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1. INTRODUCTION

In this paper, we analyze mixed and hybrid finite element discretizations for the dis-
tributed optimal control of a linear elliptic problem with a homogeneous Dirichlet
boundary condition. For example, the state equation models stationary heat dis-
tribution on a two-dimensional medium. We consider the following linear-quadratic
optimal control problem

1
min J(u, Vu,q) := —/a|u—ud|2+ﬁ|Vu—o‘d|2+7|q|2dm (1.1)
€L (Q) 2 Jo

subject to the state equation
[ —Au=f+q in (),

u=0 on 0f). (1.2)

In (1.2), u = u(x) is the temperature of a certain material at the point x € (.
We assume that €2 is an open and convex polygonal domain in R?. The functions
ug : 2 — R and o4 : Q — R? are given desired temperature distribution and heat
flux, the precise function spaces where they belong will be stated below. Moreover,
f + © — R represents an external heat source or sink, while ¢ : 2 — R is the
control. The parameters in the cost functional J are assumed to satisfy «, 5 > 0
with a4+ 8 > 0 and v > 0. For simplicity of exposition, the thermal diffusivity is
normalized to 1.

In the case g = 0, a typical discretization scheme for the optimal control problem
(1.1) is the H'-conforming scheme using piecewise Lagrange polynomials. However,
if the gradient of the state variable is included in the objective functional, then mixed
methods are advantageous in the sense that both the state variable and its gradient
can be approximated at the same order of accuracy. If one wishes to obtain super-
convergence for the gradient in the H'-conforming scheme, then post-processing is
necessary. Mixed and hybrid methods for approximating the solutions of partial
differential equations and their applications to optimal control problems have been
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well studied in the literature. For instance, the reader may consult to [3, 9, 12, 26]
for elliptic problems, [10, 27| for parabolic problems, and [5, 13, 14, 15, 17, 19, 25|
for hyperbolic problems.

In this work, we want to extend the study under a post-processing method and
penalization of the mixed and hybrid finite element methods. Specifically, by ap-
plying a post-processing strategy developed by Arnold and Brezzi [1]|, we prove the
super-convergence properties of the optimal controls, as well as the corresponding
optimal states and adjoint states. The advantage of the hybrid formulation is to
simplify the construction of basis functions by introducing appropriate Lagrange
multipliers relaxing the continuity requirement across the edges of the elements. At
the theoretical level, the solutions of the mixed and hybrid formulations coincide,
however, they differ with respect to the implementation aspect, for instance, the
total degrees of freedom for the flux is different.

From the practical point of view, the disadvantage of the hybrid finite element
method is the additional degrees of freedom. For example, in the case of the Raviart—
Thomas finite elements, these additional unknowns correspond to the Lagrange
multipliers on the interior edges of the subdivision of the domain. There are several
methods in order to compute numerically the resulting saddle point problems, for
instance, the mixed-Schur complement, mixed-Lagrangian, conjugate gradient, and
Uzawa algorithms can be utilized.

We shall add regularization terms to the finite-dimensional system and by re-
duction, the resulting system will be in terms of the discretized scalar state only.
Moreover, the associated matrix is symmetric and positive-definite, hence conjugate
gradient methods are applicable in this case. This penalization strategy is widely
used in the discretization of the Stokes equation. Of course, the additional error
due to this penalization will be studied as well. Both at the continuous and discrete
levels, the analysis of mixed variational problems under certain perturbations has
been studied by Bercovier [6].

For the proposed numerical scheme, the order of performing optimization, dis-
cretization, hybridization, and penalization is immaterial, and they lead to the same
optimality system. A more detailed explanation will be given in the succeeding sec-
tions.

The plan of the paper is as follows: In Section 2, we briefly discuss the mixed
and hybrid formulations of the state equation and the corresponding discretizations
by the Raviart-Thomas finite elements. A priori error estimates for the primal,
adjoint, and control variables in the mixed, hybrid, and penalized discretizations
will be developed in Sections 3 and 4. Finally, in Section 5 we present a gradient-
based algorithm approximating the optimal control and provide numerical examples
that illustrate the results of the paper.

2. WEAK FORMULATION AND DISCRETIZATION OF THE STATE
EQUATION
2.1. WEAK FORMULATION. In this section, we briefly discuss the mixed formu-

lation of the state equation (1.2) and recall the standard existence, uniqueness, and
stability of solutions with respect to the data. Also, the corresponding conforming
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finite element discretization through the Raviart-Thomas finite elements as well
as its hybridized form will be presented. For more details, we refer the reader to
[8, 22, 23].

First, let us define the appropriate functional spaces in the weak formulation.
Given an open and convex two-dimensional polygonal domain 2, we consider the
Hilbert spaces W = L*(Q) and V = H(div,Q) := {o € L*(Q)? : dive € L*(Q)},
where the latter space is equipped with the graph norm

. 1
lorllaiv = (lor]|* + [ldiv o *)2,

as the state spaces for the temperature and heat flux. We denote the space of controls
by @ = L*(Q2). The norm and inner product in L?*(2) will be denoted by (-, -) and
| - ||, respectively. For convenience, we shall also use the same notation for the
norm and inner product of L?-spaces on arbitrary measurable domains. The typical
notation for the Sobolev spaces H*(Q) and HEY(2) will be utilized here and || - ||
denotes the associated Sobolev norms. Furthermore, we let L*(Q) = L?*(Q) x L*(Q)
and H*(Q) = H*(Q) x H*(Q).

Introducing the temperature flux o := Vu as a new state variable, we can recast
the state equation (1.2) as follows

oc—Vu=0 in €Q,
[ dive=—(f+¢q) in Q.
Define the continuous bilinear form b: V x W — R by
b(o,u) = (dive,u).
The weak formulation of the Poisson equation now reads as follows: Given f € W
and ¢ € @, find (o,u) € V x W that satisfies
(o, 7)+b(T,u) =0 VreV,
[ blo,v)=—(f+qv) YveW
Observe that in this case, the homogeneous Dirichlet boundary condition now turns

as a natural boundary condition in the mixed formulation. It is well-known that the
pair (VW) satisfies the inf-sup condition

(2.1)

b
inf  sup T 5o (2.2)
weW\{0} gevfoy ||o[|aiv |l

In what follows, we shall consider the following general variational problem in
order to accommodate also for the analysis of the adjoint equation. Given f € L*(Q)
and g € W, find (o,u) € V x W such that

{(U,T)—Fb(T,u):(f,T) VreV,
b(o,v) = (g,v) YveW.

This problem corresponds to the mixed formulation of the elliptic boundary value
problem

(2.3)

[ —Au=divf—g in (), (2.4)

u=>0 on €.

Using the continuous embedding L*(Q) C V*, where V* denotes the dual of
V', we have the following existence, uniqueness, and stability of solutions to (2.3)
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in virtue of the Brezzi splitting theorem. For a proof, we refer the reader to [§].
Furthermore, by the divergence theorem and elliptic regularity theory, one can show
further regularity of the component u.

Proposition 2.1. Given f € L*(Q) and g € W, the variational system (2.3) has
a unique solution (o,u) € V- x W and there ezists a constant C' > 0 independent of
the data and the solution such that

o {lasv + [lull < CULFI =+ lglD)- (2.5)

Moreover, if f € V, then Vu =0 — f and u € H} () N H*(Q) is the weak solution
(2.4).

2.2. DISCRETIZATION. In this subsection, we present the mixed and hybrid fi-
nite element discretizations for the variational problem (2.3). Let {7 }o<n<n, be
a shape-regular family of triangulations of 2 parametrized by their mesh sizes
h = maxger, hx, where hg is the length of the largest edge of K. This means
that there exists a constant C' > 0 such that h < Cpg and hg < C¥ for every
K €T, and 0 < h < hg, where px and ¥ are the radii of the largest inscribed and
the smallest circumscribed balls of K, respectively. In particular, this implies that
h < Chg for every K € T,. In other words, the length of the edges of the triangles
in the mesh are equivalent to the mesh size.

Given a set S and a nonnegative integer k, we denote by Py (S) the space of all
polynomials in S of degree at most k. For each triangle K € 7Ty, let RT}(K) be the
kth-order Raviart—Thomas finite element on K, that is,

RT(K) = Py(K)* @ xP.(K),

where Pg(K) is the space of homogeneous polynomials of degree k in K.
Associated with a triangulation 7y, we define the following standard finite element
spaces

V’:L = {O'h ceV: O'h|K € RTk(K) VK € 72}
WE = {u, €W :up|x € Po(K) VK € Ty, }.
Define the Fortin projection operator IT5 : V' — V¥ such that
/ (ITfo -v)\,ds = / (o -v)\ds VA, € PL(OK),
d

oK

K
/Hio"uhdx:/a-uhdx Vuy, € Pr1(K) x P (K),
K K

for every K € T, and & € V, where we set P_;(K) = {0}. For the existence of IT},
we refer to [8]. Also, define the L?-projection operator PF: W — W} by

/(P}’fu)uhdx:/uuhdx Vuy, € WE,
K K

for every u € W and K € Tj,. It is well-known that we have PFdiv = div IT} from
V into WF. Moreover, the following projection errors hold

|Pfu— ull < Ol
|Tfo — o < CH ol
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|div ITf o — dive|| < Ch*||div o ||, (2.8)

as long as the regularity requirements u € H**'(Q), ¢ € H*™(Q), and dive €
H*1(Q) are satisfied.

