can then choose > 0 to be large enough, and v > 0 to be small enough such that
cs > 0. Consequently,

(Az, 2)x < cl|lzl]|lx, with ¢:=max{c,c2} >0, (2.5)

allowing us to conclude that A is quasi-dissipative.

Step 2. Range Condition. We prove that R(A — A) = X for a constant A > ¢,
where ¢ is defined in (2.5). This is equivalent to solving the two-point boundary
value problem: Given (f,g) € X, find (u,h) € Y such that

Ag—er)\u:f, 0<xz</,
Gu(f) + \h = g, (2.6)

u(0) = Ku(f) + Qh.
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From the variation of parameters formula, the solution of the first equation in
(2.6) is given by

u(z) = e u(0) + / e MDA A= E () dy. (2.7)
0
Using (2.7) and the second equation in (2.6), we obtain
1 - ¢ -
h = X (g — Ge M u(0) — / Ge Mu=047" f=11(y) dy). (2.8)
0

By the continuity of the operator norm, there exists A > ¢ such that |(K —
A'QG)e 17| < 1. This implies that the matrix Sy := I — (K — A"'QG)e 4™
is invertible. Taking = ¢ in (2.6), and using the third equation in (2.6) as well as
(2.8), it holds that

¢
w0 =57 (et [[(K=270@ O ). o)

Substituting (2.9) in (2.7) and (2.8) then yields a pair (u,h) € Y that is a solution
of (2.6).

Steps 1 and 2 allow us to conclude from the Lumer-Phillips Theorem that A
generates a Co-semigroup on X, which we denote by (e');>o. The well-posedness
of (2.2) immediately follows. O

3. STABILITY FOR A ONE-DIMENSIONAL HYPERBOLIC PDE-
ODE SYSTEM

We equip the domain D(A) with the graph norm
s )y = A, )% + [ (s 2) 1 (3.1)
Note that D(A) C X is a Hilbert space with respect to the inner product induced
by (3.1). We also consider a weighted graph norm on D(.A) defined by
1w, W) Dy e.6 = el Ae + L2 gy + €0 HA + Gu(C)[?
+ [lullZ2(0,emn) + IRI, (3.2)
where €,0 > 0. If e = 0 = 1, then (3.2) coincides with the graph norm (3.1), and

for sufficiently small £,0 > 0, they are equivalent. In the following proposition, we
prove that the weighted norm (3.2) is equivalent to the norm on Y.

Proposition 3.1. There exist constants € > 0 and 6 > 0 such that the weighted
graph norm (3.2) is equivalent to the usual norm on'Y, that is, for some co > ¢; > 0,

cull(u, )5 < N(w, h)lDaycs < e2ll(w, WY, ¥(u,h) € D(A).

Proof. The estimate ||(u, )|} .5 < coll(u, h)|[5 follows immediately from the
Cauchy-Schwarz inequality and the trace theorem: there exists a constant ¢ > 0
such that

[w(O)] + [u(O] < cllully,  VYueY,
see for instance [5, Theorem 8.2].
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For the reverse inequality, we use a consequence of Young’s inequality: there exist
constants 7, ¢, > 0 such that for every a,b € R", it holds that

la+0* = (1= )lal* = (c¢;, = 1.
This allows for the computation
[ Aug + Lul|7 > X1 = 7)lluallz2 = [LI(ey = 1)]ulZ=.
Again by the trace theorem, there exists a constant ¢ > 0 such that
—[u(OF = —c([luallz> + llullz2).
Setting Cy := e((1 — Y)A2 — 2¢0|G)?), Cy == 1 — &(|L*(¢y — 1) 4+ 2¢6|G|?), and
Cs := 1 — 2e0|H|?, we estimate from below:
1w, M) Dayes = Crlluallze + CollullZs + Cslhl*.
We choose 6,7, > 0 in succession as follows:
2 2¢6 1 1
§ < —2— <1-=|G)? < mi
s 1< lel = <min g e e

so that C1,Cy,C3 > 0. Finally, by taking ¢; := min{C}, Cs, C5}, we arrive at the
desired estimate. [l

In the following, we denote X := ker A and its orthogonal complement by X3 :=
(ker A)*. The part of A in Xy is defined as Ay : D(Ag) — X, together with its
domain D(Ap) := D(A) N Xy. According to [26, Proposition 2.4.4], if the closed
subspace Xg of X is invariant under (e*!);>o, then Ay generates a Co-semigroup
(e*0);59 on Xg. Furthermore, the restriction of the semigroup (e*4);>o on Xj is
(€t'A0>t20, that iS,

(€N]xy = ("),  VE>0. (3.3)

The next lemma gives a necessary condition for the semigroup invariance of Xy
under (e);>0. It involves the adjoint operator of A, which we denote by A*.

Lemma 3.2. The subspace Xy is invariant under (e");>q whenever X, C ker A*.

of (e");>0 satisfies

Proof. The adjoint semigroup (e™")i>o = (e™)*],_

U}>X, Yu € XOL, Yw € Xy, (34)

see for instance [19, p. 41, Corollary 10.6]. We know from the assumption that
w € ker A*. As a result, (v, w)xy = (v,w)x = 0 for every v € Xg. Equation
(3.4) now reads as {(e*v,w)x = 0. More precisely, e*v € X3 for every v € Xi

and t > 0, which proves semigroup invariance. O]

(etAv, w)x = (v, etA

The next step is to compute for the adjoint A*. Integrating by parts, we have

(A(u,h), (v,9))x = ((u,h), A(v,9))x, V(u,h) e D(A),Y(v,g) € D(A), (3.5)
where A : D(A) € X — X is defined by

A [g] - {—H%Z_QLTTA%@) ’ (3.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



STABILITY OF COUPLED 1-D HYPERBOLIC PDE-ODE SYSTEMS T/ 27

with domain D(A) := {(v,9) € Y : v(f) = KTv(0) — A7'G"g}. We deduce from
identity (3.5) that (v, g) € D(A*), and that A* is an extension of A. As in the proof
of Theorem 2.1, we can show that A generates a Cy-semigroup on X. Thus, there
exists @y € R such that (&g, 00) C p(A). Similarly, A* generates a Cy-semigroup on
X, and there exists wy € R such that (wp,00) C p(A*). It follows that (w,o00) C
p(A)Np(A*), where w = max{@y, wo}. Invoking [15, Lemma 1.6.14], these operators
and their domains coincide, i.e. A* = A and D(A*) = D(A).

