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ABSTRACT.

We analyze an optimal control problem for the stationary two-dimensional
Boussinesq system with controls taken in the space of regular Borel measures.
Such measure-valued controls are known to produce sparse solutions. First-order
and second-order necessary and sufficient optimality conditions are established.
Following an optimize-then-discretize strategy, the corresponding finite element
approximation will be solved by a semi-smooth Newton method initialized by a
continuation strategy. The controls are discretized by finite linear combinations
of Dirac measures concentrated at the nodes associated with the degrees of
freedom for the mini-finite element.
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1. INTRODUCTION

Distributed controls offer advantages for optimal control problems of static and dy-
namic models with tracking type cost functionals. The larger the control domains,
the more effective we can reach or approximate the states to a given desired target.
As a result, distributed controls usually have large supports. For the past decade,
there have been a large consideration in analyzing measure-valued controls due to
their sparsity. Despite of the very abstract nature of measure spaces, the typical
compactness arguments for reflexive Banach spaces in establishing the existence of
optimal solutions can be adapted. Moreover, such control problems can be numer-
ically solved efficiently using finite linear combinations of Dirac measures and the
corresponding finite-dimensional system can be computed by a semi-smooth Newton
method [5, 6].

Recently, Casas and Kunisch [8] investigated Borel measure-valued controls for
the 2D stationary Naiver-Stokes equation and established first and second order
optimality conditions. In this paper, we will extend the study to the Boussinesq
system. Due to the coupling of the Navier-Stokes and convection-diffusion equations,
the appropriate functional analytic set-up must be carefully developed. In some
hydrodynamical models, the variations of temperature may lead to a different fluid
flow, which at the same time can affect the heat propagation due to convection.
Therefore the addition of thermal controls may be a useful strategy as well. For a
derivation of the Boussinesq system as an asymptotic limit of the complete Navier-
Stokes system, we refer the reader to [23].

We consider the following optimal control problem

min J(uw,0, w9 1.1
(1,9) € M (wg) X M (wt) ( H ) ( )
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subject to the 2D Boussinesq system with homogeneous Dirichlet boundary condi-

tions
—vAu+ (u-V)u+ VP =0g+ f,+ xuit in Q,

divu=0 in €2, Lo
—kAD + (u- V)0 = hg+ X0,V in €, (12)
u=0, 0=0 on I,

where © is an open and bounded C?-domain in R? with boundary I'. In (1.2), u :
Q—R2 P:Q—Rand6:Q — R are the velocity field, pressure and temperature
of the fluid. Also, v > 0 is the fluid viscosity and £ > 0 is the thermal conductivity.
The control parameters o and (§ are nonnegative, with o + § > 0. The control
regions wy and wy are assumed to be relatively closed subsets of €2. For controls
acting only in the fluid equation one can take w; = ), while for controls acting only
on the convection-diffusion equation one may set wy = (). Furthermore, f, and hq
are external sources in the fluid and heat equations, while g is the gravitational
force.
The cost functional J in (1.1) is of tracking-type given by

1 1
J(uveauvﬁ) = 5/(2|’u’_’u’d|2dx+§/ﬂ|0_0d|2d$+a“u’||M(wf)+/B||19||M(wc) (13)

with desired velocity and temperature u, and 6y, respectively. We denote by M (w)
the space of real and regular Borel measures on a relatively compact subset w of €2,
and by Riesz theorem it can be identified with the dual of

Co(w)={peC(@):¢p=00ndwnT}

equipped with the supremum norm ||¢||c,w) = SUPgeqp |@()|. The associated dual
norm is

Il = sup { [oau: Iolla < 1} — (@),

where |u| is the total variation measure of y € M(w). Equipped with this norm,
M (w) is known to be a separable Banach space, see |25, Chapter 6] for details. We
equip M (w) := M(w) x M(w) with the norm

1Cras o)l nay = Nl an) + llallare),
which is the dual of Cy(w) := Cy(w) X Cy(w) with the respect to the norm

(@1, d2)llcow) = max{|[dr]lcyw), |92llco) }-

Due to their sparsity, regular Borel measure controls have been studied for sta-
tionary and instationary linear partial differential equations in [5, 6, 9, 10, 18, 19|
and for nonlinear partial differential equations in |7, 8]. The current work follows
the methodologies presented in [8], with appropriate adjustments due to the cou-
pling with the convection-diffusion equation. The well-posedness of (1.2) is one of
the crucial part in the analysis. For this direction, we shall extend the results for
the LP-theory of (1.2) with f;, =0 and hy = 0 in [17] and with Ay = 0 in [26], and
without the measures on the right hand sides. These can be extended to prove exis-
tence of solutions of the Boussinesq system for source terms in Sobolev spaces with
negative index and appropriate integrability. With this at hand, the extension to
source terms in measure spaces is immediate thanks to the Sobolev embedding, and
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consequently the existence of solutions to the above optimal control problem can
be deduced from usual sequential compactness arguments. For distributed optimal
controls of the Boussinesq equation in the stationary and instationary cases, see for
instance [1, 4, 14, 15, 21].

This paper will be organized as follows: In Section 2 the analysis of the state
equation will be established using classical fixed point arguments and the local
differentiability of the control-to-state operator will be discussed. The analysis of
the optimal control problem will be the concern of Section 3, and second order
optimality conditions will be presented in Section 4. A proposed numerical scheme
based on the semi-smooth Newton method and its implementation will be given in
Section 5.

2. ANALYSIS OF THE STATE EQUATIONS

In this section, we prove the existence of solutions to the state equation (1.2). The
usual notation for Sobolev spaces will be adapted in this paper, see [2| for instance.
From the continuous embedding W, %(Q) C Cy(w) for any 2 < ¢ < oo, we likewise
have the continuity of the embedding M(w) C W~1(Q) for any 1 < p < 2 by
duality. Thus, we first consider source terms that lie on the Sobolev spaces W ~17(Q)
for 1 < p < 2. Given 1 < p < oo, we denote by p’ the conjugate exponent of p,
that is, 1/p + 1/p’ = 1. The pairing between a Banach space X and its dual X’
will be denote by (f,¢)xxx for f € X" and ¢ € X. If the space X is clear in the
context, we shall simply denote this pairing by (f, ¢). For 1 < p < ¢ < oo we have
Wy 9(Q) € W,P(Q) and in particular W=4(Q) ¢ W~'?(Q). The latter remark
is also valid in the vector-valued case. Moreover, we let LP(Q)) = LP(Q2) x LP(Q)),
WHH(Q) = WR(Q) x WHP(Q), WiP(Q) = WoP() x W™ (@), HyQ) = WE(Q)
and
VP(Q) = {u e WP(Q) : divu = 0 in Q}.

2.1. PRELIMINARIES. Let us start with the definition of very weak solutions.

Definition 2.1. Assume that 2 < s < 0o and s’ < p < oo. Suppose that f €
WL2(Q), h € W1se/(+0(Q) and g € L®(Q). A pair (u,) € L*(Q) x Le(Q) is

called a very weak solution of

—vAu+diviu®@u)+ VP =60g+f in(Q,

divu =0 in €, 51
—kAG + div(fu) = h in €, (21)
u=0, =0 on I,

if the following variational equations are satisfied
( / /
/“ (—vAp — (u-V)p)dr = / 0g - pdz+ (f,p) Ve e W (Q)NV*(Q),
Q Q

/ O(—kAY —u- V) da = (h,y)) Vb € W2 (Q) N W (Q),
Q

/ u-Vodr =0 Vo e WH(Q).
Q
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Let us verify that each integral terms in the above definition are well-defined.

Indeed, from the Sobolev embedding W, (Q) c L*¢/=¢)(Q) and

1 1 2= 1 1

-+ - =-+-<1

0 * S * 20 S * 2
we have fu -V € L'(Q2) by Holder’s inequality. A similar reasoning with  replaced
by s yields that w - (u- V) € L'(Q2). Next, since 1/(s/2) =1—-2/s=2/s —1>
(2 — 5')/2s" we have

W2 (Q) W () ¢ W) c witP (),

so that the duality pairing (f, ¢) makes sense. On the other hand, let n = sp/(s+ o)
so that

/

1 1 1 2-p
—==—-> :
,r]/ Ql S 291
Hence, it holds that W€ (Q) N Wr¢' (Q) ¢ W52/@(Q) c Wl (Q), and as a
consequence the pairing (h, ) is also well-defined. It is easy to see that fg - ¢ is
integrable since W% (Q) ¢ Wh*/C=)(Q) ¢ W*(Q) c L?(Q) for any 1 < p <
oo. Finally, the remaining terms can be checked to be well-defined as well.

To recover the pressure from the first equation in the very weak formulation (2.1),

we invoke de Rham’s theorem [12] to conclude the existence of P € W~1%(Q) such
that

—vAu +div(u @ u) + VP =g + f in W 2(Q) (2.2)
in the sense of distributions. The third equation in (2.1) implies the incompressibility
property

diva = 0 in WH(Q)'. (2.3)
Finally, from the second equation in (2.1), we have
—kA0 + div(fu) = h in W2¢(Q). (2.4)

With regard to the boundary conditions, we recall standard results for the very
weak solutions to the Stokes and Poisson equations in [16] and the regularity of
the corresponding generalized trace on the boundary. In particular, this implies
that the boundary conditions in (2.1) are satisfied in the sense of generalized traces
stipulated below.

Theorem 2.2. Let 1 < g < oo and H = {u € LYQ) : diva € WH'(Q), —Au +
VP e (W Q) NnWL(Q)) for some P € W=L9(Q)}. Then there exists a unique
trace operator vy : H — WY94(T') such that

(yu,dnp) = / u-Apdr+ (—Au+ VP, p)
Q

for every o € W7(Q) n W7 (Q) and

(yu, pN) = / u-Vodr 4+ (divu, @)
Q
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for every ¢ € WH(Q). Furthermore, there is a constant ¢ = cq0 > 0 independent
on uw such that

”/V’U’HW—U‘I"?(F) < C{HuHLq(Q) + ||divu||W1»q'(Q)’ + H — Au + VP”(W2»ql(Q)mWévq,(Q))/}'

If u € WH(Q) and P € LI(Q), then yu coincides with the usual trace of w on T.