Similar to the continuous case (2.2), the pair (V}, WF) also satisfies the following
discrete inf-sup condition

inf sup _blon,un) >c (2.9)

un€WiN{0} &\, evE\ {0} o nlaivl[unll

for some ¢ > 0 independent of h.
The mixed finite element discretization of (2.3) is given as follows: Given f €

L*(Q) and g € W, find (o, up) € V§ x W} such that

(o, Th) + b(Th up) = (f,74) V7, € V7,

! (2.10)
blon,vn) = (g,vn) Yo, € W)

In virtue of the definition of the discrete spaces, Vﬁ C V and W} C W, thus (2.10)
is a conforming approximation of (2.3). Moreover, thanks to the discrete inf-sup
condition (2.9), we have the following well-posedness result. Again, we refer to 8|
for a proof of this proposition.

Proposition 2.2. Given f € L*(Q) and g € W, (2.10) has a unique solution
(n,up) € VI x WF and there exists a constant C > 0 independent of h, the data,
and the solution such that

lonllaiv + llunll < CCLFI 191D (2.11)

Now, let us consider the hybridization of the finite element approximation (2.10).
For this purpose, we denote by &, and &} the set of all edges and interior edges in the
triangulation 7Ty, respectively. Define the kth order discontinuous Raviart—Thomas
finite element space

Y ={o, € L*(Q) : o4|x € RTW(K) VK € T}
and the space of Lagrange multipliers associated with the edges of the triangulation
L’Z = {/\h € LQ(gh) : >\h|e € Pk(e) Ve € 8;1}

Let MF = {\, € L : \)e = 0 Ve € &, \ &} be the elements in L} that vanish
on the boundary edges. We denote by div o, the piecewise divergence of o), € Y,
that is, div oy, |k = div(e|x) for every K € T,. Given )\, € LF, consider the norm

a2 = Z/ el w2 ds.
K€7~h 0K

By shape-regularity of the triangulations, || Az || is equivalent to bz || A, ]|.
In addition, let us define the bilinear operators b, : Y} x Wf — R and dj, :
YF x M} — R according to

bp(oh, up) = Z /K(divo'h)uh dx

KeTy
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d O'h,)\h Z/ Oy - I/K)\hds
oK

KeTy,

where vy is the unit normal vector on JK pointing outward from K. Likewise,
define the projection operator 7} : H*(Q) — L¥ by

/ (mhu) A, ds = / ulpds YA, € Py(e),

for every e € &,.
With the above notations, the hybridization of (2.10) is given as follows: Given
FeL*Q) and g € W, find (o, un, \p) € Y x WF x MF such that

(on,Th) + ba(Thsun) + du(Th, \n) = (£, 70) VTR €Y7,
bh(a'h,vh) = (g,Uh) Yo, € Wflf, (212)
dh(ah,uh) =0 V/Lh S M}’f

Let us recall that o) € Yﬁ satisfies dp,(op, un) = 0 for every u, € MF if and
only if &, € V. Hence, it follows that if (o, un, \s) is a solution of (2.12), then
(o, up) is a solution of (2.10). On the other hand, the existence and uniqueness
of solution to (2.12) follows from the fact that the corresponding matrix for the
finite-dimensional square system is injective. For the details, we refer to [1].

In particular, the solution of (2.12) satisfies the stability estimate (2.11). Fur-
thermore, the Lagrange multiplier A\, satisfies the stability estimate

[Anlln < CRILFI + Allonll + llunl)- (2.13)

To see this, let us first recall from [23, Sections 3 and 4] or |1, page 13| that there
exists ¢, € Yﬁ such that ¢, - v|. = Aple for every edge e in 7, and there exists a
constant C' > 0 independent of A\, and h such that

/ Ve e + 117 < ClAE. (2.14)

KeTh
Taking ¢, as the test function in (2.12), and utilizing (2.14) yields
A1 = = dn(Ch An) = (o0, C1) + b(Cpun) — (F,C)
< CUIFIN+ lNlonll + 2 lunl DI

and therefore, we have (2.13).

Let us recall the post-processing method described in [1]|. Let k£ be an even integer.
From [1, Lemma 2.1|, we can deduce that for each (A, u) € L x W}, there exists
a unique uy, € W,f“ such that

Z/uh—)\h),uhdS—O \V/[LhEL

eesy
/(ah — uh)vh de =0 Wy, € W:72,
Q

where we set W, 2 = {0}. Therefore, R;*' : (A, up) + 1y, is a well-defined map
from L¥ x W} into WFT!. We shall call Rf™ as the Arnold-Brezzi post-processing
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operator. Moreover, it holds that
1R s un) | < CUIAl A+ unl)). (2.15)

If k = 0, then we simply write R} \j, for R} (\s, u) since the post-processing operator
R} is independent of the second argument.

The assumption that k is even was imposed in order to have a unified proof for
the above properties of the operator RZH. For odd k, one needs to construct ad
hoc nonconforming approximation in order for such properties of Rffl to hold. For
example, the cases where k = 1 or k = 2 has been considered in [1].

To provide a priori error estimates for the discrete and continuous primal and dual
variables, we shall often use the following general stability theorem. All throughout
this paper, we shall assume additional regularity on the optimal primal states, dual
states, and control. By classical elliptic regularity theory, these conditions can be
achieved if the convex domain ) is smooth enough and the desired states are also
sufficiently regular. Note that it is also possible to manufacture solutions that satisfy
such smoothness properties on rectangular domains, see for instance the discussion
in Section 5 that involves eigenfunctions.

Theorem 2.3. Suppose that g, y € W, f € V., f,, € VI, and div f,, = PFdiv f.
Let (o,u) € V. x W be the solution of

(o, 7)+b(T,u)=(f,T) VreV,

bo,v) = (g,0) YoeW, (2.16)
and (o, up, \p) € Y x WF x MF be the solution of
(O'h,Th) + bh(Th,uh) + dh(’Th, )\h) = (fh,’Th) V1, € Y;CL,
bu(on,vn) = (y,on) Vo, € Wy, (2.17)

dn(oh, pn) =0 Yy, € My,

Suppose that o, f € H**(Q) and g € H*(Q). Then, there ewists a constant
C > 0 independent of h, the data, and on the continuous and discrete solutions such
that

lo = oullai + llu = unll < CRH oIz + CULF = £1ll + 1lg = yll) (

15w = unll < CR**2(llgllkrr + [1div £llisr) (
+ CllPig — Pyyll + Ch(If = Full + llo — oall)-

Proof. First, let us observe that the solution of (2.16) satisfies the following system
of variational equations:

8)

2.1
2.19)

(ITy o, T1) + bu(Th, Piu) + dp(Th, mhu) = (f + o —o,1),) V1, € Y7,
bu(ITjo, vy) = (g, vn) Yo, € Wy,
dh(Hﬁa,uh) 0 Vuh € M}lf

(2.20)
Consider the difference (doy, dup, dA,) == (Hﬁa — o, PPu—uyp,, mhu— )\, of the so-
lutions for (2.20) and (2.17). By taking the difference of the variational formulations
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we obtain the following system:
(0o n, Th) + bp(Th, dup) + dp(Th, OAR) = (Th, Th) V1, € YF,
b(60h,vn) = (9 —y,vn) Vo, € Wy, (2.21)
dn(6oh, ) =0 Y, € My,
where 7, = f — f, + ITfo — . Due to the stability estimate (2.11), we have
6 law + [0ull < C(If = ful + 1 HTzo — o] + g = y])- (2.22)
By rewriting o — o}, and u — uy, as follows:
o—o,=(0c—Io)+ o —0o,=(c— o)+ o,
w—up = (u— Pfu) + (Pfu —wy) = (u — Pfu) + duy,
we can deduce (2.18) from (2.6), (2.7), and (2.22).
The proof of (2.19) is based on a standard duality argument. Let z € H}(Q) N
H?(Q) be the weak solution of the elliptic boundary value problem Az = Juy in

with homogeneous Dirichlet boundary condition z = 0 on 052, and define ¢p = Vz.
By standard regularity theory, it holds that

el + 2]l < C|dunl. (2.23)

Taking ITfp € VE C Y} as the test function in (2.21), using the definition of the
Fortin projection, and invoking the fact that ¢ changes signs on opposite sides of
each interior edges, we have

dy(IT e, 60) = — Z /aKSO VRO, ds =0,

KeTy

and thus we obtain the following:

[unll* = (f — f1, Hyp) — (jep, 0 — o)
=(f = fu1Thp — o) — (9 — .0 — o4)
— (Vz,o—on)+ (Vz, f — f1)- (2.24)
From the divergence theorem, it follows that
—(Vz,0 —0op) = (2,dive —divey,) — Z / (0 — o) - vizds.
Ken oK

Note that o), € V¥ according to [1, Lemma 1.2]. The above boundary terms vanish
due to the fact that both o and o, are in V. Hence, according to dive = ¢ and
divoy, = PFy, we deduce that

_(VZ7U_Uh) = (g_Pi]:y7Z)
As a result, the following estimate holds

(V2,0 —an)| < C(W"|gllees + 1P — PrylDlIz]s. (2.25)
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Applying the same line of arguments and the assumption that div f, = PFdiv f,
—(Vz,f — f3,) = (div f —div f;,, 2) = (div f — PFdiv f, 2 — PF2),
and therefore, it holds that
(Va, f = Fu)l < CH2)div £l =]l (2.26)
Since |[IT} o — || < Ch|p||1, we have

(f = Fr o — @)+ (ITip—p,0—ap)| < Ch(||f = fill+llo—anlDllelh. (2.27)
Using (2.25)—(2.27) and (2.23) in (2.24) yields (2.19). 0

The following theorem deals with the error between the post-processed state and
the component u of the solution. We would like to emphasize that the proofs of the
estimates below are independent of the proofs of the estimates given in the previous
theorem.