We next determine X and ker A*. If A is symmetric or skew symmetric, that is,
A= A* or A = —A*, respectively, then X, = ker A*. In general, the equilibrium
states of (1.2) satisfy the two-point boundary value problem:

Aur + Lu* =0, in (0,7),
Hh* 4+ Gu*(¢) = 0, (3.7)
u*(0) = Ku*({) + Qh*.

When L = 0, the state u is conserved on [0, ¢]. A simple computation yields

Xo = ker L. _GK _}22} : (3.8)
Similarly, we have
_O7 T
ker A* = ker [] E?K/; AI{GT} . (3.9)

Hence, for conservation laws, the semigroup invariance of X3 holds provided (3.8)
is contained in (3.9). On the other hand, for L # 0, we need to verify that the
solutions of (3.7) are also solutions of the adjoint problem:

Av, — LTv =0, in (0,0),
H”g — Q" Av(0) = 0,
v(l) = KTv(0) — A71G"g.

After discussing a necessary condition for the semigroup invariance of Xy, let
us examine the spectral properties of Ay. Because A has compact resolvents, its
spectrum and point spectrum coincide [10, 27|. Likewise, Ay has compact resolvents.
It follows that C = p(Ap) U 0,(Ap), where o,(-) denotes the point spectrum of an
operator. Observe that taking the part of a semigroup generator on the orthogonal
complement of its kernel eliminates the zero eigenvalue. In particular, p(Ay) =
p(A) U {0} and 0,(Ag) = 0,(A) \ {0}. An immediate consequence is the following
lemma.

Lemma 3.3. The linear operator Ay : D(Ag) — Xy is invertible, and its inverse
Ay is bounded.

We are now ready to state and prove the main result of this section.
Theorem 3.4. Suppose that Xy C ker A*, and that there exist C;r > 0 such that
lu@®) 7 + RO < Ce™™ (luollzn + [hol), (3.10)
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for all t > 0, and (ug, ho) € Xg- N D(A). Then, there exists C > 0 such that for
every (uo, ho) € X2

lu(®)I72 + [B(B)* < Ce™([luoll72 + |hol?).-
Proof. Let (ug, hg) € X5, and define (vo, go) € D(Ag) by (vo, go) := Ay (uo, ho).
Applying (3.10) and Proposition 3.1 to (v(t), g(t)) := e (vy, go) € C([0,T]); D(Ap)),
there exists a constant C'; > 0 such that for every ¢ > 0,

1(w(®), gD Dy 6 < Cre”" [1(vo, 90) 1) e 6- (3.11)

Since (vo, go) € D(Ap), we may replace A by Ay. This allows us to estimate from
above:

1(vo, 90) Iy .6 < Ces (1" (w0, ho)lIx + Il (o, ho) 1)
where C. ; := max{e,ed}. Because A;' is bounded (see Lemma 3.3), it follows that
1(vo, 90) Iy .6 < Coll (o, o) (3.12)
where Cy := C.5(]| Ay |2 + 1).
Similarly, we estimate (3.11) from below:
1(w(8), 9O Day.es = CallAo(w(t), g(®)) 5 = Csll Ave™" (o, g0) %

where C3 = min{e,ed}. According to [19, Chapter 4, Theorem 1.3] and [10, Propo-
sition 6.6], it holds that Age° (v, go) = €0 Ay (vo, go). Therefore,

1(w(8), 9D D ayes = Calle™ Ao (v, g0) I3 = Cslle™ (uo, ho) %

Moreover, "0 (ug, hg) = e (ug, ho) = (u(t), h(t)) since (ug, hy) € Xg. The estimate
above now reads

1(w(®), gDy = Csll(ult), A1) (3.13)
From estimates (3.11)-(3.13), we deduce ||(u(t), h(t))[|% < Ce ™| (uo, ho)||%, where
C = C1C5(C3)~t. Conclusion follows. O

Finally, we extend the previous result from an initial data in X to an initial data
in X. We begin by writing X as a direct sum of its closed subspaces: X = X,® Xj.
If Il : X — X is the orthogonal projection of X onto Xg, then every element
(uo, hg) € X admits the unique decomposition

(o, ho) = (ug, hy') + (I — ITo) (uo, ho),
where (ug,hy) = ITy(ug, ho) € Xo, and (I — IIy)(up, ho) € X5 . Applying the
semigroup (e*);>q yields
(u(t), h(t)) == e (ug, ho) = " (ug, hy) + (I — Iy)(uo, ho).
Because (ug,hg) € Xo, it holds that e (ug,hy) = (ug,hg) for all t > 0. As a
result, we have
(u(t) = ug, h(t) = hy) = (I — IIy)(uo, ho)-

The stability of the steady states can therefore be derived from the stability at the
origin of a projected initial data. Theorem 3.4 and the boundedness of projection
operators yield the following result.
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Theorem 3.5. Let Il : X — Xy be the orthogonal projection of X onto Xg, and
define (uy, hy) = IIy(ug, ho). Under the assumptions of Theorem 3.4, there exists
C' > 0 such that for all t > 0 and (ug, hg) € X, it holds that

lu(t) =g |72 + (1) = by > < Ce™" (JuollZ2 + [hol®).