Theorem 2.3. Let1 < q < 0o and H = {0 € LI(Q) : A8 € (W27 (Q)NnW7 (Q))'}.
Then there exists a unique trace operator vy : H — W=Y%4(T") such that

(46, ) = /Q 6D dr — (A, )

for every 1 € W24 (Q)NWET (Q) and there exists a constant ¢ = cqq > 0 such that
HVQHW*U‘NI(F) < C{||9||Lq(9) + HAGH(WQ,q'(Q)ﬂWOl’ql(Q))/}'
If 0 € WhH(Q) then 0 coincides with the usual trace of @ on T.

As usual, we drop the trace operator in the notation. For instance, # = 0 on I
precisely means that v = 0 in W~Y99(Q)) in the sense of the previous theorem.
The following theorem justifies the notion of very weak solutions presented above.

Theorem 2.4. If (u,0) € L*(2) x L2(2), with s and ¢ as stated in Definition 2.1,
is a very weak solution of (2.1) then (2.2)-(2.4) are satisfied for some P € W~15(Q),
and moreover, u = 0 in W~Y*(I') and § = 0 in W~1/o¢(T).

Proof. This is a direct consequence of the above discussions along with Theorem
2.2 and Theorem 2.3. U

We close this subsection by stating the existence and uniqueness of very weak
solutions to the linear Stokes and Poisson equations, whose proofs can be found in
[16]. These will be useful when we decouple the fluid and convection-diffusion equa-
tions in the fixed point arguments. We would like to point out that the definitions
of very weak solutions to (2.5) and (2.6) below are analogous to the formulation
given in Definition 2.1.

Theorem 2.5. Letq,r,s € (1,00) with s > 2q/(2+q). Consider the Stokes problem
—vAy+Vr=f inQ,

divy =0 in Q, (2.5)
y=0 onl.

If f € L"(Q) + W 15(Q), then (2.5) has a unique very weak solution y € L(Q)
and there ezists a constant cs = cs(q,r,s,2) > 0 such that

Cs
HyHLq(Q) < 7||f||Lr(Q)+W—1,s(Q).

In addition, if f € W19(Q) then the very weak solution satisfies y € V(Q) and
there ezists cg = cs(q,€2) > 0 such that

Cs
lyllvaq < 7||f||W*17‘1(Q)'
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Theorem 2.6. Let r,s € (1,00) such that s > 2r/(2+ 1) and consider the Poisson
equation

6=0 onl. (2.6)

If h e W=14(Q) then (2.6) has a unique very weak solution 6 € L"(Q2) and there is
a constant cp = cp(r, s,2) > 0 such that

{—HA@Z h in §,

Ccp
||‘9||LT(Q) < ?”h”W—l,s(Q).

In addition, if h € W=1"(Q) then § € W, (Q) and there exists cp = cp(r,Q) > 0
such that cp
[ -

2.2. WELL-POSEDNESS OF THE STATE EQUATION. We begin with a lemma
concerning the solutions of the convection-diffusion equation with a given velocity
field. For each 6 > 0, B, s denote the closed ball in LP(Q2) centered at the origin
having a radius 9.

Lemma 2.7. Let 2 < s < o0 and s’ < o < oo. There exists o = do(s,0,2) > 0
such that for every h € W=1es/(e+9)(Q) and w € By,s, the convection-diffusion
equation

{ —KkAbOy, + div(f,u) = h in Q, @7

O =0 on T,
has a unique very weak solution 0, € L2(Y). Furthermore, there exists a constant
co = ¢o(s,0,€2) > 0 such that for every u,v € By 5, we have

Co
||9u||L@(Q) < ZH}L”W—L@S/(M—S)(Q)? (2-8)

L3(Q)- (2.9)

Proof. We adapt the proof based on the contraction principle in [17, Lemma 3|.
Note that given § € L2(2) and u € L*(2) we have div(fu) € W—1s¢/(+9(Q). From
Theorem 2.6 and the fact that ps/(o0 + s) > 20/(0 + 2), the Poisson problem

—kAB+ = h — div(fu) in €,
6=0 onT.

2
C,
|00 — 9v||Le(Q) < K—2||h||w-1,@s/<g+s>(mllu — v

admits a unique weak solution 0 L2(Q2) and by Holder’s inequality

~ C .
101lzey < =~ 1 = div(0w) [y -.00/t0v0y

cp cp
< ;||h||w—1,gs/<e+s>(g) + ;||U| @10l Le)-

Let us define the map S : Le(Q) — L¢(Q) by S(6) = 6. Then for u € B, .5, we
have the Lipschitz estimate

&
[5(61) = S(62)|[e(0) < f\|u\|p(g)||91 — a|[1e(n) < cpdol|Or — b2 Len)

for any 01,0, € L2(2). Choosing 0y > 0 such that cpdy < 1/2, we can see that S
is a contraction. Therefore the boundary value problem (2.7) admits a unique very
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weak solution 6, € L?(Q2) and moreover the estimate (2.8) with ¢y = 2cp follows
from the choice of §;. With regards to the stability with respect to the velocity field
we have

cp
||0u - 0v||L9(Q) S ?Heuu - evv||w—l,95/(g+3)(g)

cp cp
< —lulle@lfu = Oullre@) + —llu = vllo@llfo ]| o)
1 2c2
< §||0u — Oyl o) + H—fllhllw—l,es/<g+s>(g)||u — V||
and after rearrangement yields the second estimate (2.9). U

Next, we prove the existence of very weak solutions to (2.1) under a smallness
condition on the data.

Lemma 2.8. Let 2 < s < oo and §' < o < co. Assume that f € W 1¥/2(Q),
h € W—hsells+e)(Q)) and g € L>®(Q). There exists 8, = §1(s, 0,) > 0 such that if

1 1
U_KIHg”LOO(Q)HhHW*LSQ/(LﬁS)(Q) + ;“f”W*l'Sﬂ(Q) <0 (2.10)

then (2.1) has a very weak solution (u,8) € L*(2) x L2(S2). Furthermore, there is
a constant ¢, = ¢1(s, 0,92) > 0 independent on w and 0 such that

&1
0] ey < ;||h||w_1,es/<g+s>(m (2.11)

]

C1 1
Q) < - (;HQHL‘”(Q)”h”W1,sg/(3+9)(Q) + ||f||W1,s/2(Q)) . (2.12)

Proof. Given u € By 5, let 0, € L2(Q) be the solution of (2.7). Let us consider
the Stokes equation
—VAY, +Vr=60ug+ f—div(u®u) in Q,
divy, =0 in Q, (2.13)
Yy, =0 on I'.

Since s > 2 we have s/2 > 2s/(2 + s). Also, because 0,9 € L) and f —
div (u ® u) € W1*/2(Q), it follows from Theorem 2.5 that the system (2.13) has a
unique very weak solution y,, € L*(Q2), and moreover, by Lemma 2.7 and Hélder’s
inequality we have

cs
L@ S <||9ug||L@(Q> + [u @ ul[go2g) + ||f||w—1,s/2(m>

b+ IF sy ) - (214)

Therefore the map S5 : Bs,s — L°(€2) given by S;(u) = y,, is well-defined for
every 0 < d < dp, where 9y > 0 is the constant in Lemma 2.7.

Let us show that for some 0 < § < dy, S5 maps the ball B; ;s into itself. Indeed,
one may take 0 < min(l,dy, 5. --—7) and then choose 0 < &; < 1262 If
u € B ;s then

Y]

Cs (Co
S 7 <;||g||Loo(Q)||h||W—l,se/(s+9)(Q) + ||U|

155 ()]

1 2
Le0) < cgmax{cy, 1} (;Fd2(52 + 51) < % max{cy, 1}x%6% < Ko
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according to (2.10) and (2.14). Hence, it holds that Ss(B;s) C B 5. Moreover,
if we further reduce § and ¢; such that

2
s (2m5+ 51’/60) <1,

14 K

then S5 is a contraction map, since for u,v € B, ,s we have
1S5(u) = S5(v)|[z)
c
<= (Ju-v)©ul

Cs
<% (nu\
1%

5 2
<& (2m5+ 1”’30) u — v
14 K

pry + 10 ® (0= )l sz + gl = ull o))

02
@ T vl + H—OQHQIILN(Q)||h||w—1,sg/<s+g>(g)> |u —vl[Ls(0

L3 (Q)-

Hence, by the Banach contraction principle, S5 has a unique fixed point, which
corresponds to a very weak solution of the system (2.1). The estimates (2.11) and
(2.12) can be deduced from (2.8) and (2.14), reducing 0 > 0 if necessary. O

The second step is to establish the well-posedness for a perturbed Boussinesq
system.

Lemma 2.9. Suppose that 2 < v < 00, 2 < f < o0, g € L™(Q), v € L7(Q),
neLfQ), fe H'Q) and h € HY(Q) with divv = 0. There exists 0y =
da2(v, B,2) > 0 such that if

=

1 1
%HHHM(Q) + ;Hvﬂm(m < by (2.15)

then the boundary value problem

—vAu+diviu®u+tu@v+oveu)+Vr=0g+f inQ,

divu =0 n §Q, 516
—kA0 + div(fu + v +nu) = h in Q, (2.16)
u=0, 06=0 on I,

has at least one weak solution (u,0) € V() x H}(Q).
Proof. The proof is again based on a fixed point argument. Consider the map
S VEHQ)x HY(Q) — V(Q) x H(Q) defined by S(u, ) = (u, 0), where u € V*(Q)
is the weak solution of the linearized Stokes equation
—VvAu+Vr=0g+ f—-dive@ut+uv+v®u) inf,
divu =0 in Q, (2.17)
u=20 on I’

while 6 € H}(Q) is the weak solution of the Poisson equation

{ —kA0 = h — div(fa + fv +nu) in Q,

=0 on . (2.18)
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Observe that the right hand sides of the above equations belong to H () and
H~1(2), respectively, hence existence and uniqueness of weak solutions are guaran-
teed according to classical elliptic theory.