Theorem 2.4. Suppose that f, f, € L*(Q) and g, y € W. Let (o,u) and
(o, upn, Ap) be the solutions of the variational equations in Theorem 2.3. Then there
exists a constant C' > 0 independent of h, the data, and on the solutions such that

I = Aulln < CUIPYu = wnll + hllo — oull + 2lLF = £ul])- (2.28)
Moreover, if k is an even integer, then it holds that
lu = REF s un) | < Ol — Ml + ([ Prw — unl]) + CRE 2 |ulljga. (2:29)

Proof. We utilize the notations in the proof of the preceeding theorem. Similar to
the proof of (2.13), choose ¢, € Y} such that ¢, - v = 6\, on each interior edge of
the triangulation and such that

2y /K VEP de + Il < CllsAE.

KeTy,

Taking ¢, as the test function in (2.21), we have
16X = = dn(Chs 0A) = (0 = @y €n) + bn(Chr 0un) — (F = Frs Ca);

and by the Cauchy-Schwarz inequality and the above estimate for ¢, this implies
(2.28).
Consider the nonconforming approximation @, = Ry (7fu, PFu) € Wi, By
standard scaling argument, see [16] for instance, we have
= nll < CH*2 o (2.30)
According to the linearity of the Arnold—Brezzi post-processing operator and the
fact that PF~2u = PF2(PFu), we have @y — Ryt (A, up) = RETH(6An, duy), and
consequently, utilizing the estimate (2.30) along with the boundedness of the
operator Ry*! given in (2.15), we obtain (2.29). O

Remark 2.5. Combining (2.28) and (2.29), we obtain
lu = By s un) | < CUIPyw = unl| + hlle — onl| + RILF = Full) + CR2 s,

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA 10 / 34

provided that v € H*"2(Q)). Therefore, in order to prove super-convergence of the
post-processed state R,’?Ll()\h, up) to u, it is enough to establish super-convergence
of the discrete solution uy, to the projection PFu of u.

3. ERROR ESTIMATES FOR THE PRIMAL, ADJOINT, AND CON-
TROL VARIABLES

The goal of the current section is to recast the optimal control problem (1.1) in
its mixed and hybrid formulations given in the previous section. We then address
the well-posedness of the optimal control problem. Finally, we shall prove a priori
error estimates for the continuous and discrete optimal states, adjoint states, and
controls.

With the mixed formulation of the Poisson equation, the optimal control problem
(1.1) can be expressed as

min J(u,o,q) subject to (2.1). (3.1)
q€Q

Introducing the control-to-state map q — (o,u) = (o(q),u(q)) : L*(Q) — V x
L?(2), where (a(q),u(q)) is the solution of (2.1) for a given control ¢, as well as
the reduced cost j : @ — R by j(q) = J(u(q),o(q), q), the constrained optimization
problem (3.1) can be equivalently formulated as an unconstrained minimization in

Q as

min j(q). (3:2)

The derivative of j at ¢ € ) in the direction dg € @) is given by

7'(0)dq = a(u(q) — ua,u(0q)) + B(a(q) — a4, 0(5q)) + (g, 6q).
Introducing the adjoint variable (¢(q), w(q)) = (¢, w) € V x W solving the problem

(o, ) +b(¢,w) = = B(a(q) —oa,p) VY eV,
b(p,d) = —alu(q) —uq, ¢) VYoeW,

we can express the above directional derivative as

7'(9)0q = (vq +w(q), 0q).
Take note that the solution of the variational system (3.3) satisfies divep(q) =
—a(u(q) — uq), and if o4 € V, then w(q) € HL(Q) N H?(Q) is the weak solution of
the following boundary value problem:

—Aw(q) = a(u(q) — ug) — fdiv(e(q) —oq) inQ,
w(q) =0 on OS).

The following well-posedness result can be established using standard methods
in linear-quadratic optimal control problems, see [24]. Moreover, the first order
necessary optimality condition j'(g)dg = 0 for all é¢ € @ for the optimal control ¢
is also sufficient.

Theorem 3.1. Given f € L*(Q), uqg € L*(Q), and a4 € L*(2), the optimal con-
trol problem (3.1) has a unique solution (q,o,u) € Q X V. x W, where (&,u) =
(a(q),u(q)) is the corresponding optimal state. Moreover, if (@, w) = (¢(q),w(q))
is the associated optimal adjoint state, then § = —~~lw.

(3.3)

(3.4)
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Now we discuss the semidiscretization of (3.1), that is, the optimal control prob-
lem where the state equation as well as the desired states are discretized, while the
control space is still retained. For the state equation, we have the following mixed
finite element semidiscretization: Given ¢ € Q, find (o, us) € V§ x WF such that

(Uh,Th)+b(Th,uh):0 VThEV];;,

L (3.5)
blon,vp) = —(fu+q,uvn) Vo, € Wy,

where f;, € W is a certain approximation of f.
Given appropriate approximations ug, € W and o4, € V of the desired states
ug and o4, to be specified concretely below, consider the discretized cost functional

Jp W xV x @ — R defined by

o B gl
Tu(w, 0,q) = Sllu—vwanl* + Sllo = oal® + S llal”
and the semidiscrete reduced cost functional j, :  — R given by

in(@) = Jn(un(q), on(q), q),

where ¢ — (o, up) = (o4(q),un(q)) : Q — V7 x W[ is the operator that maps a
control ¢ € @ to the solution of (3.5). The reduced semidiscrete control problem is
now given by

min ju(q). (3.6)

As in the continuous case, the directional derivative of j, at ¢ € @) in the direction
dq € @ is given by
Jn(@)dq = (vq + wi(q), 69),
where wy,(q) is the second component of the pair (¢, ws) = (¢,,(q), wr(q)) € VF x
W} solving the semidiscrete adjoint equation

(n, ) +b(y,, wp) = — B(on(q) — oan, b)) Vb, € V7,
b(en, dn) = — (un(q) — ugn, ¢n)  Von € Wy

Observe that (3.7) is the mixed finite element discretization of the continuous adjoint
equation (3.3). Hence, the process of optimization and discretization commute for
the finite element scheme discussed above. In other words, the discretized optimality
system of the continuous control problem is the optimality system of the discretized
control problem. Analogous to the continuous case, we have the following existence
theorem.

Theorem 3.2. Suppose that fi, € L*(Q), ug, € L*(Q), and a4, € L*(Q). Then,
the optimal control problem (3.1) has a unique solution (G, o, up) € Q X Vﬁ x WF,
where (o, up) = (or(qn), un(qn)) is the corresponding optimal state. Moreover, if
(@4, Wn) = (Pu(qn), wi(qn)) is the optimal adjoint state, then g, = —vy *y,.

(3.7)

The hybrid formulation of the semidiscrete state equation (3.5) is
(oh, Th) + bn(Th, upn) + dp(Th, An) =0 V1, € YE
b(on,vn) = —(fu+qvn) Yo, € WS, (3.8)
dp(oh, n) =0 Y, € M.
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For a given control g € @, we denote the solution of (3.8) by (e1(q), un(q), A\n(q)) €
Vi x WF x MF. By the remarks on the previous section, the solution of the optimal
control problem (3.6) is the same if we replace the solution operator determined by
(3.5) with the solution operator determined by the hybrid form (3.8).

On the other hand, if (3.8) is utilized as the state equation in (3.6), the corre-
sponding adjoint equation will be

(Prs n) + (W, wn) + din (b, ) = = B(on(a) — oan, ) Viby € YT,
b (s dn) = — alun(q) — wan, o) Von € Wy,
dh(c,oh,Qh) =0 Vo, € M}’f
(3.9)
For a given control ¢ € Q, we denote by (¢, (q), wn(q), 1n(q)) € VI x WF x MF the
solution of (3.9).

Take note that (3.9) is the hybrid formulation of the adjoint equation (3.7). There-
fore, with the proposed numerical scheme, the process of optimization and hybridiza-
tion commute at the discrete level. For this type of approximation, we denote the
optimal state by (&, Un, \n) = (4(Gn), un(Gn), (@) and the optimal adjoint state
by (@, Whs fin) = (@n(@n), wi(an), kn(an))-

We now consider the fully discrete optimal control problem, that is, the con-
trol space is also discretized. Given a finite-dimensional subspace ), of @, let
(o1(q,),un(q,)) be the solution of (3.5) with ¢ replaced by ¢,. For example, one
may take @, = W} in the mixed case and Q, = ;f“ in the hybrid case. As in the
continuous and semidiscrete case, consider the fully discrete reduced cost functional
Jho = Jnlg, : @, — R. The fully discrete finite-dimensional approximation of (3.2)
is

Jnin Jne(@p) = Jn(un(qp), (), qp). (3.10)

The directional derivative of jn, is j;,(¢,)0q, = (vq, +wn(q,), dg,). Similar to the
above discussions, the unique optimal control of (3.10), denoted by gy,, is given by
Qnp = — "wy(dn,). Likewise, if the fully discrete state equation (3.5) with ¢ = ¢, is
replaced by its hybridized form (3.8) with ¢ = g,, then we denote the corresponding
optimal state and adjoint state by (& n,, tnp, Anp) = (1 (Gnp)s Un(@np)s Mn(@np)) and
(Phps Whps finp) = (Pn(Tnp), Wa(Gnp), n(dnp)), Tespectively. Again, at the discrete
level, the process of optimization and hybridization commute.

The first a priori estimate we will establish is concerned on the discretization
errors between the continuous and semidiscrete state and adjoint equations with a
given fixed control. In the following and for the remaining parts of the paper, we
assume that the primal, dual, and control variables are sufficiently smooth.