4. EXAMPLES

In this section, we show that the energy E(t) of each physical model decays expo-
nentially. More precisely, we would like the energy to satisfy

1d

S B0 +rEW) <0, >0,
so that E(t) < E(0)e™", with decay rate r > 0. However, we cannot directly derive
this energy-dissipation inequality from the equations. Instead, we will derive energy
and dissipation functionals, denoted by £(t) and D(t), respectively, such that

1dg

2dt
and show that £(t) and D(t) are both equivalent to F(t). The task requires deriva-
tions of several a priori estimates. In what follows, the constants, even with the
same notations, may vary from one example to another.

(t)+D(t) <0, t>0, (4.1)

4.1. A Low Loss ELECTRICAL LINE CONNECTING AN INDUCTIVE
PoweERrR SuprPLY TO A CAPACITIVE LOAD. The telegrapher equations, also
known as transmission line equations, is a hyperbolic system of balance laws mod-
eling the propagation of current and voltage along transmission lines. Developed in
the 1800s by Oliver Heaviside [13], these equations are in the following form:

1 R
Li(t,x)+ =V,(t,x) + =I(t,x) =0, t>0,0<z</,

1 G '
Vi(t,x) + Efz(t,x) + EV(t,x) =0, t>0,0<z</,

where I(t,z) and V(t,z) are the current and voltage, respectively, at distance z
along a transmission line of length ¢. The constants L and C' represent the line self-
inductance and capacitance, respectively, per unit length. The distributed resistance
of conductors per unit length is denoted by R, while G is the admittance per unit
length of the dielectric material separating the conductors.

When the transmission line connects an inductive power supply to a capacitive
load, system (4.2) can be subjected to the following dynamic boundary conditions,
see for instance [1, Section 3.4.3]:
dlgt’ 0) + Rol(t,0) + V(t,0)=U*, t>0,
dV (t,0) V(t, 1)

dt + Ry

with a given constant input voltage U™*.

Now, we write system (4.2) around a steady state I*(x), V*(x). Due to the
linearity of (4.2), we obtain a linear system with uniform coefficients even though
the steady state may be nonuniform [1, Section 1.2|. For this linear model, we

Lo

Cy :I(t,g), t >0,
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mention two results. First, the stability with respect to the L*°-norm of a lossless
line (i.e. G = R = 0) is established in [1, Section 2.1.5]. Second, for distortionless
lines (lines satisfying the Heaviside condition R/L = G/C), the L*-exponential
stability easily follows.

In contrast to the considerations above, we shall consider a low loss electrical line,
in particular, when R = 0 and GG > 0. The steady state is then given by

U . RuU
" Ry+ R/, C Ro+ R,

Introducing the variables ¢ := 2(V — V*) and ¢ := 2({ — I*)/+/L/C, we transform
the linear system to

*

(o(t, 2) + M (t, ) + 2Cp(t,x) =0, t>0, 0<z </,
Ui(t, z) + Ao (t, z) =0, t>0 0<z</,
V'(t) + 11v(t) + 019(t,0) =0, t>0,
w'(t) + yow(t) — 00 (¢, £) = 0, t>0, (43)
(£,0) = v(t), t>0, '
p(t, 0) = w(t), t>0,
(0,2) = @o(x), ¥(0,2) = to(z), 0<x <L,
Lv(0) = vy, w(0) = wy,

with positive constant coefficients given by

N C— 1 fc 1 L R, 1
- /—LC7 - L Cé Ca N = L v Y2 = RECE‘

The normalized first-order energy of (4.3) is the sum of the kinetic and potential
energy acting on the transmission line:

¢
E(t) := / (O* + 2+ @2 +2) dr + (V) + (w')? + v* + w?
0
Let us equip the Hilbert space X := L?(0, ¢; R?) x R? with the inner product

(01, Y1, v1,w1), (92, Vo, Vo, o)) v 1= l(<9017 ©a) 2 + (Y1, Y2) 12)

A
(5—1’011)2 + 5Z’LU1’£U2
Define the operator A : D(A) C X — X by
@ =AM, — 2(¢p
¢ _)‘Qox
Al = ,

v —71v — 61¢(0)
w —Yow + 023()

with D(A) = {(¢,¢,v,w) € X : p,¢b € H'(0,£),4(0) = v,p(¢) = w}. For each
(QO,ZZJ,U,IU), (¢7§7yaz) S D(.A), we have
(A(

A @7¢7an)’ (925757:% Z)>X = ((%ID,an)?A*(@&%Z»Xa
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where
¢ Az — 2¢9
alel ol e
Yy -7y + 6:6(0)
z —Y92 — 02€(¥)

The operators A and A* both have trivial kernels, and consequently, (ker A)+ =
We present our stability result.

Theorem 4.1. There ezist constants C,r > 0 such that for all (vo, o, vo, wy) €
D(A), the solution of system (4.3) satisfies for every t > 0 the estimate

le@llm + 1@l + @] + [w®)] < Ce™ (lollm + ltollmr + vol + [wol).

Proof. We prove the theorem in two steps. First, we derive the functionals &(t)
and D(t) from the equations. Second, we prove that these functionals are equivalent
to the energy E(t) of system (4.3).

Step 1: Derivation of E(t) and D(t). From system (4.3), we take the sum of
the first equation multiplied by ¢/\ and the second equation multiplied by /.
Integrating by parts, we compute that

4
;di A( + ) dz + ()P (€) — ©(0)1(0) + % /0 ©?dz = 0.