Let us show that S is compact. Suppose that (,,6,) is a bounded sequence in
V2(Q)x H}(Q) so that up to a subsequence, which we do not relabel for simplicity, we
have @, — @ in V*(Q2) and 6,, — 6 in H}(Q2). By the compactness of the embedding
V(Q) x H}(Q) € L (Q) x L7 (Q), where 1/y+1/v* =1/2 and 1/8+1/5* = 1/2,
we can further extract a subsequence in such a way that @, — @ in L” (Q)NL" (Q)
and 6, — 0 in L (Q). Let S(@,,0,) = (un,0,) and S(u,0) = (u,d). According to
the standard a priori error estimate for the Poisson equation we have

C — _ _ —
100 — Ol 1) < =100t + Opv + N, — 0w — Ov — nu| 12(q))
0 K

(100 (1 — ) + (0 — O)v + (@0 — @) + (0 — 0)0l| p2(r))

oo

< —{10nll ) + Inllo@) 180 = @l i (o) + 1100 = Oll 2 (0 ([l v2(0) + [Vl 272}

K

where we used the continuity of the embedding V*(Q2) C L7(Q2) and H}(Q2) C LA(Q)
in the last step. Therefore we have the strong convergence 6,, — 6 in Hj(Q).

Similarly, since @, — @ in L (Q) N L (Q) and

C
lun = wllv2ie) < —ligllize@]fn = Ol

c _ _ _ _ _ _
+ o (Ballva) + ll1@llvz@)liBn = allLs @) + 200l @lla = Bl @

we have u,, — u in V*(Q). Therefore S is a compact operator

The next step is to show that set of all possible fixed points of oS for 0 < a <1
is uniformly bounded. Suppose that (g, 6a) = @S(Uy,bs) and (@, 0) = S(u,, ba).
Therefore, (w,0) € V*(Q) x H}(Q) satisfies the following system

—vAu+Vi=60g+ f—adivi(a®@a)+a®@v+ve@a) inQ,

diva =0 in 0,
~ o , (2.19)

—kAl = h — adiv(abu + 0v + na) in 9,

=0, 6=0 on T,

since a(@,0) = (uq,0,). Using the test function § on the third equation in (2.19)
along with divev = divu = 0 we have

~ C _
1013 (@) = —([1hllw-12) + all@llvllnllee ). (2.20)

On the other hand, applying the test function @ on the first equation in (2.19) and
then using (2.20) yield

- & ~ ~
12llv2ie) < — (I fllw-r2@) +llgllz= @10l m@ + allallvllvllenw)
c & ~
< S Iflwr2@ + Zllgllz=@) (Ihllw-120) + all@llvag @)

+ 04||’a||v2(9)||v||m(9)] (2.21)
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Therefore choosing d; > 0 small enough, and recalling that (uq,6.) = o(@,0) and
0 < a <1, we obtain from (2.20) and (2.21) that

c 1
ol + Wallnger < & (1Flhw-se + Hlgll=c@ o )

By the Leray-Schauder Theorem, S has a fixed point which corresponds to a weak
solution of the perturbed Boussinesq equation (2.16). dJ

Now we are in position to prove existence of very weak solutions without the
smallness condition on the data. If on the other hand this smallness condition is
reinforced, we also have uniqueness and stability of the very weak solution. We only
restrict to the case where 2 < p < 00, for which more regularity of the very weak
solution is available.

Theorem 2.10. Let 2 < s < o0 and 2 < ¢ < 0o. Assume that f € W_1’5/2(Q),
h € W=bse/s+(Q) and g € L>®(Q2). Then (2.1) has a very weak solution (u,f) €
L*(Q) x Le(Q2). Moreover, there exists P such that the triple

(u, P,0) € V7(Q) x (L7(Q)/R) x Wy*?CT(q),
where T = min(p, $/2), is a weak solution of the following variational system

/ !
/{uVu-Vgo—(u-V)cp-’u,}dm—/Pdivgodx:/0g-<pdx+<f,go> Vo e W™ (Q),
Q Q Q

/ (kYO -V — 0u- Vi) do = (h,o) Vb € W/ (@),
Q

/ pdivudr =0 VYo e L (Q)/R.

\ Q

Proof. The proof is based on a density argument and appropriate splitting of the
system. First, we note that s’ < 2 < o. For each ¢ > 0, let f. € H () and
he € H~(Q) be such that || f. — fllyy-1.52() < € and [[he = hl[y-150/t40) () < €. We
decompose the problem as the sum of a solution to the following boundary value
problem with small data

_VAUIE + diV(uls ® ula) + vpla = 9159 + f - fs in Q>

divu,, =0 in €,
—KA@LE + diV(@lgulg) =h— hE in Q,
u. =0, 6.=0 onT,

and a solution of perturbed Boussinesq system

—VA'UIQg + diV('UQg & Uoe + Uoe (24 Uie + Uie X u2€) + VP2€ = 9259 + fa n Q,

divaug. =0 in €2,
—I{Aege —+ diV(025u26 =+ 925'11,16 + le’u,gg) = hs n Q,
Uy =0, 0o =0 onI.

Choose € > 0 small enough so that (-=||g|lL=~@) + £)e < b, where d; > 0 is
the constant in the statement of Lemma 2.9. Then we have a very weak solution
(w1e,61:) € L°(Q2) x L2(Q2) according to Lemma 2.8. On the other hand, Lemma

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OPTIMAL MEASURE CONTROL OF THE BOUSSINESQ SYSTEM 11 /33

2.9 guarantees the existence of a weak solution (u.,0s.) € V*(Q) x HZ(Q) to the
above perturbed Boussinesq system. By direct calculation, one can see that the
sum (u,0) = (e + g, 01 + 05.) € L(Q) x L(Q) € L*(Q) x L32/T9(Q) is a
very weak solution of the system (2.1). The regularity of the very weak solution
follows from Theorem 2.5 and Theorem 2.6 since fg + f — div(u ® u) € W~ 17(Q)
and h — div(fu) € W—hse/(s+0)(Q)) while the existence of a pressure P € L™(2)/R
follows from de Rham’s theorem. U

The following result is concerned on the regularity of (very) weak solutions with
a restriction to the integrability exponents. As pointed out in [8] for the case of
the stationary Navier-Stokes equation, the crucial part for the existence of optimal
controls is the linearity of the L*-norm of u appearing on the right hand side.

Theorem 2.11. Let 4/3 < p < 2 and 2p/(p+ 1) < q < 2. Assume that f €
W (Q), h € W=H(Q) and g € L*(Q). Then the very weak solution of (2.1)
constructed in Theorem 2.10 satisfies (u, P,0) € VP(Q) x (LP(Q)/R) x Wy(Q) and

the variational equations
( /
/{qu Veo+ (u-V)u-plder — / Pdivepdr = / 0g - pdx+ (f ) Ve WP (Q),
Q Q Q

] /{/{V@ VY + (u-V)0}de = (h,y) V€ WOI"’,(Q),
Q

/ pdivudr =0 Vo € L¥(Q)/R,
Q

\
hold. Moreover, if 4/3 < q < 2 then any weak solution satisfies
lullvr ) + 1Plle@y/m + 10llwpa)
< (14 llgllz=@) X + [ Fllw-rr@) + hllw-ra@) (1 + [[ufpq)  (2.22)
for some constant ¢ = cp 4,0 > 0 monotonically decreasing in v and k.

Proof. Let us take s = 2p and ¢ = 2pq/(2p — q) so that sp/(s + ) = q. Then the
assumptions on the exponents p and ¢ imply that 8/3 < s < 4 and ¢ > 2. Therefore,
from Theorem 2.10 with 7 = min{p, s/2} = p, there exists a weak solution to (2.1)
that satisfies

(u, P,0) € VP(Q) x (LP(Q)/R) x W, 4().

Now, we demonstrate the estimate (2.22). Note that the assumption on p implies
that 8/7 < 2p/(p+ 1) < 4/3. Let ¢ € W;%(Q) be the solution of

—kAp=~h in €,
=0 onl,

which satisfies the a priori estimate

cp
||§0||W01»‘1(Q) < ?”hHW*Lq(Q) (2.23)
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according to Theorem 2.6. Similarly, let (¢, p) € VP(2) x LP(Q2)/R be the solution

of
—vAp+Vp=pg+ f in Q,
divep =0 in €2,
d=0 on I,

so that by Theorem 2.5, we have the a priori estimate
Cs 1
[#tvray + lollzsoys < % (17w + Hlgllmllblo ). (220

where we used the embedding W, 9(Q) € L*(Q) ¢ W~?(Q) along with the estimate
(2.23).
Let (v,w,n) = (u— ¢, P — p,0 — ¢). The triple (v, w,n) is the weak solution of

—vAv+Vw =ng —div(u®u) in ),

—kAn = —div(fu) in Q,
dive =0 in €, (2.25)
v=0, n=0 on I

Since ng—div(u®u) € W™ 2(Q) and div(fu) € W=12(Q) it follows that (v, @, n) €
V3(Q) x (L*(Q)/R) x H}(). From u = v + ¢ and the properties of the trilinear
form

(div(u @ u),v) = —/(u-V)v-udx = —/(u -V)v-¢dr
Q 0
so that by Hélder’s inequality and the embedding V() € V?(Q) c L*(Q2) we have
[(div(u ®@ u),v)| < cllullpsgllvllvll@lveo-
Using the test function v in (2.25) yields
c
lvllve) = - (lullei@ll@lve@ + lIgllizewlnllmw). (2.26)

Similarly from the equation # = 1 + ¢, one has

(div(0u),n) = — /Q('u, -Vnhdr = — /ﬂ(’u, -V)npdz

and from the convection-diffusion equation in (2.25) and (2.23) we obtain the esti-
mate

C C
7 2 0) < EHUHL‘*(Q)H@HW&’Q(Q) < F||uHL4(Q)||h||W—1»q(Q)- (2.27)

Combining the estimates for v and 7 in (2.26) and (2.27) we get

Cc Cc
[ollva@ + Il < < lullzoll@llvee + (S lIglzxw + 1) Inll e
c 1
< = (1 lw-roi0 + ~lgllz=@ w10 ) lullze)

c (c
+ = (Slglzm + 1) Izl Al -0
Applying the triangle inequality along with the continuous embedding V?(Q) x
H(Q) € VP(Q) x W) and inequalities (2.23) and (2.25), we obtain the desired
estimate (2.22). Furthermore, the a priori estimate for the pressure follows from de

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OPTIMAL MEASURE CONTROL OF THE BOUSSINESQ SYSTEM 13 /33

Rham’s theorem. O

In particular, for measure-valued source terms, the above theorem yields the fol-
lowing.
Corollary 2.12. Suppose that p,q € [4/3,2). Let f, € W 2(Q), hy € W~19(Q)
and g € L> (). Then for every p € M (w¢) and 9 € M(wy), the system (1.2) has
a weak solution (u, P,0) € VP(Q) x (LP(Q)/R) x Wy(Q) and we have

lullve@) + [1P]lr@)m + 10llwaq)
< (1 Il nacory + 19Marn) (1 + [lullzi)

where ¢ = c(p, q,v, K, 1|9z @), | Fallw-12@), | hallw-1a@)) > 0 is monotonically
decreasing in v and k.