Theorem 3.3. Let { > k, f, = Pff, Ugp = P}fud, and oy, = Hﬁad. Suppose
that (q), 04 € H*2(Q), f,q,uq € H*(Q), and u(q) € H**?*(Q). Given a control
q € Q, there exists a constant C > 0 that depends on || (q)|lk+2, || flle+1, llalle+1,
and ||u(q)||x+2 but independent of h and on the continuous and semidiscrete solutions
such that

lo(q) — on(q) |l + [Julq) — un(q)|| < CRM! (3.11)
1Pru(q) — un(q)|| + lmrulg) — Au(@)]ln < CHFF2. (3.12)
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Similarly, for the adjoint equations, assuming that ¢(q) € H*T*(Q) and w(q) €
H*2(Q), we have

le(a) = (@)l + lw(a) — wi(g)|| < CH* (3.13)

1P5w(a) — wi(@)]| + mhw(q) — pn(a)|ln < CREF? (3.14)

for some positive contant C' depending only of ||o(q)|lk+2, lloallk+2, [19(@)]k+2;

[f k15 allosrs Nuallerr, l[w(@)llrs2, and |[wig)lle2.  Moreover, if k is an even
integer, then it holds that

lu(g) = By (An (@), un(@)) || < CR* (3.15)
lw(a) = By (n(a), walg)) || < CRF2. (3.16)

These estimates also hold if we replace the control q in the discrete variables o, up,
Moy P, Wh, and py, by the projection PFq of q.

Proof. The estimates (3.11) and (3.14) involving the state variables can be obtained
from Theorem 2.3 by taking f = f, =0, g = —(f+q), and y = —(P} f+¢). Indeed,
(2.18) implies that

lo(a) = an(@)llaiv + llu(@) = un(@)ll < CH* (o (@)llsz + 1 fll+1)
while (2.19), (2.28), and PFg = —(PFf + PFq) = —(PFPLf + Pfq) = Pfy, since
¢ > k, give us the estimate
1Py u(a) = un(@)ll + Imhula) = M(@lln < CHM2(f + gllkrr + Chllo(q) — on(a)]l.

Furthermore, (2.5) and (3.11) imply (3.12).

With regards to the adjoint variables, we take f = —p(o(q) — o4), ), =
—Blon(@) — oan), 9 = —a(ulq) — ua), and y = —a(us(q) — uan). Observe that
PFdive(q) = —PF(f +q) = dives(q) and PFdive, = div T, = divag,. Hence,
PFdiv f = div f,,. Also, one can see that PFg — Pfy = —a(PFu(q) — un(q)). Ap-
plying Theorem 2.3, we obtain

le(q) = en(@)laiv + llw(g) — wn(g)]]
< O 1 C(lla(q) = on(@ + lloa — ol + l[u(g) — un(@)l] + l[ua — uanl),
and this implies (3.13) using (3.11) and the definition of the discretizations o4, and
Ugn. From Theorems 2.3 and 2.4, we also have
I PRw(a) — wn(@)] + k() — nla)
< OH 1 Cl[Pfuta) — unla)| + Ch(lo(a) — on(a)] + o — o)
+ Chllpla) — (@l

Utilizing the error estimates (3.11) and (3.12), we obtain (3.14). Moreover, if k is
even, then we also obtain from Theorem 2.4 the corresponding super-convergence
error estimate (3.16).

For the last statement of the theorem, it is enough to observe that

(on(9), un(q), \(@)) = (an(Prq), un(Prq), M(Prq))

and as a consequence, we also have the equality

(@r(q), wa(q), 1n(q)) = (n(Pra), wn(Pyq), un(Pq)).
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This completes the proof of the theorem. [l

In the following lemma, we establish an error estimate between the directional
derivative of the reduced cost and reduced semidiscrete cost, as well as the Lipschitz
continuity of the reduced semidiscrete cost functional, see [21].

Lemma 3.4. There exists a constant C' > 0 such that for every p,q,0q € Q) we
have

3"(@)0q — jn(@)dq] < [lw(q) — wn(g)|llog]
17n(P)dq — ji(q)dq| < Cllp — ql|l|oq|
Proof. The first estimate follows from j'(q)dq — 7;,(¢)0q = (w(q) — wn(q),dq). On
the other hand, the second one is a direct consequence of
Jn(P)oq = ji(@)0q = v(p — @, 0q) + (wa(p) — wa(p), dq)
and the stability estimate

|wr(p) — wa(q)]| < Cllon(p) — on(@)| + llun(p) — ur(@)ll) < Cllp — 4qll,

where the last inequality is based on the discrete stability estimate obtained from
Proposition 2.2. O]

The following result states that the error between the optimal controls of the
continuous and fully discrete control problems can be bounded by the sum of the
discretization error and the approximation error between the discretized control
space and the solution of the semidiscrete optimal control problem.

Theorem 3.5. Assume that &,p,04 € H"™(Q), f,q,uq € H*Y(Q), and @,w €
H*2(Q). Let q, gn, and g, be the optimal controls to the continuous (3.2), semidis-
crete (3.6), and fully discrete (3.10) control problems, respectively. Then, there exists
a positive constant C' independent of h and p such that

Iy = @l < C inf g~ pll + CH. (317)

In particular, if WF C Q,, then @, = Gn, = PFqy, and
1Gnp — qll < Ch*. (3.18)
Proof. We adapt the proof in [21]. Fix an element p, € @),. Let us split the error
Jnp — ¢ in three parts as follows:
o = 4= (Gnp = Pp) + (Pp — 1) + (@n — @)- (3.19)
According to the linear-quadratic structure of the reduced cost functional, we have
for every ¢, dq,op € Q

Jn(@)(0q, 6p) = a(un(8q), un(dp)) + B(an(dq), on(dp)) + ¥(dq, op).
In particular, j;(¢) is independent of ¢. Using this, invoking the fact that

J1(@np)(@np — pp) = Jn(@n)(Gnp — pp) = 0, and applying the previous lemma, we
obtain

'VH%P - pPH2 < jg(@)(@hp — DPp q_hp - pp)
= jl/7,<q_hp) (Gnp — pp) — j;b<pp>(67hp —Dp)
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= j/,z(‘jh)(‘jhp —Pp) — j;L(ppx%p - pp)
< Cllan = pollllane — poll-
Thus, YGry — poll < Cllgn — poll-
Similarly, from the optimality conditions, we have j'(q)(g,—¢) = 0 and j;,(qn)(gn—
q) = 0, and therefore from the previous lemma

Maw = all* < Jn(@) (@ — @ an — 9)
= Jn(@) (@ — @) — 3n (D (@ — @)
= 7@ — @) — 3 (D@ — @)
< [w(q) — wi(@)|llgn — qll-

Consequently, it follows from the stability estimate for the solution of the adjoint
system in Theorem 3.3 that

Y@n — |l < w(@) — wa(9)|| < CR*.

Combining the above estimates in (3.19), we obtain (3.17).

For the remaining part, it is enough to note that if @, contains W}, then
qn = —y ', € WF. As a result, the above infimum in (3.17) vanishes, and thus
(3.18) is satisfied. Furthermore, g, and PFg,, satisfy the same optimality system
for the fully discrete optimal control problem, hence by uniqueness, it follows that
we have @, = qny, = PFan,- O

The following is concerned with the error estimates for the optimal state and
adjoint state. We would like to point out that these are valid both in the mixed and
hybrid formulations.

Corollary 3.6. Let ¢ and gy, be the optimal controls to the continuous (3.2) and
fully discrete (3.10) control problems, respectively. If (&,u) and (&p,, Un,) are the
corresponding optimal states, then

164 — & llaiv + l[an, — all < CR** + Cllgi, — dll. (3.20)
Also, if (¢, w) and (@4, Wn,) are the corresponding optimal adjoint states, then

18n, = @llaiv + llon, — wl| < CH* + Cllgn, — all (3.21)
Proof. Decompose the error in two parts according to &, — & = (04(qnp) —

on(q) + (on(q) — (7)) and tn, — u = (un(Tnp) — un(q)) + (un(q) — u(q)). Then,
applying the stability estimates in Proposition 2.1 and Proposition 2.2, we ob-
tain (3.20). Using similar decompositions for the adjoint variables yields (3.21). [

The above corollary together with (3.18) implies that if ), contains W}, then
oo = & llaiv + any — @l + @4, — @llaw + ll@n, — @[] < CR* . (3.22)

Now we prove super-convergence of the discrete optimal control to the projection
of the continuous optimal control. As a result, we have the super-convergence of
the scalar state and adjoint state in terms of the Arnold—Brezzi post-processing
operator.
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Theorem 3.7. Suppose that q and g, are the optimal controls to the contin-
uwous (3.2) and fully discrete (3.10) control problems, respectively. Let (&,u)
and (G pp, Unp, Anp) be the corresponding optimal states.  Also, let (¢, w) and
(Prp> Whps finp) be the optimal adjoint states. If Wy C Q,, then there exists a
constant C' > 0 such that

1@y — Pl < ChM2. (3.23)
In addition, if k 1s an even integer, then it holds that
RN (Anps tinp) — | + || R (fing, ) — @] < CHFF2, (3.24)

Proof. By applying a similar strategy as in the proof of Theorem 3.5, one can
deduce that
o = Prdll* < 53(@np) (@ — Fi@) = 35 (Pa @) (@np — D)
= 5'(@)(@np = @) = 3n (P D) (Gnp — Prd)
=7 = PyG. @y — P40 + (Pyw(@) — wi(Py), Gnp — Pi)
< 173w (@) — wa(Py @) 1dn, — Pydll-
The first term on the third line vanishes since g, — PFg € WF. Thus, 7||gn, — Pl <
1Pyw(q) — wn(Py)ll-
According to the last statement of Theorem 2.3, it holds that
1P w(@) — wi(Pyg)l| < CRE2,

and therefore (3.23) is satisfied. Next, we decompose the following difference as
follows

Pru(@) — un(@np) = (Pru(@) — un(Py@) + (un(Pya) — un(dn))-
The first difference on the right-hand side can be estimated using the last statement
of Theorem 2.3, while the second difference can be estimated by invoking Proposition
2.2 and (3.23). Hence,
1P (@) — un(Gnp)|| < CR*H.
Therefore, from Remark 2.5, we have |RF™ (A, @n,) — @ < Ch*2, which proves
the first part of (3.24).
For the case of adjoint variables, we also write the error Pfw(q) — wp(qr,) as

Pyw(q) — wi(@np) = (Pyw(q) — wi(Pra)) + (wi(Pra) — walGny))

and use the same reasoning as above to establish that || R} (fip,, Ws,) —w|| < ChF2.
This verifies the other part of (3.24). O

Let us analyze the error between the fully discrete post-processed optimal control
and the continuous control. Likewise, we also prove error estimates if this new
control is used on the fully discrete state equation and on the fully discrete adjoint
equation with the state variable u;, replaced by the associated Arnold—Brezzi post-
processed state.

