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ABSTRACT.

A distributed optimal control problem for the 2D incompressible Navier—Stokes
equation with delay in the convection term is studied. The delay corresponds to
the non-instantaneous effect of the motion of a fluid parcel on the mass transfer,
and can be realized as a regularization or stabilization to the Navier—Stokes
equation. The existence of optimal controls is established, and the corresponding
first-order necessary optimality system is determined. A semi-implicit discontin-
uous Galerkin scheme with respect to time and conforming finite elements for
space is considered. Error analysis for this numerical scheme is discussed and
optimal convergence rates are proved. The fully discrete problem is solved by the
Barzilai-Borwein gradient method. Numerical examples for the velocity-tracking
and vorticity minimization problems based on the Taylor-Hood elements are
presented.
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1. INTRODUCTION

Optimal flow control problems remain a very active field of research due to their
wide variety of applications in physics and engineering. These include combustion,
optimal mixing, shape design, kinetic energy regulation, and turbulence minimiza-
tion to name a few. Rigorous mathematical analysis of such problems, as well as
their realization to efficient numerical methods, are among the main themes in the
past decades. The pioneering work of Abergel and Temam |[1] served as an impetus
in the study of optimal control problems for time-dependent fluid flows, where first-
order necessary optimality conditions were established. Gradient-based algorithms
approximating the controls were also suggested. Since then, there are numerous
papers extending this work, see for instance [10, 11, 12, 20, 21, 31, 32, 38, 53| and
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the references therein. We also refer to the earlier works of Fursikov [25, 26, 27].
Recent developments also include thermodynamic effects, multi-phase flows, phase
transitions, and the interaction with either elastic or rigid bodies.

The current paper is dedicated to the analysis and numerical approximations to
a distributed optimal control problem for time-dependent incompressible fluid flows
governed by the two-dimensional Navier—Stokes equation with delay in the convec-
tion. A very short account for control problems of partial differential equations with
delay was presented in [40, Section 18.1], and a recent work that dealt with numer-
ical aspects was given in [43|. In both cases the delay appears linear in the state.
In our work, on the other hand, the delayed term is bilinear in nature, for which
the history acts as a convective force for the fluid flow. This leads to different char-
acteristics of the control. For instance, velocity-tracking problems at the terminal
time have controls with limited regularity.

Let us now state the precise formulation of the optimal control problem. Given a
fixed final time 7" > 0 and an open, bounded, and connected domain €2 C R? that is
either of class C? or convex polygonal with boundary I', we consider the following
infinite-dimensional optimization problem:

r T
min J(u, q) := Q;T // lu — ug|* do dt + %/ |u(T) — ur|*dz
0Jo 0

q€L?(0,T;L%(22)?)
T T
+%//|VXU|2dxdt+%//|q|2dmdt
0JQ 0JQ

subject to the state equation
Ou —vAu+diviu" ®@u) +Vp=f+q inQp:=(0,T)xQ,

divu =0 in (—r,T) x Q,
u=0 on 'y :=(0,7) x T,
u(0) = g in €,
\ u=z in Q, :=(—r,0) x Q.

(P)

The unknown state variables u : (0,7)xQ — R? and p : (0,7) x Q — R represent
the velocity field and the pressure of the fluid. The given functions f : (0,7) x 2 —
R2 ug: Q — R, and z : (—7,0) x Q — R? are the external forces, initial velocity,
and initial history, respectively. A no-slip condition for the velocity on the boundary
is imposed. For the state equation in (P), the constant v > 0 is the fluid viscosity
and the fluid density has been normalized to 1 for the sake of simplicity. Also,
a > 0 and aq,,ar,ar > 0 are given constants, where at least one of the latter
three parameters is positive in order to have a nontrivial solution to (P).

We use the customary notation u"(¢,z) := u(t — r,z) for the delay of velocity
with respect to time, where 0 < r < T is a fix delay parameter. The convection
term (u” - V)u corresponds to the non-instantaneous transfer of momentum on the
fluid bulk. As pointed out in [41], if there is a time delay 7 in “following the fluid”,
then the material derivative is given by % = Oy + (u" - V)u, where the directional
derivative of u is taken with respect to the delayed velocity field u”. Due to the
incompressibility assumption divu” = 0, the convective term (u”-V)u coincides with
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div(u"®u). Here, the tensor product v®@w : Q — R**2 of two vector valued functions
v,w :  — R? has the components (v ® w);; := v;w; for i,j = 1,2. For works on
the Navier—Stokes with delay, we refer the reader to [7, 9, 28, 29, 51, 52|. The delay
in the convective term can be considered as a regularization or stabilization to the
Navier—Stokes equation.

In the cost functional J, the first two integrals correspond to a velocity tracking
problem, where uy and ur are the desired velocity profiles in the space-time domain
and space domain at the terminal time, respectively. These intend to minimize the
kinetic energy, or a fraction of it, of the difference between the optimal state to the
desired target. The third integral aims to minimize the turbulence of the fluid flow,
where V X u = 0,,u1 — Oz, us is the curl of the fluid velocity v = (uy, u2). Finally,
the fourth integral is a Tikhonov regularization term leading to coercivity of J, and
it also measures the cost of the control. The general rule of thumb here is that the
smaller the value of «, the more the controls are going to be expensive.

One of the goals of the paper is to establish the well-posedness and regularity
of the solutions to the state equation and as well as the associated linearized and
adjoint problems. Although the results are analogous to the case without delay,
this has to be done ab initio in order to have a clear understanding on how the
initial history enters in the analysis. In fact, we shall see that the delay impedes
further regularity on the optimal control. To be precise, if oy > 0 then even
for compatible initial datum and initial history in the state equation, the adjoint
state does not enjoy the same compatibility at the terminal time, see Theorem
3.4. Nonetheless, the results here will be useful in the error analysis for the finite-
dimensional approximations. The differentiability properties of the so-called control-
to-state operator will be established from the implicit function theorem, deviating
from those that were presented in [1, 53].

The other goal is to analyze a semi-implicit scheme for (P) based on discontinuous-
in-time Galerkin and finite element methods. It will be shown that in terms of
the space-time L?-norm, the errors between the continuous and discrete optimal
solutions have the order of convergence O((aq, +a+1)h+ar+ar)h), see Theorem
4.21 and Corollary 4.22. This is with the stability condition 7 = O(h?) for the
temporal and spatial step sizes 7 and h, respectively, a typical condition for explicit
or semi-implicit schemes to parabolic problems. Note that in the uncontrolled case
of the Navier-Stokes equation without the delay, the condition 7 = O(h?) for some
v > 0 on the time step and mesh size was imposed in [33, 34, 35, 37, 36, 42| when
explicit and semi-implicit schemes are applied in the convection term. However, the
methods presented in these papers are not applicable to the current problem due
to the limited time-regularity of the controls. If ag = ay = 0, then we obtain the
expected optimal quadratic order of convergence. To establish this convergence rate,
we shall utilize Aubin—Nitsche-type duality arguments. In addition, error estimates
for the control, state, and adjoint variables in terms of the norms of the function
spaces L2(0,T; H}(€2)?) and L>(0, T; L*(Q)?) will be proved.

The associated finite-dimensional optimization problem will be solved by the gra-
dient method of Barzilai and Borwein [5]. This particular choice is based on its
simplicity, efficiency, and applicability to large-scale optimization problems. As an
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application, we consider examples on the velocity-tracking and vorticity minimiza-
tion problems with local controls.

This paper is organized as follows: In Section 2, we establish the well-posedness
and regularity of solutions of the state, linearized state, and adjoint equations.
The existence and regularity of the optimal controls will be discussed in Section 3.
Section 4 deals with the proposed numerical scheme for the optimal control problem.
Finally, numerical experiments based on the two commonly utilized finite elements
for the Navier—Stokes equation, the mini-finite and Taylor—-Hood elements, will be
presented in Section 5.

2. ANALYSIS OF THE STATE, LINEARIZED STATE, AND ADJOINT
EQUATIONS

The existence and uniqueness of solutions to the state equation in the optimal control
problem (P) can be established through a standard spectral Galerkin method. There
are two possible directions that one may pursue. One such approach is to successively
consider intervals of length equal to the delay and show well-posedness using the
fact that the state equation is an Oseen equation at each subinterval. Alternatively,
one can proceed by following the classical strategy for the nonlinear Navier—Stokes
equation. For the sake of completeness and clarity, especially the required regularity
and compatibility conditions on the initial history, we discuss in detail the latter
approach.

2.1. PRELIMINARIES. Let us introduce the function spaces and notations that
will be used throughout the paper. The dual space of a Banach space Z will be
denoted by Z* and (z*, z) z- 7 represents the duality pairing between z* € Z* and
z € Z. The set of all bounded linear operators from a Banach space U into a Banach
space Z is denoted by L(U, Z) and L(U) := L(U,U). We follow standard notations
for the Lebesgue space LP(§2) and Sobolev space H"(Q2) for 1 < p < oo and r € R,
and denote the corresponding norms by ||- || .» and ||-|| -, see [2] for more details. The
closure in H"(2) of the set C§°(§2) consisting of all infinitely differentiable functions
that vanish on a neighborhood of I will be denoted by H{(£2). All throughout the
paper, we use the abbreviations

X =L*Q)? W:=H}Q)? M:=L*Q/R, Y :=H(Q)NM.
The solenoidal functions with no-slip boundary condition will be denoted by
H={ueX :divu=0inQ, u-n=0onl}, V:=WnNH,

where n is the unit outward vector normal to I'. These are Hilbert spaces with
respect to the inner products in X and W. The embedding V' C H is dense,
continuous, and compact.

Let A : D(A) C H — H be the Stokes operator defined by Au = —PAu for
u € D(A), where P : X — H is the Leray projection operator associated with
the Helmholtz decomposition X = H & VL*(Q2). Since Q C R? is either a convex
polygonal domain or of class C?, then D(A) =V N H?*(Q)?, see [39] and [49, Lemma
II1.2.1]. Equipped with the inner product (u,v)p) = (Au, Av)y, D(A) becomes a
Hilbert space. Moreover, the norms || - |2 and || - || pca) are equivalent in D(A).
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It is well-known that A is a self-adjoint positive operator with dense domain and
compact inverse. As a consequence, H has an orthonormal basis {¢,}>°; consisting
of eigenfunctions of A with an associated sequence of eigenvalues 0 < A\ < Ay <
where Ay, — o0 as k — oo. Each v € H admits the unique Fourier expansion
w=> 7 (u,¢r)mpr. The domain and the action of the linear operator A can be
written as follows:

D(A) = {U €H: Z(l"‘)\i”(ua@k)HP < oo}, Au = Z)\k Us Pr) H Pk

k=1

Let V* be the linear span of {goj}?zl and Pyr : H — H be the orthogonal
projection of H onto V*, that is, Pyru := Z?Zl(u, ©;)ap;. For each k, it holds that
| Pyellzcay < 1 and ||Pyru—ul|g — uas k — oo whenever u € H. Given u € D(A),
we have Au € H and so ||Pyrulpay = [[APyrullp = ||PyeAullg < [|Aul|mz and
| Pveu —u||pay = || PyrAu — Aullg — 0 as k — oo. In particular, || Pyt zpay < 1
for every k.

The square root A/ of A is well-defined and D(A'/?) = V. The following spectral
representations for the space V' and its corresponding norm hold

00 1/2
V:{ueH:ZAk\(u,@k)H\2<oo}, ully = (Z)\k U, 1) | ) '

k=1
From the orthonormality of the basis, it follows from these representations that
| Pve|lzevy < 1 for every k and each v € V satisfies || Pyru — ully — 0 as k — oo.

We will work in the Bochner spaces LP(1, Z) for 1 < p < oo from an interval I =
(a,b) into a real Hilbert space Z, and C(I, Z) the space of continuous functions from
I into Z equipped with their usual norms |[ulo(z.z2) = supyes [[u(t)] 2, [[v]|=(,2) =
ess sup,; ||v(t)||z, and

P
lollimrzy = (/ ot |pdt) (1<p<o).

The space W"P(I, Z) is the set of all u € LP(I, Z) having distributional derivatives
e LP(I,Z) for 0 < j < k, while C*(I, Z) is the space of all functions v : [ — X
such that &/u € C(I, X) for every 0 < j < k. We shall write H*(I, Z) for W*2(I, Z).

Consider the Banach space WP(I) := {u € L*(I,V) : dyu € LP(I,V*)} with the
norm

lullwery = llullL2,vy + 10l Lo, v+

Then the embeddings WP(I) C C(I,V*) for 1 < p < oo and W%(I) C C(I, H)
are continuous. Moreover, by the well-known Aubin-Lions-Simon Lemma [46],
Wr(I) C L*(I,H) is compact for 1 < p < oco. Let V*(I) := L*(I,V) N L>(I,H)
and V2Y(I) := {w € V*(I) : Ow € V*(I)} = HY(I,V) N Wh=(I, H) be endowed
with the graph norms

vllvay = 1ollzevy + [0l 2o z,m), |wllv21(ry = [[wllvay + [ Oawl]lver

It holds that W2(I) C V*(I) and V*!(I) C V*(I) continuously. By interpolation
theory, we also have the continuous embedding H*'(I) := L*(1, D(A))NH'(I,H) C
C(I,V). Furthermore, H*'(I) C L*(1,V) is compact.
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For the nonlinear convection term, we define the trilinear form 6 : WxW xW — R
by

b(u,v,w) := ((u- V)v,w)x. (2.1)
It follows from the divergence theorem that b(u, v, w) = — b(u, w,v) — ((div u)v, w) x
for each w,v,w € W. In particular, it holds that b(u,v,w) = —b(u,w,v) and

b(u,v,v) = 0 for every u € V and v,w € W. In writing the strong form of the
adjoint equation, the following equation b(u,v,w) = ((Vv) w,u)x for every u € V
and v, w € W will be utilized.

For u € V and v € V| the distributional divergence div(u ® v) € V* of u ® v is
defined by

(div(u @ v), W)y« vy = —(u®@v, Vw) = =b(u,w,v)  YweV.

Let us recall in the following lemma the standard estimates for the trilinear form b,
see |24, 49] for instance. In fact, these estimates follow from the Holder, Gagliardo—
Nirenberg, Agmon, and Poincaré inequalities.

Lemma 2.1. The trilinear form b satisfies the following estimates:

(@) |b(u, v,w)| < cllull g ullk 2ol g ol llwllyv for every u,v,w e V,

(b) [b(u, v,w)| < ellullylully 2ol 2l Avlly lwllm for every u € V, v € D(A),
we H,

(¢) |b(u,v,w)| < cl|ullul|v]lv||Aw| i for every u € H, v €V, w € D(A),

(d) [b(u, v, w)| < c|| Aullg|[v]|y|[w] g for every u € D(A), veV, we H,

for some constant ¢ > 0 independent of u, v, and w.

In what follows, the time, history, and future domains will be denoted by

I:=(0,7), I :=(-r0), I"=(T,T+r), J,=(-rT), J :=(0,T+r)
(2.2)

where we take without of loss of generality that » < 7. We shall use ¢ > 0 and
¢ > 0 to denote generic constants and continuous functions, respectively, whose
values may differ on each line. To emphasize the dependence on other quantities,
we will put a subscript on ¢ or c.

2.2. ANALYSIS OF THE STATE EQUATION. In this subsection, we study the
existence and uniqueness of weak solutions to the state equation and provide the
regularity of the solutions under suitable smoothness and compatibility of the initial
data and history.
Given ug € H, z € V2(1,), and f € L*(I,V*), a function v € W2(I) is called a
weak solution of
{ Ou — vAu +div(u" @ u) + Vp = f in Qrp,

2.3
divu=0 inQp, u=0 onT7p, u(0)=wuy inQ, uw=2z inQ,, (2:3)

if the following variational equation holds

(Ou(t), p)vey +v(Vu(t), Vo) = b(u"(t), ¢, u(t)) = (f(t), p)v-v VpeV (24)
for a.e. t € I, u(0) = up in H, and u = z in V*(1,).

The point-wise value u(0) is well-defined since W2(I) € C(I, H). Now, we write
an equivalent and convenient formulation of (2.3) as an abstract evolution equation.
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First, let us extend the definition of the Stokes operator A : L*(I,V) — L*(1,V*)
to the time-dependent case by

(Av, @) r2(r vy c2(v) = /I<Av(t), o(t))y=y dt = /I(Vv(t), V(t))xe2 dt.

Given z € V*(I,), let B, : W?(I) — L*(I,V*) be the operator defined by

r T
(B(w); ©)r2(1,v),L2a,v) = —/ b(z" (1), ¢(t), u(t)) dt — / b(u"(t), ¢(t), u(t)) di.
0 T
An application of the Hélder inequality and Lemma 2.1(a) yields

| B.(u) || 22,v+y < cllzllvery + lJullvza)llull 2@ (2.5)

Then u € W2(I) is a weak solution of (2.3) if and only if it satisfies the differential
equation

{ Ou+vAu+ B.(u) = f in L2(I,V*), 26)

u(0) =up in H.

Take note here that the history was included in the definition of the nonlinear oper-
ator B, and treated as a coefficient of the evolution equation. With regards to the
existence of weak solutions, we have the following theorem. Here, the regularity of
the initial history is different from the one provided in [51] for the three-dimensional
case.

Theorem 2.2. Given ug € H, z € V*(I,.), and f € L*(I,V*), the evolution equa-
tion (2.6) has a unique solution uw € W?(I) and there exists a constant ¢ > 0 such
that

ullvery < e(lfuolla + || fllz2zv+)) (2.7)
0wl 2(r,v+y < c((1+ [[2llvery + Nullve)llull 2wy + 1 l2,vey)- (2.8)

Proof. The proof is based on the spectral Galerkin method, which we provide for
the sake of the reader. Take the approximations wug, := Pyrug € VF and 2z, :=
Pyrz € L®(I,,V*) for the initial data and initial history. Consider the ansatz
ug(t,x) = 25:1 a;(t)p;(z), where a; € H*(I) for j = 1,...,n, to the following
system of nonlinear delay differential equations

Ovu + P (A, + B, (ug)) = Piwf in L*(1,V7), .

ug(0) = ug, in VF, up = 2, in L=(I1,, V). (2:9)
Here, we have extended the projection operators Py« into the time-dependent case
in the obvious way so that Pyx : L*(I,V*) — L%*,V). Thus, for the adjoint
operator, we have Py, : L*(I,V*) — L*(I,V*), where L*(1,V*)* was identified
with L2(1,V*).