Using the ODEs and boundary conditions, we have

1d 1 1 ) M
2dt{/ A( +w)dx+5—1v+ w} / dx —|——v +5—2 2 =0.
(4.4)

Similarly, we take the time derivatives of the first two equations in (4.3) multiplied
by ¢:/A and 1, /A, respectively. Again, we integrate their sum, and use the ODE
and boundary conditions:

;di{/ 3 (@ +¢t)dx+511( )2+6_12(w/)2}
/ W)+ L) =0

From the first equation in (4.3), we estimate ©? > \?)? — cp? for some ¢ > 0. This
implies

1d 1 2 C 2
th{/ /\( +¢t)dx—|—5( V') +52 } //\ 2 —cp?)de

Y2 N2
+&@)+ﬁgw)§0 (4.5)

Adapting the derivation of (4.5), we replace time by space derivatives and get

1d ‘1 2 2 1 L o 1 Y9, V2 2
5&{/0 X(%ﬂL%)d%Jrﬁ(é—l(v) +52( w')? +2C(5—10 +5—2 )

—1—7 goxdx+—<(51(71+2()( 2+ gj(w’)2+%w w):o.
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Because w"w = (w' - w) — (w')?, we further compute that
1d ‘1 9 9 71 0?4 2 2 Lo
- - —(2 -
s 0o (G B+ ) + )
F @) b (50020007 + 5 (2 = 20 (w2
52 /\2 (51 52
¢
+%/ e dr=0.  (4.6)
A Jo

Finally, we multiply the first equation in (4.3) by (¢ — x)1)/\ and integrate by
parts. The boundary condition ¥ (0) = v yields

1d (20— £/ 90 (0 — )
Ea/0 ( - $)90¢d$+/0 (§¢2+(£—5L‘)(’0(p$—|—¥¢¢> d$—§v220.
(4.7)

Now, let €, > 0 (constants to be chosen later) and compute the following sum:
(4.4)+¢(4.6)+n((4.5)+(4.7)). This yields the energy-dissipation inequality §£&(t)+
D(t) <0, where

VA
&)= | (gﬂ T (R )+ () 2l x)sm/J) da

A
1 2Cy9e / 4Ce
+5—2<(1+ AZ) 2+<”+A2>( )Q-I—vww)

+5i1 <<1+ 2&?) o+ (n+ )\2> (v ’)2) ,

and
¢
D(t) := /0 (% ((1 — ne)? + A4 + e@? + n(l — a:)gmp) dxr + (g—i — %€> 02
¢ 1 +2 ,
+ gjuﬁ +/0 g (% +2(0 — 2)pi,) da + 5 (7771 - (%A_ZC)&) (v')?

512 (mz y 22 ;QQQS) (w')?.

Step 2: Equivalence of £(t) and D(t) to E(t). The first two equations of (4.3)
and the Cauchy-Schwarz inequality imply that for 0 < e < 1,

=3,

) ) (o)
# (4 5 ) 2)

This estimate implies £(t) < ¢ E(t), where ¢o > 0 is the maximum value among the
coefficients on the right-hand side.

YA
E(t) < ! / ( (14 8n¢* 4+ nl) @* + (1 4+ nO)yp* + (pA* + 1) + (2n\* + 1)1/13) dz
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For the reverse inequality, recall from (4.5) that ¢7 > A\?1)2 — cp? for some ¢ > 0.
Again, we use Cauchy-Schwarz inequality and obtain —4¢(w'w > —((yw? + é(w')?)
for some ¢ > 0. It follows that

14
> %/0 ((1 = et 0)@" + (L= 0P + (n\* +e)(¢; + ¢§)) o

1 2(me : 1 SrS
+51((1+ 12 ) 2+<”+A2>< )2) 52((1+ v )w2
+ ( (Cc—l— ;2> ) (w’)2>. (4.8)
Now, we choose 1 > 0 such that

) 1 .1
n<m1n{m, (c+ﬁ}. (4.9)

We also take € = ey, where 0 < g9 < (¢ + A2, We can now conclude that
E(t) > c1E(t), where ¢; > 0 is the minimum value among the coefficients on the
right-hand side of (4.8).

Similarly, we estimate D(t) using Cauchy-Schwarz inequality:

D(t)S/Ol((%(l—nCHné(%ﬂL;))w +77(Cf %)@DQ

2¢ Ba! 2
2 )\ 2 d 12 a2
+()\ 2)%+ n(¢>x+5lv +52w

+511 (77 7+ %j\LQC) (v)? +Z—z (77+ %) (w')*. (4.10)

Note that (1 —nc) > 0 by our choice of n > 0 in (4.9). On the other hand, Young’s
inequality implies ) < cap? + Y2, where c: > 0 and £ > 0 (to be chosen later).
We arrive at the following estimate:

l
D)2 [ ((F-n(Zerte)+5)) e+ k- acte? + 2o

1 1 2
Fgn e m ) ot 5 (s OS2

1 (2 +20e\, o (1 N 5 e o
- _ T oL R P2 (411
+52 <77")/2 2 (w')* + 5 v+ 6211) (4.11)

Therefore, we choose €, > 0 which satisfy

€< i < min A< g m
acer AC(c+le) + A N 8,0

and take € = neg with 0 < g9 < 72A?/(72+2¢). These constants yield the inequality
¢1E(t) < D(t) < ¢E(t), where ¢1,¢ > 0 are the minimum and maximum values
among the coefficients on the right-hand sides of (4.10) and (4.11), respectively.
This completes the proof. O

E(t)

~

We conclude this section with an immediate result from Theorems 3.5 and 4.1.
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Theorem 4.2. There exists 7,C > 0 such that for all (¢g,0,ve, wo) € X and
t >0, we have

le@)llze + )12 + o] + ()] < Ce (lpollz= + [1¥ollz2 + [vol + [wol)-

4.2. LINEARIZED FLUID FLOwW IN AN ELASTIC TUBE CONNECTING TWwWO
TANKS. We consider a model of fluid flow [4, 18, 20, 22| in an elastic tube connect-
ing two tanks [20]:

Pro Pa Df
B |
0 h
A
4 —

Euler’s continuity equation and the law of balance of momentum determine the
dynamics of the fluid velocity u(t,z) and the vertical cross section A(¢,z) of the
tube [18]. We couple these to the level heights hy and h in the tanks, both with
horizontal cross section Az, and starting at initial heights h) and hg, respectively.
We obtain the linear system:

(As(t, z) + Acug(t,z) = 0, t>0,0<a<d,

u(t, x)—i—ozA (t,x) + Pu(t,z) =0, t>0, 0<a </,

h(t) + A u(t,0) = 0, t>0,

(t) — Sou(t,0) =0, i=0 (1.12)
Ar

A(t7 0) thO(t)a A( ) = Vh(t)7 t> 07

A(0,z) = A%z), uw(0,2) =u'(z), O<z</{,

(10(0) = hg, h(0) = A",

where a > 0, > 0, and v > 0 and A, > 0 is the equilibrium cross section. We
refer to [20] for the derivation of this linear model and the meaning of the involved
parameters. In applications such as blood flow modeling, the elastic tube may be
viewed as a blood vessel connecting two terminal compartments inside the human
cardiovascular system.

