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ABSTRACT.

We analyze a distributed optimal control problem where the state equation is
governed by the coupling of the two-dimensional Cahn-Hilliard and Oberbeck-
Boussinesq systems modelling incompressible viscous two-phase flows with
convective heat transfer. Pointwise constraints are imposed on the controls that
act as external sources in the fluid and convection-diffusion equations. The
objective functional is of tracking-type that consists of a weighted energy of the
difference between the state and a desired target. We establish the existence of
optimal controls, the differentiability of the control-to-state operator, and the
necessary and sufficient optimality conditions. For initial and target data with
finite energy norms, limited space-time regularity of the adjoint states arises due
to convection and surface tension.
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1. INTRODUCTION

Phase-field models aim to provide quantitative and qualitative descriptions for the
dynamics of multiphase flows and phase transitions such as solidification, segrega-
tion, crystallization, and precipitation to name a few. One of the classical problems
is to determine both the reduced temperature and the interface or boundary sepa-
rating two bulk phases, often called the Stefan problem [50]. In this formulation,
the interface is defined as the level set of temperature at some critical value. For ex-
ample, the equilibrium melting temperature in solidification processes. The phases
are then characterized by the sign difference of the temperatures.

In [9], Caginalp proposed an approach to the above free boundary value prob-
lem by using mean field theories from statistical mechanics and condensed matter
physics. Starting with the enthalpy or H-method in [46] that combines the heat and
latent heat as a single equation, the method is to replace the step phase function,
also called the order parameter or concentration, by a continuous one. In the evolu-
tionary case, the rate of change of the order parameter must be proportional to the
minimizer of a free energy functional, an extension of the Landau-Ginzburg theory
for equilibrium phase transitions. When the difference between the chemical poten-
tials of the phases is also taken into account, one has the Cahn-Hilliard equation for
spinodal decomposition [12, 11]. The asymptotic analysis in [10] showed that this
equation can be obtained from the phase-field system when the latent heat vanishes.
Other recent developments in the field include hydrodynamic properties for which
the Navier-Stokes equation is used to model the mean velocity [4, 15, 27, 33|, stress
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diffusion for non-Newtonian fluids [16], and Cattaneo-Maxwell law for finite speed
heat propagation in place of the usual Fourier law of heat conduction [3].

In this paper, we study a distributed optimal control problem governed by a
Cahn-Hilliard-Oberbeck-Boussinesq phase-field system describing the dynamics of a
binary viscous and incompressible fluid mixture incorporating thermal effects. For
the sake of the reader, we shall outline the essential parts of the model formulation.
Further details on the modelling aspect and other related papers are referred to
[7, 15, 16, 27, 35, 47, 48] and the references therein.

Let T > 0 be a fixed final time and Q@ C R? be the region occupied by the
binary mixture. For technical reasons, we assume that €) is an open, connected, and
bounded domain that is either of class C? or convex polygonal with boundary T.
Denote by u : (0,7) x Q — R? the mean velocity of the fluid mixture, p : (0,7) — R
the pressure, 6 : (0,7) x Q — R the relative temperature around some critical value
., and ¢ : (0,7) x  — R the order parameter or concentration describing the
normalized fractional part of one fluid in the mixture. We consider without loss
of generality that 6. = 0. Typically, ¢ = 1 represents one phase while ¢ = —1
designates the other phase.

Following [46, 9], let us introduce the function H (6, ¢) := 0 — Iy, where I, > 0 is
a constant related to the latent heat and g be the heat flux. Then the evolution of
the temperature is governed by the equation

pOCthH(ea ¢) + div q = qpg-u-+s,

where D; = 0, + u - V denotes the material derivative, py the reference density,
¢p the specific heat at constant pressure, and s an external heat source or sink.
The second term on the right hand side expresses linearized adiabatic effects at
some reference temperature, where g is the gravitational constant, see also [36] and
[55, Section 9.3| in the context of the Bénard problem. Assuming Fourier’s law of

thermal conduction, the heat flux can be expressed as ¢ = —xkV#, where k > 0 is
the thermal conductivity, and one obtains the convection-diffusion equation
PoCp 00 — 1hOp +u - V(0 — 1ho)] — KAO = apg - u + s. (1.1)

From the mass conservation law, the evolution of the order parameter is given by
poDip +divy =0

where j is the mass flux. A typical assumption is Fick’s law j = —mVyu, where
m > 0 is the diffusive mobility and p : (0,7) x @ — R is the chemical potential.
The Cahn-Hilliard description for the chemical potential p is a minimizer to the
following Gibbs free energy incorporating the temperature