Theorem 3.8. Let k be even and W} C Q,. Consider the post-processed control

q;klp = _7_1Rlli+1<ﬁhp7 whp)
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and let (o7, s, AsL,) = (On(ar,) un(d,), Au(ar,)) and (5, wh s 17,,) be the solu-
tion of the modified discrete hybrid adjoint system

(Phps i) + bn (P, wy,) + du(y, py,,) = — B(ah, — Oan, Py) Vi, € Y,
br (@ O1) = — Ry (NS, uh,) — Uan, On) Vo, € Wy,
dn (@}, 0n) =0 V), € M.
Then, there exists a constant C' > 0 independent of h such that
g, — all < Ch**? (3.25)
1Ry (N i) — ll + (1R (17 s ) — 0] < CREH2 (3.26)

o, = &lla + i, = @llaiv + uh, — all + lwy, — @] < CHM (3.27)
Proof. The estimate (3.25) follows directly from the following equation
. 1 - _
Ghp — 4 = —;(R;’iﬂ(ﬂhm Wpy) — W)

and the error estimate for the post-processed adjoint state given by (3.24) in the
previous theorem. According to Theorem 2.3, we have

lor, — & llaiv + [Juy, — all
<\los, = Tnollaw + |G he — Fllaiw + ||th, = Gnpl| + [|En, — |
< Cllgr, = Gnpll + CR** < CRFH (3.28)

: k5 *
Next, we split error Pyu — uj, as

Pl = 5, = (Phu(@) — un(@) + () — ().
We then apply Theorem 2.3, Proposition 2.2, and (3.25) to deduce that ||PFu —
up,|l < Ch¥2. As a consequence of Remark 2.5, it holds that
IRy (A0 up,) — @] < CRMH2 (3.29)

Therefore, (3.26) and (3.27) are verified in the case of the state variables.

For the adjoint variables, we shall write ¢}, — @ = (¥}, — @4,) + (#1, — @)
and wy, — W = (w},, — W) + (Wh, — w). The second terms can be bounded from
above thanks to (3.22). Also, the first terms can be estimated as follows in virtue
of Proposition 2.2

1%, = upllaiw + llwi, = Dl < Cllas, = Fnpll + 1R (N ui) = Tnl)- (3.30)
By further writing o}, , — &4, = (07}, — 6) + (6 — &4,) and Rffl(/\;‘lp,uzp) — Up, =
(Ry ™ (Arpoup,) — @) + (@ — 1), and utilizing (3.22), (3.28), (3.29), and Theorem
3.7, one has
Moreover, according to the decomposition

Pyw —wh, = (Pyw(q) — wp() + (wa(q) — wi(gp,))
along with the same argument as in the case of the state equation, we have
1RE (15,0 wh) — 0] < CREF2,
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These show (3.26) and (3.27) in the case of the adjoint variables. O

4. PENALIZATION OF THE OPTIMAL CONTROL PROBLEMS

To compute numerically the finite-dimensional systems corresponding to the discrete
state and adjoint equations, we shall add penalty terms for the second and third
equations in the hybrid formulation. This is to reduce the size of the system matrix
via elimination and substitution but at the expense of an additional error, see (5.1)
and (5.2) in the succeeding section.

Before going to the discrete case, let us discuss the situation of adding a penalty
term at the continuous level. Given € > 0, let us consider the optimal control
problem

min je(q) := J(ue(q), o2 (q), 9) (4.1)

where given g € @, the pair (o.(q),u-(q)) = (os,u:) € V x W is the solution of the
penalized state equation
[ (e, T)+b(T,u:) =0 VreV,

b(o.,v) —e(us,v) = = (f+q,v) YveW. (4.2)

For this state equation, the corresponding bilinear form on V' x W is coercive, hence,
existence and uniqueness of solutions to (4.2) follows immediately from the Lax—
Milgram Lemma. Moreover, we have diveo, = cu. — (f +¢) and u. € Hj(Q)NH?*(Q)
is the weak solution of

(4.3)

—Au. +eu. = f+¢q in Q,
u; =0 on 0f),

which is a linear perturbation of (2.4).

The directional derivative of j. at ¢ in the direction dq € () is similarly given by
je(a)dq = (vq +w:(q), dq), where w.(q) is the second component of (¢.(q), w:(q)) =
(¢, w:) € V x W, the solution to

|: (9087 ’lb) + b(¢7 wa) - = B(GE<Q) — Oy, ¢) V'Qb S V7
b(‘psa ¢) - E(waa ¢) = a(ua(q) — Uq, ¢) v¢ ew.
Again, the strong form of the equation for w.(q) in (4.4) is the following linear
perturbation of the elliptic boundary value problem (3.4)
—Aw.(q) + ew:(q) = a(u:(q) — ug) — pdiv(e:(q) — oq) in Q,
w:(q) =0 on ).

(4.4)

Thus, we can see that the two approaches penalize-then-optimize and optimize-then-
penalize lead to the same optimality system.

Theorem 4.1. Let q. be the optimal control for (4.1), (&<, u.) the optimal state, and
(@., W) the optimal adjoint state. Then, there exists a constant C' > 0 independent
of € such that

17 = Gl + Mo = ocllaw + [[@ = el + [l = @ellaw + [0 — @] < Ce.
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Proof. Applying the idea of the proof in Theorem 3.5, one can deduce that

7ge = al < [lw(@) - w-()]- (4.5)
According to |6, Theorem 3.1], we know that
lo(@) = (@)l + [[u(@) — u(@)| < Ce. (4.6)

Let us write the difference of the solutions to the adjoint equations by w(g) —
we(q) = (w(q) —w(q)) + (w(q) — we(q)) and @(q) — ¢.(7) = (p(7) — ¥*(7) +
(©°(q) — ¢.(q)), where (¢°(q), w*(q)) € V x W is the solution of

(), %) + b(¥,w™(q) = = B(0-(q) —oa0,¢) VeV,
b(@(7),9) = — (ue(q) —ua,¢) VoW

From the stability estimate in Proposition 2.2 and (4.6), we have

(@)= (@) llaw+ [w(@) —w (@) < C(llo(@)—o=(D)])+[u(@)—u(g)|| < Ce. (4.7)
For the other terms, we again apply |6, Theorem 3.1] to deduce that

16°(7) = @ (@) llaiv + lw(7) — we ()| < Ce. (4.8)

Utilizing (4.7) and (4.8) in the above decomposition and invoking (4.5), we obtain
the desired estimate for the error in optimal controls.

The error estimates for the optimal states can now be established from
i~ ti. — (u(q) (@) + (u(@.) —u-(a.)) and 0~ — ((q) 0 (3.))+((2:) . (@),
while the case of optimal adjoint states can be handled in a similar way. O]

Now, we discuss the case of the fully discrete problem. Let ¢ = (£1,£2) be a pair
of nonnegative numbers such that || := ¢y + 2 > 0. The penalized semidiscrete
hybridized optimal control problem is

xq%ljhs(q) = Jn(une(q), o1:(q), q) (4.9)

where ¢ — (ups(q), or:(q), Ane(q)) is the solution operator which maps a control
¢ € Q into the solution (o he, Une, M) = (Une(q), ohe(q), Muc(q)) € Y5 x WF x MF
of the penalized discrete state equation

(Ohe, Th) + bn(Th, wne) + dp(Th, Ape) =0 V1, €Y7},
bn(Thes vn) = 1(une, vn) = — (fa + o) Yo € Wy, (4.10)

An(O e pin) — E2(Anes i) = 0 Vin € My.

Here (-, -) is the inner product corresponding to the norm || - ||, in L¥.

If £, > 0, then this is a nonconforming approximation of (2.1) since Y¥ is not
contained in V. On the other hand, if 5 = 0, then the solution of (4.10) corresponds
to the mixed finite element discretization of (4.2). The existence and uniqueness
of solutions follows from the fact that the corresponding finite-dimensional square
system is injective. In fact, if e > 0 and €5 > 0, then the corresponding form is
coercive.

The directional derivative of j,. at ¢ € @) in the direction dq € @) is given by
Jne(@)dq = (vq + wpe(q),0q), where wy. is the second component for the triple
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(@hes Whe fine) = (@ne(@), wae(q), tne(q)) € YE x WF x MF solving the associated
adjoint equation
(Phes ¥n) + bn(Wp, wne) + du (P, pine) = = B(One(@) — Pan,P1) V3, € Y,
b (Pres D) — €1(Whe, 1) = — a(upe(q) — van, ¢n)  Yon € W,

dn(Pne: On) — €2(ptne, Op)n = 0 V0, € M.
(4.11)
In an analogous way, we consider the fully discrete penalized hybrid optimal
control problem

Hélél Jhep Qo) = Tn(une(gp), Ohe(dp), dp)- (4.12)

dpcldp
We have j;,.,(4,)0q, = (74, + wn(qp), dq,) for every q,,dq, € Q,. Let us denote the
optimal controls of (4.9) and (4.12) by . and Gpe,, respectively.