For the remaining part of the paper, we shall assume that p,q € (4/3,2), uq €
L*(Q), 0, € L*(Q), f, € W 2(Q) and hy € WH9(Q) are fixed.

2.3. LOCAL DIFFERENTIABILITY AT REGULAR POINTS. The possible non-
uniqueness of weak solutions to (1.2) makes the analysis of the optimal control
problem very difficult to handle. However, for weak solutions that induce unique
solutions to the associated linearized state equation, the analysis can be carried out
as presented in [8]. Following their approach, we shall refer to a triple (u, P, ) €
VP(Q) x (LP(Q)/R) x Wy(Q) that corresponds to a weak solution of (1.2) for a
given control (p, ) € M (wr) X M(wy) a reqular point if the linear operator

Awpo) s V() x (L*(Q)/R) x Hy(2) = H ' (Q) x H ()

defined by
—vAv+ (u-V)v+ (v-V)u+ Vw —ng
A(u,,P,Q) (’U, w, 77) = ( )
—kAn+ (v-V)0+ (u-V)n

is an isomorphism. If the point (u, P,0) is clear in the context, we shall use the
notation A in place of A, pg). This regularity assumption is guaranteed as long as
the kinematic viscosity is sufficiently large enough as shown in the following theorem.
To facilitate the proof, let us denote by (ug, Py, ) a solution corresponding to the
null control (u, ) = (0,0). Observe that (ug, Py, 0y, 0,0) is a feasible point of the
optimal control problem (1.1)-(1.3).

Theorem 2.13. There ezists vy > 0 such that if v > vy and J(u,0,u,9) <
J(ug,69,0,0) then (u, P,0) € VP(Q) x (LP(Q)/R) x Wy Y(Q) is a regular point.

Proof. Let jo = J(ug,0,0,0). From the assumption J(w, 0, u,9) < J(ug, 6o, 0,0)
we have

20|l ) + 26809 ns) < lltto = wallz2 gy + 100 — ballZ2 ().

It follows from Corollary 2.12 that there is a constant ¢ > 0 independent for v > v
such that

[wllve@) + 10lyrq) < 1+ llullzo)
< co(l+ [lu — wallp2(q) + |wall2() < ca(l + jo + [[wallL2@)-
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In particular, (u,#) is uniformly bounded in L*(Q) x L*(Q) for v > vy. Then it can
be seen that A is an isomorphism following the proof of Lemma 2.9. U

For regular points (u, P, ), we claim that the corresponding map A can be ex-
tended to an isomorphism from V?(Q) x (LP(Q)/R) x W;%(2) onto W ~17(Q) x
W=1P(Q). To show this, let us consider the dual operator

A = Al po) : VE(Q) X (L*(Q)/R) x Hy(Q) = H'(Q) x H'(Q)
given by

—vAp — (u-V)p + (Vu) '@ + Vr - W@) _ (2.28)

A*(swr,é)—( e

A simple application of Green’s identity and divergence theorem yields the fol-
lowing

(A(v, @, 1), (p,()) = (A" (¢, 7, (), (v, 7)) (2.29)

for every (v,w@,n), (¢, T, () € VZ(Q) x (L*(Q)/R) x H} (). Indeed, using the anti-
symmetry of the trilinear forms associated with the convection terms we obtain

(A(v,@,1), (¥,0))
:/{VV'U-Vgo—l—(u-V)v-<p+('v-V)u-go}dx—/wdivgodx
Q Q

—/ng-cpdx—i—/{ﬁVC-Vﬂ—i—(u~V)nC+(v-V)9C}dx
0 0
:/{l/ch-V'U—(u-V)cp-'v—i—(Vu)Tcp-'u—GVC-v}d:L‘

Q

_/Qﬁdivvder/Q{nvc-Vn—(wV)CU—(g-cp)n}dx
== <A*(9077T7C)7 (’U,77>>

The aformentioned claim on A will be established by a duality argument.
Lemma 2.14. If (u, P,0) € V?(Q) x (LP(Q)/R) x W, 9(Q) is a reqular point then
A* 2 VE(Q) x (LA(Q)/R) x HY(Q) — H Q) x HY(Q) defined by (2.28) is an

1somorphism.

Proof. Take an arbitray (f,h) € H '(Q) x H~1(Q). Due to the fact that A =
A(u,pp) is an isomorphism, there is (v,w@,n) € V*(Q) x (L*(Q)/R) x H}(Q) such
that A(v,w,n) = (f,h) and from (2.29) it holds that

[((F, 1), (. O] = [{A™ (e, , C), (v, 1))
< [[A* (e, T, g)HH*l(Q)xH*l(Q)H(Ua77)||H%,(Q)><H01(Q)
< c||[A*(ep, T, C)HH*(Q)XH*(Q)H(fv h)HH*l(Q)xH*l(Q)'
By duality, the above inequality implies that

H(907<)HH(1J(Q)><H(}(Q) < CHA*(SOJT, C)HH_l(Q)xH—l(Q)' (2-3())
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It remains to estimate the norm of the adjoint pressure m. Let ¥ € Hy().

From the continuous embedding H(Q) ¢ L% (Q) C L*(Q) we obtain the following
estimates

OV )| <0 V<l L2 [l za@) < ellOll oo 1<l @ 141 Hy
[{( - V)% P)| < HUHL4(9)|\V90HL2(Q)2H¢!|L4(Q> < cllullvr@llellmyo Il ai@
(V). 9)| < IVullr@pllel o o192 o) < cllullve@llel o) ¥l
Similarly, for ¢ € H}(Q) C L*7 () € L*(Q) we deduce that

(g - @, )| < cllgll=@llelayollolme)
[((w-V)(,0)] < CHu”V”(Q)HCHH(}(Q)H¢HH01(Q)

From these inequalities we immediately obtain that
V7l g1 < 1A (@, ™ Ol 1)< m-1 ()

+ (1 + lullve) + 10100 + 1gll=@) el @ + 1<l m @),
and hence for some constant ¢ > 0 independent on ¢, 7 and ¢ we have from (2.30)
that

||80||V2(Q) + ||7T||L2(Q)/R + ||C||H5(Q) < C”A*(Qoa7T7§)||H*1(Q)><H*1(Q)'

In particular, this implies that A* is injective and it has a closed range.
If A* is not surjective, then for some nonzero (v,n) € Hy(Q2) x H}(Q) we would

have (A*(¢,¢,¢), (v,n)) = 0 for every (¢, ¢,¢) € V*(Q) x (L*(Q)/R) x Hy(Q).
This yields that v € V?(Q). By de Rham’s theorem we have A(v,w,n) = 0 for

some w € L*()/R, and therefore (v,w,n) = 0 since A is an isomorphism, which is
a contradiction, and thus A* must be surjective. Therefore, A* is an isomorphism.

O

Lemma 2.15. If (u, P,0) € V?(Q)x (LP(Q)/R)x Wy U(Q) is a reqular point then A*
is an isomorphism from V¥ (Q) x (LP () /R)x W7 (Q) onto W (Q)x W17 (Q).
Proof. Since p’ > 2 and ¢’ > 2, we have the continuous embedding Wﬁl’p/(Q) X
W= (Q) ¢ HY(Q) x HY(Q). From the previous lemma, for each (f,h) €
WL (Q) x WH4(Q) there is a unique (¢, 7,¢) € V(Q) x (L*(Q)/R) x H} ()
with A*(p, 7, () = (f, h) and
Illye@ + 7l + 1@ < CIE Dl iy (231
We claim that (Va) @ — (u- V) —0V¢ € WP (Q). Indeed, take an arbitrary

1 € WP(Q). From Holder’s inequality and the continuous embeddings W*(Q) C
L*/®=2(Q) and W{*(Q) € L*/GP=9(Q) we obtain

[((u- V), ¥)| = [((u-V)h, )| < HuHLgp/(g,,,)(Q)HV¢“LI,(Q)2HcpHLgp/(Sp%)(Q)
S CH”“W@;P(Q)||80||V2(Q)”¢HW(}P(Q)
Likewise, a similar procedure yields
}<(VU)T807T/’>‘ < ||V’U/||LP(Q)2||SOHL2P/(3P—4)(Q)||¢||L2p/(2_1’)(9)
= C||u||Vp(Q)||90||V2(Q)||¢||Wéap(g)
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and from W, 9(Q) C L4(Q) and W*(Q) c L*(Q), we have
[(OVE )| < cllfll e VI 2@ 19l 1) < cllfllwo) IS m@ 1% lwirq):

Combining the above estimates proves our claim and furthermore
1Y) — (- V) — 09 C 1y < clllpllyey + 1<l yen)

for some constant ¢ > 0 depending on the norms of w and 6 in V?(2) and W, (Q),
respectively. Analogously, one can show that (u-V)( 4+ g-¢ € W=19(Q) and

[(w-V)(+g- QOHW—L'I’(Q) < C(HSOHW(Q) + HCHH&(Q))'
From these observations along with the LP-theory for the Stokes and Poisson equa-
tions, see Theorem 2.5 and Theorem 2.6, we have (¢, 7, () € VP (Q) x (L” (Q)/R) x
W7 (Q) and moreover from (2.31) we get

I ellysoy + Il aym + 1<y oty < ENCE )10t s
This completes the proof of the lemma. U

Theorem 2.16. Let (u, P,0) € VP(Q) x (LP(Q)/R) x WyU(Q) be a regular point.
Then A : VP(Q) x (LP(Q)/R) x Wy 4(Q) — WLP(Q) x W—14(Q) is an isomorphism.