According to the classical Cauchy—Lipschitz theory of delay differential equations,
the above system admits a unique solution u € H'(0,t; V*) for some 0 < t,, < T.
The a priori estimates below shows that ¢, = T'. Indeed, taking the inner product of
the first equation (2.9) with u; in H and applying the Young inequality, we obtain

1d
2dt

1 v
Jur(0) I3 + vllun )3 < o, 17 @] e+ §|lw~c(t)||2v-

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA AND J.S. SIMON 8 /60

Integrating over [0, ¢] for ¢ € (0,t;), we deduce that

t 1 t
o+ [ el ds < ol + - [ 1705)

Since [Juor||a < |luollas |2kllvey < |12]lveq,), and by the virtue of the Gronwall
Lemma, there exists a constant ¢ > 0 such that

2
Vo dS.

lurllvery = llurllpoor,my + llurllzzavy < ellluollm + 11 z2av)- (2.10)

Using a classical continuation argument, this implies that (2.9) has a solution on the
whole interval I. Since || P}, zz2(1,v+)) < 1 for each k, we obtain from (2.5) that

|Ovuk|lp2crvey < (X + |zellvey + lluellvea) luell 2y + [ fllzeavs).  (2.11)

From the a priori estimates (2.10) and (2.11), the sequences {uy}72, and {uf}22,
are bounded in W?(I) and V?(J,), respectively. Therefore, one can take a subse-
quence, denoted by the same indices for simplicity, so that u;, — u in L*(I,V),
Auy, — Au in L2(1,V*), Oy, — Opu in L2(I,V*), and uj, = u" in L>=(J,, H) for
some u € W2(I) N V?(J,). By the compactness of W?(I) C L*(I, H), a further
subsequence can be extracted in such a way that uy — w in L?(I, H). In particular,
up — u” in L*(J,, H) and u = z in L*(I,, H), since 2z — 2z in L*(I,, H).

Let us now pass to the limit. Take ¢ € L*(I,V). From Lemma 2.1(a) and the
Holder inequality, we obtain, by letting & — oo, that

|(B., (ur) — B2(w), ©) r2(r,v+), 20,0 < /|(UT ® u — uy, ® up, Vo) x| di
I

< [~y o uVe)xlde+ [0 @ (=), Toyxlde
1

I
r rnl/2 r 1/2 r
< cllug = w550 sk = wll s v Ul 2y + il )il = 0.
By the density of L*(I,V) in L*(I,V) and the boundedness of {B,, (ux)}>; in
L*(I,V*), this implies B,, (uy) — B,(u) in L*(I,V*). Therefore,

Ovug + P (vAuy, + B, (ug) — f) — Qu+ vAu+ B,(u) — f in L*(I, V™).

By the continuity of the map ¢ — ¢(0) from W?(I) to H, we get uz(0) — (0) in
H. Since ug(0) = upr — up in H, we obtain that u(0) = ug. Thus w is a solution to
(2.6). The a priori estimates (2.7) and (2.8) follows from taking the limit inferior of
(2.10) and (2.11), respectively, and utilizing the lower semicontinuity of the norm
with respect to weak and weak-star topologies.

For the uniqueness of the solution, it is enough to observe that on the interval
[0,7], (2.6) is a linearized Navier—Stokes equation, whose uniqueness of solution
follows from standard results. We then apply this to the next interval [r,2r] to
conclude that the solution of (2.6) is unique on the interval [0, 2r]. Continuing this

procedure leads to the uniqueness of solution to (2.6) on the whole time interval I.
U

Under appropriate conditions on the initial history, we recover the same regularity
as in the case of Navier—Stokes equation without delay. This property is reflected
on the existence of strong solutions as shown in the theorem below.
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Theorem 2.3. Suppose that ug € V, 2 € L=(I.,V), and f € L*(I,X). Then the
solution of (2.6) satisfies u € H*>'(I) and there exists a unique p € L*(I,Y) such
that

o+ vAu+ B,(u) +Vp=f in L*(I, X). (2.12)
Furthermore, there exists a continuous function ¢ > 0 such that
[l 2y + lplle2yy < ellluollv, |zl zoe i vys 11l 2a,x))- (2.13)
In particular, it holds that w € C(I,V).

Proof. Let us adopt the notations in the proof of Theorem 2.2. Taking the inner
product of (2.9) with Auy in H and invoking the Young inequality, one has

1d

O + vl Au D)l + bluk (), ue(t), Aus() < NFO + 2] Aus(2)]3

(2.14)

The trilinear term in (2.14) can be estimated according to Lemma 2.1(b) and the
Young inequality as follows

[b(ui (), un(t), Au(t))] < %||U2(t)||§{||u2(t)||%/||Uk(t)||%/ + ZIIAuk(t)II%

Using this in (2.14), and integrating over [0,¢] in the resulting estimate, we obtain

t
nw@m%+ulqu@mz®

t
T T 2
< ||uOkH2v+/O cllur( SV w1y + ~11F )k ds.

From ||uok|lv < |luollv, ||zellve,) < cll2]|Le(,,v), the Gronwall Lemma and (2.10),
there exists a continuous function ¢ > 0 such that

|| oo (r,vy + Juellz22,pcay) < el[uollv, |2l 2oz vy, | fll 22, x))- (2.15)

Using (2.9), Lemma 2.1(b), || P}/l z(z2(,m)) < 1, and the continuity of the embed-
dings D(A) C V C H, we have

Ovur |21,y < e((1 4 [|upll Lo (z,v) [Jur ] L2204y + 1 fll22(2,x))- (2.16)

Thus, {ug}32, is bounded in H*!(I), hence after extraction of an appropriate sub-
sequence, the weak limit of this sequence in H*!(I) is the solution of (2.6). Passing
to the limit inferior as kK — oo in the a priori estimates (2.15) and (2.16), we deduce
(2.13) but without the pressure term. On the other hand, the existence and unique-
ness of p € L*(I,Y) satisfying (2.12) follows from de Rham’s Theorem and it holds
that

Ipllz2ryy < ell|Oull L2, my + (14 [[u” || Loyl 2, peayy + L fllz2c,x))-

Therefore, we have (2.13) and this completes the proof of the theorem. O
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Theorem 2.4. If ug € D(A) and z € V> (1) N L*(1,, D(A)) satisfy the compat-
ibility condition z(0) = uy and the source term f € H'(I,V*) satisfies f(0) € X,
then the solution of (2.6) satisfies u € V*'(J,) N L*(J., D(A)). Moreover, there is
a continuous function ¢ > 0 such that

lullvarnynrz,pay) < elllwollpeay, [[2Ilvas @) acza,.pey, [l [1F0)][x)-
In particular, we have u € C(J,, V).

Proof. We follow the notations in the proofs of the previous theorems. First,
let us note that the compatibility condition z(0) = wg is carried out in the finite
dimensional approximation, that is, zx(0) = Pyx2(0) = Pyrug = ug for every
k. This compatibility, together with the regularity z, € W1°°(I.,V¥) and f €
HY(I,V*), implies that uy € H?(I,V*)NH!(J,,V*) according to classical regularity
results for delay differential equations. Therefore, we may differentiate the system
(2.9). Doing so, we see that yy := Jyuy, satisfies the delay differential equation

Ok + P (vAys + Be, (yr) + By, (ur)) = Ppdif in L*(1,VF),
{ ye(0) = Oug(0) in VF gy = Oz in L=(1,, V*).

Taking the inner product of the differential equation with vy, in H gives us
1d
2dt

From Lemma 2.1(a), we have

(k1) e (8). wn(O)] < Sl @I a1 + IO

Substituting this estimate to the previous one, integrating over [0,¢] and then ap-

plying the Gronwall-type Lemma 6.1 with ¢(¢) = |lyk(t)||3, ¢(t) = %llyk(®)|E,
|

U(t) = LIOf OIF-, alt) = B(t) = 0, (t) = ﬁlluk(tﬁl?v, and a = 3|y(0)[[F, there

is a continuous function ¢ > 0 such that

o )y + O = B, 5 (0), e 0)) < S 10O+ % (o) -

lykllvacry < cllye(O)l|a, lukll Lo vy, 102k v,y 106 f | 2 vy )- (2.17)

Note that the sequences {u;}%2, and {z;}72, are bounded in L*>*(/,V) and
V21(1,), respectively, and u;, — u in L=(I,V) and z, — z in V*!(I,). Thus, it
remains to estimate ||yx(0)|| to establish the boundedness of {y;}%, in V(). In-
deed, setting t = 0 in (2.9) and then taking the norm of the resulting equation in
X, we obtain that

yr(0)][zr < (|| Auok || & + [[(up(0) - V)uorl|x + [|£(0)]lx)
< (|| Auollar + |21l 5, ) | Auo | + (| £(0)[| ).

As a result, {u;}32, is bounded in V*!(J,), and for a subsequence u; — wu in
V21(J.). The a priori estimate in the statement of the theorem follows by taking
the sum of (2.13) with the inequality obtained by passing to the limit inferior in
(2.17) and HukHV2’1(IT)OLQ(IT,D(A)) < ||Z||V2’1(IT)OLQ(IT,D(A))‘ From the compatibility
condition, we have u € H*'(.J,) C C(J,, V). O
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2.3. ANALYSIS OF THE LINEARIZED STATE EQUATION. In this subsection,
we study the linearization of the state equation (2.6) at a given element u € W?(I).
Suppose that z € V*(I,). From the quadratic nature of B,, one can verify im-
mediately that B, € C*®(W?(I), L*(I,V*)). Moreover, the action of the Fréchet
derivative of B, at u € W?(I) in the direction h € W?(I) is given by

(BLWh, @) 220 = — / B (0), 0(8), h(1)) i

- / b(u" (1), (), h(t)) dt / b (1), (), u(t)) dt.

Likewise, the action of the second Fréchet derivative of B, at u in the directions
hi,hy € W2(I) is

(B () [, by @) 2ty 2wy = — / bR (), o (t), ha(t)) dt

- / b (2), o(0), B (1)) dt.

Take note that B”(u) is independent on u, hence the derivatives of B, beyond order
3 vanish.

Theorem 2.5. Given z € V3(I,), w € W?(I), vo € H, and f € L*(I,V*), the
linearized state equation
{ o +vAv + Bl(u)v = f in L*(I,V*),

2.18
v(0) =vy in H, (2.18)

has a unique solution v € W2(I). Moreover, there exists a continuous function ¢ > 0
such that

vllw2y < elllullw2ay, |2l (lvoll e + 1 | 2a,v)- (2.19)

Proof. The proof is similar to the one provided in Theorem 2.2. For this reason,
the details are omitted to avoid repetition. U]

Remark 2.6. The solution of the linearized state equation (2.18) can be regarded

as the weak solution of
0w —vAv +div(u" ® v) +div(v" @ u) + Vo = [ in Qr, 590
{diVU:O inQr, v=0 onTy, v(0)=vy nQ, v=0 inQ,, (2.20)

where u = z in §, and w is the corresponding linearized pressure. Sufficient condi-
tions for the weak solution v to be in H>'(I) and for the existence of the pressure
w € L*(1,Y) are provided in the following theorem.

Theorem 2.7. If z € L>=(I,,V), u € H*'(I), vy €V, and f € L*(I,X), then the
solution of (2.18) satisfies v € H*'(I) and there exists a unique @ € L*(1,Y) such
that

O +vAv + Bl (u)v + Vo = f in L*(I, X). (2.21)
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Moreover, there is a continuous function ¢ > 0 such that
[oll g2y + lwllzeyy < elllullgzm, (2l ) Ulvollv + 1 f 2 x)- (2:22)

Proof. The proof is similar to the case of the state equations, see Theorem 2.3,
hence we only derive the necessary a priori estimates. Moreover, we drop the indices
k in the associated approximating spectral Galerkin system. Using the test function
Av and the antisymmetry of b, we get

L e MY+ vllAv @) + b(u” (), v(t), Av(t)) + b(v" (2), v(t), Au(t))

2dt
1 v
< 2+ 2A 2. 2.2
< S IF O + S 1Al (2.23)

For the trilinear terms on the left hand side, one can estimate them from above with
the help of Lemma 2.1(b) and the Cauchy-Schwarz inequality as follows

[b(u” (8), v(t), Av(t)] < ellu” (@)l lu" Ol @ + %I!Av(t)\l?q
[b(v" (t), u(t), Av(t)| < c(u@) Vv O + [[Au@)lZ 0" @)1F) + %!\Av(t)llé-

Using these estimates in the energy inequality (2.23) and then applying
the Gronwall type Lemma 6.1 with ¢(t) = Llo@®)|}, «@) = %|Av(®)]|F,

v(t) = I OI%, o) = clu @Il @O, 8¢ = clu@lf + [|Au)l?),

v(t) =0, and a = 5|[v(0)]|?, we obtain

[0l 2o vy + ol 2oy < elllullmzawy, 120 o) lvollv + 11f 1|2 @)

for some continuous function ¢ > 0. Hence, the time derivative of v can be estimated
by

10wl 2,1y < ([ Avl 2y + 1 BL(wvllz2my + [l r2,x))
< (T Nzl vy + lull e @) 1AV L2y + 1 F Nl 20x)-
In the second inequality, we used Lemma 2.1(b). The last two inequalities imply
that v € H*'(I) and (2.3), but without the term involving w. However, the
existence of a unique pressure w € L*(I,Y) satisfying (2.21) and (2.22) can be
established as in the proof of Theorem 2.3. O
Define the map L, : W?(I) — L(W?(I), L*(I,V*)) according to
L.(u)v = 0w + vAv + B.(u)v Yu,v € W2(I).
Also, let N, : W*(I) — L(W?(I),L*(I,V*) x H) be given by
N.(u)v = (Lz(u)v,v(0)).

It follows from Theorem 2.5 that the linear operator N, (u) € L(W?(I ) L3(I,V*) x
H) is an isomorphism for each u € W?(I). In particular, L,(u) € L(WE(I), L*(I, V*))
is an isomorphism, where WZ(I) := {v € W?(I) : v(0) = 0}, and from (2.19) w
obtain that

1L ()"l ez vy ey < cllullwems [2llvaa,))- (2.24)
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If z € L=(I,,V), then L, : H*'(I) — L(Hy'(I), L*(I, X)) according to Theorem
2.7, and

||Lz(u>_1||[:(L2(1,X),H§’1(1)) < c(lullzza @y 12l 2z, v)) (2.25)

where Hp'' (1) := {v € H>'(I) : v(0) = 0}.

For the rest of the paper, Q := L*(I, X) will denote the space of controls. Given
fixed initial data ug € H, history z € V*(I,), and source term f € L*(I,V*), let us
define the nonlinear operator F': W?(I) x Q — L*(I,V*) x H by

F(u,q) = (Ou+ vAu+ B,(u) — f — q,u(0) — up).

If g € Q C L?(1,V*), then there exists a unique u € W?(I) such that F(u,q) =0
by Theorem 2.2. Conversely, if F'(u,q) = 0 then u is the solution of (2.6) with
f replaced by f + ¢. In this way, we define the so-called control-to-state operator
S :Q — W2(I) by S(q) = u if and only if F(u,q) = 0. Note that F, and hence S,
depends on the triple (uo, 2, f), however, we shall not explicitly write this dependence
for simplicity of notation.

Theorem 2.8. Let ug € H, z € V*(,), and f € L*I,V*). Then
S € C°(Q,W?3(I)). The action of the first and second Fréchet derivatives of
S at q € Q in the directions g € Q and (g1,92) € Q X Q are given by

S'(q)g = L.(S(q)) g
S"(q)[g1, 92) = —L-(S(q)) "' BL(w)[S'(q)g1. 5" (q)ge)-

Proof. One can easily see that FF € C*(W?(I) x Q,L*(I,V*) x H). Let ¢* € Q
and u* := S(¢*) € W2(I), so that F(u*,q*) = 0. We have £ F(u*,¢q*) = N,(u*) €
L(W?3(I), L*(I,V*)x H), which is an isomorphism according to the above discussion.
Therefore, by the Implicit Function Theorem |54, Section 4.7|, there exist open
neighborhoods Oy C @ and O, C W?*(I) of ¢* and u*, respectively, and a map
S € C=(Oy,0,-) such that F(S(q),q) = 0 for every ¢ € O,. This implies that
S =Sin Oy by the definition of S. Since ¢* € () is arbitrary, one obtains that
S e C(Q,W(I)).

Applying the chain rule to F(S(¢),q) = 0, we have that S'(q)g =
—L.(S(q)) ' £ F(S(q),9)9 = L-(S(q))'g. This implies that L.(S(¢))S"(q)g = g-
Setting g = g1, taking the derivative in the direction of go, and then invoking the
chain rule once more to the resulting equation, one has

L, (S(a)[S"(a)g1, 5" (@) g2] + L-(S(q))S" (q)[g1, 2] = 0.

The result for the second derivative now follows from L (u)[vy, vo] = —BY(u)[v1, vs]
for u € W2(I) and vy,vo € WZ(I). Here, we note that L, : W?2(I) —
L(W?2(I), L(WE(I), L*(I,V*))), where the latter space is isometrically isomorphic
to LOW2(I) x WE(I), L*(1,V*)). O

Remark 2.9. If uyg € V, z € L¥(.,V), and f € L*(I,X) then S €
C>(Q, H*'(I)). This is a consequence of the fact that N,(u) € LIH*Y(I),Q x V)
is an isomorphism for every u € H>(I).
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In terms of the strong formulation, S'(q)g = v if and only v is the weak solution
of (2.20) with uw = S(q), f =g, and vg = 0. Also, S"(q)[g1,92] = y if and only if y
1s the weak solution of

Oy — vAy +div(u" ®y) + div(y" ® u) + Vo
= —div(v] ® v9) — div(vy @ v1) in Qr, (2.26)
divy=0 inQp, y=0 only, y(0)=0 inQ, y=0 inQ,,
where u = S(q), vi = 5'(q)g1, v2a = 5'(q) g2, and u = z in Q,.

Theorem 2.10. Ifuy € H, 2 € V*(I,), and f € L*(I,V*), then the map S : Q —
W2(I) is weak-weak continuous, that is, g — q in Q implies S(qx) — S(q) in W3(I).
Moreover, if ug € V, z € L*(I,,V), and f € L*(I,X), then S : Q — H>'(I) is

weak-weak continuous.