At this point, we have four processes namely optimization, discretization, hy-
bridization, and penalization. Since discretization comes first before hybridization,
there are 12 possible ways of doing these processes in succession. In the event where
hybridization is performed before penalization, the optimality system consists of the
state equation (4.10) with ¢ = @xep, the adjoint equation (4.11) with ¢ = Gpe), and
the optimality condition j;wp(q_hgp)éqp = 0 for every dq, € @,. On the other hand, in
the approaches where penalization is performed before hybridization, the resulting
optimality system is almost the same as in the above approaches, the main difference
is that e = 0. We can view the former optimality system as a penalization of the
latter optimality system. Therefore, loosely speaking, the processes of performing
optimization, discretization, hybridization, and penalization commute.

In the following, we establish a priori estimates for the discrete equations with
penalizations.

Theorem 4.2. Let f € L*(Q), g € W, and ¢ = (e1,£3) with €1,e5 > 0. Suppose
that (o, un, \n) € V§ x WF x MF is the solution of

(0, Th) + bn(Th, un) + dn(Th, M) = (f,70) V7T € YT,
b(on,vn) = (g,vn) Yo, € WE, (4.13)
dn(oh, pn) =0 Vi € My,
and let (G e, Une, Ane) € Y x WE x MF be the solution of
(Che, Th) + bu(Th, une) + dun(Th, Mne) = (F.Th) VTh € YT,
b (O he, vn) — €1 (une, v) = (g,vn) Vo, € WF, (4.14)
dn (T hes ftn) — €2(Ane, pin)n = 0 Y, € My

Suppose that 0 < h < hg and |e| < 1. Then, for some constant C = C(hg) > 0
independent of the h, €, and on the solutions we have

o he — onllaiv + [une — unll + | Ane = Aulln < Clel(I £ + llgl]) (4.15)
IRy (Ae tne) — R Oy wn) || < Clel(II£11 + Nlgll). (4.16)

Proof. Recall the stability estimate from Proposition 2.2 and (2.13)
lonll + llunll + [Anlln < CUFI+ llglD)- (4.17)
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Let us define the difference of solutions as
(00 hes One, 6Ane) = (Oh — O ey Up — Upe, Ay — Ane) € Y§ x Wi x M,
which satisfies the following variational system
(00 he, Th) + bu(Th, Oupe) + dp(Th, 0Ape) =0 V7, € Y,
b (00 e, vn) — €1(0une, vy) = —e1(up, v) Yo, € W,
dn (60 he, p11) — €2(6Mne, ptn)n = —€2(An, i) Vi € My
With (§ohe, dupne, OApe) as the test function in this system, we have
100 e |I* + exlldun:|1* + e2lloAne I < Clellunllluns || + el Anllal|oAne In).

Applying the uniform boundedness in h of the discrete solution given by (4.17), we
obtain

160 he]|* < Ce(I FIN0unll + NgllIoAnelln)- (4.18)
Since divdoy,. € WF, it follows that
||divdory| = ”su|1|p by (8o, vn)| < Ce(||dune|| + ||unl|)- (4.19)
v ||=1

Let o and ¢ be as in the proof of Theorem 2.3 with du;, and o\, replaced by dup.
and 0\, respectively. Then, by applying the same argument as in the proof of the
said theorem, one obtains

”(SUhE“2 = bh(ﬂiﬂoaéuha) = —(00he, HZQO)>
and thus, [[dupc|| < Clldopel|. Likewise, [[0Ane]l < Chl|done|| + [|duns| <
C'(ho)||0ope|| since
10Mne||? = — dn(Chy 6Mne) = (00 ne, ITEC) 4 by (ITEC, Sups).

Using these in (4.18) and (4.19) yields (4.15). The second estimate (4.16) follows
from (4.15) together with the linearity and boundedness of the Arnold-Brezzi
post-processing operator Ry given by (2.15). O

Next we prove a priori error estimates for the above discretizations with the
additional penalty terms in the optimal control problem.

Theorem 4.3. Let ¢ and Gye, be the optimal controls to the continuous (3.2) and
fully discrete penalized (4.12) control problems, respectively. Suppose that W C Q)
le] <1, and 0 < h < hy. Then, there exists a constant C'(hg) > 0 independent of h
and € such that

|Ghep — Prall < C(R* + Je]) (4.20)
1Ghep — all < O+ [e]). (4.21)
If (7, 0) and (G hep, Unep, Anep) are the corresponding optimal states, then
18 hep — T llaiv + [l — all < C(R* +[e]) (4.22)
1R (Mneps Tnep) — il < C(RM2 4 Je]). (4.23)
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Also, if (¢, w) and (Ppep, Whep, finep) are the corresponding optimal adjoint states,
then

1@he, = Pllaiv + l[@hep — @] < C(R*H + e]) (4.24)

I RET (finep, Winep) — @] < C(BF2 + |e]). (4.25)

Proof. Following the arguments in the proof of Theorem 3.5, one can deduce that
Y Gnep = Prdll < |1 Py2w(@) — wie (Pl (4.26)

Let (@, Wh, f1n) be the solution of the adjoint hybrid system (3.9) with o(q) and

un(q) replaced by the discrete penalized counterparts op.(PFq) and up.(PFq), re-
spectively. We separate the norm of the error PFw(q) — wp.(PFq) as follows:

1P () — wne (P)|
< [1Prw(@) = wn(Pya)|| + [lwn(Py@) — @nll + 1@ — wie(Pyq)]].(4.27)
According to Theorem 2.3, we have ||PFw(q) — w,(PFq)|| < Ch*2. From the
stability estimate in Proposition 2.2
lwn(Pyq) — @all < Clon(Pyd) — on(Pa)ll + lun(Pra) — une(PrD).  (4.28)
Applying Theorem 4.2 to the right-hand side of (4.28) and the fact that ||a(f, +
Pig)|l < Ca(|lf]l + llall), we have

lon(Pya) = on(Pr )| + lun(Pra) — uns(Pyq)|| < Clel. (4.29)
Similarly, since 0 < ¢ < 1, we obtain that
1@ — whe(Pr )| < Clel. (4.30)

The estimate (4.20) now follows from (4.26)—(4.30). Moreover, using the projection
error (2.6), this also implies (4.21). In particular, from Theorem 3.7, we have

1Ghep = Gnoll < Nnep — Prall + I1PRd — Gl < C(RFF2 + e]). (4.31)

The error estimates involving the state variables can be established by writing
the difference in solutions as

Hﬂhap - T’JH < ||ﬂh£p - 7j‘th + ”ﬂhp - a”
1o hep = & llaiv < Fhep = Tnpllaiv + |oh) — & |-
One can estimate the second terms on the right-hand sides of these inequalities by
using (3.22). On the other hand, the first terms and the corresponding Lagrange
multipliers can be estimated in two parts according to
[tnep — Unpll < l[une(Gnep) — un(@nep)ll + [[un(Gnep) — un(@np) |
“/\h&?p - )\thh < ‘|/\h€(§?h6p) - Ah(q_hsp)”h + H)‘h(q_hsp> - /\h(@w)Hh
|G hep — Thpllaiv < 1O he(Trep) = Th(nep)llaiv + | TR (Ghep) — T1(Tnp) ]| aiv-
Note that ||gaepll < ||Gnep — @Il + ||@|| < C, for some constant C' > 0 independent of
¢ and h, whenever 0 < h < hg and |¢| < 1. This implies that Theorem 4.2 can be
utilized to bound the first terms on the right-hand sides. For the remaining terms,
we can apply Proposition 2.2 and (4.31). Hence,
tnep = tnpll + G nep = Tnpllai + [Mnep = Anplla < C(REF2 + [e]). (4.32)
Utilizing the above estimates yields (4.22).
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With regards to the post-processing operator, we write
Rzﬂ(;‘hapv ahsp) —u= Rﬁ“ (j‘hap - j‘hm Unep — ﬂhp) + (REH(;"W’ ahp) - ﬂ)

and apply the boundedness of leLH, the inequality (4.32), and Theorem 3.7 to obtain
(4.23).

Finally, let us consider the case of the adjoint equations. Denote by
(O heps Wheps flhep) the solution of (3.9) with o,(¢) and wy(g) replaced by the
penalized counterparts o, and u.,. We shall also bound the error on the adjoint
variables as

Hwhsp - w” < ”whap - whp” + Hwhp - w”
||¢hap - ¢||div < ||¢h£p - @hp”div + ||¢hp - @Hdiv-
The second terms on the right-hand sides are again estimated from (3.22). We
decompose the first terms along with their corresponding Lagrange multipliers as
follows
”whsp - whp“ < Hwhs(CYhsp) - whsp” + H{Ehsp - wh(ghp)H
Ao = Anplln < NAne(@hep) — Aneplln + 1 Anep = An(@np) [l
1@nep — Prpllaiv < ne(nep) — Prepllaiv + 1Pnep — @1 (Gnp)laiv-

The first terms of these inequalities can be estimated from above with the help of
Theorem 4.2, while for the second terms we apply Proposition 2.2 and (4.32). Doing
these yields

[Whep — Wl + ’|¢hap - @hp”div + ||5‘h6p - j‘thh < O(hk+2 + lel)
and consequently (4.24). By the same argument as in (4.23), one can also deduce

the estimate (4.25). O

To close this section, we present error estimates with the post-processed optimal
control for the penalized hybrid system similar to that in Theorem 3.8.

Theorem 4.4. Suppose that k is even, W} C Q,, |e] < 1, and 0 < h < hg. Define
(.Z;:,Sp = _’7_1R£+1(ﬂh5p7 whsp)

G/fld l@t (o-;klap7u28p7)\>;h€p) = (Ghé‘(q;‘;ap)7uhe(q;kzap>7)\h€(qltp>> and (‘P;;Ep7w;;€p7/[;7,£p) b@
the solution of the modified hybrid adjoint system with penalization

(Qo;kzaw qvbh) + bh(vvbhv w;;sp) + dh(¢h7 ILL;(ZEp) == B(J;kwp — Odh, ¢h) v¢h € YZ’
bh(so;;epa ¢h) — & (w;kwpv ¢h) = CY(RZ+1( ;(L€p7 U;Lsp) — Udh, Qbh) \V/(,bh S Wf??
1 (Phep On) = €2(lheps On)n = 0 V0, € Mj.