Proof. We shall proceed by density and duality arguments. Given (f,h) €
W P(Q) x W=h4(Q), take a sequence (f,,h,) € H '(Q) x H'(Q) such that
(f,.he) = (f,h) in WP(Q) x W=54(Q). From Lemma 2.14, there is a unique
(Vn, @, M) € V(Q) x (L2(Q)/R) x HE(Q) such that A(v,,@n, 7)) = (Fo, hn)-
Let (1, ¢) € W' (Q) x W17(Q) be arbitrary and take (¢, 7,¢) € V7 (Q) x
(LP (Q)/R) x Wl (Q) such that A*(p,7,() = (1, ¢), whose existence is guaran-
teed by Lemma 2.15. Then invoking (2.29) we have

(%, 9), (Un, 1)) = [((Frn ), (0, O))
< || (fn? hn)HW*l‘p(Q)xW*Lq(Q) || (907 C>||Vp/(Q)><W01’q,(Q)
< l|(Frs Bn) w1 @y —1a@) | (%5 &) lyy—107 () w107 ()

Thus, up to a subsequence, we have (vn,7,) — (v,7) in V?(Q) x W,9(Q), and
de Rham’s theorem implies the existence of the corresponding pressure term
w € LP(Q)/R such that A(v,w,n) = (f,h). Thus, A is surjective. The injectivity
of A follows from integration by parts and the surjectivity of A* as stipulated in
the previous lemma. O

For regular points, the local existence and uniqueness of weak solutions to the
state equation is guaranteed.

Theorem 2.17. Let (u, P,0, p,9) € VP(Q) x (LP(Q)/R) x Wy '(Q) x M (wr) ¥
M (wy) be such that (u, P,0) is a reqular point.
(i) There exists an open, bounded and convex set O in W~ 1P(Q) x W=H4(Q)
containing (f 4+ Xwi b, ha+ Xw,0), a ball B in VP(Q) x (LP(Q)/R) x Wy ()
containing (w, P,0) and a C*-map S : O — B such that S(f; + Xw b, ha +
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X V) = (w, P,0) and for any (f,h) € O and the triple (u, P,0) = S(f,h)
is the unique solution of (2.1) in B.

(ii) There exists an open, bounded and convex setU in M (wr) X M (wy) containing
(2, 9), a ball B in VP(Q) x (LP(Q)/R) x Wy '(Q) containing (w, P,0) and a
C>®-map S : U — B such that S(,9) = (u, P,0) and for every (u,9) € U
and the triple (u, P,0) = S(w, V) is the only solution of (1.2) in B.

Proof. To show (i), define the nonlinear operator
T - VP(Q) x (LP(Q)/R) x Wy '(Q) x W P(Q) x W H(Q) — W HP(Q) x W19(Q)
according to

( —vAu+ (u-V)u+VP—-ng—f

Observe that 7T is of class C*°, and moreover 7T (u, P, 0, f 44X it hatXu, ) = (0,0).
Also, the fact that (w, P,0) is regular implies that the following operator is an
isomorphism
oT _ = = _ =

) = W(U, PO, fq+ Xorbts ha + X V).
Then part (i) is a consequence of the implicit function theorem, see [28, Section 4.7].

To prove (ii), define T : M(w;) x M(w) — W 'P(Q) x W=H(Q) by
Z(p,9) = (f g+ Xewts ha + X, ¥). Then one may take S = S oZ and O such that
IY0)=U. O

A

g

We end this section by presenting the first and second order derivatives of the
local control-to-state operator S given in the previous theorem. For q = (f,h) € O,
we set

(uqa Py, eq) = S(f, h) =S(a).
Given a direction r = (0f,5h) € W P(Q) x W=14(Q), we have (v, @y, n:) =
S'(f,h)(0f,0n) if and only if Ay pryoq)(Vr, @r, ) = (6f,0h), that is,

VAU, + (Ug - V)V + (V- VIug+ Vo, =g + X 0f  in

divo, =0 in Q,
—kANe + (Ve - V)0g + (ug - V)1ie = X 0h in 2,
v, =0, =0 on I'.

For the second derivative, if r; = (§f;, 6h;) € W P(Q) x W=19(Q) for i = 1,2 then
(v,0,m) =S"(F,h)((6f1,0h1), (8 f5,0hs)) if and only if

A(’U«q@qﬂq)(’va w, 77) - _((Url : V)’Um + (Ur2 : V)’Ul‘u (’Ul‘1 : V)0r2 + (vl‘z : V)er)
where (vy,, @y, ;) = S’ (f, h) (6 F;, 6h;), that is,
—VAv + (uq - V)v + (v - V)uq + Vo =ng — (vy, - V)V, — (Vy, - V)v,,  in Q,
dive =0, in €,
—KAN + (V- V)l + (ug - V)n = —(vr, - V)0p, — (Vr, - V)br, in 2,
v=0, n=0 on I
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These representations can be verified by the usual differential calculus in Banach
spaces. Analogous representations also hold for right hand sides in the open set
U C M (wg) X M(wy) corresponding to the local solution operator S stated in part
(ii) of Theorem 2.17.

3. ANALYSIS OF THE OPTIMAL CONTROL PROBLEM

In this section we prove the existence of optimal controls and characterize the first
order necessary condition for optimality.

Theorem 3.1. The optimal control problem (1.1)-(1.3) has at least one solution
(8. .0, 1,0) € VP(Q) x (LP(Q)/R) x W(0) x M(wr) x M(wr).

Proof. Recall that (ug, Py,0y) is a solution corresponding to the null control
(pe,9) = (0,0). Consider a minimizing sequence so that

1 1
J(uTw 8n7 Mn?ﬁTL) S J(UO, 607 07 0) = §||'U/0 - ud||L2(Q) + 5”90 - Hd”LQ(Q)'

Thus, the sequence {(n, 0, t,,, V) }n is bounded in L*(Q) x L2(Q;) x M (w;) x
M (wy). In particular, by the Banach-Alaoglu-Bourbaki Theorem applied to M (wy) x
M (wy) having the separable predual space Co(wr) x Cy(w), up to a subsequence we
have g, — pin M (w) and 9, = 9 in M (w;). On the other hand, from the stability
of weak solutions in Corollary 2.12, one has

[wnllve@) + 1Ball oy + 1nllyoq) < (14 [lwn]pae))

for some constant ¢ > 0 independent on n.

Due to the fact that 2p/(2 — p) > 4, by applying Lion’s Lemma to the compact
embedding W?(Q) ¢ L*(Q) and the continuous embedding L*(Q) ¢ L*(Q), we
have for every € > 0 there exists ¢. > 0 such that

[wnllps) < ellunllve@) + cllunll2()-

Choosing € > 0 small enough so that ce < 1 yields the boundedness of {u,}, in
VP(Q), {P,}, in LP(Q)/R and {6,}, in W,%(Q). Hence, up to a subsequence once
more, it holds that u, — w in V?(Q), P, = P in L?(Q)/R and 6,, — 6 in W, 9(Q).

We show that (u, P,0) is a weak solution corresponding to the control (m,).
This can be verified by passing to the limit in the weak formulation satisfied by the
minimizing sequence. The only critical part in the passage of limit is the convergence
of the trilinear terms in the fluid and heat equations. In virtue of the compactness
of the Sobolev embeddings W'?(Q) ¢ L*(Q) and W'4(Q) C L?(R), it follows by
further extracting a subsequence that w, — w in L*(Q) and 6, — 6 in L%(0Q).
Hence

[ ) s~ [ (e 9y uda

Q
< callun = wll g2 [Vl o 2 (1l 2o () + [lellp2r0)) = 0
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for every v € Wé’p /(Q) On the other hand, from the assumptions on p and ¢, that
is p,q € (4/3,2), we have ¢ < 2 < p/(2 — p) and so

2-¢ 1 1 1 1 7

_ = _ — < =
2q +q’ 2p 2+2p 8
1 1 2—-p 1 1 2—p 3 1
— -4 —< -+ —F+ —< -4+ — <1
2q+q’+ 2p _2+2q’+ 2p _4+2q’

These two inequalities allow us to apply Hoélder’s inequality to obtain

/Qnun-ngdx—/Qu-ngdx
Q Q

< ca([|6n = Ol 2o wnll p2vr2-0 () + 0]l L2020 (0 1 n = wll p20 () [V Lo ) = O

for every ¢ € W7 ().

Thus, (u, P,0) is a weak solution associated with the control (u,?). From the
lower semicontinuity of the norm with respect to the weak and weak* topologies, it
follows that (w,p, 0, pu, 1) is a solution of the optimal control problem. O

Let us denote the reduced cost functional j : i/ — R by

1

) ) 1
(. 0) = jla) = 5lluq — wgl|72(0) + S0a — Oall720) + allllazer) + BN

where (ugq, Py, 0q) = S(p, ). Decompose j to a smooth part and convex parts as
follows

1 , .
0o —=balliz0)  G(ee) = lpllaren,  5e(9) = 191aren)-

The tracking part j; of the cost functional j is C'*° and its first and second directional
derivatives are given by, for r = (d, 609) € M (wr) X M (wy)

i = [ eqdem)+ [ codeo) (3.1)

. 1
Jalq) = §||uq - ’U'd||%2(n) +

Fi(a)(r,r) = / (sl + [l — 2000 - V)vr - 0 — 20we - ViCa) d (3.2)

where (vp, @, ) = S'(q)r and (¢4, 7q,(q) € VY (Q) x (LF (Q)/R) x W7 () is

the solution of the linear adjoint system

—vAPy — (Uq - V)py + (Vug) oq + Vg =0V +uq —uq  inQ,

divep, =0 in €,
—kACq — (Uq - V)(q =9 g +0q—0s inQ,
$q=0, (=0 on I,

or alternatively in terms of the operator A*, we have

A?umpqyeq) (‘Pq’ Tq) CCI) = (uq — Uyq, eq - ed) (33)

On the other hand, due to Lipshitz continuity and convexity, the directional
derivatives ji(p;op) and j{(9;69) at p € M (wr) and ¥ € M(w;) exist in every
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directions dp € M (wr) and 09 € M(w), respectively. Moreover, j¢ and j; are
subdifferentiable. Recall that X € 0j¢(p) C M (we)* if

(A Ol — 1) M(wryx M () T Ji(p) < Je(Op)  Vop € M (wy)

or equivalently if (X, p) ar(we) sy = Je(p) and (X, Spe) mr(we) x M) < Je(op) for
all dp € M (ws). Similar remarks are applicable to j;.