Proof. Since @ and W?(I) are both reflexive and separable, any closed ball in
these spaces is metrizable. Hence, with respect to the weak topologies, continuity
is equivalent to weak sequential continuity [22, page 426]. Suppose that ¢ — ¢ in
Q. Then {qx}32, is bounded in @ and {S(qx)}72, is bounded in W?(I) by Theorem
2.2. Therefore, up to a subsequence, S(qx) — u in W?(I) for some u € W?(I).
Following the passage of limit in the proof of Theorem 2.2, it can be deduced that
S(q) = w. Since u is uniquely determined, this implies that the whole sequence
{S(gr) ¥, must converge weakly to u in W?(I). Indeed, this follows from the fact
that every subsequence of {S(gx)}32; has a subsequence that converges weakly to
S(q). With the help of Theorem 2.3, the proof of the second statement can be
handled in a similar manner. U]

2.4. ANALYSIS OF THE ADJOINT EQUATION. In this subsection, we study
the adjoint problem corresponding to (2.18). According to the discussions in the
previous subsection, S’(q) = L.(S(q))™' € L(L*(I,V*),W(I)). In particular,
S(q)" = L.(S(q)~* € LW, L(LV)).

The action of the adjoint B (u)* : L*(I,V) — C$°(I,V)* of the linear operator
Bl (u) : C°(I,V) — L*(I,V*), where u € W%(I) and 2 € V?(1,), is given by

@wﬁw@mmmqmmz—/ﬂfﬁw@w®ﬂt
0

- [ s e [ b w)a

for w € L*(I,V) and ¢ € C5°(I,V). Here, we recall that u~"(t) := u(t + r) and
w(t) ;== w(t+7). f ue W?(I) and 2z € V3(I,), then from Lemma 2.1(a) and the
Holder inequality

|<B;(U)*w790>Cg°(I7V)*,Cg°(I,V)| < C(HZ“VQ(IT) + ||U||W2(I))||w||L2(I,V)||90||L4(I,V)-

By density of C§°(I, V) in L*(I1,V), it follows that B (u)*w € LY3(1,V*).
To treat the tracking part at the final time, let us define the linear map ey : H —
W5 (I)* by
<eTv,w)W02(1)*,Woz(1) = ('U,U)(T))H, (RS H, w e WOZ([)

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OPTIMAL CONTROL OF NAVIER-STOKES WITH DELAY 15 / 60

This operator is bounded since [lezv||yzqy- < cl[v][n for every v € H, where ¢ > 0
is the constant corresponding to the continuous embedding WE(I) c C(I, H).

Theorem 2.11. Assume that z € V2(I,.), u € W2(I), g4 € L*(I,V*), and wy € H.
Then the function w = L,(u)"*(gq + erwr) € W*3(I) is precisely the unique
solution of

{ —Ow + vAw + BL(u)'w = gq in LY3(I,V*), (227
w(T) =wr in H,
and there exists a continuous function ¢ > 0 such that
lwllwasy < clllullwe@y, 12llveey) (lwrll o + |gallz2,v+))- (2.28)

Proof. The continuity of the embedding L*(I,V*) C WE(I)* and the bounded-
ness of er imply that gq + erwr € W§(I)* and there holds ||ga + erwr ||z <
c(|lgallz2(r,v+) + llwrl|z). Observe that the equation w = L.(u)"*(ga + erwr) is
equivalent to the variational problem

(8tv + vAv + B;(U)’U, w>L2(I7V*)7L2([7v) = <gd, U)LQ(I,V*),L2(I,V) + (’U(T), wT)H (229)
for every v € WE(I). Using (2.24) and

||LZ(U)_*||L(W02(I)*,L2(],V)) = ||Lz(u>_1||L(L2(1,v*),wo2(1))>

one obtains that

lwllz2vy < elllullwecy, 2 llveen)) (lwrlle + llgallz2@v))- (2.30)

Taking v € C{°(I,V) in (2.29), we see that w = vAw + Bl(u)*w — g4 in

Cee(I,V)*. Since B.(u)*w € L*3(I,V*) and vAw — g4 € L*(I,V*) C L*3(1,V*),
it follows that O,w € L*3(1,V*) and it satisfies the estimate

10swl[pasary < (U +[zllva@y + lullwe)lwliz o) + 9all2av)- - (2:31)

Therefore, w € W*/3(I) and (2.28) is verified by the previous estimates (2.30) and
(2.31).

To demonstrate the terminal condition w(7") = wy, we shall proceed by a density
argument. Since C(I, V) is dense in W*/3(I, V) [45, Lemma 7.2], there is a sequence
{wy,}2, in CY(I, V) such that wy, — w in W43(I, V). Given ¢ € V and x € C'(I)
such that x(0) = 0 and x(T') = 1, we have xp € WZ(I) N L*(I,V), and by invoking
the continuity of the map ¢ +— ¥(T) from W*3(I) into V*, we deduce by partial
integration that

(Ou(x@), W) L2(1,v+),L2(1,v) = ]}L@O((¢>wk(T))H — (X, Owr) 12(1,x))

= (w(T), 90>V*,v — (Oyw, X<P>L4(1,v*),L4(I,V).

Since ¢ € V is arbitrary, it follows from the first equation in (2.27) and (2.29) with
v = xp that w(T) = wr.

Conversely, if w satisfies (2.27), then (2.29) holds for every v € WZ(I) N L*(I,V),
and hence for every v € WZ2(I) by density of WZ(I) N L*(1,V) in WZ(I) as well as
the continuity of L,(u) : WZ(I) — L*(I,V*). Therefore, w = L,(u)"*(gq + erwr)
and the proof of the theorem is now complete. O
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Remark 2.12. The function w = L.(u)™*(gq + erwr) can be viewed as the unique
weak solution of the backward-in-time linear system with homogeneous future data

— 0w — vAw — (u" - V)w — (Vw ") 'u™" + Vr = gg in Qr,

divw=0 inQp, w=0 onlyr, w(l)=wr nQ, w=0 inQr,,

(2.32)

where Qpy. == (T,T +71) X Q, u =z in Q,., and ™ can be regarded as the associ-
ated adjoint pressure. Since the convection term in the state equation was written
in divergence form, the above dual problem is not the usual form compared to the
one in the literature for the Navier—Stokes equation without delay, specifically, the
term involving — (Vw™")"u™". However, in view of the weak formulations, these
representations of the adjoint equation are equivalent for r = 0.

We now show that the weak solution of the adjoint problem (2.27) enjoys ad-
ditional regularity, provided that of course the initial data and initial history also
satisfy appropriate regularity and compatibility conditions.

Corollary 2.13. Suppose that wr € H, z € L>*(I,,V), u € H*(I), and g4 €
L3(I,V*). Then the solution of (2.27) satisfies w € W2(I) and for some continuous
function ¢ > 0 it holds that

lwllw2ry < c(l|ull a2y, 12l 2o q,0)) (1wl g + [|gall2ov+))- (2.33)
Proof. Using the continuity of H*'(I) C L>(I,V), we obtain B’ (u)*w € L*(I,V*)
and
||B;(U)*w||L2(Lv*) < c(||U||H2*1(l)7 ||Z||L°°(IT,V))||w||L2(I,V)-

Therefore, from the proof of the previous theorem, we deduce that w € W?(I), and
the estimate (2.33) follows immediately from this estimate along with (2.28). [

Theorem 2.14. Ifwp € V, z € L>([,.,V), v € H*'(I), and g4 € L*(I,X), then
the solution of (2.27) satisfiesw € H*'(I). There exists a unique m € L*(1,Y) such
that

—Ow + vAw + Bl(u)'w + V7 = g4 in L*(I,X) (2.34)
and there is a continuous function ¢ > 0 such that
lwll g2y + 7l 2y < elllullmzamy, 120 @) Qlwrlly + llgallz2a,x)) - (2.35)

If in addition, wr = 0, u € V>Y(I) N L*(I, D(A)), z € V>(1,) N L*(I,, D(A)),
2(0) = ug, ga € H'(I,V*), and g4(0) € X, then w € V*'(J") N L*(J", D(A)). In
particular, w € C(J", V).

Proof. By uniqueness, the solution of (2.27) coincides with the one that can be
constructed from the spectral Galerkin method. Therefore, to prove the above
regularity, we can do the same strategy as in the case of linearized state equation.
For this reason, we shall only formally derive the necessary a priori estimates. Let
us set u =z in €2, and w = 0 in Qr,,.. We apply the test function Aw so that

—5 W@ + vl Aw®)[[F — b (), w(t), Aw(t))
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— b Aw(t), w (1), u (1) < ok + S NAwE.  (236)

The trilinear terms is estimated from above using Lemma 2.1(b) and (c) according
to

[b(u” (8), w(t), Aw(t))] < cllu” ()] [l @1 w@]F + ZHAw(t)H?{
[b(Aw(t), w™" (), u™" ()] < el Au" (@) Jw ™ (@) + gHAw(t)H?{-

Using these estimates in (2.36), integrating over [0, t], and then applying a backward-
in-time version of the Gronwall-type Lemma 6.1 to the resulting inequality, it follows
that

lwllzoevy + | AW 2,y < el 2y, |2l e ) oz llv + llgall2i,x))-
From this, an estimate for the time derivative of w is now available

0cwl| 21,y < [JAW]| 207,11y + | BL(w) w221, + 19all 21, %)
<c((1+ =

|Loo vy + Jullg2a ) [Aw] 221, m) + (| 9all 22 2,x))-

Therefore, w € H*!(I) and the a priori estimate (2.35) without the dual pressure
7 is satisfied. Again, the existence of the dual pressure can be reasoned out as
in the proof of Theorem 2.3. For the last statement, thanks to the compati-
bility of the homogenous terminal data and history, we can adapt the proof of
Theorem 2.4 by differentiating the spectral Galerkin system approximating (2.6).
Afterwards, one can utilize sequential compactness arguments to deduce that
w e VE(JT)Y N LA(J", D(A)). O

Corollary 2.15. Let wr € V, z € L*(,,V), g« € L*(I,X), and w; =
L.(u;)"*(ga + erwr) for i = 1,2. Then there exists a constant ¢ > 0 depending
continuously on the norms of wr, z, gq, w1, and us in their indicated spaces such
that le - w2HH2,1(I) < cHul - UQHHz,l([).

Proof. The difference of w; and w, satisfies
wy — wo = L (u1) (B (uy) wy — BL(ug)*ws) = L, (uy) *BL(u1 — ug)*ws.
Thus, Theorem 2.14 gives us
[|wy — w2||H2’1(I) < C||B;(U1 - U2>*w2HL2(1,X)
< C||U1 - u2||H271(I)||w2||H2v1(I) <cllu; — U2||H2v1(1)

where ¢ > 0 is a constant as described by the corollary. U

Given ug € L*(I,X) and up € H, let us define the control-to-adjoint state opera-
tor D : Q — W*3(I) by

D(q) = L.(S(q)) " (aq;(S(q) — ua) + arV x (V x S(q)) + arer(S(¢)(T) — ur)).
(2.37)
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In other words, w = D(q) if and only if w is the weak solution of solution of

—0w + vAw 4 Bl(u)'w = aq, (u — ug) + axgV x (V xu) in L*3(1,V*),
w(T) = ar(uw(T) — ur) in H,
(2.38)

where u = S(q) and (V x (V x u), )2 vy 2a,v) == (V X 0,V X ) 1201 12(0)) for
o € L*(1,V). The map D is locally bounded by Theorem 2.2 and Theorem 2.11.

Theorem 2.16. The following properties of the control-to-adjoint state operator D
hold:

(a) If ug € V, z € L>(I,,V), f € L*(I,X), uq € L*(I,X), and wy € H,
then D : Q — W?2(I) is locally bounded. If in addition, wy € V then
D :Q — H?*Y(I) is locally bounded.

(b) If ug € D(A), z € V>YI,) N L*(I,,D(A)), f € H'(I,V*), ug € H (I, X),
f(0) € X, 2(0) = 2y, and ar =0, then D : Q — V>(J") N L*(J", D(A)) is
locally bounded.

Proof. Part (a) is a direct consequence of Theorem 2.3, Corollary 2.13,
and Theorem 2.14. On the other hand, (b) follows from (a), Theorem 2.4,
V x (V xu) € HY(I,V*) since u € HY(I,V), V x (V X uy) € X, and in virtue to
the last statement of Theorem 2.14. O

Corollary 2.17. Let ug € V, z € L>(I,.,V), f € L*(I,X), ug € L*(I,X), and
wr € V. Gwen q € @ and qu € Q, there exists a constant ¢ > 0 depending
continuously on the norms of ugy, z, f, uq, wr, q1, and gz in their indicated spaces

such that ||D(q1) — D(q2)||m21(r) < cllgn — q2llo-

Proof. Let uy = S(q1), ua = S(qa2), u = uy — ug, and ¢ = ¢ — q2. The difference
D(q1) — D(ga) can be written as

D(q1) — D(q2) = L.(u1) " (aqg,u + arV x (V x u) + areru(T))
+ (Lo(uy) ™ — Lo(u2) ™" )(aqp (ug — ug) + arV x (V X ug)
+ aTeT(UQ(T) — UT)))

Let d; and dy denote the terms on the right hand side. In the following,
¢ > 0 will be a constant with the stated dependence on the given data.
By the mean-value theorem and Remark 2.9, [lul|g21) < cllqllo and thus
| 202, x) + IV X (V xw)|| 21, 22(0)) + [|u(T)[|v < cllql|@- This inequality along with
(2.35) yields ||di||m21(1) < cllgllq- On the other hand, from the stability estimate
in Corollary 2.15, we obtain that ||da||m21) < cf|ullm21y < ¢llqllg- The desired
estimate now follows from the triangle inequality. 0

3. ANALYSIS OF THE OPTIMAL CONTROL PROBLEM

In this section, we address the well-posedness of the optimal control problem (P)
and establish the first order necessary and second order sufficient conditions for
local optimality. Let us introduce the reduced cost functional j : ) — R by
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j(q) = J(S(q),q), where S : Q — W?2(I) is the control-to-state operator defined in
Section 2.3. The optimization problem (P) is then equivalent to the unconstrained
formulation

quigj(Q)- (P)

Theorem 3.1. Let a > 0 and aq,.,ar,ag > 0. Assume that ug € H, z € V*(1,),
feL*(I,V*), ug € L*(I,X), and ur € H. Then (P) has a global solution ¢* € Q,
that is, j(q*) < j(q) for every q € Q.

Proof. The proof follows a standard weak sequential argument in [40, 50],
which we outline for the sake of convenience. Let {gr}3>,; be a minimiz-
ing sequence, that is, j(qx) — J*, where j* is the infimum of j. Thus
Slaelly < j* + 1 for sufficiently large indices k. Hence, {q}z2, is bounded
in @, and therefore up to a subsequence, ¢, — ¢* in Q. Let uxy = S(qx) and
u* = S(¢*). From the weak-weak continuity of S, see Theorem 2.10, it follows
that w, — w* in W?(I). The continuity of the map ¢ +— ¢(T) from W?(I)
into H implies that ugx(T) — «*(T) in H. Also, we have V X u;, = V X u in
L*(I,L?(Q)). Due to the lower semicontinuity of the norm in the weak topology,
7 <jlg") = J(u*,q¢*) <liminfy_ J(ug, qx) = liminf, . j(gx) = j*. Thus (P) has
at least one solution ¢* € @ such that j(¢*) < j(q) for every q € Q. O

Since j is a sum of squared-norms and S € C*°(Q,W?(I)), it follows from the
chain rule that j € C*(Q,R). Given ¢ € Q and g € Q, if u = S(q), v = S'(q)g, and
w = D(q) denote the respective solutions of the state, linearized state, and adjoint
equations, then by standard arguments one can deduce the following representations
for the first and second order directional derivatives of j

7'(@)g = (w+aq,9)q (3.1)
7"(@g, 9] = aarllvl iz m + @rlV X 0ll72 12(q)) + arllo(T)F
— 2(BY(w)[v, v], w) 21y, 22(r,v) + |9l (3.2)

We would like to point out that the regularity of the state is different from the
regularity of the adjoint state if ar > 0. Also, unless u(7") = ur, which is unlikely
in practice, we do not have the compatibility condition for the terminal data and
dual history in the adjoint equation. Thus, a presence of delay in the state equation
impedes further smoothness with respect to time on the adjoint state, and hence on
the control.

A control ¢* € @ is said to be a local solution to (P) if there exists 6 > 0 such
that j(¢*) < j(q) for every ¢ € Q with ||¢ —¢*||¢ < J. For the first and second order
necessary condition, the following theorem can be established by classical arguments
of unconstrained optimization in Hilbert spaces, we refer to [38, 53| for the details.

Theorem 3.2. Suppose that the assumptions of the previous theorem are fulfilled
and let ¢* be a local solution to (P) and u* = S(¢*). Then ¢* = —a™'D(¢*) €
WA43(I). Furthermore, §"(q*)]g, g] > 0 for every g € Q.

We now formulate a second order sufficient condition with the assumption that

the optimal state is close enough to the desired data. This is typically observed
numerically when the penalty parameter a > 0 is chosen to be sufficiently small.
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Theorem 3.3. Let ug € H, z € V2(I,), and f € L*(I,V*). Suppose that ¢* € Q
satisfies j'(q*)qg = O for every q € Q. Then there exist constants n > 0 and p =
Han > 0 such that if uw* = S(¢*) and

Vaarllut —uall 2, x) + Vor|[u'(T) —urlla + Vor|V x u*|2q.x0) <n - (3.3)
then j"(q*)q, 4] > pllqlly for every ¢ € Q. In particular, ¢* is a strict local solution
of (P).

Proof. From the characterization of the second derivative of j in (3.2),

if we let v = S(¢*)¢g and w* = D(¢*), then for some ¢; > 0 we have
g > alld = el vt lzemn. Note that o3y < cllal?
where ¢y = HS’(q*)Hi(Q wa(ry- Assuming that (3.3) holds, then we get from
1440
2.33) that ||lw*||r211) < con for a constant co > 0 independent of 7. Thus, we
(1,V)
take 7 > 0 small enough so that p := a — cijcacs3n > 0. In this case, we obtain
7" (a9)]a,q] > u||q||g2 for every ¢ € ). The fact that ¢* is a strict local solution
follows from the coercivity of j”(q*). O

We close this section by stating the improved regularity for the optimal state and
optimal control under additional regularity and compatibility of the initial data and
history.