Then, there exists a constant C' > 0 independent of h and € such that

167, — all < C(R*2 + [e]) (4.33)
1RE T (Nheps hep) — @ll + (1R (theps whep) — @] < C(REF2 + [e]) (4.34)
Ha;kwp - 6-||diV + H(P;(Lz-:p - LA_OHdiV + Hu;klsp - aH + Hw;;sp - U_}” < C<h‘k+1 + ’E:D <435>
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Proof. The first estimate (4.33) follows immediately from (4.25) in the previous
theorem. Next, we shall write

Uhep = U = (Une(Ghep) — py) + (Up, — ©)
Thep = 0 = (Ohe(dhe,) — Ohy) + (0, — T),
where o7, and uj,, are those that are given in Theorem 3.8. We further decompose
the first terms as follows:
U?Zap Uhp = (Unep = Un(dhep)) + (Un(dhe,) — un(dr,))
hep = Mnp = (Mhep = Ml @hep)) + (An(are,) — An(g
Thep = Ohp = (Thep = Onlthey)) + (onlar,) — 0
For the post-processing, we write the error as follows:

Rk+1< hep> uhsp) u = RII?LJFI()‘Zap - )‘;(z;ﬁ UZEp - uZp) (Rk+1( hp? U’hp) ﬂ)

h))
n(

hp))-

These decomposition along with the same arguments as in the proof of previous
theorem can be used to prove the required a priori error estimates involving the
state equations in (4.34) and (4.35). The main difference is the use of Theorem 3.8
instead of Theorem 3.7.

With regards to the adjoint equations, we also split the error into two parts as

w;;sp —w = (w;;z-:p - w;;;;) + (w;;p - UJ)
(P;klap - ()_0 = ((PZEP - So;klp> + (So;kzp - 9_0)
Let (@peps Wheps Hinep) be the solution of the discrete hybrid adjoint equation (3.9)

with w,(¢) and o, (q) replaced by Rffl()\;;p, uj,.,) and o7y, respectively. With this

definition, we further split the first terms as follows:
So;klsp Sohp (Lphsp Szhsp) + (Céhap - Soh(Q;:p))
w;kzsp - pr - (whsp - whfp) + ({E}Wﬂ - wh(qZp))
/f;zsp /th (:U’hsp ﬁhﬁp) + (ﬁhﬁp - /"Lh(q;;,p))

Applying the same reasoning as in the proof of the previous theorem to these
decompositions, one can obtain the a prior: error estimates for the adjoint variables
stipulated in the inequalities (4.34) and (4.35). O

Now, let us introduce more practical penalty terms. For this purpose, we define
the symmetric discrete positive-definite bilinear forms s, : WF x W}F — R and
T M,ff X M,’f — R as follows:

sp(up,vp) = ‘/uhvhdx

KeT

()\ha,uh) h2 ‘ ’/Ahuhds

eES’

where |K| and |e| denote the area of the triangle K and the length of the edge e,
respectively. In the case where k = 0, the corresponding mass matrices for r;, and sy,

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



MixXED AND HYBRID FEM FOR ELLIPTIC OPTIMAL CONTROL PROBLEMS 25/ 34

will be scalar multiples of the identity. This is in fact the usual strategy in practice.
The penalized discrete state equation can be alternatively replaced by the problem

(Ohes Th) + bn(Th, upe) + dp(Th, Ane) =0 V1, € YE,
b (O he, ) — e17h(Une, vn) = — (fun + oy o) Yo, € WE, (4.36)
dn (O he, i) — €250 (Ahe, ftn)n =0 Y, € M.

The factor h? is used in the above bilinear forms so that 7, and s;, will be equivalent
to the norms on W} and M}, respectively. Indeed, due to the shape-regularity
of the triangulations there exist constants ¢, C' > 0 independent of h such that
sp(un,up) > cl|up|* and |sp(un,vn)| < Cllupl|||lvn]l for every uy, vy, € WF. In a
similar way, we have 7,(An, A\p) > c||[Anl|7 and | (A, ma)| < Cl|Awllnllpn|n whenever
iy i € MF. Using the same methodologies as above, the error estimates in the
previous theorem also hold if we consider the alternative state equation (4.36) with
the given mesh-dependent penalty terms. The formulation (4.36) will be utilized in
the implementation given in the succeeding section.

5. NUMERICAL EXAMPLES

In this section, we give numerical examples illustrating the results of the paper.
First, we shall write the corresponding algebraic form for the penalized discrete and
adjoint equations. We shall utilize the lowest order Raviart Thomas finite element
space. The space of controls will be discretized using the space Qy == Q, = W)}
in the hybrid formulation and Q) := Q, = W} in the mixed formulation. In the
following discussion, we only present the case of the hybrid formulation, the case of
mixed formulation can be treated in a similar manner.

Let Ngp and Nep, be the number of triangles and interior edges of the triangulation
Too Let {sp1i2i, {0 )25, {ofhi2i™, and {67},%) be bases for Y3, Wi, W,
and M), respectively. Define the matrices Ay, By, Dy, Ej, and G, having sizes
of 3NKh X 3NKh7 3NKh X NKha 3NKh X Neha BNKh X NKh7 and 3NKh X BNKh,

respectively, with the corresponding entries
(A = (¥, ¥5), (Bn)ks = ba(¥5, 1),
(D)ke = dn(2b}, 67), (En)kj = (vr, ¢3), (Gr)i = (vg, v)).-
In the implementation, we shall take the penalty parameters to be of the form
g1 = goh™ and &y = goh™ for a fixed 0 < g9 < 1. Also, we shall use Pluy and

Pl f as the approximations of the desired state uy and the external source f. Every
element g, € W} can be written uniquely as

3Nkh

4h = Z qu;li-
k=1

Similarly, every element of o) € Y(,)l, up, € WP, and A, € M} has the following
unique representations

3Nk Nk

Neh
_ k - & M=) M\
oy = oy, up = u; Py, h = 0.
j=1 =1

k=1
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With slight abuse of notation, we identify an element of a vector space with the
vector of coefficients with respect to a given basis. For instance, we let ¢, =
(qk)k=1,..3Nkn> Oh = (Ok)k=1,. 3Nkns Uh = (Uj)j=1,.Ngp> a0d A = (Ag)e=1,.N,,-
Furthermore, we shall use the same notation R} for the matrix determined by the
post-processing operator R,ll.

The algebraic form of the penalized hybrid discrete system (4.36) is now given as
follows: Given g, € Qp, find (Ope, une, Ane) = (The(qn), uns(qn), Ane(qn)) € R3¥NER X
RVxn x RNen such that

Apoye + Bl upe + DI =0

Byope — eotne = —En(fr + aqn)
Dypope — oApe = 0.

Here, the superscript 1" denotes transposition. This system is equivalent to the
following

1
Fhop. = _;B}?Eh(fh +qn),
0
1 1
Upe = —Brone + —En(fr + an), (5.1)
€0 €0
1
Ahe = —Dpope
B €0

where
F,= A+ lB,{’Bh + lDgDh,
€o €o
which is symmetric and positive-definite. Similarly, for the solution (¢, Whe, fine) =
(n(qn), Whe(qn), pne(qrn)) € R3NEr x RNKr x RNer of the modified hybrid adjoint
equation with penalization, we have the system

[ 1
icphs = _/BAh<o-h€ - a'dh) - aOZB}?Eh(R;lL)\hE — udh)
1 1
Whe = —Brpp. + —aBp(Ry e — tan) (5.2)
o €o
1
Mhe = gDthhg'

After solving the above adjoint equation, we shall post-process the component
1he of the adjoint state and consider the following control

Ghe = =7 Riyfone(an). (5.3)
The corresponding modified discrete cost functional where the Lagrange multipliers

associated to the primal and dual states are post-processed, which is still denoted
by jne, is given by

) o
Jhs(CIh) = 5(5’;11)%5 - udh)TGh(R}ll)\ha - Udh)
+ g(ﬂhs - O'dh)TAh(O'hs — o) + %QZZG}LQZE- (5.4)

We present the gradient-based algorithm utilized in this paper to approximate the
solution of the optimal control problem. The reduced optimization problem is solved
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by the Barzilai-Borwein gradient method where the steplength is selected alternately
[4]. The second iterate in the gradient method is computed by backtracking with
the Armijo rule as a steplength selection criterion. We refer the reader to [2| for the
analysis of the Barzilai-Borwein method when applied to strictly convex quadratic
optimization problems in infinite-dimensional Hilbert spaces.

In the following algorithm, given a control gf at the kth iteration, the variables
(o uk KDY, (@F_ wh pk ), ¢iF, and jF_ are the solutions of (5.1), (5.2), (5.3),
and the value of (5.4), respectively, with g, = ¢F.

Algorithm: GRADIENT METHOD FOR PENALIZED HYBRID OPTIMAL CONTROL
Initialize «, B, 7, T, €9, and qg.

Construct the mesh 7, and calculate the edge and element data structures.
Assemble the matrices Ay, By, Dy, Fy, G, and R,ll.

Compute discretizations ug, and o g4y of the desired states.