Let us turn to the local first order necessary condition for optimal solutions that
are regular. We say that (w, P,0, 1,9) is a local solution of the optimal control
problem (1.1)-(1.3) if there exists an open set O in V*(Q) x (LP(2)/R) x Wy () x
M (wg) x M (w;) containing (w, P, 0, f1,9) such that J(w, P,0, u,9) < J(u, P,0, ix,9)
for every (u, P, 6, u,9) € O.

Theorem 3.2. Let (j1,9) be a local solution of (1.1)-(1.3) with corresponding
state (w, P,0) € V”(Q) x (LP(Q)/R) x WU(Q) that is 'regular Then there exists
(o, T, O) € WHP(Q) x (P (Q)/R) x W (Q) such that —1¢ € 0ji(p) N Co(wy),
——C € 05:.(9) N Cy(wy) and

Al pa(@,7,C) = (T — uq,0 — 6y). (3.4)

Proof. According to the convexity of j, the local optimality of (jz,?) and (3.1), we
have

0 < tim (i@ + ol — ).+ o0 — D)) — (2. 9))

al0 O

< lim ;{jd(ﬂ +o(p— ), 0+ 00 —19)) = ja(, 9} + a(Gr(p) — je(@) + B(G(0) — ji(V))

_ / odlu— )+ / A - 3) + alleelarien — I8l aren) + BN — [Flariw0)
wr Wt

for all (u,9) € M(w) x M(w,), with (¢, 7,() glven by (3.4). Choosing ¢ = ¥
yields that —2@ € 9j¢(r), while p = 1 glves us ——C € 95,(¥). The remaining

part is a consequence of the embeddings WL¥ (Q) C Co(ws) and W (Q) C Co(w;)
since p', ¢’ > 2. d

The sparsity of measure controls is given in the following theorem, whose proof
can be obtained by adapting the methods in [8, Corollary 3.8], therefore the proof
is omitted.

Theorem 3.3. With the notations of the previous theorem and assuming that fiy,
fo and 9 are not equal zero, then ||@1|lco = [|@2]lcc = @, ||¢||cc = 5 and

supp(fif) C {z € w; : ¢(x) = Fa},

supp(9%) C {z € w; : {(x) = F6},
where [i; = [ — fi; fori =1,2 and 9 =9 — 9~ are the Jordan decompositions of

the Borel measures [i; and 19, respectively.

Remark 3.4. All the results in this section can be adapted to case where there is
control only in the fluid equation (wy = O and B = 0) or only in the convection-
diffusion equation (w¢ = 0 and o = 0).
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4. SECOND ORDER OPTIMALITY CONDITIONS

We now establish the second order necessary and sufficient optimality conditions
for regular local solutions as defined in Section 2.3. All throughout this section,
(w, P, 0, j1,9) will denote a local solution of (1.1)-(1.3) for which the triple (u, P, )
is regular. Moreover, let (¢, 7,() be the adjoint state satisfying the first order
optimality condition in Theorem 3.2. We shall also use the notation q = (f,9) for
the optimal control.

For 7 > 0, we define the cone of critical directions

Co(, V) = {a = (V) € M(we)xM(wy) : j' (1, V) (1, 9) < 7([|vallL2 () FI7allL20)) }
where (vq, wq, 1q) = S'(q)q. The second order necessary condition is formulated in
the cone Co(f,1), while the second order sufficient condition will be developed in
the slightly larger cone C,(f,?) for some 7 > 0, see [7, 8, 27] for instance.

From the convexity of j, it follows that C,(jx, ) is a convex cone in M (wg)x M (w;).
By employing the methods in [7| through the Lebesgue decomposition of regular
Borel measures, the following second order necessary condition can be established.

Theorem 4.1. Let p,q € (4/3,2). If (w,P,0,1,9) € VP(Q) x (LP(2)/R) x
Wy () x M (we) x M(w) s a local solution of (1.1)-(1.3) such that (w,P,0) is

regular, then we have j/|(f,9)(p,9)* > 0 for every (u,9) € Co(f, V).

To formulate the second order sufficient conditions, we shall restrict the coeffi-
cients p and ¢ so that 4/3 < ¢ < p < 2. This additional assumption on ¢ is imposed
in order to succesfully estimate the convection term in the heat equation.

Recall from Theorem 2.17 that there is a bounded, open and convex set O such
that S'(f,h) : WP(Q) x W=H9(Q) — VP(Q) x (LP(Q)/R) x W, 9(Q) is an iso-
morphism with uniformly bounded operator norms over all (f, h) € O, i.e. for some
¢ > 0 it holds that

(fsilzl)IG)O IS"(f, h)|’c(W—lap(Q)xw—Lq(Q),VP(Q)x(LP(Q)/R)xW(}’Q(Q)) sc (4.1)

Furthermore, from the proof of Theorem 2.17(ii) we have U = Z71(0) = (O —
(f 4, ha))N (M (we) x M (w;)) thanks to the embedding M (we) x M (w;) C WP(Q) x
W=14(Q). Therefore, we have the local Lipschitz continuity of the solution operator,
i.e. for some constant ¢ > 0 it holds that

lugq — wllve) + 1 Pq = Pllos@yr + 110q = Ollyraq

< (e — Bllw-rr@) + 19— Ollw-19@), Vg = (u,9) €U.
(4.2)

As a consequence of (4.1) and (4.2) we have

?1225) HA(”Iquﬂq)”L(W—I’P(Q)xW-Lq(Q),VP(Q)x(LP(Q)/R)xwol’q(ﬂ)) <c (4.3)
Lemma 4.2. Letq = (p,v) €U andr = (dp,00) € M (ws) x M(wy). Suppose that
(vq,ra Wq,r nq,r) = S/(fd‘{'XWf/% hd‘i_thﬁ) (wa(s.u‘a théﬁ) and (’Ur, Wr, 771‘) = S/(fd+

Xk Pra + X ) (X O, X, 00). Then there exists a constant ¢ > 0 independent on
q and r such that

[var = vellvei) + I, = @ello)/e + M0 = ellwiag (4.4)
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< (|l — llw-1e@) + 10 = Ilw-ra@) (vl 22(0) + [10e ]l 220)
qu,r||L2(Q) + ||77q,rHL2(Q) < C(||UrHL2(Q) + H77r||L2(Q))~ (4.5)

Proof. First, let us observe from the definitions of (vqyr, @qr, Nqr) and (Vy, @y, Hr)
that

Alug,Pate) Vars Tar, Mar) = (XS, Xes, 00)
A(ﬂ,P,é) (,UIW Wr, 771') = (wafsll'a théﬁ)

Let v = vqr — Vr, @ = Wqr — @r and 1 = gy — - A simple calculation reveals
that

Aluq.Paba) (0, @,1) = (. 1) (4.6)
where f = —[(uq—u)-V]v,—[v:-V](uq—a) and h = —[(ug—u)-V]ne—[v:-V](04—0).
Given ¢ € Wé’p,(ﬂ), upon applying V?(Q) ¢ L*/*~2(Q) we get
[(F, )] < cllug — all p2ore-n @) [V o e 10ell £2(0)
< cllug = allvr [Pl o) lvrllz2@)-
On the other hand, given ¢ € I/VO1 ’q,(Q) and using the assumption ¢ < p, we have
VP(Q) c VI(Q) ¢ L**9(Q) and thus
(. 8)1 < (ot — @l 2o oo el 200y + 10l 200 10 — Bl oo @)1Vl
< (g — allveio el 20y + orll 2oyl — Blhangon) 191y -
Therefore, it follows from the above calculations that
[ llw-rr@) + 1Allw -0
< c(llug — allve@) + 10q = Ollra) (el p2) + 17ellz2)- - (4.7)

The inequality (4.4) now follows from (4.2), (4.3), (4.6) and (4.7). Finally, (4.5) is a
consequence of (4.4), the triangle inequality and V?(Q) x Wy (Q) C L*(Q) x L*(Q).
U]

Next, we estimate the L?-distance of the solutions with controls in U to the
optimal state.

Lemma 4.3. There exist ¢ > 0 and c. > 0 such that if (vq, @q,1q) = S'(Fa+
T ch

Neoe s PatX o 0) (Xeog s X ) and (v, g5 1) = S’ (FatXer s hat X D) (Xeos oy Xen V),

then
lug = @llL2) + 10q = Ollz2i) < c-(vg = vallzz) + 17q = allr2@) — (48)
for all a = (p,0) € U such that || — Blly-10) + [0 = Olw-10) <.

Proof. Let u = uq—u—vq+vg, P =P — Py—wq+ wq andé’:Hq—é’_—nq—f—nq.
Then one can see that

Awpo(u, P.0) = —([(uq — u) - V](uq — u), [(uq — @) - V](fq — 0)).
Applying a similar argument as in the previous lemma, one has

lellvre) + 10lly0) < cllg = allve@ (g = @lr2q) + 10 = Ollr2@)-  (4.9)
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Therefore, from the Lipschitz estimate (4.2), the triangle inequality and inequality
(4.9)

g — @l g2y + 10q — Ollr2()
< [lullg2i) + [10llz2@) + lva = vallz2(0) + 110 = nall2()
< lullve@) + 101l o) + 1va = vallz2) + l11a = nallz2@)
< ce(fluq — ’aHL?(Q) + 110 — 6_||L2(Q)) + |lvg — ’UqHLZ’(Q) + [17q — TIQHLQ(Q),
whenever [[p — pfly-10q) + |0 — J||w-1.4() < &. Choosing & > 0 small enough so
that ce < 1, we get the estimate (4.8) with the constant c. = (1 — ce)™?, O
In the following lemma, we shall estimate the residual norms for adjoint states.
Lemma 4.4. There exists ¢ > 0 such that for all q € U we have
lpg = @llyw@) + Ia = Cllyaar o) < cllug = Bl + 10a = Oll2)  (4.10)
where (@, Tq, Cq) is the solution of (3.3).