Theorem 3.4. An optimal triple (¢*,u*,w*) for (P), where ¢* is a local solution,
u* = S(q*) and w* = D(q*), satisfies the following:
(a) If ug € V, z € L™(I,,V), f € L*(I,X), ug € L*(I,X) and wr € H,
then uv* € H>'(I), and w*, ¢* € W?(I). In addition, if wr € V, then w*,
g € H»'(I).
(b) If ug € D(A), z € V*Y(I,) N L*(I,,D(A)), f € H'(I,V*), uq € H (I, X),
f(0) € X, and 2(0) = ug, then u* € V*1(J,) N L3(J,, D(A)). If in addition
ar =0, then w* € VZY(J") N L2(J", D(A)) and ¢* € V> (I) N L*(I, D(A)).

Proof. Apply Theorems 2.3, 2.4, and 2.16. U

4. GALERKIN FINITE ELEMENT DISCRETIZATION

The goal of this section is to present a numerical scheme for the finite-dimensional
approximation of solutions to the control problem (P). In the forthcoming discus-
sion, the following assumption for the regularity and compatibility of the initial
data, history and target data will be imposed:

(A1) ug € D(A), up € D(A), 2 € H*Y(I,), uq € H>'(I), f € H*(I), and

2(0) = uy.

From the results of the previous section, (A1) implies that v = S(q) € H>'(J,),
v=25(q)g € H*'(J,), and w = D(q) € H*'(I) for every ¢ € Q and g € Q.

4.1. FINITE ELEMENT SPACES AND APPROXIMATION OPERATORS. Let
Kn = {Kp} for h > 0 be a family of triangulations of a convex polygonal do-
main {2 parametrized by the mesh size h, that is, the length of the largest triangle
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edge in the subdivision. Let W) and M, be finite dimensional subspaces W and M,
respectively, and define

Vi o= {up € Wy« (divup, pr)r2 = 0 Vp, € My}

The following assumptions on these finite-dimensional subspaces will be considered:

(A2) There exist finite element approximation operators I1, : D(A) — W), and
I, Y — M, such that, for some constant ¢ > 0, we have ||u — ITyul|x +
hlju — Iyullw < ch?||Au|lg and ||p — Ihplla < ch|p|ly for every u € D(A)
and peY.

(A3) We have the inverse estimate ||uy|lw < ch™!||up||x for every u, € W,

(A4) The pair (W}, M},) satisfies the uniform discrete inf-sup condition

di
it sy VU PR
up€Wp\{0} p,, e\ {0} HuhHWthHM

These assumptions are satisfied for the mini-element [3] and the Taylor-Hood fi-
nite element spaces [30], and if the family of triangulations is shape-regular. The lat-
ter means that there is a constant ¢ > 0 such that, if ex, and dx, denote the respec-
tive largest edge and diameter of the largest ball contained in K}, then h/eg, < c
and ek, /0, < c. In other words, the smallest interior angle of each triangle should
not tend to zero as h — 0.

Let P, : X — Vj, be the L%-projection onto V, that is, for u € X let (Pyu,v)x =
(u,vp) x for all v, € V. It is well known that the operator P, satisfies the stability
and error estimates | Pyw| x < c||w||x, ||lu— Pyu|x + hllu — Pyul|lw < ch|ul|w, and
v = Pyollx + hllv = Pyollw < ch?||Av||g whenever w € X, u € W, and v € D(A).
For further details, the reader is referred to [17, 30].

We extend the above projections to the time-dependent case according to I} :
L*(I,D(A)) — L*(I,Wy), I, : L*(1,Y) — L*(I,My), and P, : L*(I,X) —
L*(I,V},). For instance, (Pyu)(t) = Py(u(t)) for a.e. t € I. Similarly, these op-
erators will be considered in the history interval I,.

To simplify the exposition, let us assume that T' = ngr for some positive integer
ng and take a uniform temporal step size. Partition the history interval I, = [, 0]
with grid size 7 = r/N, into —r =t_y, < --- < t_y < ty = 0, where t_; = —j7
for j = 0,1,...,N,. Likewise, subdivide the time domain I = [0, T] with grid size
Tinto 0 = tp <t < --- < tny, = T, where t; = j7 for j = 0,1,...,N; and
N, = Nyng. For each j = —N,,....N;, let I; = (t;_1,t;]. In the case of the
adjoint equation, we likewise partition I" = [T, T + r| into intervals I; = (¢;_1,1,]
for j =N,+1,--- N, + N,. We denote by o := (7, h) for the pair of temporal and
spatial mesh sizes. Note that |o|? < T? + diam(2)?, where diam((2) is the diameter
of €. As mentioned in the introduction, we take the following stability condition:

(A5) There exists ¢ > 0 such that 7 < ch? for every o = (7, h).

All throughout this section, the assumptions (A1)-(A5) shall be implicitly imposed.
For the temporal discretization, we consider a discontinuous Galerkin scheme.
This is a variant of the backward Euler method, where time-evaluation is replaced
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by time-averaging. In this direction, we denote

N,

P.(I,2) = {va €L, Z) v, =Y vfly, vi€Z, k= 1,...,NT}
k=1
Nyr—1

P (I,,7) = {zaeL2 1,2): Zzh’m L ez, k:O,...,NT—l}

the space of piecewise constant funct10ns on I and I, with values in a Hilbert space
Z, respectively, corresponding to the above partitions of I and . Here, 1;,_is the
indicator function of the interval I. Given v, € P(I,Z), we write vF = v,|,
for each k = 1,..., N,;, and similarly for the elements of P,(I,, Z). By definition,
P.(I,Z) C L*>*(I,Z) and for every v, € P,(I,Z) there holds

N,
Iool3ory = mas NeklEs  NewlBegy = SoTIBIE. (4)

k=1
Proposition 4.1. Let s, € Iy for each k =1,..., N,. For every u € H'(I, X), we

have

1/2
(Z ||u—usk>||xdt) < 7l0ull 2,

1?]%%}]% |w = w(sk)|| Lo (1, x) < V70wl 201, x)-

Proof. For each t € Iy, let t} and ¢, denote largest and smallest between ¢ and sy,
respectively. By the Cauchy—Schwarz inequality

th
lu(t) — u(so)l% < Isn — / lou(s)|% ds < 7 / o) ds.  (4.2)
ty Iy,

Note that point-wise time evaluation is admissible since H'(I, X) C C(I, X). Inte-
grating (4.2) over the interval I and then taking the sum over all k =1,... N, we
get

Z ||u —u(sy)||5 dt < TQ“&:“HL? (1,X)

Taking square roots ylelds the first inequality. Getting the supremum over all
t € Iy in (4.2) and then the maximum over all 1 < k < N, one obtains the second
inequality. 0

Proposition 4.2. Let s, € I, for each k =1,..., N,. There exists a constant ¢ > 0
such that for every u € H*(I), the following error estimates hold:

max u = Pualsn) [z < (/7 + ) Jullmna

N 1/2 N 1/2
(Z/ lu — Pyu(sy)||% dt) + h(z |Vu — VPou(s)||% dt)
k=1 "Ik k=1 "1k

<c(r+ h2)||u||H2,1([).
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Proof. Suppose that v € H*'(I). On the interval I, write v — Pyu(sy) = (u —
Pyu) + Py(u —u(sg)). Using the boundedness of P, : X — X, Proposition 4.1, and
the continuity of H*!(I) c C(I,V)
[l = Poulsi)l Loz x) < lJu = Puul| Lo gx) + [1Pa(w = wlsp)l| Lo 2. x)
< c(hllullz=rv) + V70l 2 my)-
Getting the maximum over all indices 1 < k£ < N, proves the first estimate. On the
other hand,

N-

N, N,
> llu=Poulso)lxdt <2) [ Ju—Palxdt+2) [ | Pu(u— u(sy))|% dt
k=17 1k k=1

k=1 Ix Tk
< c(h' | AullZoir my + T2 N0l 221 ary)-

Applying the inverse estimate (A3), we obtain that

N N,
P2 [ IV = VPu(sp)|5dt < e [ [lu— Puu(sy)|% dt.
k=1 " Lk k=1 "1k

Taking the sum of the last two inequalities and then the square roots prove the
second estimate. 0J

The special cases where s, = t,_1 or s, = t; will be utilized in our analysis. If
one wishes to use the approximation operator I, instead of the projection operator
Py, which is typical in practice, then due to the limited regularity of the initial
history and source term, time-evaluation is not applicable anymore and has to be
replaced by time-averaging. This approach was introduced in [5] for hereditary
control problems with ordinary differential equations. Define the linear operator

R, : L*(I,X) = P.(I, X) by

N
~ (/1
Rou = - t)dt | 1
S )
k=1 k
with the obvious modification when I is replaced by I.. Then, ||R;ul 2 x) <
lullr2x) and [|[Rywllpegxy < |lwllpe,x) for every w € L*(I,X) and
w € L>*(I,X). It can also be shown that there is a constant ¢ > 0 such
that ||R;v — v r2(r.x) < 7||v]|ara,x) and || Rrv — v Lo (r,x) < V/Tlv|| a2 1,x) for every
v € HY(I,X). With these, the following error estimates can be established by
adapting the proof of Proposition 4.2.

Proposition 4.3. Consider the operator IR, : L*(I, D(A)) — P,(I,W}). Then
there exists a constant ¢ > 0 such that for every u € H*'(I) there holds

[T, Rru — ul| Lo (r,x) < ¢(/T + h)||ull g
HH}LRTU — UHLQ(I,X) + hHVHhRTU — VU”LZ(L)() < C(T + hQ)HUHHQ,l(I).

These estimates are also valid when II, R, is replaced by PR, : L*(I, D(A)) —
Pr(I,Vy).

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA AND J.S. SIMON 24 / 60

4.2. FuLLy DISCRETE OPTIMAL CONTROL PROBLEM. Here, we present the
full space-time discretization of the optimal control problem (P). Given a control
q € @ and discrete initial data (uon, 2o) € Wy, X P, (1., W},), consider the following
discrete problem: Find u, = ZkN;l ukl;, € P.(I,V;) such that for k=1,..., N,

(dT’U,IZ, Qph)X + V(V’Uzﬁ, vSDh)X

1
= b<uﬁ_NT7 Ph, uiil) + ;/ (fo(t) + q(t)v Soh)X dt VQDh S Vh7 (43)
I,

u{l:zi for j=1—N,,...,0,

where d,u} = 77 (u} — ugp) and dyuf = 77 (uk — ui_l) for k=2,..., N,. Notice
that the initial data wug, is only applied at the first time step, while the history
2, was utilized in the trilinear form 6. This is an implicit-explicit scheme in the
sense that the Laplacian and delay are discretized implicitly, while the convection
term is discretized explicitly. More precisely, on each interval I, the following
approximations were adapted:

/ (Vu(t), Vop) dt = 7(Vu(ty), Vior)

Iy,

[ b @) onue)) d = (1), ()
k

The scheme (4.3) is one of the simplest possible discretization of the state equation
in (P), where it is possible to prove stability and error estimates. Observe that the
matrices of the corresponding linear system to (4.3) are the same at every time
step. This will also be the case of the discrete adjoint problem below. For gradient-
based optimization algorithms, where one has to solve both the discrete state and
adjoint equations in order to get a directional derivative, this is advantageous. For
instance, one can pre-factorize the matrix before doing the primal and dual solvers
for efficiency.

As with the continuous case, we will set u, = z, on €, so that u, € L*(J,, Wp),
that is,

1-N, N,
ue = Y 2"+ ) uply, (4.4)
k=0 k=1

We note that (4.3) is similar to the one presented in [51], the main difference is that
the trilinear term there is b(uﬁfl*NT, ©On, u]fL_l), that is, the convection is discretized
explicitly. Also, spatial discretization was not considered. The one given in (4.3) is a
natural choice based on (4.4), where the solution and the history of the continuous
problem are evaluated at the right endpoint of the interval I, for each £k = 1 —
N,,...,N,. This is also suitable in the case when the initial data and history are
not compatible. Discontinuous Galerkin time-schemes of arbitrary order for the 2D
and 3D Navier—Stokes equation can be found in [16].

With regard to the initial data, history, and source term, we shall take the ap-
proximations ug, = Ipug € Wy, 2, = Rz € P.(I,Wy), and f, = R.II,f €
P.(I.,W}). Thanks to (Al), (A2), (Ab), and Proposition 4.3, there is a constant
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¢ > 0 independent on ¢ such that
[won — wollx + Plluon — uollw < ch?|| Au| (4.5)
2o = 2ll 221, x) + hlll20 = 2l poe (e, x) + 120 = 2ll2202 ) < h?||2)|m2aqry  (4.6)
1fo = Fllezax) + U fo = Flloeeax) + 1o = Fllzaw)) < Pl fllmzagy.  (47)

The existence and uniqueness of u, € P.(I,V}) satistying (4.3) follows imme-
diately from the Lax-Milgram Lemma and by induction. In fact, it is enough to
observe that the finite-dimensional square system for each k is injective. Let us
define the discrete control-to-state operator S, : Q@ — P,(I,V}) by S,(q) = u,
if and only if u, is the solution of (4.3). By the discrete inf-sup condition (A4),
(4.3) is equivalent to the problem of finding a pair (u,, p,) € Pr(I, W) x P, (I, M},)
satisfying the following system of mixed problems:

(druf on)x + v(Vuf, Von)x — (div o, pf) e + (divul, pp) e

_ _ 1

= b(uy ", onupt) + ;/ (fo(t) +a(t), on)x At V(on, pn) € Wi X My,

Iy,

uiL:zi for j=1—N,,...,0,
(4.8)
for each k = 1,..., N, see [8]. The scheme is thus conforming with respect to W
but not with V', since W), C W while V}, ¢ V. Whereas (4.3) is used in the analysis,
the more practical mixed problem (4.8) is the one that is utilized in the numerical

implementation.

Remark 4.4. The discrete solution operator S, is invariant under left composition
by PR, that is, S, = S, PR, as a map from Q into P.(I,V},).

We shall take Q, := P.(I,W),) C @ as the discretization of the control space Q.
The fully discrete optimal control problem is then given by

min ja’(qa'> (P0>

4o €Qo

where j, : P.(I,V,) — R is the discrete analogue of j given by

. 1 ar «
ielan) =5 | s = tarl e + IV s dt+ GElhao(T) = il + 5 el
7 Q@ ar <&

T T
= 2> (ol — el + 0llV x ) + S — ik + G > Ik
k=1 k=1

with u, = S;(¢,) € Pr(1,V}), wge = HpRrug € Pr(I, W), and ugy, = Hpur € W,
Again, from (A1), (A2), (A5), and Proposition 4.3, the following error estimates for
the target data hold for some constant ¢ > 0 independent on o:

lurn = urllx + bllury — urllw < ch*||Awr|ln (4.9)

| tao — UdHL2(1,X) + h(||wae — UdHLoo(I,X) + || tar — Ud||L2(1,W)) < Ch2HUd||H271(I)-
(4.10)

The existence of a global solution to the finite-dimensional optimization problem
(P,) is immediate since j, is continuous and coercive, that is, j,(¢,) — o0 as
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go]lo = 0o. We will see later that replacing @, by P-(I, V},) leads to an equivalent
problem, see Remark 4.13 below.

4.3. ERROR ESTIMATES FOR THE DISCRETE STATE EQUATION. In this sub-
section, we analyze the discrete state equation (4.3) and prove error estimates. First,
let us establish the local boundedness of solutions.

Theorem 4.5. Let g € Q. If u, = S,(q), then there exists a continuous function
¢ > 0 independent of o such that

||Ua||L°°(I,X) + ||Uo||L2(I,W) < C(||Q||Q7 ||f||L2(I,X)7 ||U0||H7 ||Z||L°°(IT,H)mL2(L«,V))-

(4.11)
Proof. Let @) := ug, and Uf := uh for k=1,..., N, so that d,uf = 77 (uf —u} ).
Taking the test function ¢ = 27uf in (4.3) and using the equation 2(v —w U)X =
lv]|% = lwl|l% + ||[v — w||%, we obtain for kK =1,..., N, that
il — 1@, W% + g — @37 % + 27/T||Vu]2||§<
< bbb b ) 42 / (Fo(8) + q(8), ) dt. (4.12)
I,

We can estimate the second term on right hand side using (A2) and the Young and
Poincaré inequalities according to

Q/I(fa(t)+Q(t) up)x dt< ||f()||§<+||q()llxdt+ IIVuhIIX (4.13)

Given ¢ > 0, by the Holder, Gaghardo—Nirenberg, and Young inequalities, the
trilinear term is estimated from above as follows:

i AARTRTES
_ CcT - _
||Vuh||x terllu ™ IRV + — IV Rl k- (414)
Plugging the estimates (4.13) and (4.14) in (4.12), and then taking the sum over all
kE=1,...,7 with 1 <j < N,, yields the following:

CT _
ey 1% + ZVTHvuhHX < fuonlx + 7l X IVERIE + — V2 %1221

k=1
+5 Z WRICIRES Z WAL demZTuu’“*l MO
+5 ZTHW’““ Bl (4.1

From (A2), (4.1) and the boundedness of R, : V*(I,) — V?(I,), there is some
positive constant ¢ independent on ¢ such that the sum of the first three terms on
the right hand side of (4.15) can be estimated by

luonllx + e llz " IX IV 2RI1% + —IIV e (9 5

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OPTIMAL CONTROL OF NAVIER-STOKES WITH DELAY 27 / 60

1
<c(luolly+ (14 %) lellemlliogn) - (@10

We shall prove by induction that for each ¢ = 1,...,ng, there is a continuous
function ¢, > 0 such that if

ce(q, w0, 2) = colllallos 12 xys 1ol 121 e gy n 221

then
(N,
< : 4.1

nax. ’%HX"‘Z IVupl% < el f,uo, 2) (4.17)
Consider the case ¢ = 1. From (4.6), we get for some constant ¢, > 0 that
lufllx = [l2fllx < collz|lreor, my for each 1 — N, < k < 0. Taking ¢ = & :=
v/ (263|213 1, i1y + 1), We have

7j—1
5ZTHU1€+1 NTHX“vuhHX < 5COHZ||L<>° (I, H) ZTHV%”X < Z _”V“hHX

(4.18)

for each 1 < j < N,. Thus, we obtain from (4.15), (4.16) with ¢ = 1, and (4.18)
that

1
i, 1% + Z Vg% < ¢ (HUOH%{ + (1 + ) %2 2022, V))

7j—1

2 (1O a+ S [ oI+ 53 Vet @)

k 1

Let c(e1,q, f,ug, z) denote the sum of the first three terms on the right hand side.
Applying the discrete Gronwall Lemma 6.2 to the previous inequality, we have

 ax. Jup||% + Z IVup % < eeler, q, f,uo,2),
where
o Nl c
== 7V TR < = Ela -
€1 1 &1

The last two inequalities verify (4.17) for ¢ = 1.
Now, let us assume that (4.17) is satisfied for £. Then by taking

e = g1 = v(2max{c|| 2T ) e(q, fruo, 2)} +1)7 <&
we obtain (4.18) for every 1 < j < (£ + 1)N,. Thus, adapting the above procedure
leads to

((+1)N,

vT
i W+ 30 IVl < € clein.an o),
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where c(g441, ¢, f,uo, 2) is the sum of the first three terms on the right hand side
of (4.19), with e; replaced by e,y1. Here, the constant v,,; is bounded due to the
induction hypothesis, that is,

c N,—1 c INy—1
Yer = > TIVat % + = > I vuptt %
L t k=N,

c 2
< — 2 = _
= &, (HZHLQ(I,«,V) + Vcé(q’f, Umz))

Hence, (4.17) is also valid when ¢ is replaced by ¢+ 1, completing the induction step.
Therefore, the inequality (4.11) follows from (4.1) and (4.17) with ¢ = ny = T/r
since N, = nglV,. O

Remark 4.6. Note that the function ¢ in the previous theorem is not uniform in
terms of the delay parameter r. In fact, according to the proof, ¢ depends on the
ratio T'/r, so that in particular ¢ — 0o as r — 0.