We equip the Hilbert space X := L?(0, ; R?) x R? with the inner product

1

A—<901,1/11>L2 + - ! <8027¢2>

VAT
Ae

(1, %1, a1,D1), (P2, 92, a2, b2)) v =

+

(a1ag + b1by),
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and define the operator A: D(A) C X — X by

A _Aeum

Uu _an - BU
Alhg| = | —4=u(0)

h 1‘2—;1&(@

with domain D(A) = {(A4,u, ho,h) € X : A,u € H*(0,£), A(0) = vyhg, A({) = vh}.
For each (A, u, ho,h), (B,v, g0, 9) € D(A), we have

<A(A7 u, h'07 h)7 (Bv U, go, g)> = <(A7 u, hOJ h)7 A*(Bv U, 9o, g)>7

where
B Ay
aB, — pBv
AV =T A
90 %:U(O)
g —4=v(0)

In [20], the spectra of A and A* were characterized completely. The uniform ex-
ponential stability of the model was also discussed, and optimal decay rates were
provided using non-harmonic Fourier analysis. Here, we shall present an alternative
proof of its exponential stability using Theorem 3.5.
The steady states of (4.12) are elements of ker A = ker A* = {¢(v,0,1,1) : ¢ € R}.
Its orthogonal complement corresponds to
¢ A A
(ker A)* = {(A,u, ho,h) € X - / A(z)dz + TTA(O) + TTA(K) - 0} . (4.13)
0
Finally, we define the first-order energy E(t) of (4.12) as the sum of the kinetic
and potential energy of the fluid:

l
E(t) = / (A* + A2 +u® + ) de + (ho)? + (B)* + hg + B (4.14)
0

We are now ready to state our result.

Theorem 4.3. There exist constants C,r > 0 such that for every initial data
(A% u® hY, h%) € (ker A)t N D(A), the solution of (4.12) satisfies for t > 0 the
inequality

IAO N + lu@)llzr + o)) + [R()] < Ce™ (| Aol + l[uoll e + [hgl + 7).

Proof. We divide the proof into two steps. We derive £(t) and D(t), and then show
that both are equivalent to E(t).

Step 1: Derivation of E(t) and D(t). We multiply A-'A and a~'u to the first
and second equations in (4.12), respectively. Taking their sum and integrating by
parts yield

LA 0L e LY i b A@u(e) — AQ) (0)+§/é 24y = 0
th ; Ae au xr u u o OU xr = U.
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Writing the boundary term A(¢)u(¢) — A(0)u(0) in terms of hy and h, the equation
above becomes

1d fr1o, 1, YAT 4 o Bt
QE{/O (A_eA +au)dx+ 1 (ho+h)}+a/0u dz = 0. (4.15)

Next, we take the space derivatives of the first two equations in (4.12), utilize the
multipliers AZ'A, and a~'u,, and follow the steps from above. We have

1d a! 2, 15 YAr ., 1) 5
5&{/0 (A—eAm‘i‘aux) dx—i— A@((h) } / U dx

+57A;((h') +()?) =0,  (4.16)

Now, with the identity w; A, — Ayu, = (uAy); — (uAy),, and the ODEs and bound-
ary conditions, it holds that

(A () + u0)A0) = = (R + ().

We apply this equation to the difference between the continuity equation multiplied
by u, and the equation of balance of momentum multiplied by A,. Proceeding as
before, we compute

0 Y4
%%{/QWh@}+/gmaﬂwA — A2 de = () 4 () = 0.
0 0 €
(4.17)

Observe that we only lack dissipation terms for A, hg, and h. Let us first derive
one for A. We multiply the second equation in (4.12) by (¢ — z)A, and integrate by

parts:
1d ZZ(E — z)Audz + /z (gAz + A0 — x)uu, + B0 — x)Au) dz
2dt J, o \2 ‘ ’
ol

—SAO0?=0.  (4.18)

Now, let us write A(0) as follows:

A(0) = (2;%1%)_1{(%/0314( )dﬁ%A(O)) (A;/OEA(x)dx})
— (A= A(0)) ¢.

Recalling (4.13), it holds that [} A(z)dz = —4r (A(O) + [l A, dx). Dividing by
and the applying Cauchy-Schwarz mequahty yield

H%/OZA(x)dx QEiTA( )

2

l
S Cl/ Ai dl’,
L2(0,0) 0

where C} = cA%/(¢y)? > 0 for a constant ¢ > 0. This estimate, together with the
Poincaré and Poincaré-Wirtinger inequalities, implies that there exists a Cy > 0

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



STABILITY OF COUPLED 1-D HYPERBOLIC PDE-ODE SYSTEMS 17 ) 27

such that
Y4
AO)]2 < Cy / A2dg. (4.19)
0

Similarly, there exists C5 > 0 such that |A(¢)|? < C3 f(f A2 dx.
Because hyg = A(0)/y and h = A({)/~, the last two estimates allow us to derive
dissipation terms for hg and h:

4
|hol? + |h|* — (14/ A2dz <0, (4.20)
0
where C; = (Cy + C3) /7 > 0.

We are now ready to define £(t) and D(t). Let £,6 > 0. Then the sum (4.15) +

(4.16) +£(4.17) + £6(4.18) + 2224 ((4.19) + (4.20)) reads as s 2E(t)+ D(t) <0, where
1

¢
Et) = / (A_(A2 + A2) + é(u2 +u?) + 2eud, + 2e5(¢ — x)Au) dz
0 e

20 () o+ a0y + 1)

D(t) = /0 <€5—aA2 <1 - %(02 + C4>> Ai + §U2 + (g - 8146) U2

+eful, +edf(l — x)Au+ edA (0 — x)uux> dz

e e [N e R )

Step 2: Equivalence of E(t
are equivalent to the energy

)
(4.1
Et) < ( ( + 5(%) ( e) A2+ (é +e(1+ 5€)) u?