Proof. Let (p,7,() = (pq— P Tq—T,(q — (q)- A straighforward calculation shows
that A?,’p’é)(cp,ﬁ,() = (f,h) where
h=0q—0+ (uqg—u)- Vi,
f=uq—u+(0g—0)Vig+ [(ug — @) - Vlgg — (Vuq — Vi) ¢q.
The adjoint states (¢4, 7q,(q) are uniformly bounded for q € U, i.e.
1allve @ + Imall v o) /m + [Callipro o) < clllua = wall ) + 10a = ball2) < ¢

thanks to (4.3), the triangle inequality and the boundedness of U.

Let us estimate the norms of f and h in W~ (Q) and W19 (Q), respectively.
With regards to the last two terms in f, take an arbitrary v € W(l)’p (Q) and proceed
as follows:

v](pq - (V'u'q - V’ITI,)TQOq, ¢>|
[([(uq —w) - Vigg, )| + (% - V)pg, uqg — u)
clluq — ﬂ||L2(Q)||90q||Vp'(Q)||V¢||L2p/<2—r’)(9)2
< cfluq - ﬂ’”LQ(Q)H(quVP’(Q)||Q/)HW8’I’(Q)‘
According to W7 () € WP (Q) and L*(Q) € W () we have
[{ug =+ (0g — 0)Viq, )]
< clllua = @y 1) + 100 = Tl [Gall 2 o) 1%y
< clllug =l r2@) + 100 = Ollz2ie [Cally 0 o) ¥ w0

Combining the above estimates and using the boundedness of the adjoint states
yield

£y 0y < e(ll0a = Ollz2) + g = @llL2(e)-
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A similar process shows that
1Allw-1a2) = 10q — 0 + (uq — @) - Viqllw-1(0)
< 10 = Oll2@) + [luq — wllr2@)-
The desired estimate (4.10) now follows from the fact that Alupa)

from V¥ (Q) x (L (Q)/R) x W7 (Q) onto W~ (Q) x W~ 1q (Q), cf. Lemma 2.15.
U

is an isomorphism

We shall now estimate the second derivatives of the smooth part of the cost
functional with directions that are deviations of the optimal control.

Lemma 4.5. For every p > 0 there ewists €, > 0 such that
[l (1, 9) = i (B, D)) (ke = 2,0 = 0)°] < p([lvg = vallz2() + 11q = Mall72() (4.11)
for every o = (u,9) € U such that || — fllyw—10(q) + |0 — Olw-14(0) < &p.

Proof. Let us denote the deviation in controls by r = (6, d69) = (p — @, 9 —
¥). Further, write (Vgr, @ar Tar) = S (Fa + Xwrkts Pa + X ) (Xwr O, X0 09) and
(vp, @y, nr) =8'(Fiq+ Xorkt ha + Xer @) (Xeos O, X 69). According to the representa-
tion of j7 in (3.2) we have

17 (12, 9) = 5 (8, )} (O, 69)?|

S/|Uq,r+vr||vq,r_vr|d$+/|77q,r+77r||77q,r_77r|dx
Q 0
+ 2/{|[(’Uq,r—vr)'V]soq'vq,rl+|(Ur'V)(<Pq—<P)"Uq,r! + [(vr - V)@ - (vgr —

+2/{| Var = vr) * VCalael +|(0r - V)(Ca = Ol + [(0x - V)C(nge — )} da

The above integral terms can be estimated from above by following the same
strategy as in the proof of Lemma 4.2. Invoking Lemmas 4.2—4.4, the embedding
VP(Q)x Wy 9(Q) € L*(Q) x L*(Q) and (v, 1) = (vgq — Vg, 11q —7q) it can be verified
that

< c(llp = Bllw-ro@) + 119 = llw-100)) (Vg — vallz2(0) + 11q — 76ll72(0)-
Given p > 0, we take €, > 0 small enough so that ce, < p. Therefore, we have
(4.11) whenever || — fllyy—10(q) + [0 — Ilw-19(0) < - O

With the same procedure as in the above lemma, one can deduce the following
estimate.
Lemma 4.6. There ezists co > 0 such that for all q = (p,9) € U we have
g (ke ) (1 — B, 0 — )|
< co(l = Bllw-ro) + 10 = Dllw-19@)(lva — vallp2) + 11 — Mallz2)-

We are now in position to state and prove the sufficient optimality conditions for
the optimal control problem (1.1)-(1.3).
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Theorem 4.7. Let 4/3 < q¢ < p < 2. Suppose that (j1,V) satisfies the local first
order necessary optimality conditions as stated in Theorem 3.2. Assume that there
exist T > 0 and Kk > 0 such that

) (1.9 2 K(llvalZa + InalZe)s VA= () € Co(, ). (4.12)
Then there exist constants € = €,,, > 0 and v = 7, , > 0 such that
38, 0) + ([[ug — g2 ) + 100 = Oll2) < (k. 9) (4.13)
for all q = (p,0) € U satisfying || — Bl + 10 = Ilw-100) <e.

Proof. As in [8], let us distinguish two cases. First suppose that (du,0v) =
(p — @, 9 —9) € C(u,V). Note that from (3.1), —2¢ € dji(r) N Co(ws) and
——C € 97, (9) N Cy(w,) we have

7((f, D); (612, 69)) = / B A1) + (s 61) + / CA(69) + B7L(:69) > 0

Applying a Taylor expansion, Lemma 4.3, Lemma 4.5 with 0 < p < k and (4.12),
we have for some o € [0, 1] that

J(,9) — j(m, )
> Linta, 0)(op, 50 +

L+ ol — ).0 + 00— 9)) — 735 0)) (54, 60)°

2 2
> L = 0)(1vq — vallZerey + 1 — 7allacen)
=5 P q allzz(q) Nq — Maliz2(o)
> L (k= o) (Jluq — @l + 10 — 0oy
= 2c. a L%(Q) q L2(Q)/

On the other hand, if (§u, d9) ¢ C,(w,?), then

7'(1,9)(0p, 69) > 7([lvg — vallL2(0) + g — Mallz2@)-

By choosing € € (0,¢,) small enough, one has ||vg — vqll12() + [17q — Mallz2@@) <1
thanks to (4.2) and (4.3). A Taylor expansion once more, together with Lemma 4.6,
we have

3, 9) = 5, 9) = ' (B, 0)(Ope, 00) + ljé'(ﬂ +o(p—R),9+ 0 —0))(op, 69)°

2
>1 _ 12 a2
= 2(7 coe)([|lvg 'Uq||L2(Q) + [Inq 77q||L2(Q))
1 _ _
> 57— cog)(|luq = @iz ) + [16a = OllZ20)-

Reducing € > 0 further if necessary in such a way that cpe < 7, we obtain (4.13)
with v = min{(k — p)/c., (T — coe)/c}/2 > 0. This completes the proof of the
theorem. ]
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5. NUMERICAL APPROXIMATIONS

In this section, we consider a finite element approximation for the optimal control
problem (1.1)-(1.3) based on a semi-smooth Newton method developed in [5, 6]. Let
{Th}n>0 be a family of quasi-regular triangulations of {2 parametrized by their mesh
sizes h, that is, the length of the largest triangular edge. We shall only present the
case of triangular mini-finite finite element space [3], and furthermore, for simplicity
of exposition we shall consider the case wf = wy = Q, f; = 0 and hy = 0. The
discussions below can be adapted to the case of triangular Taylor-Hood elements as
well as for quadtrilateral basis functions, see [13] for instance, as long as the discrete
inf-sup condition holds.

5.1. FINITE ELEMENT APPROXIMATION. Let {z;} be the set of all nodes
together with the barycenters of the triangles in the mesh. Denote by I, the set
of all nodes in the triangulation and I to be the set of nodes together with the
barycenters. Associated with these nodes, we consider the nodal Lagrange basis
functions {e;}ier,, consisting of continuous piecewise linear polynomials for vertex
nodes and bubble functions for the barycenters, such that e;(z;) = §;; for all 4, j € Ij,.
Similarly, we denote the linear Lagrange basis elements {\; }ics , so that \i(x;) = d;;
for every 4,7 € I,,.
Consider the finite element spaces

Vi, = {uh €eCQ):u = Zuhieia Upi € R}

i€ly

Qn=1<pn€C(Q):p,= Z PhiNi, Pri € R

1€lpp

Let V, =V, x V}, and denote e;; = (e;, e;) for 4, j € I,. For the discretization of
the control space, we consider the following space of linear combinations of Dirac
measures concentrated on the nodes and barycenters

Dy, = {,uh € M) : pp = Z,uhi(sxia Hhi € R}

i€l

and let D;, = D;, x D;,. Note that Dj;, can be identified with the dual of V;,. For
up, vy, € Vi, and &, € Dy, we define (updy,;, vp) = up(x;)vp(x;) and similarly for the
vector-valued case.