We are now in position to prove error estimates for the solutions between the

continuous and discrete state problems. Let us start with the errors in the norms
of L>*(I, X) and L*(I,W).

Theorem 4.7. Letq € Q, u = S(q), andu, = S,(q). Then there is a constant ¢ > 0
depending continuously on lqllg, | fliean): | Atollzs and 2|25y but independent
on o such that

D u(tr) = ugllx + 1w = el oo, x) + 1 = ol 1207wy < che (4.20)
Proof. Since u — u, = z — 2, in €., it is enough to prove (4.20) with J, replaced
by I according to (4.6). Define @, € L*(J,,V}) such that @} = P,u(ty) for each
k=1—N,,...,N; and split the error into u — u, = (u — ,) + (e — u,). From
Proposition 4.2, it holds that

| — o || oo (r,x) + || = Uo || L2,y < ch. (4.21)
In particular, this estimate implies
Jmax fJulte) = agllx < max flu— |z < ch. (4.22)

Also, by (4.6), Proposition 4.1, and Proposition 4.3

120 = Uoll 21, w) < 120 = 2llz2(r.w) + [u = Uo |l 221, ) < che (4.23)

The next step is to derive analogous estimates for the error term e, := u, — u,.
Taking a test function ¢, € Vj, C W in the equation (2.12) and then integrating
over [, we obtain that

(Phu(tk) — Phu(tk_l), SOh)X + / I/(Vu(t), V@h)X dt — / (diV gph,p(t))L2 dt

Iy Iy,

:/ b(u’“(t),goh,u(t))dt+/(f(t)+q(t),<ph)xdt

Iy, Iy,
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for every k =1,..., N,. Let us rewrite the above variational equation as follows:
(dT’ELZ, (;Dh)X + V(Vﬂ;cw V¢h)X = (ﬂi » Phs UIZ 1)
1
2 [ Gt a0 pat s Rl ene Vi (20
where d i} = 771} — Puuo), dyuf = 77 4@k — @) for k = 2,...,N,, and the

remainder term R’“(gph) is given by

Ri(soh)—/ V(Vﬂi—Vu(t),VsOh)de/ (div @n, p(t) — Thp(t)) 2 dt

I, I,

+/ b(u" (), pn, ult) — a5~ )dt—i—/ b(u"(t) —ay N, op, ub~t) dt

Iy Iy,

+ [ (0 - £t en)x e

Iy,

Here, we used the fact that (div¢p, [hp) 2., 12()) = 0 since ¢, € Vj,.

Let @) := Pyug — ugp, and e = e} = @f — uf for k # 0. Subtracting (4.3)
from (4.24) and then choosing the test function ¢ = 27ef, we get the following
recurrence relation for the errors:

lenllx = 118k 1% + ller — e 1% + 207 Verll%

= 27b(ef N el al ) + 27b(uf N el ef ) 4 2RF(ef)  (4.25)
for each kK =1,..., N,;. Using the Gagliardo—Nirenberg and Young inequalities, we
can estimate the trilinear terms in (4.25) as follows:

1%
27b(ey ™ ey t) < —T||V62||§c +CT||V€’Z‘NT||§<||WZ‘III§< (4.26)
2rb(uy ™" e, ep ) < —IIV nll% + ||VU’Z‘NTII§<II e %+ erlluy MR IVer -
(4.27)

From Theorem 4.5 and (4.6), there is a constant ¢y > 0 independent on o such that
Jub Nl x < ¢o for every k= 1,..., N,. Also, note that ||Vaf|x = |V Pyu(ty)|x <
c||lu||oo(s,,v) for every k =1 — N,,..., N;. By the Cauchy-Schwarz inequality, the
remainder term 2RF(ef) satisfies

vT
2R (eh) < §||V6§||§< +e [ IVPwu(te) = Vu®)|x dt +c [ [Ip(t) = Tip(®)3, dt

Iy, Iy,

el By / IVult) = V Pralti_)|l% d + o / 1o () = F(O)]% dt

T T vt
el [ 1900 - VP @I dt = S|Vl + [ Ao
k k
(4.28)
Taking into account (4.26)-(4.28) in (4.25) and choosing € = v/(2c2), we have

lexllx — ey % + vrlVerllx < erl|Vey™ NTHXHUH%OO(JT,V)

VT _
7|V 5 e ||§(+7||V6'2 1||§c+/ pi(t) dt.

Iy,

2000
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Getting the sum of the previous inequality over all kK = 1,...,7 with 1 < j < N,,
we deduce the existence of a constant ¢ > 0 independent on ¢ such that
J
. 1% _
leall + 5 S rlIverllx < llellx + erllVa " xllenllx

k=1
Jj—1 J J

o STV R + e TV e+ e [ o (420
k=1 k=1 k=1 k

For the first two terms on the right hand side of (4.29), we have ||e}||3 = || IT,uo —
Pyug|[% < ch* by (4.5), and 7(|V 2,V [ [lebll% < ell2llFoo s, 120 =Toll72(r, x) < h?
by (4.23). To treat the fifth term, we invoke (A2), (4.7), Proposition 4.1, and
Proposition 4.3, so that for each j =1,..., N,

J
Z/ pZ(t)dtS/p]fL(t)dtgchQ.
k=1 "1k I

Utilizing these estimates in (4.29) and applying the discrete Gronwall Lemma 6.2,
we get that

(N, EN,
([ + Y- vrl| Ve < ee <h2 - Zﬂrv@w\&) (4:30)
k=1 k=1
for every £ = 1,...,ng, where the constant ~, is given by
EN,—1 Ny—1 IN,—1
= 3 TIVaETN L = e S VAT e 3D oVt <
k=1 k=1 k=Nr

due to (4.6) and Theorem 4.5.
For ¢ = 1 in the sum on the right hand side of (4.30), one obtains from (4.23)
that
N,
D oTIVe ™ % = V20 = Vitol|z2(r, x) < b’
k=1
Using this estimate along with an induction argument on the inequality (4.30), we
have

o [k — bl + ol + sl < ch (131)
Combining the error estimates (4.21), (4.22), and (4.31) leads to (4.20) with I in
place of J,. U

Let us now prove an error estimate in terms of the norm in L?(I, X). First, let us
state the following lemma for the error estimate of the temporal shift by 7. Since
the proof follows the ideas in Proposition 4.1, the details are omitted.

Lemma 4.8. There exists a constant ¢ > 0 independent on T such that for every
u € H*Y(J.) and w € H*'(J"), we have

lu = w2 x) + Vrllu — 0l x) < erllullpea,
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HU) — U)iT”LQ(LX) + \/FHU) — U)iTHLoo(Lx) < c7'||wHH2,1(JT).

Theorem 4.9. Letq € Q, u= S(q), and uy = S,(q). There exists a constant ¢ > 0
depending continuously on lqllg: | flmza(r). | Auollr, and |2l2ssy but independent
of o such that

lu — g |21, x) < ch®. (4.32)

Proof. We shall proceed by an Aubin—Nitsche-type duality argument. We recall
the reader of our stability condition (A5) that will be frequently used in the proof.
Given g € L*(I, X) such that ||g||z2(;,x) < 1, Theorem 2.14 implies the existence of
a unique weak solution (w,m) € H*>'(J") x L*(I,Y) to the following dual problem:

(4.33)

— 0w —vAw — (u" - V)w — (Vw ") 'u™" + Vr = g in Qr,
divw=0 inQp, w=0 only, w@)=0 inQ, w=0 inQpy,.

Furthermore, there is a constant ¢ > 0 independent on ¢, w, and 7 such that
[w(O) || + [[wl[ 210y + |7l L2(ryy < e (4.34)

Let w, € P.(J",V}) be given by wf = P,w(ty_1) for each k = 1,..., N, + N,.
Applying (A2) and Proposition 4.1, one can see that

||w — wo—HLQ(LX) + h||w — wo‘“LQ(LW) + h”’]T — Fhﬂ-HLQ(I,M) S Chz. (435)

Moreover, we have ||[Vwe||re(r,x) < ¢||Vwl||peo,x) < cl|lw]|m21y < ¢ by the conti-
nuity of the embedding H*'(I) c C(I,V) and boundedness of P, : L=(I,W) —
L=(1,W).

Denote the error by e, := v —u, € L*(J,,Wy) C L*(I,W). Multiplying (4.33)
with the test function e,, integrating over ()7, and applying Green’s identity yield

/ (g(t), en(t))x dt = — / (e, (1), Buw(t))x dt + / (Ve (t), Vw(t))y dt

I I 1

- / b (8), w(t), e, (1)) df — / b(er (), w(t), u(t)) dt

1 I

+ / bel (t),w(t),u(t))dt + /(div eq(t),m(t) — [pm(t))rz dt
[0,7] I
—- —Jl + JQ - Jg — J4 -+ J5 + J6. (436)
In the last term we used the fact that
(dive, (t), [pm(t))p2 = —(divu,(t), [pm(t))2 =0

for almost every ¢t € I since u € L*(I,V), u, € L*(I,V}), and I, € L*(I, My).
The last two terms in (4.36) can be immediately estimated from above by

|J6| S CHVGUHLQ(I,X)”W — Fhﬂ'”L?(I,M) S ChQ (437)
|J5| S C||Z — ZO‘||L2(I,,«,X)||Aw||L2(I,H)||vu||L°°(I,X) S Ch2 (438)
thanks to (4.6), (4.20), and (4.35).
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Let us consider the first integral in (4.36). Integrating by parts with respect to
time

N,
0= (o). 0mO)xdt+ Y (uhuf — b
1 k=1

N
= (up — uon, Pow(0))x + /(Otu(t), w(t))x dt = > (up — Ay~ wh)x = Jr + Js,
I k=1

(4.39)
where @}~ is defined as in the proof of Theorem 4.5. According to (4.5) and
(4.34), it holds that |J7| = |(uo — uon, Pow(0))x| < ch®. On the other hand, from
the continuous and discrete state equations satisfied by u and wu,, respectively, we
obtain that

Js = / () — folt), wi(®)) x dt + / (o () + qt), w(t) — o () x dt
—/U(Vu(t),Vw(t))X dt+/b(u’"(t),w(t),u(t))dt

I I
+ / (Vg (), Vg (£)) x dt — / b (8), wy (), 7 (1)) dt
I I
= Jg -+ :]10 — JH + J12 -+ J13 — J14. (440)

Here, we used the fact that uZ|;, = u7 () = uy(tx_1) = u) ', and similarly u}|;, =
up~™. From (4.7), (4.34), and (4.35), we have |Jo| + |Jio| < ch?. Collecting what
we have obtained in (4.36)-(4.40) gives us

/(g(t), eo(t))x dt < ch? + (Jo — Jii + Ji3) + (Jio — Jig — Js — J4). (4.41)

The remaining task is to derive estimates on the terms inside the parentheses.
The first group in (4.41) can be easily done with the aid Green’s identity, (4.20),
and (4.35) so that

o — Jiy + Ty = /1 U(Veo (1), Vio(t) — Vu(£))x dt — /1 V(Au(t), w(t) — wy (1)) x dt

S C”V@O-H]}([’)QHVUJ — V’IUO-HL2(]7)() =+ C”AUHL%[’X)HU) — wo’HLQ(I,X) S ChQ.
(4.42)

Due to the explicit discretization of the convection term, we need to shift by 7
the third argument involving the trilinear terms in Jy5, J3, and J4. This is to match
the form of the term Jy4. In this direction, we split J;o as follows

Jig = /b(ur(t),w(t), u(t) —u'(t))dt

1

+/b(u”(t),w(t) — we(t),u’ (1)) dt+/b(ur(t),wg(t),uT(t))dt. (4.43)

I I
The first two terms on the right hand side satisfy

/|b(ur(t), w(t), u(t) —u”(t))|dt < c||Vu'|| o x) | Aw]| L2, m) v — u” || 2, x)
I

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OpPTIMAL CONTROL OF NAVIER-STOKES WITH DELAY 33 /60

/Ib(ur(t), w(t) = we(t), u” () dt < cl|Vu'l| Lo .0 |AUT| 201 [w = wo | L2, x)-
1

In the second inequality, we used the anti-symmetry of b with respect to the second
and third arguments. Using these inequalities in (4.43) and applying (4.35), Lemma
4.8, and (A5), we have

T < ch? 4 / D" (1), w, (1), w7 (1)) dt. (4.44)

I
Next, the trilinear term J5 can be equivalently written as

Js = /Ib(ur(t) — W (), w(t), eq () dt + / b(u"" (1), w(t) — w7 (1), ex(t)) dt

I

—/ b(ur(t)s,w(t),e;(t))dt+/b(u’"(t),w(t),e;(t))dt. (4.45)

n I
Employing the Holder inequality and the properties of the trilinear form b to the
first three terms on the right hand side of (4.45), we deduce that

|b(u’ (t), w(t), ez (t))] dt

I
< VTV || Lo 0 | Aw | 21, x0) €5 | £oe (11, %)

/I b (8) — o7 (1), w(t), eq () dt

<cllu” —u"T | Lo 1) |AW]| L2013 [ Veo | L2 1,x)

/, b (), w(t) — w (1), g ()] dt

< cllAu"T [ xyllw — wTT [ Leo(1,x) | Vo || L21,x) -

Again, we utilized in the third inequality the anti-symmetry of b. Plugging these
estimates in (4.45) and then applying Lemma 4.8, (4.20), (4.35), and (A5), we get

Jo > —ch? + /I b (1), w(t), €7 (1)) dt. (4.46)

Finally, for the term J, we use Lemma 4.8 and (4.20) once again to deduce that

Jy = /[b(eg(t),w(t),u(t) —u"(t))dt + /b(eg(t),w(t),uT(t)) dt

I

> —c||Veg ||z x) | Aw|| 21,y [Ju — u" || L2z, x) + /b(eQ(t),w(t),uT(t))dt
I

> —ch® + /Ib(e;(t),w(t),uT(t))dt. (4.47)

Hence, if one applies the estimates (4.44), (4.46), and (4.47), then after some
rearrangement of the trilinear terms the following estimate holds:

Jig — Jig — Jz — Jy < ch® + /b(e;(t), we (t) — w(t),u” (t))dt
I

+/Ib(u7"(t),wg(t) —w(t),e;(t))dt+/Ib(eg(t),wa(t),e;(t))dt. (4.48)
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In virtue of the Holder inequality, the terms on the right hand side of (4.48) satisfy
/b(e;(t), wo(t), e5(t)) dt < cl|Veg || r2,x) [ Vwe || L (r,x) [ Veg | z2(r,x)
I

/b(ur(t% we(t) = w(t), e5 (1)) dt < cl|Vu'l| L x)[[Vws = Vwll 2 x)IVeg|l2ax)
1

/b(e(’;(t),wo(t) —w(t),u” (1)) dt < c||Vel| zax)l| Vws — Vwl| 2, x)| V™ || Lo (1,x)-
I

Substituting these in (4.48) and then recalling the previous estimates (4.20) and
(4.35), we arrive at Jjp — Jig — J3 — Jy < ch?. This inequality, together with
those in (4.41) and (4.42), implies (e, 9)r2(1,x) < ch? for every g € L*(I, X) with
gllz2(r,x) < 1. Therefore, (4.32) holds true by duality. The proof of the theorem is
now complete. ]

4.4. ERROR ESTIMATES FOR THE DISCRETE LINEARIZED STATE EQUA-
TION. In this subsection, we consider the discretization of the linearized state
equation. In fact, the resulting scheme will be obtained by taking the derivative
of the discrete solution operator. It is easy to see that the map S, belongs to
C>®(Q,P-(I,V4)). Moreover, given a direction g € @, we have v, = S’ (q)g €
P-(I,V,) if and only if v, = Z]kv;l vFl;, is the solution of

(d_T/UI}; Sph)X + V(V’UZ, V‘Ph)X - b(uZ_Nra @hy U}Ijil)

1
+ b(’U]]z_Nr7 ©h, uiil) —+ ;/ (g(t), goh)X dt Vgph € Vh, (4.49)
I,

vl =0 forj=1-N,,...,0.
for every k = 1,..., N, where u, = S,(q) and d,vf := 77 (vf — vF™1). Similarly, if
g € Q then y, = S”(q)[g, 9] € P-(1,V}) if and only if for each k =1,..., N,

(d-yf, on)x + v(VyE, Vn)x = b(uf ™, on,yp )
+ by N on,up ) + 260N om0 ) Vo € Vi, (4.50)
y, =0 forj=1-N,,...,0,

where v, = 5! (¢)g and u, = S,(q). In the succeeding discussions, we deal with the
error estimates for the solutions of (2.20) and (4.49).