+ éui) dz + vjf (((:4) ((ho)* + (R')?) + (he + h2)) : (4.21)

E(t) > /j((i—aéf) A+ (Aie—es) A+ (é—&t(l%—é@)) u?
+ 1u ) dz + ij ((ail) (B + (W')?) + (R +h2)) @)
Choosing &, > 0 such that
8<m1n{ ! 1} and 5<min{i,ﬂ}
A« elA, el
yields the inequality ¢; E(t) < £(t) < coE(t), where the constants ¢1, ¢, > 0 are the

minimum and maximum values among the coefficients on the right-hand sides of
(4.22) and (4.21), respectively.

and D(t) to E(t). We show that both £(t) and D(t)

). Using Cauchy-Schwarz inequality, we have

and
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On the other hand, Cauchy-Schwarz and Young’s inequalities invoke the following:

D(t)g/oe (%(aJrﬁﬁ)AQJra(aJrg) A2 4 (§+g(ﬁ+5€(ﬂ+Ae))> 2

B edALY YBAT )5 oy g0adl o,
+<E+ 5 ) Ua dz + A2 ((ho)™ + (A')7) + 5 (hg + A7),
(4.23)

and

D(t) > /j((g—s(&gl + ol <6652+%))>u2+ (g—gAe (1+%))u§

+ ? (o = 26580) A® + ¢ (a (1 = 5—;(02 + 04)) - 51/3) Ai) o
Az (D) i+ o)+ 2 ),
e e (4.24)

_|_

Now we choose €1, 5,09, > 0 such that

<a <a 5 < 2 a—ef
N E D VoA ot O\l )

£ < gmin {(A0)™", (Beey +60(Bee, + Ac/2)) 7, (Ac (14 (54)/2))_1}
These constants give the inequality ¢1E(t) < D(t) < é&E(t), where é1,é2 > 0
are the minimum and maximum values among the coefficients on the left and
right-hand sides of (4.24) and (4.23), respectively. Steps 1 and 2 yield the desired
result. U

The next theorem follows immediately from Theorems 3.5 and 4.3.
Theorem 4.4. There exists C,r > 0 such that for all (A°,u® kY, h°) € X, we have

JA(t) — Ag|lzz + Ju(t) — ug ||z2 + |ho(t) — hOH| + |h(t) — RO
< Ce (|| Aol 2 (0,6) + lluoll L2 (0,0) + 1hol + [B°)),

for all t > 0, where (Ag, ug, h§*+, h%t) = IIy( Ao, uo, hY, h°) with the orthogonal pro-
jection Iy : X — ker(A) of X onto ker(A).

4.3. DAMPED WAVE EQUATION WITH OSCILLATOR BOUNDARY CONDI-
TIONS. We consider a waveguide of length ¢ terminated by linear oscillators on both
ends. The propagation of sound in the waveguide can be described by a damped
wave equation coupled with the displacement dynamics of the oscillators at each end
[2, 14]. In particular, we subject the velocity potential ¢ of the wave to ODE bound-
ary conditions describing the displacements dy and d, of the oscillators at x = 0 and
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x = L, respectively. With damping coefficient equal to 1, this system reads

(et @) = Yua(t, ) — Wy(t, ), t>0,0<x <Y,
Yu(t,0) = =y (1), t>0,
wx@,ﬁ) = (52(t)7 t>0,
modg (t) + dody(t) + kodo(t) = —piby(¢,0), t >0,
medy (t) + deé’( )+ kedo(t) = —pithy(t, £), ¢ >0, (4.25)
Y(0,7) = (), O<x<d,
Vi(0,2) = (), 0O<z<{,
5:(0) = &2, i=0,0,
[ 07(0) = o i=0,¢,

where p denotes ﬂuld density. The properties of each oscillator 7 are encoded in the
following constants: m; denotes mass per unit area, d; the resistivity, and k; the
spring constant. We assume that the surfaces of the oscillators are impenetrable by
the fluid. For the physical interpretation of such phenomena, we refer to [16, page
263|.

Mo lp my

FIGURE 1. A waveguide terminated by oscillators

To facilitate the analysis, we decompose the waves into ¢~ and ¢*, which denote
the components propagating on the negative direction, and on the positive direction,
respectively [14]. A first order hyperbolic PDE-ODE system is derived by introduc-
ing the variables ¢~ := %(@1/} +0,), ¢ = %(&w — 0,), and v; := 0}, for i = 0, (.
In particular, we have
(

¢r (t,x) — ¢y (t,x) + 3(oT (¢, ) + ¢~ (¢, x)) =0, t>0,0<z<{,
of (t,x) + oF (t,x) + (o7 (¢, x) + ¢ (t,x)) =0, t>0,0<x </,
¢ (t,0) — ¢~ (t,0) = vo(2), t>0,
¢ (8, 0) — &7 (L, 0) = —ue(t), t>0,
5(t) =vo(t), 0p(t) = ve(t), t >0,
Q0p(t) + (1) + 2200 (t) + 2-(¢7 (£,0) + &7 (£,0)) =0, >0,
V() + Svg(t) + 1 06(t) + L (67 (8, 0) + ¢7(1,0)) =0, >0,
d(0,2) = ¢f (x), 0<z <,
¢7(0,2) = ¢ (), 0<z <,
5:(0) = 47, i=0,0,
v;(0) = v, i=0,/.