To approximate the optimal solutions, we follow the strategy of optimize-then-
discretize, that is, we discretize the optimality system for the continuous problem.
For the state equation, consider the nonlinear operator

T: WP (Q) x (LP(Q)/R) x Wy () — WHP(Q) x LP(Q) x W™H(Q)
—vAu+ (u-V)u+ VP —ng
T(u,P,0) = divu
—kAn+ (u-V)o
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On the the other hand, for the adjoint equation let us define the linear operator

LW (Q) x (L7 (Q)/R) x Wy? () — W(Q) x L (Q) x WH(Q)
—vAp + (Vu) o — (u-V)p + Vi — V(¢

L(p,m¢) = divp
—RAC— (u- V)~ g @

From Section 3, the optimality system for (1.1)-(1.3) can be equivalently written
as

0) = (1, 0,9)
L(g,7,() = (1 — ug,0,0 — 04)
— @) M@)xco@) <0 Velcyo < a
— Q) m@)xCo@) <0 VI<llco) < 8-

Discretizing the above continuous optimality system, reformulating the correspond-
ing variational inequalities in terms of the max and min functions and adding a
Moreau-Yosida regularization, we obtain the discrete system (see [10] for the de-
tails)

Ty (@n, Pr,0n) = (i, 0,95

Ln(@n, Tns Cu) = (@n — tan, 0,0 — Oan)

By, + max (0, — 1, + (@), — ) + min(0, — g, + (¢, + 04))
V5, + max(0, ), + (G — B)) + min(0, =y, + (¢ + B)) =

(5.1)

Here, T}, and L; are the finite element discretizations of 7" and L, respectively,
and will be discussed below. Also, ug, € V) and 60y, € Vj, are the Lagrange
approximations of the desired states u, and 6.

The goal of the parameter v > 0 is to provide a starting point for the semi-smooth
Newton method when applied to the above discretized optimality system. First, we
initialize v > 0 and set f1;, = 0 and 9, = 0 inside of the min and max functions.
The resulting system can be expressed as follows:

T (wns pr, On) = (1,5 0, 9p)

Li(@p, Thy Ch) = (un — wan, 0,0, — Oar)

Fop, + VX AP — YUX AL (1) — XA () = 0
n + XA Sh — YB(Xa (@) — Xa_ (@) =0,

with the active sets of indices Ay (p,) = {i € I}, : p,(z;) > a}, A_(¢p,) = {i €
In = ppla) < —a}, Algy) = Au(py) UA (@), Ap(Gn) = {i € In = Gula) > B},
A_(Cn) = {i € I : Gulwi) < =} and A(G) = A(G) U A-(Cr). This system
is solved iteratively by evaluating the indicator functions at previous values of the
adjoint variables. More precisely, starting initially with 9 = 0 and 99 = 0, the
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update at the kth step is given by

T, (ufw pfm 92) = (I’l’fw 0, 19%)

Lu(pk, mh, CF) = (uh — wan, 0,05 — Oan)

i, + ’YXA(LP’;*I)‘PZ - VQ(X,M@’;*) - XA,(L,;;*)) =0
I+ WX a1~ B0 ) — X @) =0

(5.2)

until the stopping criteria A(@f) = A(@F™") and A(¢F) = A(CF') are satisfied.
From the last two equations, we see that the variables uf and 9% can be eliminated
from the system. We then repeat calculating the solution of (5.2), but now with
v replaced by o~ for some scaling factor ¢ > 1, with the solution of the previous
problem as the initial iterate. This process is terminated once the stopping criteria
is satisfied or a declared maximum parameter v has been reached.

Let cpgo) and 1920) denote the solution of the above procedure and v* be the final
value of 7. For the semi-smooth Newton method, we take the initial point

py) = =" [max(0, ¢} — a) +min(0, ¢} + )]

03 = =" [max(0, 0} — 8) + min(0, 0" + 5)).
This choice of initialization is based on (5.1). Given discrete controls ,u,gfl) and

192]‘—1)’ we then solve the coupled state and adjoint system

S - -
B ) < ) .
Lu(es) 7, ¢ = (uf) — wan, 0,6;” — 0an)
and update the control as according to
: - -
“”(1]) - _XA(cpﬁbj_ltugf_l))((pg = “’g )) T a(XA+(<P§Lj_1Lu§f_”) - XA—(@ij_l)*H;Lj_l)Q
. - -
97 = =X ag (G = )+ B ) — X (g

Again, if there are no more changes on the active sets then this subroutine is ter-
minated, that is, when A(cpg) - u;f)) = A(gogffl) - ,ugfl)) and A( ,(L]) - 1923))) =
A =i ™Y).

The coupled discretized nonlinear state and adjoint equations (5.2) is solved by
Newton’s method. Moreover, for stabilization purposes, we add an artificial com-
pressibility penalty parameter 0 < ¢ < 1. Let X}, := D) X Qp X Dy X D X Qp, X Dy,
The nonlinear finite-dimensional system corresponding to (5.2) is given by

Fh6<X}If) = Fhs(uiap270£a¢ﬁ7ﬂﬁvgﬁ) =0 (54)
where Fj,. : A, = &) is defined by
<Fhe(X;’f),Yh>x,;xxh

= /{VVqu Vo, + (uf - V)uy - vy, — pfdive, — 0Fg - v, } da
Q

— / @y, divuf do + / epfo, da + /{mV@,’f -V + (uf - V)0, ) da
Q 0 Q
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T / (Vk - Vb, — (k- V)l -y + (V) Topl - 4y — 7k dlivap, ) da
Q

= [OG b+ (ki) -} do— [ pudivedot [ e da
(9] (9] Q

T / (RVCE - Ve — (uk - V) — g - @lon — (0 — an)én} i
+ Y e on) = > ay(a o)+ Y ay(da,, )

i€A(pf) i€ A+ (¢}) €A (o))
+ ) A Chleom) = D> BYGanm) + Y BY(0m )
e A(CF) €A+ (Ck) i€A-(¢)

for every Yy, := (vn, @n, h, ¥y, Pr, &n) € Xn-

Approximating a solution to (5.4) by Newton’s method requires the Jacobian
of Fj.. However, instead of directly taking the Jacobian of Fj., we take an in-
exact approach by calculating the derivative of the functional associated with the
continuous system, apply the properties of the trilinear forms induced by the convec-
tion terms and consider the finite-dimensional approximation. The linear operator
Ghe : X, — X obtained from this procedure is given by

<Ghs(X}If)Xh7Yh>X;L><Xh

= /Q{z/Vuh Vo, + (Vulay, - v, + (uf - V)ay, - v, — ppdivey, — O,g - vy} de

— /Qwh div a, dz /Q eppwon, do + /Q{mveh SN 4 (g, - V)0, + (uf - V)0,n, ) do

+ /Q{VVS% -V, — (ug; - V)@, - by, — [Veoh + (Vi) - 4y, + (Vug) @y, - by} da
— /{wh divep, + 0,V -y, + 05V G - by, + @y, - 1y} da — / pr div @), d

+ / emppn da + /{’vah Von — (@n - V)Chon — (up - V)Chdn — g - @00 — Ondn} da
+ Z (@102, vn) + Z (Chzys Mn)

i€ A(@y) i€ A(Ch)

where X, := (@, P, On, @y, Th, Cn) € X Given X;f’j € A, we compute the solution
X7 € &, of linear system

Gre( Xy X3 = —Fpe(X37) (5.5)

and update according to X ,]f’j t_ X ,’j’j - X ,’j’j . This subroutine is terminated once
we have || X, < 7 for some prescribed tolerance 0 < 7 < 1. The above inezact

Newton iterative scheme is initialized by X ,{f’o = 0. This procedure is also adapted
in the approximation of solutions to the discretized nonlinear primal-dual system
(5.3).
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5.2. NUMERICAL EXAMPLE. For the computational domain, we take the unit
square 2 = (0,1) x (0,1). We consider a uniform triangulation of Q consisting of
10201 nodes and 20000 triangles, which corresponds to a mesh size h = \/5/ 100.
The parameters in the cost functional are chosen as « = = 1072 and v = k = 1.
For the desired states we consider ug;(z,y) = (1 — cos(2nz)) sin(27y), ug(z,y) =
(1—cos(2my)) sin(27wz) and Oy4(x, y) = — sin(27z) sin(27y). Note that ug = (ug1, ug2)
is divergence-free in ).

% 0% *
Upy Una ah,

1.0 1.0
0.8 0.8
00 0.6 0.6
0.4 0.2 0.4 02 0.4

0.2 04 456 0.2 04 46 0.2

08,45 00 08,45 00 08,45 00

1.0
0.8
0.0 0.6
0.2 04

0.6

FIGURE 1. Components of the numerical optimal velocity u; =
(ujy, uiy) and temperature 6.

“ 0.4 0.2
08,5 00

FIGURE 2. Numerical optimal pressure p; and adjoint pressure 7.

The algorithm described in the previous subsection was implemented in Python
3.7.6 (Python Software Foundation, https://www.python.org/) on a 2.3 GHz Intel
Core i5 with 8 GB RAM. Regarding the linear system (5.5), we take a penalty pa-
rameter € = 1071, Each of the matrices appearing on both sides of this system were
assembled at every Newton iteration using algorithms analogous to those provided
in [11] with Gaussian quadrature of order 6. In this case, the total number of de-
grees of freedom corresponding to the primal and dual variables is dim &), = 201608.
The solutions of the linearized primal-dual systems (5.5) were obtained by utilizing
the sparse solver splu in the python package SciPy with the UMFPACK option and
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terminated once || X7| < 10719, The discrete system (5.3) is solved successively
with v = 10* for 0 < k < 7.

* * *
Hp1 Hh2 U}

1.
0.8
0.6
0.4

0.6 0.2

0.8
10 00

FIGURE 3. Linear interpolation of numerical velocity controls u; =
(1315 1475) and thermal optimal control 5.

The optimal states corresponding to the penalty parameter v* = 107 are given
in Figures 1 and 2. Likewise, the optimal controls are presented in Figure 3, where
a linear interpolation was utilized for better visualization. Both the velocity and
thermal controls have sparse supports, and furthermore, the symmetric or anti-
symmetric properties of the desired states about the center of (2 is reflected as well
in the optimal controls.

In Figure 4, the profiles of the numerical optimal adjoint states are shown, and we
have ||} ||oo = max{[|¢}[loc, [¥halloc} & 107 and |G [l & 1072, As predicted from
Theorem 3.3, the supports of the positive and negative parts of the discrete controls
wix, i and 97 are located on the nodes where ¢}, ~ F1073, ¢f, ~ F10~ and
¢; ~ F1073, respectively.

Ph1 ©ha G

x1073

04 o 0.2
©10 00

FIGURE 4. The components of the numerical optimal adjoint velocity
@ = (¥, ¥re) and adjoint temperature (.
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