Theorem 4.10. Letq € Q, g € Q, uy, = S,(q), and v, = S’ (q)g. Then there exists
a continuous function ¢ > 0 such that for every o, we have

Vg || Loe(r,5) + Vo || 2ty < (||t || oo (g x) 22000 0) 19l - (4.51)

Proof. Taking the test function ¢;, = 27vF in (4.49) and using the Young inequality,
we obtain for £ =1,..., N, that

lorll% = lon = 1% + llvk — v~ X + 2071 Vegli%

< 2Tb(uﬁfNT, v’,_f, vl,j_l) + QTb(Ul,j*NT, v,’f, ul,fi_l) + / (g(t), U’/ﬁ)x dt
Iy,
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_ _ cT — _
< vr| Vol + el G IVoR 5 + — 1V Iy 1%

CT _ _ _ _ Cc
+ —llon IRV %+ er Vo Rl 5 + i lg(®)II% dt.
k

Let us choose 0 < & < v(4||uy|z=,x) + 1)7' Thus, elluf V% < v/4 and
elluf % < v/4 for every k = 1,...,N,. Given 1 < j < N,, take the sum of
the above inequality over all k =1,...,j and use v} = 0 so that

J J
. vT C
% + )= IVerllx < =D lg(t)||% dt
2
k=1 e
J

J
C _ _ C _ —
+ - > TV o R + - > IV e I
k=1 k=1

By the discrete Gronwall Lemma 6.2, recalling that vf = 0 for every k = 1 —
N,,...,0, we have

N-
g WA+ 30 9okl < eclgle (4.52)
where the constant v is given by
o s
= S AV 4 S IV S ol (45)
k=1 k=1
The inequalities (4.52) and (4.53) imply (4.51). O

Theorem 4.11. Let ¢ € Q, g € Q, v = S'(q)g, and v, = S/ (q)g. Then there is
a constant ¢ > 0 depending continuously on ||qllq, |gllo. ||f|la21(n), [[Auoll#, and
| 2| 2.1,y s0 that for every o

| Dax [o(te) = vllx + 1lv = Vol e, x) + 10 = Vol o) < ch. (4.54)

Furthermore, we also have

H'U — UO'HLQ(I,X) S Ch2. (455)

Proof. Since both v and v, vanish on I, we only need to prove (4.54) with J,.
replaced by I. Let u = S(q), uy = S,(q), and i, € P, (J,, W),) with @f = P,u(ty)
for each k = 1 — N,,...,N,. Also, define v, € L?(J,,V;) by vf = Pyu(ty) for
k=1—N,,...,N,. Split the error according to v — v, = (v — ¥,) + (U, — v,). By
construction of v,, we immediately have
D [o(te) = Thllx + 1o = T || ooz, ) + [0 = Tol| 200wy < ch. (4.56)
Following the proof of Theorem 4.7, now with the linearized state problem (2.20)
and its discrete version (4.49), one obtains that the error term 7, := v, — v, €
P-(I,V}) satisfies the variational equation

(deny, on)x + v(VnE, Ven)x = bleg ™™ on,mi ) + b0y on e )
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1
+b(€]1§ N on Uh Y+ b(uy " NT»@hﬂ?f_l) + ;RZ(%) Von € Vi,
(4.57)

where e, = @i, — u, and the remainder term RF (i) is now given by

R (pn) = / v(VPu(ty) — Vu(t), V) x dt +/ d(en,@(t) — [how(t))dt

Iy Iy,

—|—/ b(UT(t),QD;”U(t) — Phu(tk_l))dt+/ b(vr(t) — thr(tk),goh,Phu(tk_l)) dt

Iy, Iy,

+/1 b(u"(t), pn, v(t) — Prv(tr—1))dt +/I b(u"(t) — Puu'(tx), n, Pro(te-1)) dt.
' ' (4.58)

If we take o, = 277 in (4.57) and apply the Gagliardo—Nirenberg and Young
inequalities, then

Il = o~ 1% + 2071V ll% < vrl Vsl + erller ™ X1V~ 1%

—HVek MWl I A+ er gy RNV eR™ IR + eIV 1 llen™ 1%

h IRV A+ erl Vo I Nlen T IR+ el IR IV IR

+ ?”VUQ_NTHXH%_ 1% + ¢l Ry ()]

+c7|le;

Choose ¢ > 0 such that 0 < & < v(4|us|r=,x) + 1) and 0 < & <
v(4]les || (s, x) + 1) . Since v, and 7, are bounded in L>(J,, X) N L*(J,, W) and
leal| oo (g, x) + l€ollz2r w) < ch, the above inequality implies that, after taking the
sum over allk:—l ey ]y

A Z IVipll% < ch? ‘1”02 | R ()]
k=1

J

C _

+= > rIVer™ 1% + Va1 0% (4.59)
k=1

Q)

The term RF(nF) can be treated in the same way as with the one given in proof
of Theorem 4.7, and by doing this process we get

J
¢ Rk <ch2+Z—||VnhHX, j=1,...,N,. (4.60)
k=1

Plugging (4.60) in (4.59) and then applying the discrete Gronwall Lemma, we have

k
e [ = ol + ol + Iellzaqamy < ch (4.61)

Taking the sum (4.56) and (4.61) proves the desired a priori estimate (4.54).
Finally, (4.55) can be established by a duality argument as in Theorem 4.9 with
the same adjoint problem. O
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4.5. ERROR ESTIMATES FOR THE DISCRETE ADJOINT EQUATION. Let
u, = Sy(q) be the solution of the discrete state equation (4.3). The fully dis-

cretized adjoint problem that we consider is the following: Find w, = Y, 7, wily, €
P.(1,V},) such that for k = N,,... 1

(d—rwp, n)x + v(Vbn, Vay)x = buy ™ ™ gn) 4+ b(n, w7, a )

= O‘QT(“z - udh>¢h>X + aR(V X uhv V x wh)p Yy, € Vi,

w) =0, forj=N,+1,...,N,+N,.
(4.62)

where the forward difference operator d_. is defined by

d_wh = T wy T —ar(uy —um)) it k=N,
—rWp - Tfl(wﬁ—wfﬁ'l) lfk’:N—r—l,,l

The existence and uniqueness of solution to this problem follows immediately since
the corresponding bilinear form is coercive for each k. Let us introduce the discrete
control-to-adjoint state operator D, : Q — P.(I,V},) by D,(q) = w, if and only if
w, is the solution of (4.62). The following lemma is the discrete versions of (3.1)
and (3.2).

Lemma 4.12. The action of the first and second derivatives of j, : Q@ — R at ¢ € Q
in a direction g € () are given by

Je(q)g = / (wy + g, g)x dt
I

Jo(@)lg. 9] = /anTHva!@ + gV x vallZ> + 2b(vy, we, v7) dt + ar|lva(T)|[% + allgll
1

where v, = S’ (q)g and w, = D,(q).
Proof. From the chain rule and the fact that v, and w, are constants with respect

to time on each subinterval Iy, it follows that

Jo(a)g = TZ aq (ug, — Uy, Vi) x + ar(V X up, V X op) 2]

+aT(uhN UTh,"Uh ")x +alq, 9)

Let I, := j'(q)g — a(q, g)g. Taking the test function 1, = 7vF in the discrete
adjoint problem (4.62) and getting the sum over all k = 1,..., N, we have

N,—1 N,
I, = (W), )x + Z wyt vl x —i—Zl/T(VU,’f,Vw,’i)X
k=1
N,
= > Tlbuf N b o) + bl wf N uf )
k=1
N,

= > lwh = vt wi)x + vr(Vop, V)]
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N,
= 7y wp, op ) + b wh, u )]
k=1

N,
=3 [ (o0 ubixar = [ wat). go)x
k=1 "1k I
since vf = 0 for k =1—N,,...,0 and w}f =0 for k = N, +1,..., N, + N,. This
proves the case of the first directional derivative. The second directional derivative
can be handled in a similar way using (4.50). O

Remark 4.13. If ¢& is a solution to (P,), then ¢¢ = —a 'D,(q%) € P.(I,V},).
Thus, (Py) is equivalent to the minimization problem ming cp (1) jo(qs). Indeed,
for a solution ¢ of (P,), it holds that

min  j,(¢) < Jo(g;) = min (¢, ).
Lemin g (40) < Jol(qy) Lein (40)

The reverse inequality follows from the fact that P,(1,Vy,) C P.(I,Wy).

We have the following local boundedness of the discrete control-to-adjoint oper-
ator D,. The proof is omitted since it is similar to the discrete linearized problem
(4.49), see Theorem 4.10.

Theorem 4.14. Let ¢ € Q, u, = S;(q), and w, = D,(q). Then there exists a
continuous function ¢ > 0 such that for every o > 0 we have

HonLOO(I,X) + HUJUHLZ(I,W)
< c(||to oo x) A 2w (o — tao L2 x) + lun ™ — urnllx + |V X o 2,02 (0))-

In the sequel, we shall derive error estimates by following the procedure already
developed in the previous subsections. Recall that we do not have the compatibility
of the terminal data for the adjoint problem if ar > 0.

Theorem 4.15. Let ¢ € Q, w = D(q), and w, = D,(q). There exists a constant
¢ > 0 depending continuously on ||qllq, ||fllaz1n, |Auolla, ||2||m2z1), [[Aur|a,
and ||ug|| g2 (1) such that for every o, we have the error estimate

max Jlw(te-1) = whllx + o = wollieux) + | = wollzaw) < ch. (4.63)
Proof. Let w, € L*(J",V},) with @} = Pyw(ty_1) for k=1,..., N, and @y, = 0 for
k=N;,+1,...,N, + N,. Also, let @, € L?(J,,W}) be as in the proof of Theorem
4.7. As usual, split the error by w — w, = (w — w,) + (W, — w,). By Proposition
4.1, we have

lw(ty—1) = whllx + lw = @l oo (rx) + w0 = W |l 2wy < ch. (4.64)

Multiplying the continuous adjoint problem (2.38) by the test function i, € V}, C

W and then integrating over I x 2, we deduce that

(Phw(tk_l) — Phw(tk),@bh)x —|—/ I/(V@/Jh,vw(t))x dt—/ (diV@/)h,ﬂ'(t)) dt

Iy, Iy,
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- / b(u" (1), w(t), )t + / (b, (8), 0" (1)) dt

+ [ ann(ult) = ual®)n)x dt + [ an(Y x ule). ¥ x )y

Iy,

for each kK = N, ..., 1. This equation can be rewritten as follows:
(d—rwy, vn) x + v(Viby, VIOR) x
1
= b(ay™ N @t ) 4 b(n, wF TN a4 ZRE(y)  (4.65)
T

where d_, ;" = 7 (w0 — ar(w(T) — ur)), d_ywf = 77 (w} —wy*) for k =

N, —1,...,1, and the residual term R} is given by

R () = / V(Vik — Vu(t), Vi) di — / (div g, 7(t) — Tym(t)) dt

I I

+ [
I

( )
" / (s w " (), u™"(8)) — (i, @Y, a1V

I
—i—/a
1
+ R

Iy,

Let e, := 4, — u, and 7, := w, — w,. Taking the difference of (4.62) and (4.65),
we get

(drtih ) x + v(Vion, Vi) x = bl ™= mi ™ bn) + b(won, ™ ™)

+ b n) b, w0 e 1+NT)+;R§(wh) (4.66)

n) = by Nyt ) dt

u"(t), wlt
(
ar ((u(t) = @y) — (ualt) — ugy), ¥n)x d
(Vx (u(

u(t) —uh) V X 4bp) 2 dt

where d_,n)" = 77w} — w(T) — ar[(w(T) —u)") — (ur — uzy)]) and d_nf :=

“L(nf—nftt) for k = N.—1,...,1. Observe that (4.66) has the same form as (4.57),
however the superscripts are now in descending order. Nevertheless, one can adapt
the same methods and use the backward version of the discrete Gronwall Lemma
6.2. For this reason, it suffices to derive an estimate for the term RF(nF). Let I,
and J, ; denote the third and fourth integrals in RF(nF). By (A2), Proposition 4.2,
and Theorem 4.7, for each € > 0 we have

N, N,
S IR = Tnk — Jukl <€D _vr||Vnfllx + cch?, (4.67)
k=1 k=1

We are now going to estimate [, and J, . To this end, let us write these terms
by Ih,k = ];ik + ]2,k and ]h,k = J;ll’k —+ Jllz,k) where

I / b(u" (£) — @ (), k) dt + / b(@ N w(t) — wE ol dt

Iy, Iy,
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Ny / bk, w(8) — @Y u (1)) dt

Iy,

+ / b(ng, wy N N () de
I,

By the Gagliardo-Nirenberg and Holder inequalities, If , and I}, satisfy the follow-
ing estimates:

Tkl < vt Vgl + el Vwllie, x) /I IV (t) = V Py (t) I dt
k

[T il < vt Vgl + eIV [, ) . IVw(t) — VPyw(t)|Ix dt,
k

k=N, —1,...,1,

Thx | < vl Viglx + cer [V [ g ) IVl T 1y, x)-

On the other hand, J,, =0if k= N,,..., N, =N, +1, while for k = N, = N,,...,1
we have
[Tl < evrlI Vg% + e IVa g x) /1 IVw™(t) = V™ (te-1)|I% dt
k
[T il < evrlI Vg% + CEHVU)_T”%OO(I;C,X)/I IVu™"(t) = V™ (1) |5 dt.
k
Combining the previous estimates, taking the sum over all k = 1, ..., N, and then
using (4.67) lead to the following estimate:
N+ N- N-
S IREMEI <D IR = Tnk = Jnkl + > s + Tusl
k=1 k=1 k=1
N,
<5e Y vt Vipllk + ch’. (4.68)
k=1

If we take v, = 7 in (4.66), follow the remarks mentioned above and then take
e > 0 small enough so that the first term on the right hand side of (4.68) can be
absorbed to the left, then one would eventually arrive at the inequality

D 1@y, = willx + ol e r.x) + ol 22wy < che (4.69)
Therefore, we can see that (4.63) holds true due to (4.64) and (4.69). O

Theorem 4.16. Under the assumptions of the Theorem 4.15, there exists a constant
¢ > 0 independent on o such that

|w — wel|r2(1,.x) < c(ag h + ar + ap)h. (4.70)

Proof. We again proceed with a duality argument, but now taking advantage of
the error estimates on the solutions of the state and linearized state equations. Let
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g € L*(I,X) with [|g|lz2(r,x) < 1. Then, according to (3.1) and Lemma 4.12, we
have

/, (w(t) = wo (1), (1) x At = 7' (@)g — ()9
= aq / (ult) — uat), o(t))x — (1o (t) — uan (), 0o (£))x dt

+an /I(v < u(t), VX 0(#) 2 — (V X g(), V X vg(t)) 2 dt

+ ar((w(T) — ur,v(T))x — (ue(T) — Hyur,v,(T))x),

where v = S’(q)g and v, = S!(q)g. From the Cauchy-Schwarz inequality and the
error estimates (4.32) and (4.55), we deduce that

/1 (ult), v(t))x — (o (£), 00 (£)) x|
< Ju— Ua||L2(I,X)||U||L2(1,X) + ||Ua||L2(1,X)||U — Ua||L2(1,X) < ch?
/ (), 0(8))x — (1o (), 00 () x|
I

< Nwa = vao 2.0 10l L2, x) + tao |22 [0 = vollL2,x) < ch?.
Using similar decompositions along with the error estimates (4.20) and (4.54), we
get
/|(V X u(t),Vxv(t))rz — (V X us(t),V X v,(t)) 2| dt < ch
I
|(u(T),v(T))x = (ue(T), vo(T)) x| < ch.

Also, (A2) and (4.54) imply that |(ur,v(T))x — (Iyur, v, (T)) x| < c(h* + h) < ch.
Thus, we obtain that (w—we, 9)2(1,x) < c(ag,h+ar+ar)h for every g € L*(I,X)
such that [|g|[r2(7,xy < 1, and this results into the desired inequality (4.70) by
duality. O

Theorem 4.17. If ¢, — q in Q and g, — g in Q as o — 0, then

lim (57 (¢) (95 0] — allgs[15) = 5" (@) 9] — allgllg (4.71)
lim inf 5 (q2)190> 9] = §"(a) g, 9. (4.72)

Proof. Let v = 5(q)g, w = D(q), vs = S,(¢r)9go, and wy = Ds(q,). By assump-
tion, {¢,}, and {g,}, are bounded in ). This implies that both {v,}, and {w,},
are bounded in L°°(I, X) N L*(I,W) by Theorems 4.5, 4.10, and 4.14.

Let v, = S'(¢s)9, and v, = S’(q)g,, and consider the decomposition v, — v =
(vo — Uy) + (Vg — Uy) + (0, — v). By Theorem 4.11, v, — ¥, — 0 in L*(I,W)
and v,(T) — 9,(T) — 0 in X. Using the mean value theorem and ¢, — ¢ in @,
we have 0, — 0, — 0 in H*!(I). As a particular case, v, — 0, — 0 in L*(I,W)
and 0,(7T) — U,(T) — 0 in X up to a subsequence due to the compactness of the
embeddings H*>!(I) C L*(I,W) and V C H. For the third difference, v, —v — 0 in
H?'(I) by the continuity of the linear map S’(¢) : @ — H*!(I) and g, — g in Q .
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By compactness of the said embeddings once more, we get v, — v — 0 in L*(I, W)
and 0,(T) —v(T) — 0 in H up to a subsequence. Therefore, v, — v in L*(1, W)
and v,(T) — v(T) in X.

Let w, = D(q,). We get from Theorem 4.15 that w, — w, — 0 in L*(I,W).
On the other hand, the stability estimate in Corollary 2.17 implies that w, — w in
H?'Y(I). Hence, w, — w in L*(I,W) up to a subsequence. We can now pass to the

limit in the trilinear term in j”(¢,)[9s, g»), that is,

lim i b(vl(t), we(t), v () — b(v(t), w(t),v(t))dt

o
o—0

- (PL% i b(vi(t) —v"(t), wy(t),vs(t)) dt + CITILI(I) : b(v"(t), wy(t) — w(t), vl (t))dt

+ (1713% i b(v"(t),w(t),v](t) —v7(t))dt + (1712%) i b(v"(t), w(t),v™(t) —v(t))dt = 0.

This implies the limit (4.71). To obtain the inequality (4.72), we just need to

rewrite jy(¢o)[9o: 9o] = (J5(a0)[90: 96 — llgollE) + atllgo 7, apply (4.71), take the
limit inferior, and then apply the lower semicontinuity of the norm. (]

4.6. ERROR ESTIMATES FOR THE DISCRETE OPTIMAL CONTROL PROB-
LEM. The goal of this subsection is to derive error estimates between the solutions
of the optimal control problems (P) and (P,). Here, we follow the strategy devel-
oped in [11, 12]. Let us start with the following lemma with a sequence of controls
that converges weakly.