\

(4.26)
The total energy of (4.25), and hence of (4.26), is the sum of the kinetic and potential
energy of the wave motion, and of the kinetic and potential energy of the oscillators.
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It is defined as
¢ 1
S(t) = / (6% = 7+ (6% +07)?) o+ (meof + kid? + moes + ko).
0

A detailed discussion of the usage of the term can be found in [16, Section 1.3].
Now, let us equip the Hilbert space X := L?(0, /; R?) x R* with the inner product

_ 1
(1, 02) 2 1= (D1, 03 )2 + (D1, 03 )2 + 2 > (k01050 + mjvjnvgs),

§=0,¢

where p; = (¢;, &7, d0i, 0ei, Voi, Vi), for i = 1,2. We define A: D(A) C X — X as

r ] i ¢y — 5(0T +07) ]
ot —¢F — (T +¢7)
A f;) = ZO
é M
|| = — £26, — 2 (67 (0) + 6+(0))
Loe) | ey — By, — 2 (5m(0) + 6 (0))

with domain D(A) = {(¢~, ¢T, 8o, 0, vo, v) € X 1 ¢~, ¢+ € HY(0,0), vg = —¢~(0)+
¢t (0), ve=0¢"(£) — ¢t (£)}. Tts adjoint A* : D(A) C X — X is given by

o1 [ —y =3¢+ ¥7)
ot v — 3T +e7)
A* Yo — —Wo
e do ko L — +
W — Wy + ;2250 + 5= (07 (0) + ¢7(0))
Lwel | =y 4 By 4 L (o7 (0) + (1)) |

The equilibrium states of (4.26) lie in the set
ker A = ker A* = {c (koky, koke, —2pke, —2pko,0,0) : ¢ € R} .

Now, in theoretical acoustics, states corresponding to hydrostatic pressure occur
when the acoustic pressure is equal to the sum of the displacement of the oscillators
on the two ends. Removing these states, we find that

¢
(ker A)* = {(¢_,¢+,50,5g,v0,w) eX: / (6~ + o) (x)dr — 6 — 6 = O} ,
0

see for instance [17, Section 6]. We now present our stability result.

Theorem 4.5. There exist C;r > 0 such that for every initial data
(¢9, 3,00, 07, v5, v;) € (ker A)= N D(A),

the solution of system (4.26) satisfies for every t > 0 the estimate

1™ (Ol + 16T (W)l + [d0(E)] + [06(E)] + [vo(t)] + [ve(t)]
< Ce ™ (llég e + 165 Nl + 1361 + 10¢] + v + v ])-
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Proof. To simplify the computations, we set ™ := ¢t + ¢~ and ™ := ¢T — ¢~
Observe that stability in terms of ¢ is equivalent to stability in terms of 1)*, thanks
to the identity [~ (D)2 + |10 (D2, = 2016~ ()12 + I+ (DII3). We proceed
as in the previous models, and for this purpose we define a normalized first-order
energy of the system:

Eu(t) = / (W24 (6 + (@) + ()2) e+ w((0h)? + (o))
+ 5 4+ vf + 67 + 0. (4.27)

Using the equation for v and vj in (4.26), applying the trace theorem, and taking
k> 0 to be small enough, it is not hard to see that F,(t) is equivalent to

B(t) = / (W24 () + () 4 (6)2) o + 02 4 0 + 62 4 62,

Step 1: Derivation of E(t) and D(t). First, let us take the sum and difference of
the first two equations in (4.26):

U by YT =0, (4.28)

Y +¢F =0. (4.29)

We multiply ¢ to (4.28), and ¥~ to (4.29). Applying integration by parts to the
sum of the resulting expressions, we compute that

1d [f ‘ . -

pa L@@t [ (@ (000 - 6 0 0) =0,
0 0

From the ODEs and boundary conditions in (4.26), this identity now reads

1df [ 1
5&{ / ((¢7)2 + (er)Q) dx + ;(mgvf + movg + k@@? + /{0(5(2))}
0

l
1
+ / (¥*)*de + ;(dgvf + dov2) = 0. (4.30)
0

We multiply the space derivative of (4.28) by v, and the space derivative of
(4.29) by 1, . Following the steps above, we obtain the identity:
1d e 12 1 N2 1\2 2
sap) [ (@)™ + (@r))dz + ;(me(w) +mo(vg)” + (de + ke)vg
0

1
+ (do + ko)va + 2keSevy + 2k050v0)} + ;((d@ + my) (v))?

¢
0
Now, let us take the difference between the terms (4.28) %, and (4.29)xy;. We
integrate by parts and use the identity ¥; v, — ¥, F = (VT ) — (W ). We
compute

+ (do + mo)(U(/J)Q - kﬂ]g - k‘ovg) + / (1/1;)2 dz = 0. <431)

1d

55{ /O E 2ty dx} — (0 (0) + T (0)y; (0)
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¢
[ wher 2 - @) de=o.
0
Again for the boundary terms, we follow previous calculations, and get
1d

¢ ¢
1
—— / 20T ap~ da — = (dev} + dovg + 2kedgve + 2kodovo) ¢ + / (b
2dt 0 1% 0

+(Y7)? = (¥F)?*) de + p(keve + Kovg — me(vg)* — mo(vp)®) = 0. (4.32)
Let v, > 0 (constant to be chosen later). The sum of v;(4.31) + 4-(4.32) yields the
inequality:
L [ s @ et L S (ume? + ko
2 dt 1 o T T x P 17174 1 [

i=0,0

+(nhi+ ﬂdf) “3) } +2 /K((W + () + Uty ) da
+- Z <(vld + mz) (vj)? — 721 kiv ) <0. (4.33)

Next, we wish to obtain a d1851pat10n term for ¢)~. Let us multiply (¢ — z)¢~ to
(4.28), and integrate by parts:

531 | A= dee g [ (@ + @2 - a) o) do
— L 0) + (0 = 0

The trace theorem is employed to estimate the boundary term: there exists ¢ > 0
such that —(MF) > —c fo ((¥7)% + ()?) dx. Tt follows that

1d 1

5T 2(£ — )Y T de + 3 /0 ()2 4+ (1= cl)(¥T)* — cl(yp))?