0 ,0 0 0 ,0 0 0 0
Solve for (o), uj_, A )s (Phes Whes Wpe)s Qe and 7y

Determine a second control q,l1 by inexact line search.
Solve for (o} _,ui_, AL), (ph_swh_ut ), ¢k, and j}_.
Set k=1.

while ‘jha Jhs ‘/(]h€1)> 7 do

© W N s W N

10 | gy =k — g

1 dwne = Rypfi — Rjpyz '

12 0he = YOG}, + 0wpe

13 if k£ is odd then

14 L s = (5q;kza)le/w/’5];w’2

15 else

16 | | s=[0g7.12/(6a5.) 05},

17 end if

18 k=k+1

19 | gf =gl —s(rg Y + Blc)
20 | Solve for (a’fw,uhg, Afw), (tpha,whg,,uhg), q;;’;, and j;’fg
21 end while

In system (5.1), the flux component o, is calculated first using the conjugate gra-
dient method, and then the result is substituted to the second and third equations
to obtain the other components u,. and \,.. The same strategy will be employed
in the case of the adjoint equation (5.2) after post-processing the Lagrange multi-
plier A\p.. Aside from (5.2) and (5.3), the Arnold-Brezzi post-processing operator
was also utilized in the steplength selection of the Barzilai-Borwein method and
the derivative of the reduced cost functional. An alternative stopping criterion is
|vg:k + Rl pk || < 7, that is, when the optimality residual is less than the prescribed
tolerance.

We shall construct an analytical solution of (1.1) based on the eigenfunction

e(z,y) = sin(27x) sin(27y) (5.5)
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of the Laplacian on © = (0,1)2. Define the following state, adjoint, control, desired
states, and source term

U=w=e, o =p = Ve, g=—""e,

f=—-Ae+le, ug = e+ a ' Ae, o, = Ve.

One can easily verify that these satisfy the optimality system for the control problem
(1.1) for any given positive parameters «, (3, and .

Now we verify the error estimates given in the previous sections by starting with a
uniform triangulation of the domain €2 and successively refine the mesh by bisection.
For the parameters appearing in the cost, we shall use o = 1, 3 = 1, v = 1071,
and gy = 107'°. The mesh sizes for the triangulations are h = v/2/2* for 2 < k <
9. On the other hand, in order to examine the behavior of the errors due to the
penalization, we shall use a fixed triangulation with mesh size h = v/2/2% and vary
the penalty parameter using the values ey = 107" for 2 < k < 10. We terminate the
optimization algorithm once the relative error between two consecutive cost values
is less than the tolerance 1075,

The algorithm presented above for the reduced optimal control problem was im-
plemented in Python 3.9.7 (Python Software Foundation, http://www.python.org)
on a 2.3 GHz Intel Core i5 with 8GB RAM. The source code and the numerical val-
ues for the discretization errors are available at https://github.com/grperalta/
rtpoisson.

k Ngp, Nep, dof reduced ssm reduction
2 32 40 168 96 42.86%
3 128 176 688 384 44.19%
4 512 736 2,784 1,536 44.83%
5 2,048 3,008 11,200 6,144 45.14%
6 8,192 12,160 44,928 24,576 45.30%
7 32,768 48,896 179,968 98,304 45.38%
8 131,072 19,6096 720,384 393,216 45.42%
9 524,288 785,408 2,882,560 1,572,864 45.54%

TABLE 1. Number of elements (N7, ), interior edges (Ngp), total degrees
of freedom (dof = 4Ngp, + Nep,), reduced ssm (size of system matrix 3Ngy),
and the reduction percentage for the discrete state variable with decreasing
mesh sizes in the hybrid formulation.

We report in Table 1 the number of elements and interior edges corresponding to
the triangulations with mesh size h = v/2/2%. The total dof (degrees of freedom) is
computed by 4Ny + N, which corresponds to the dimension of the approximating
space Y x W x M. The reduction percentage, that is, the ratio of the eliminated
components in the linear system to the total number of unknowns, is calculated by

dof —reduced ssm  Ngjp + Nep,
dof - 4NKh +Neh.

reduction =
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Overall, we can observe an approximate 45% reduction for the size of the linear
systems when the penalty method is applied to compute the solution of the discrete
saddle point problems associated with the state and adjoint equations.
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FIGURE 1. Discretization errors for the primal, dual, and control variables
with respect to the mesh size in the hybrid finite element method with fixed
penalization parameter g = 10710,

In Figure 1, we plot the discretization errors for the state variables (left) and the
adjoint and control variables (right) by reducing the mesh sizes. We can see the
expected order of convergence O(h?) according to Theorem 4.3. In fact, we also
have a quadratic order of convergence for the Fortin projection of the components
o and ¢ of the state and adjoint variables to their numerical counterparts, which
is better than the one expected. This is due to the fact that our triangulations are
uniform, see for instance [7].

In Figure 2, we plot the discretization errors for the state variables (left) and the
adjoint and control variables (right) by successively reducing the penalty parameter.
It can be seen that the errors for the state and flux are large, unless we take the
penalization parameter g = 1071°. Although penalization reduces the dimension of
the system matrix, one drawback is that the resulting reduced system can have huge
condition numbers that may result to large errors. Nevertheless, we can observe
an approximate order of convergence O(e) for the majority of the error between
the continuous and penalized discrete state, adjoint state, and control as stated
by Theorem 4.3. Also, the error decreased faster at ¢ = 10719, We would like
to mention that for ¢y = 107!, the corresponding error increases. Therefore, in
practice, there is a threshold for the penalty parameter due to round-off errors.
Moreover, appropriate preconditioners can be applied for larger penalty parameters
due to large condition number of the system matrix.

We note that the solutions of the penalized mixed method differs from those that
are given by the penalized hybrid method. In fact, as mentioned in the previous
section, the optimality system of the latter optimal control problem is a penalization
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FIGURE 2. Penalization errors for the primal, dual and control variables
in the hybrid finite element method for a fixed triangulation with mesh size

h=+/2/25.

of the former problem, where the penalty term appears in the Lagrange multipliers.
In Table 2, we compare the norms of the difference between the computed solutions
obtained from the hybrid and mixed formulations. To distinguish the solutions of
the two methods, we append the superscripts H and M corresponding to the hybrid
and mixed methods, respectively.

The penalization parameter ey = 10710 was utilized in the comparison. As the
mesh size decreases, we can observe that the difference between the solutions pro-
vided by the two methods decreases as well. The errors in the computed optimal
controls are comparably larger than those in the state and adjoint variables due to
the different discretization of the control space. Furthermore, one can see a linear
order of reduction of the difference in the optimal controls, which is consistent from
the one obtained in the theory, see for instance the a priori estimate (3.18).

To compare the norms of the fluxes in the state and adjoint variables, they are
expressed in terms of the Lagrange shape functions on each triangle corresponding
to the discontinuous P! finite element space. This is to compensate the different
representations of the flux variables used in the approximations. In particular, the
dimensions of the coefficient vectors of each method differs, for which the number
of interior edges corresponds to the dimension in the mixed method while thrice the
number of elements to that of the hybrid method. In general, the mixed formulation
requires more gradient iterations in contrast with the hybrid one.

Let us compare the performance of the penalized hybrid formulation with post-
processing and the typical H'-conforming method. Here, we utilized the same test
example based on the eigenfunction (5.5). The Lagrange interpolation of the exact
solutions are denoted by wuy, qn, wy,, while the approximations obtained from the
usual method are given by Uy, @i, W,.
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o

lagf gt Nl el Nl -l el el el -]
2 7.759187e-1 2.612056e—2 3.485176e-3 2.080860e—2 4.932468e—3
3 9.768092e-1 1.449179e-2 2.367384e-3 1.562847e—2 2.436102e-3
4 6.100684e-1 4.309833e—3 5.442836e—4 4.206953e—4 5.393033e—4
5 3.217493e-1 2.396436e—3 4.918615e—4 3.177990e—4 1.402689¢e—3
6 1.629187e-1 3.054530e—4 6.175866e—5 1.010845e—4 9.919974e-5
7 8.172378e-2 7.018624e—5 8.740210e—6 1.287241e-5 1.324480e—5
8  4.089508e—2 1.813897e-5 2.278971e—6 1.089335e—5 2.972948e—6
9 2.045165e—2 7.612611e-6 8.190436e—7 1.150863e—5 9.860226e—7
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TABLE 2. Norms of differences between the solutions of the mixed and
hybrid finite element approximations for decreasing mesh sizes.

If ﬁh and Mh are the stiffness and mass matrices for the H'-method, then the
coupled primal-dual system is given by

Any, = thh — oy,

5.6
Apidy, = OéMh(uh — Uqap) + 5Ah(uh —€p). (5:6)

where f,, ugn, and e, are the Lagrange interpolations of the source, desired state,
and eigenfunction, respectively. Unlike for the hybrid method where we used a
gradient algorithm to compute for the solutions of the optimal control problem, the
solutions to the coupled system (5.6) were calculated using a sparse solver. We can
observe from Figure 3 that the usual method has quadratic orders of convergence
for the errors, however, the hybrid method yields smaller errors in comparison to
the conforming one.
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FIGURE 3. Discretization errors for the primal, dual, and control vari-
ables obtained from the usual H!-conforming FEM (dashed lines) and the
penalized hybrid FEM with post-processing (solid lines).

A disadvantage of the mixed method is the larger number of degrees of freedom in
relation to the usual H'-conforming method. Also, the treatments of the resulting
saddle point problems are not trivial tasks. In this work, additional penalty terms
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have been introduced to reduce the size of the corresponding linear systems, leading
to symmetric and positive-definite equations.

To circumvent the difficulties arising from mixed methods, hybridizable discon-
tinuous Galerkin (HDG) methods have been studied and successfully applied to the
discretization of optimal control problems with PDE constraints. For example, in
the case of elliptic PDEs, we refer to [18] and [20] with Dirichlet and Neumann
controls, respectively. Other related discretization schemes that can be explored are
the so-called hybrid high-order (HHO) methods, see [11] for instance. It would be
interesting to compare the performance of mixed and hybrid formulations to other
hybridizable methods. Since these are out of the scope of the current manuscript,
we recommend such topics for future theoretical and numerical investigations.
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