Lemma 4.18. Let {¢,}, C Q» and q € Q be such that g, — q in Q as o — 0. If
u=S5(q) and u, = S,(q,), then

i{%(“u — o || 2wy + |[u(T) — ue(T)| x) = 0.

Proof. Let u, = S(q,) and consider u—u, = (u—1i,)+(,—u,). Since g, is bounded
in @, it follows from Theorem 4.7 that ||, — us | 21wy + ||te(T) — ue(T)||x — 0.
Recall from Theorem 2.10 that S : Q@ — H>*'(I) is weak-weak continuous, hence
U, — u in H*'(I). By compactness arguments, one can show up to a subsequence
that ||u — U || 2wy + |u(T) — 1, (T)|[x — 0, and the conclusion follows from the
triangle inequality. U]

Theorem 4.19. For each o = (7, h) satisfying (A5), let g be a global solution of
(Py). Then {q’}s is bounded in Q. Any weak limit point § € Q of {¢%}s as o — 0
is a solution to (P), and it satisfies ¢& — q in Q and j,(q%) — j(q).

Proof. Suppose that ¢ € @ is a solution of (P) and let ¢, = R,P,q. Since
q € H*'(I), it follows from Proposition 4.3 that ||¢, — 7 ||g — 0. From the previous
lemma, if u, = Sy(u,) and U = S(q), then u, — @ in L*(I, W) and u,(T) — u(T)
in X. By construction, ug, — ug in L?(I, X) and up, — ur in X. These imply
that j,(q,) — 7(q). According to the optimality of ¢ with respect to j,, we have
la313 < 2J0(q%) < 2jo(qo), where the right hand side is bounded for o > 0. Hence,
{¢;}, has a weak limit point in Q.
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Let ¢ € @ be any such weak limit point. Again, invoking the previous lemma and
using the same argument as above, it follows that j,(¢:) — j(q), and if u = S(q)
then v} — @ in L*(I,W) and u*(T) — 4(T) in X. From the definitions of j and
Jo, these imply that ||¢|lo — ||d]lo, and therefore ¢f — ¢ in (). Moreover, by the
optimality of ¢} with respect to j, once more, one has

(A — T i (%) < Tim _
7(@) = lim jo(g7) < lim 7, (¢5) = j(),
and this shows that g is a solution of (P). O

Corollary 4.20. If ¢* € Q is a strict local solution of (P), then there exists a
sequence {q+}, C Qo of solutions to (P,) such that & — ¢* in Q and j,(q%) — j(q*).

Proof. By assumption, there is 6 > 0 such that ¢* is the only minimizer of j in
Bs(¢*) :={q € Q : |l¢ — q¢"]lo < 0}. From the proof of the previous theorem with
q = q*, there is a sequence {q:}, C @, of solutions to (P,) in B,(¢*) such that
& — q and j,(q;) — j(q) for some q € B,(¢*). Since ¢* is the only solution of j in
B.(q"), it follows that ¢ = ¢*. OJ

Let us now prove error estimates for strict local minimizers having coercive second
derivatives.

Theorem 4.21. Suppose that j'(¢*)g = 0 for every g € Q and there is a constant
w > 0 such that 3" (q%)[q,q] > quHQQ for every q € Q, so that q* is a strict local
solution of (P). For each o = (7,h) satisfying (Ab), let ¢¢ € Q, be a solution to
(Py) with g — ¢* in Q. Then for some constant ¢ > 0 independent on o, we have

le" = @ llq < cllaa, + o+ 1h + ar + aglh. (4.73)
Proof. The existence of the sequence {¢:}, C @, is guaranteed by the previous
corollary. Let ¢¢ := R,P,¢* € Q,. Since ¢* = —a'D(q*) € H*'(I), we have
gz — @zl < ch® by Proposition 4.3. Let e, := ¢t — ¢ € Q, and g, := €, /||e,||. Up
to a subsequence, g, — ¢ in @) for some g € (). From the mean-value theorem and
the local optimality of ¢%, there is a A\, € (0,1) such that if ¢, := \oq% + (1 — ) g,
then

Jo@)er = @) — 12(a8)er = 20 )eor o]

Since g, — ¢* in Q, g, — g in Q, [|gsllo = 1, and [|gllq < 1, (4.71) gives us

lim (57 (¢0) (9o, 90] — @) = j"(a")[g. 9] — allgllg = = o

Hence, there exists 0 > 0 such that j(¢.)[€o, €5] > §lles||3) Whenever |o| < og. By

the local optimality of ¢* and Q, C @), we have
H (% o) (% ; * ; * (™
Sleslla < Jo(@)es = (o (@)es — do(a)es) + (Go(a e = J'(a")es).  (4.74)

Note that jo (7;)es = Jo(0%)ee = (Do() — Do(q"), €0)r2a,x) + (@5 — ¢ €0)q
by Lemma 4.12. From the invariance property mentioned in Remark 4.4, one has
Sy(q*) = So(R: Prq*) = Sy(q%), and consequently D, (%) = Dy(¢*). Thus,

15(@5)es = Jo(a)es| < allz; — " llellesllo- (4.75)
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Similarly, from j. (¢*)es — j'(¢*)es = (Do(q¢*) — D(q*), €5)12(1,x), We obtain
o(q")eo — 3 (q")ea| < [1Da(q”) = D(g) |21 ll€slo- (4.76)
Invoking (4.75) and (4.76) in (4.74) yields
lg" = azlle < llg" = Glla + lleslle

~ 2 % *
<4y = alle + 2@l = alle + 1D5(47) = D) llzzcx):

Utilizing ||¢* — @%|lg < ch? and Theorem 4.16, we finally obtain (4.73). O

Corollary 4.22. Consider the framework of Theorem 4.21. If u* = S(¢*), ur =

o

Se(q2), w* = D(q*), and w; = D,(q%) are the optimal states and adjoint states
corresponding to ¢* and g, then there exists ¢ > 0 such that for each o, we have

= w3 a0 + o™ = willzan) < elag, +a + 1+ ar + aglh.
Furthermore, there is a constant ¢ > 0 not depending on o such that
16" — @G llLeer.x)y 2wy + [0 = Gl oo (1. x) A L2(rw)
+ |w* = Wi oo (r,x)n 2wy < ch.
Proof. From the mean value theorem, (4.73) and Theorem 4.9, we have

[u* — il zex) < N1S(q) = S(@)zex) + [15(a5) — So (@) | z22.x)
< C”q* - q;”Q + ch? < C[(QQT +a+ 1)h + ar + OéR]h.

For the adjoint states, we just need to apply Theorem 4.16, Corollary 2.17 and (4.73)
so that

|w* —wil|2,x) < 1D(q) — D(g;) || 220,x) + [1D(@;) — Do(@y)lz22,x)
< c[(aq, + a+ 1)h + ar + aglh.

These prove the first error estimate.

The proof of the second error estimate will be carried out with the help of Theorem
4.7 and Theorem 4.15. In the case of the state variables, using the continuity of
the embedding H*'(I) C L>(I, X)NL*(I,W) and S € C*(Q, H*'(I)) one obtains
that

|u* —wy || o1,y n 2wy < IS(@) = S(@) a2 + 11S(a5) — So(@y) | zoe(1.x) 0 L2(1,w)
<cll¢" = ¢llq +ch < ch.

The case of the adjoint variables can be handled in a similar fashion thanks to
Corollary 2.17. Finally, for the controls, we use ¢* — ¢ = —a~'(w* — w?) and apply
the error estimate for the adjoint states. O
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5. APPROXIMATION OF THE OPTIMAL CONTROL PROBLEM

This section deals with the specific aspects of computing numerically a solution to
the fully discrete optimal control problem (P,). We shall focus the discussion in
the case of the triangular Taylor-Hood element, however, the adaptation to the
mini-finite element can be carried out in a similar fashion. The resulting finite-
dimensional optimization problem will be an approximation of (P,). This is due
to the variational crimes committed from the use of numerical quadrature and the
addition of an artificial compressibility penalty term for the elimination of the pres-
sure. The analysis of additional errors due to these processes is beyond the scope
of the current paper. Nevertheless, artificial compressibility penalizations to the
uncontrolled Navier—Stokes equation without delay has been examined in the series
of papers [13, 14, 15]. There are several available softwares for the implementation
of the finite element method, however, we shall do our own assembly of the finite
element matrices.

5.1. PENALIZED FINITE-DIMENSIONAL APPROXIMATION. Let K, = {K},}

be a shape-regular triangulation of a convex polygonal domain 2, {xhys}?ihl be the

corresponding set of nodes, and {x; :}Zhnth be the set of edge midpoints of the

triangles. Denote by P*(K7},) the space of all polynomials on Kj, with degree at most
k. Consider the finite-dimensional spaces

M, = {Ph € C(Q) : Ph|Kh € ]P)l(Kh) VK, € ’Ch}
Y, = {¢n € C(Q) : ¢nlx, € P*(K}) VK), € K1}

and set W), :=Y}, x Y. Let {¢n}" be the Lagrange nodal basis for Y}, such that

Gni(xn,) = 04 for every 4,5 = 1,...,ny, where d;; is the Kronecker delta symbol.
Similarly, let {ps.}."; be the Lagrange nodal basis for M) with pp(74,) = g
for each s,0 = 1,...,n,,. For i = 1,...,np, let us define ¢p,; = [¢p4,0]" and
Ohmpti = [0,0p4] ", so that {cphz}fg’f forms a basis for W},

Given K € K, let Tth = Ath + th, where AKh e R?*? and th € Rz, be
the affine transformation from the reference triangle K,.f, having vertices at (0, 0),
(1,0) and (0,1), to the physical triangle Kj. Suppose that {&}]_, and {w/}j_,
are Gaussian quadrature nodes and weights on K. To simplify the formulas, let
Wiy = weldet Ag, |, pr,.s = phs © Tk, Prcyi = Oni© Tk, and g, i = pp 0 Tk, .

In evaluating the integrals for the contributions of the basis functions in the finite
element matrices, we shall apply the transformation formula from K} to K. and
then use Gaussian quadrature. The entries of the mass matrix Nj, € R™*" and
stiffness matrix A, € R™*" can be calculated as follows:

/Q%,zcbh,j de~ Y Y w0k, (€0 bk, (&) = [Naliy

=1 Kpeky

g
/ Voni+ Vopjde = Z Z Wi, 0 A%, Ve, i(€e) - Ag) Vedr, (&) =: [Anli
0

=1 KreKky
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for 2,7 = 1,...,n,. These correspond to a component of the velocity field. The
full mass and stiffness matrices are given by Ny := N, @ I, and A, == A, @ L,
respectively. Here, ® is the tensor product and 5 is the 2 x 2 identity matrix.

Write the first and second components of the differential operator A;(:VE by
(Af}zvg)"’“ and (A;ng)xz, respectively. From this, the entries of the discrete di-
vergence matrix By, = [By' By?| € R™h*?" are computed, for i = 1,...,n;, and
s=1,...,np, according to

g
/Q(axacbh,i)ph,s dea~ Y Y wio Ak Vo) o, (E)pr, s (&) = [Bitles, a=1,2.

(=1 KeKy,

Given an approximation u;, = 22:21 U mPhm € Wi of u € W, where up,, €
R, the entries of the associated convection matrix Cj,(up) € R?™*2" and dual
convection matrix Dy, (up) € R*"*?" will be determined as follows:

/ (u-V)on; - pnide
Q
2nyp,

g
A wk et (Prm (&) - Ak Ve)er, (&) - (&) = [Chlun)]i

{=1 Krek;, m=1

/ (Vu) oni - on;da
Q
2TLh

g
A Z Z Z Wi, Uhan (A% Vepi,m (&) @xcni(€e) - P (&e) =t [Du(un)liy
(=1 KeK), m=1
for each i,7 = 1,...,2n;,. Finally, the matrix R, € R*»*2Nv corresponding to
vorticity has the following entries for each 7,5 = 1,...,2n,,

/ (V % o) (V x pny) da
Q

g
YD wiel Al Ve X 9, (€0)) (A Ve X i, 3(€0) = [Ralij-
(=1 Kneky,

In what follows, a Gaussian quadrature of order 6 having g = 12 nodes on the
reference element will be applied. This is sufficient since this order is the highest
possible degree of a polynomial that can appear in the above integrals with quadratic
basis functions, in particular, for the matrices Cj,(uy,) and Dp(uyp,). Further practical
aspects in matrix assembly can be found in [23, 44].

We shall identify P, (I, W},) to RN>2" and P.(I,.,W},) to RN¥~*2" Moreover,
we set ¢, = {qf}27, where ¢f € R?>™ and similar representation for the elements
of P-(I,,Wy). The discrete state equation we consider is the following: Given
Gy = {q,’i}ff;l € RN~ g0, € R?™ and 2, = {zi};;é\” € RN>x2mn  geek u, =
{uf}=, € RN~*2" guch that u,|r = 0 and for each k =1,..., N,

{ (vA, +77'N +€,' B By)uj; = Cp(uy ™ ulf =t + 77 NGt 4+ Ny fF + Nigl

ul =2 j=1-N,...,0,
(5.1)
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where ) = wg, and ﬂﬁ_l = ufl_l for £ > 1. Here, the discrete incompressibility
condition Bju;, = 0 has been replaced by Bpuy, —i—eppﬁ = (. Note that the additional
error induced from this penalization is of order O(g,), see [8, Section 4.3] for instance.
In the numerical experiments below, we take the penalty parameter £, = 1071°.

As long as the spatial mesh size h is sufficiently small, the matrix v A, + 77t N}, +
&, 1B} By, is symmetric and positive definite, hence the solvability of the linear sys-
tem (5.1) at each time step is guaranteed. For details regarding this matter, we refer
to [48] and [17, Theorem 4.1.2].

For the discrete adjoint equation, we consider the following discretization: Seek
wy = {wi}nr, € RV"*2m such that w,|r = 0 and for each k = N,,...,1

(VAL +77'Np, + 5;1B;Bh)w,’j = Cp(uf =) Tt 4 Dy (w0 Yot
+ T_lNhU/;i—H + aq, (Nhufl — Nhuljh) + OéRRhqu

wl =0 j=N.+1,...,N,+N,,
(5.2)

where @, " = ar(ul” — upy) and Wt = wi™ for k < N,. Note that (5.1) and
(5.2) are the respective perturbed versions of the mixed problems (4.8) and the one
corresponding to (4.62). The convection matrix Cj,(uy ") has to be assembled at
each time step in (5.1). We do not store these matrices for (5.2), but instead re-
assemble them in addition to that of Dj(w)*""). Therefore, efficient schemes are
necessary in the construction of these matrices.

In terms of the above finite element matrices, the discrete cost functional can be

computed using the box-rule as follow:

T

. ag,T ar
oy (00) 2= == Y (uf = ) " Na (= ufy) + (= wrn) Vi — )
k=1
ORT — aT Nr
+ TS T R+ 5 S g N,
k=1 k=1

where u, = {uf}27, € RN~*2" ig the solution of (5.1). One can now formulate the
penalization for (P,) as the finite-dimensional optimization problem:

min - ). P,
_min e, (0 (Pre,)

To seek for a solution to (P,.,), the gradient method of Barzilai and Borwein
(BB) in [5] will be utilized. The algorithm is terminated once there is no significant
change in the cost values and that the derivative is close to zero. More precisely, if
the relative error of the successive cost values and the gradient norm is less than a
prescribed tolerance 0 < €, < 1, that is, if the condition

. () : (£—1)
]O’, qO' - ]07 qO'
max { | Ep( ) (5;( ) ) ||qug) + wc(rZ)HLQ(LX)} < €tol (53)

g,Ep (qU

is satisfied, where q((f) and w are the control and adjoint state at the (th iteration.

In each of the experiments below, the control will be initialized to zero and the
second point of the gradient method will be determined by steepest descent. In such
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a case, we look for solutions in a neighborhood of the null control. The analysis of
the Barzilai-Borwein gradient method has been extended recently to the infinite-
dimensional setting in [4] for strictly convex quadratic problems.

5.2. EXPERIMENTAL ORDER OF CONVERGENCE. In this subsection, we verify
numerically the orders of convergence presented in the previous section. Following
the procedure in [43], we shall manufacture a reference numerical solution to the
optimal control problem (P, ).

For the computational domain, we take the unit square 2 = (0,1) x (0, 1) and put
T=1,r=05v=1 aq, =ar=ar=1, and a = 10~!. Consider the functions

p(t, x1, x2) = sin(mt)(cos(2mxy) — cos(2may))
u(t, z1, 29) = cos(mt)[(1 — cos(2mxy)) sin(2mx,), sin(2ma;)(cos(2my) — 1)]7. (5.4)

*
ref,o

ij;l IIp(ti)1;, as the associated pressure. Here, I1}, is the nodal Lagrange inter-
polation operator. For the history, we put z = w in I, x  and is discretized by
time-averaging and nodal Lagrange interpolation in space, see Section 4.2.

We regard u?,, = S0 ITyu(ty)1;, as our reference optimal state, with Preto =

EOC with Mini-Finite (P1-bubble/P1) Element

k| ([urer o, — s, l2rx) | €0k | Wit o, — w5, l2(r,x) | €0k | Gero, — @5, l2(r.x) | €ock
0 5.509948 - 102 — 4.568061 - 10~2 — 3.816914 - 107! —
1 1.420196 - 10—2 1.956 1.081773 - 102 2.078 1.032727 - 107! 1.886
2 3.570072 - 103 1.992 2.663922 - 103 2.022 2.633360 - 10~2 1.971
3 8.924269 - 104 2.000 6.625920 - 10~* 2.007 6.606980 - 10—2 1.995
k| urer o, — s 2wy | €0k | Wi o, —wi 2wy | €0k | |Gt s, — 2o, llL2,wy | €0Ck
0 1.815098 - 10° — 1.098782 - 10° — 7.395482 - 109 —
1 9.192071 - 101! 0.982 4.094915 - 101 1.424 3.541439 - 10° 1.062
2 4.610771-10~1 0.995 1.819815 - 101 1.170 1.745271 - 10° 1.021
3 2.307294 - 107! 0.999 8.783346 - 1072 1.051 8.688125 - 107! 1.006
k| wet o, — Usllzoe.x) | €0Ck | [wher o, — w5, [z r,x) | €0k | (@Yt o, — @5 lzoe(1,x) | €OCK
0 7.936219 - 102 — 7.936217 - 102 — 5.777529 - 10~ —
1 2.036783 - 102 1.962 2.036772 - 1072 1.962 1.661747 - 1071 1.798
2 5.114179 - 10~3 1.994 5.090099 - 103 2.001 4.575560 - 102 1.861
3 1.277605 - 10~3 2.001 1.268801 - 10~3 2.004 1.201757 - 102 1.929
We consider ug, = —ujy, and ur, = —uy;,(T) as the desired velocities. From

these, the solution wjy, of (5.2) is computed and then ¢, = —a~'w},, is taken

as the reference optimal control. In order for (ujy,, W, Gret,) to be a solution

of (P,.,), we set the forcing function f, = {ff}r7, € R¥~*?" in such a way that
Ul and gy, satisfy the discrete state equation (5.1). To investigate the order of

ref,o
convergence, the step sizes o, = (73, hg) = (27281071, 2/27%. 107" ) for k = 0,1,2,3
will be utilized. For these pairs of time steps and mesh sizes, we have 7, = 5h2, so
that the stability condition (A5) is satisfied.