+2(0 — 2)yY~¢t) da — gfug <0, (4.34)

where we used (7)?(0) = v2.
Finally, we multiply the corresponding ¢; (for i = 0, ¢) to the PDE-ODE coupling
n (4.26):

(3

1 d [ d; L. p
2izoe<dt{mi2+ 1)} Ul—i_m- Z+ml~(w )(7) > 0
Applying Young’s inequality to each ¢ (i)d; for i = 0, ¢, we derive the estimate

1d (d o e
-~ )4 9 a2 (e ey 52 PG < N
i;e(zdt { et (Ml} K m; (ki = pei) 07 = m; — (1)) 0, (4.35)

with positive constants €; and c., for 7 = 0, . We choose ¢; > 0 to satisty

k;
g < —, for i=0,/, (4.36)
0
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and ¢ > 0 such that ¢ = ¢pmax {c.,/my, cc,/mp} for some ¢ > 0. Once again, the
trace theorem implies

¢
my mo 0

) - PR 0) 2 e [ (0 @) de (430)
From inequalities (4.35) and (4.37), it holds that
1d(di, 5 1 )
izoz<2dt {mi(si + 2511)1} vy + - (ki — pe;) 61-)

—5/0 (") + (¥h)?) dz < 0. (4.38)

We are ready to define the energy and dissipation functionals. Let v,7v3 > 0 (to
be chosen later). The sum (4.30) + (4.33) + 72(4.34) + v3(4.38) yields the estimate
14E(t) + D(t) <0, where

¥/
e - | ((W ) ) 4 e + 20— xw-w*) da

d;

2 m;

+ (ki + 273p) 51’%) :
D) - | é ( (1+ T = et =) W2+ 2w+ (5 = Tel = e) ()

- %(1#;)2 - %¢+¢; + 7 (0 — x)wﬂp) dx + %1% ( (’Yldz + %mz> (v))?

m;

l

Step 2: Equivalence of E(t) and D(t) to E.(t). We prove that £(t) and D(t) are
both equivalent to E,(t) in (4.27). The Cauchy-Schwarz inequality implies

E(1) < / Z ( (15 +720) () + (L 30 + () + ﬁw;f) da

2 2
1
+;Z

3
(’ylmi(vgf + (mi By Ty ’ygp) v?
i=0,1

2 2

- (<1+%> ki + v3p (%+1)>6§>.

Setting ¢, > 0 as the maximum value among the coefficients on the right-hand side
above, it holds that £(t) < cuE,(t). We invoke by the Cauchy-Schwarz inequality
that —2pd;v; > —p(52-62 4 ¢v?) for some constant ¢ > 0, for i = 0, (. The reverse
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inequality reads as

g2 [ (1= 2 ) 07+ 0 -2007 P+ + 2w do

1

-2k ()) ).

We further choose 71, 72,3 > 0 successively such that

. 2—m 1
<2 < -
4! ) V2 mln{ 2€ 76}7

1 1 " 2m;k; Y1
- Z i+_di+ki> <1__) 7
Y3 < — min { P (m 5 ( ) l; 9 }

for ¢ = 0, ¢. With these constants, we take ¢; > 0 be the minimum value among the
coefficients on the right-hand side of the estimate from below for £(¢). We obtain
E(t) > a1 Eq(t).

Similarly, we compute

b < [((1+%+ 20—t ne) 6+ E+ o)

F Ry (’V_TM - 736> w:)?) da

1 Y4
+ ;( (de — %ke - ’730) v; + (do - %ko - 72; - ’YSP) U(Q))

+- Z < (’VId + mz) (v)* + Z:;p(kz - p&i)(sl?). (4.39)

7

Now, let us choose &y, ¢, 71, V2, 73 > 0 successively such that

;

g < %, g9 < k—;, as in (4.36),

’yl<2min{Z—i,Z—g}, 'yg<m1n{cé,p€ (do ko) },

: 1 71 1 1 Y2p 1 (44())
Y3 <y i=ming o (dz - 7162) ) ,‘,(do — Sk — —) %(% Y2cl),

%(1+%+’g—2(1—c£+£))},

\

where we reduce 71,792,735 > 0 as needed. It follows that D(t) < ¢ E,(t), where
Co > 0 is the maximum value among the coefficients on the right-hand side of
(4.39). On the other hand, the Cauchy-Schwarz and Young inequalities imply

D(t) > /( (1- 2 (155 = ) —out) (072 + 20

(3 - Bt =) @)+ (% - Eé) <w>2) da
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1 4! Yapl
+;(<dé_?ké_’73p) v; + <d —Eko—T—”Ysp

5 Z < (%d +5 ) (v7)” + Z;’?(kri - pei)@?), (4.41)

ZOZ v

where €, ¢. > 0. We choose ¢, ¢, €9, 71, 72, 73 > 0 such that

£ < %, €0,€0,71 > 0 as in (4.40),

7, > 0 small enough, 73 <min{v,1(1 -2 + 72(17766 —lc.))},
where v > 0 is the constant from (4.40), and 72 > 0 is reduced (if needed) such
that (1 —71/4) > v (¢¢. — (1 — ¢f)/2). With these constants, we take ¢; > 0 to be

the minimum value among the coefficients on the right-hand side of (4.41). Finally,
D(t) > ¢1E,(t), and the proof is complete. O

An immediate consequence of Theorems 3.4 and 4.5 is stated below.

Theorem 4.6. There exist constants C’,T > 0 such that for every initial data
(dg, dF 500,00, 08,0)) € X, it holds that

167 (1) = ¢ oz + 167 (1) = 65 = + D (16:(8) = 6] + Jua(t) — o))
1=0,¢
< Ce(Igg 2 + N6 1= + 1631 + 1671 + [g] + [og]),

for all t > 0, where (¢5=, g+, 09+, 89+, 09+, v0h) = Ho(dy, o, 09, 9,09, v9) and
IIy : X — ker(\A) is the orthogonal projection of X onto ker(A).
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