The mesh generation, matrix assemblies, sparse linear solvers, and visualizations
were done in Python 3.7.6 (Python Software Foundation, https://www.python.org/)
on a 2.3 GHz Intel Core i5 with 8GB RAM. The repository containing
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EOC with Taylor-Hood (P2/P1) Element

k| [ uresop — s ll2rx) | €0k | Wt o, — wh llL2rx) | €0k | Geto, — @5, ll2(r.x) | €ock
0 7.163321 - 1073 — 7.933576 - 103 — 7.231624 - 102 —
1 1.698009 - 10—3 2.077 1.779201 - 10~3 2.156 1.735902 - 10~2 2.059
2 4.188071 - 104 2.019 4.326775- 10~ 2.040 4.300022 - 103 2.013
3] 1043778-107% | 2004|  1.074448-107% 2010 |  1.072851-107% | 2.003
k| Wetop — s llzzawy | €0k | [Whet o, — w5, [lL2wy | €0k | 1@t 0, — a5, 22wy | €0ck
0 5.932207 - 1072 — 6.148310 - 1072 — 5.529714 - 107! —
1| 1.307225-1072 | 2182 |  1.334016-1072 | 2.204 |  1.299808-10"! | 2.089
2| 3130027-1073 | 2062 |  3.208756-107° | 2056 | 31885261072 | 2.027
3| 7733619-107% | 2.017|  7.044229.10~% | 2014 | 7.932280-107% | 2.007
k| et o, — s llze.x) | €0Ck | [[Whee o, — Wi, L r.x) | €0Ck | (1@t o, — @5 llzoe(r,x) | €0CK
0 1.031764 - 10~2 — 1.045768 - 102 — 1.045769 - 10~ 1 —
1 2.467746 - 1073 2.064 2.493781 - 1073 2.068 2.493852 - 1072 2.068
2 6.088774 - 10~% 2.019 6.149193 - 104 2.020 6.148528 - 103 2.020
3 1.517279 - 104 2.005 1.531064 - 10—* 2.006 1.531007 - 10~3 2.006

TABLE 1. Experimental order of convergence (EOC) for the errors be-
tween the optimal solutions with reference to the norms of L2(I, L?(2)?),
L3(I,H(2)?), and L*(I, L*(Q)?) using the triangular mini-finite and
Taylor—-Hood elements.

the source codes as well as the iteration histories can be downloaded at
https://github.com/grperalta/nsedelay. An LU factorization of the sys-
tem matrix was obtained via the built-in-function splu in the SciPy package. In the
factorization, a column permutation for sparsity preservation through a minimum
degree ordering on the symmetric structure of the system matrix was used. The
linear systems were solved using the SuperLU option.

The orders of convergence are presented in Table 1. For instance, in the case of
the controls, we compute

(| Getor . — G N2 )/ NGt o, — Gl 2202,x))
ln(hk_l/hk)

In the stopping criterion (5.3), we used €y, = 107°.

As to be expected, the Taylor-Hood finite element performs better than the mini-
element, however, at the expense of additional computing time. In the case of the
mini-element, one can observe more or less a quadratic reduction with respect to the
norms of L?(I, L?(Q2)?) and L>(1, L*(Q2)?), while a linear reduction in L*(I, HJ(£2)?).
For the Taylor—-Hood element, we have a quadratic order in these spaces, which is
better than the one predicted in Corollary 4.22, at least for this example. We
also observe the mesh-independence of the gradient method, that is, the number of
gradient iterations is independent on the considered spatial mesh sizes and temporal
step sizes.

Let us discuss the order of convergence as the Tikhonov regularization parameter
« decreases. For this example, we shall employ the Taylor-Hood finite element with
the step size o3 = (73,h3) = (27¢- 1071, 2%/2-3 . 107!). Denote by u* w

ref,ag?

. k=123 (55)

eocy, 1=

*
ref,ap
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and gy, the reference optimal state, adjoint state, and control associated with the
parameter o, = 107% for k = 0,1, 2, 3. The results are summarized in Table 2. Here,
the required number of gradient iterations to reach the desired tolerance are given
by 3, 6, 12, and 36. Observe that the reduction rate of the errors in the optimal state
and optimal adjoint state are nearly the same. However, the errors for the optimal
controls are increasing and we have ||ql,, — @4l ~ o [wh,, — w}, || under
the norms considered above. Nevertheless, the latter approximation is consistent
with the optimality condition ag* + w* = 0 relating the optimal control and the
optimal adjoint, see Theorem 3.2. Further investigation is needed to obtain a precise
representation of the order of convergence, or at least a suitable bound, for the
optimal control as a — 0.

EOC with Taylor-Hood (P2/P1) Element for Decreasing Tikhonov Regularization

k| ([uger,ap, — Yoy l2rx) | €0k | Wit a, — W ll2,x) | €0k | Grera, — @a, ll2(rx) | eock
0 1.218162 - 1074 — 1.254202 - 10~ 4 — 1.252901 - 10~4 —
1 1.043778 - 10~ 4 0.067 1.074447 - 10~4 0.067 1.072851 - 1073 —
2 4.377482 -10~° 0.377 4.424767 - 1075 0.385 4.421008 - 103 —
3 6.696397 - 106 0.815 6.721729 - 106 0.818 6.788698 - 103 —
k| Weto — s llzzawy | €0k | [Whe o, — wh, 2wy | €0Ck | Gt 0, — dapllzzawy | eock
0 8.978485 - 104 — 9.230519 - 104 — 9.220613 - 104 —
1 7.733619 - 104 0.065 7.944229 - 104 0.065 7.932280 - 103 —
2 3.437169 - 104 0.352 3.442176 - 104 0.363 3.438689 - 102 —
3 8.627997 - 10~° 0.600 7.176810 - 10—° 0.681 7.214384 - 102 —
k| ures o, — oo (r.x) | €0Ck | [Whet 0, — Wi llLeor,x) | €0Ck | |Gt 0, — Gayllz=(.x) | €ock
0 1.772242 - 10~4 — 1.791175-10~* — 1.791386 - 10~4 —
1 1.517279 - 10~4 0.067 1.531064 - 10~4 0.068 1.531007 - 10~3 —
2 6.408268 - 10~° 0.374 6.301082 - 107° 0.386 6.308845 - 1073 —
3 1.935223 - 107° 0.520 1.021446 - 107° 0.790 1.620508 - 1072 —

TABLE 2. Experimental order of convergence for the errors between the
optimal solutions with decreasing Tikhonov regularization parameters oy, =
107% for k =0,1,2, 3.

5.3. VELOCITY TRACKING WITH LOCAL CONTROL. Let us consider the do-
main = (0,3) x (0,1) with the control region w = (0.5,2.5) x (0.25,0.75). In this
situation, the control space is given by L?*(I, L*(w)?) and the optimal control and
adjoint state are related by ¢* = —a~'w*1,,, where 1, is the indicator function on
w. For the parameters in the optimal control problem (P), we take 7" =1, r = 0.5,
v =001, aq, =ar =1, agp = 0, and a = 1073. A uniform triangulation of
with 5124 nodes and 9922 triangles will be employed, with the corresponding mesh
size h =~ 0.034779. Here, the Taylor-Hood finite element is implemented. For the
temporal grid, the chosen step size is 7 = 0.01. With these discretizations, the
degrees of freedom for the velocity field is 4033800 ~ O(10°).

The solution of the steady Stokes equation with artificial compressibility and
a random source is taken as the initial data. More precisely, we take ug, =

(VA + €, By Bp) ' Ny fr, where ug|p = 0 and —10 < f, < 10 in (5.1), for which
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lluon|| e = 0.775. Also, z = 0.5u is the initial history, where u is the function
defined by (5.4). The solution of the uncontrolled Navier-Stokes equation with-
out the delay in the convection term will be the chosen target state. To facilitate
better performance, an alternating steplength selection strategy was employed in
the BB gradient algorithm, see [4, 19| for instance. For the sake of the reader,
the specific method utilized here is presented below. The gradient method con-
verges, under the stopping criterion (5.3) with ey,; = 107°, after 123 iterations with
Joe, (@) = 3.646 - 1073 and ||agt + w|| r2(1xw)2 = 6.580-107%. One can observe from
Figure 2(b) the non-monotone property of the BB gradient method. We observe
a fast convergence initially, followed by little changes in the cost values, while the
norm of the derivative still oscillates until it reached the required tolerance, see (b)
and (d) of Figure 2. This is a typical characteristic of gradient methods.

Algorithm: Barzilai-Borwein Gradient Method with Alternating Step Size
Selection

1 Set q((yo) < 0 and compute g((,) — oqu(f) + w(o)]l

2 Put qL(T) — q((yo) gc(, ), calculate g((,) — ozqt(,) +wd )]l and set £ < 1.

3 while max{|joc, (45”) = Joe, (@5 ) dores (@), 1198 | 2 ()2} > €101 do

4 Choose step size

¢ -1 1) e 1 oo
. (qﬁﬂ ar )T (ga g5 )/ 165" it ¢is odd,
|ch — qge—1)|2/( - ff 1))T(g¢(f) - g((fé 1)) if £ is even.
5 Update the control q(“l) — q((f) S g(z)
6 Update the gradient g( AR ozq((, AR (Hl)]lw_

7 {+—0+1

The optimal solution at t = 0.1,0.5,1.0 are given in Figure 1. A quadric inter-
polation was rendered on the image data for better visualization. The magnitudes
of the velocity field for the Navier—-Stokes flow without delay, which is the target
state, and with delay are depicted in parts (a) and (b) of Figure 1, respectively. At
t = 0.1, we somewhat have a turbulent flow from the random force for the Stokes
flow, which is then stabilized due to viscosity. The formation of vortices at t = 0.5
and ¢t = 1.0 in Figure 1(c) is due to the profile of the initial history that acts as a
convective force on the fluid.

Comparing (a) and (c) in Figure 1, one can see that the optimal velocity nearly
matches the target on the region where the control is applied. This is a common
feature for tracking-type problems with local controls, for which the influence of
the control is more significant on the region where it is applied or at least near to
it. From Figure 2(a), we can see that from the start up to approximately before
t = 0.5, the space-time L2-error between the optimal and target velocities increases.
We can also observe from Figure 2(c¢) that during this period the control is exerted
in an increasing magnitude, which shows a very different control implementation
as compared to the results in [32], where the authors considered the Navier—Stokes
flow without delay.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA AND J.S. SIMON 52 / 60

0.2

AN

(a)

0.0

0.6

0.4

0.2

0.0

15

10

0.6

0.4

0.2

0.0

1.5

1.0

0.5

0.0

() ' (d)

FIGURE 1. Magnitudes of the target velocity (a), uncontrolled velocity
(b), optimal velocity (c), and optimal control (d) at ¢ = 0.1, ¢ = 0.5, and
t = 1.0 in the velocity-tracking problem. Bounding boxes represent the
location of the control region w.
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FIGURE 2. The norms between the difference of the computed optimal
and desired velocities in 2 and w (a), and the computed optimal control
(c) as functions of time. Parts (b) and (d) show the behavior of the cost
values and gradient norms as functions of the number of iterations in the
BB method.

After the time delay, the residual norm in the control region decreases, and the
rate is faster near the final time. This trend can also be observed for the optimal
control, see Figure 2(c), with the exception that there is an increase due to the
tracking term at the final time in the objective functional. In this scenario, the flow
is dominated by diffusion and convection has little effect. The magnitude of the
control is relatively larger on the edges of w, which is very natural if one wishes to
steer the flow to a desired target that is outside of w.

The results discussed above can be improved by choosing a smaller regularization
parameter «. Larger magnitudes for the optimal control will be expected for this
process. In general, this would require more gradient iterations. A higher resolution
of the temporal and spatial mesh will also lead to better results, especially the
tracking part outside of w.

5.4. VORTICITY MINIMIZATION WITH LOCAL CONTROL. Let us consider
the problem of minimizing the vorticity of the fluid flow. The set-up in the previous
subsection will be used, but with the following modifications: aq, = ar = 0,
ar = 0.1, and €, = 10~*. For this problem, the BB method terminated after 173
iterations for which j,. (¢¥) ~ 2.4911-107" and ||ag} +wh| L2(1xw)2 ~ 9.2342-107°.
Further information is provided in Figure 3. Again, we have the non-monotonic
property of the BB gradient algorithm. Notice also that the cost values and gradient
norms in (b) and (d) behave analogously as in the previous subsection.

In Figure 3(c), one can see that the time-evolution for the norms of the optimal
control share similar characteristics as in the velocity-tracking problem, that is,
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more effort is required for ¢ < r. The behavior at ¢ = r can be attributed to the
non-compatibility of the initial data and history.

Snapshots at ¢ = 0.1,0.5,1.0 of the magnitudes of the computed optimal state
and control are given in Figure 4. At the early stages, the control forces the flow
inside w to stabilize, while creating vortices surrounding it. Most of the activity of
the flow is then outside of the control region. In order to minimize the vorticity, the
control needs to exert more work near the boundary of w until the flow outside is
dissipated.

10! 5x 107!
— IVxu®)lee — e, (d)
—_— ||V x ur(t ,
N IV < ws®le ||, o
.........
100 4
Sr—e— ] 3% 1071
A
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FIGURE 3. The norm of the curl of computed optimal state in  and w
as functions of time (a) in the vorticity minimization problem. Here, (b),
(c), and (d) have the same descriptions as in Figure 2.

6. APPENDIX

In the following, an extension of the Gronwall Lemma that is needed in the analysis
of the state and linearized state equations is presented. The reader is reminded on
the notation of various time intervals in (2.2).

Lemma 6.1. Suppose that a > 0, ¢ € L>=(J,), ¢ € L*(J,), a, B, ¢ € LY(I), and
v € L®(I) are nonnegative and for a.e. t € I it holds that

t t
o(t) + / o(s)ds < a+ / a(s)p(s) + B(s)d"(s) +v(s)e"(s) +¥(s)ds.  (6.1)
0 0
Then there exists a continuous function ¢ > 0 such that
10l Loy + [lllry < ermapala+ Qe + lellera) + 1¥la)

where ¢rp.0,55 = (T, 7, [lal| Ly, |8l rays [V o)
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FIGURE 4. Magnitudes of the optimal velocity (a) and optimal control
(b) at t = 0.1, t = 0.5 and ¢ = 1.0 in the vorticity minimization problem.
Bounding boxes represent the location of the control region w.

Proof. Let N be the largest positive integer such that (N —1)r < T < Nr, and set
I, :=1[0,nr] for n=1,..., N. For each n, we shall demonstrate by induction that

1@l zoery + Nl < errapala+10llLew + 1l + 10lr@)). (6:2)

Let us verify this for n = 1. Using the assumption (6.1) restricted to t € I;, we can
apply the usual Gronwall Lemma so that

16112y < (@ + 1Bl 0l r) + IVl llllacry + I8l (6.3)
On the other hand, (6.1) also yields the following estimate

ol < a+ el llélliem) + 1Bl alloll Lo,
+ vl zepllel L,y + 1] L) (6.4)

Substituting (6.3) in the second term of the right hand side in (6.4) and then adding
the resulting inequality with (6.3) prove (6.2) for n = 1.
Now, suppose that (6.2) holds for n = k. For t € I}, we obtain from (6.1) that

() +/O p(s)ds < a+||Bllo @ max{[| @]l oo ), [0l L) }

vy (el + llellern) + /O a(s)p(s) +(s) ds.
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Thus, applying the Gronwall Lemma once more, one has the estimate

[l oo (r0) < (a+ [8]lpr ) max{[|@| oo (ry), [0l oo (r,) }
+ IVl ey (el i ery + 1ol o) + ||¢||L1(Ik+1))€”a”“(”

and as a consequence it follows that

ol e,y < a+ (18] Ly max{||¢] Lo 1,), |0l o (1,) }
+ Yl ey (Nlelleraey + lellzry) + lelloipllol Loy + 11 L 1)-

The last two inequalities along with the induction hypothesis imply (6.2) for
n = k + 1. This completes the proof of the induction step. O]

Next, we recall the following discrete version of the Gronwall Lemma, see [34] for
instance. This is utilized in the error analysis of the fully-discrete optimal control
problem.

Lemma 6.2. Let n € N, a > 0, {ax}i,, {bx}p_,, and {ci}}Z] be nonnegative
sequences with

J Jj—1
aj—l—Zbk§a+chak forallj=1,...,n.
k=1 k=1

Then it holds that

l -

b, < ( ) Hi=1.... n
22§lak+k_l r < aexp 1ck for a R 1)

—_

b
Il

7. CONCLUSION

We showed the existence and regularity of solutions to a distributed optimal control
problem for the 2D Navier—Stokes equation with delay in the convection. A full
discretization of the control problem based on the discontinuous Galerkin method
and mixed finite elements has been studied, and optimal convergence rates were
established using duality arguments. Finally, numerical examples were provided
to validate the order of convergence and to demonstrate the effectiveness of the
theoretical results.

Further analysis is needed to understand the behavior of the optimal solutions as
the Tikhonov regularization parameter  — 0. Mixed methods based on quadrilat-
eral finite elements and/or higher-order time advancing schemes through multi-step
methods are possible extensions of the numerical scheme proposed in this paper.
Under suitable regularity conditions on the domain, initial data, and initial history,
together with an appropriate stability condition for the spatial and temporal mesh
sizes analogous to (A5), higher convergence rates may be obtained. For instance,
the biquadratic-linear (Q2/P1) velocity-pressure element in [30, 47] could lead to an
optimal convergence rate O(h%) with respect to the space-time L%*norm.
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