6(6.0) = [ (Vo + F(0) +1.66) o

where [. > 0 is a constant related to the latent heat, see |15, 38, 39, 47| for in-
stance. Here, the parameter a > 0 characterizes the thickness of the boundary layer
or interface that separates the two phases. In this work, we take the Ginzburg-
Landau-Wilson free energy functional corresponding to the double-well potential
F(¢) := $(1 — ¢*)?. This is an approximation of the logarithmic-type potential in
[21]. Taking formally the variational derivative of G with respect to ¢ and under
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suitable boundary conditions, one obtains the following Cahn-Hilliard equation with
temperature:

po(Dh6 + - V) = mAp (1.2)
5= 0,0(6,0) = —alé + ¢ — & + L. (1.3)

Ignoring the latent heat and without convection (l. = 0 and u = 0), these equations
reduce to the standard Cahn-Hilliard model for non-equilibrium phase separation.
The description of the mean velocity starts with the momentum balance equation

poDiu — divT = pol(¢,0)g + f.

Here, T is the stress tensor, pol(¢,0) := po(as + aap + a3f) having the constant
parameters aq, s, and ag is the linearized equation of state, and f is an external
body force, see [35, Chapter 8] for instance. By assuming that the relative momen-
tum and kinetic energy of each phase is small compared to net fluid flow, the stress
tensor can be written as a sum T = T + T’ of two second-order tensors [27]. The
first component T, = v(Vu + Vu') — pI is the classical Cauchy stress tensor for
Newtonian incompressible viscous fluids, with v > 0 the kinematic viscosity and I
the identity tensor, while the other component Ty = Ka(5|VO|*T — Vo @ Vo) ac-
counts for the capillary forces due to surface tension, where K > 0 is the capillarity
stress coefficient. Such formulation already appeared in the work of Korteweg for
gradient fluids where the density is utilized instead of the concentration [57, Section
124].
From the equation of the chemical potential in (1.3), we have the identity

K(j—1.0)Vo = KV <%|v¢|2 + F<¢)> ~ Kadiv (Ve @ Vo).

By setting p := p+K(§|V@|*+ F(¢)), the above considerations lead to the following
modified incompressible Navier-Stokes equation
polOiu + (u - Viu| —vAu + Vp = K(u = 1.0)V + pol(¢,0)g + f (1.4)
divu = 0. (1.5)
Neglecting the gravitational force and the latent heat (g = 0 and I, = 0) in (1.2)-
(1.5), we end up with the coupled Cahn-Hilliard-Navier-Stokes system in [27]. On
the other hand, without surface tension (K = 0) and ignoring the latent heat (I, =
0), equations (1.1), (1.4) and (1.5) comprise the Oberbeck-Boussinesq system |7, 45|
in thermohydraulics. Now for simplicity of exposition, we set pgy, ¢, and o all
equal to 1, and assume that the remaining parameters appearing in (1.1)-(1.4) to
be constant.
The present paper is devoted to the study of a nonlinear infinite-dimensional
optimization problem:

min  J(¢, pu,u,0,y, z), (1.6)
(yvz)eQad

where the objective function J is given by
J(¢7 M? u7 67 y7 Z)

v [T w [T
= G(o, p,u,0) + Ef/ / ly(t, z)|* do dt + Eh/ / |z(t, x)|? dx dt.
0 wr 0 Wh
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Here, y and z are the controls that act as external body force and heat source on
certain parts of the domain, respectively. The quadruple (¢, i, u, ) is a suitable
weak solution of the two-dimensional coupled Cahn-Hilliard-Oberbeck-Boussinesq
system (1.1)-(1.5). More precisely, the equation of the state with the application of
the controls is governed by the system
( Op+u-Vo—mApu=0
p=—alé+¢* —d+1.0
ou+ (u-V)u—vAu+Vp=K(u—1.0)Vo+0(0,0)g + xuy  (1.7)
divu =0

\f)tg—lhatgb—f-uV(Q—lhqb) —IiAe:g'u+thZ

in (0,7) x Q, and supplied with the initial conditions
¢(0) = do, w(0) =uo, 0(0)=0 inQ. (1.8)

The set ().q of admissible controls and the tracking-type functional G will be dis-
cussed in detail below. In (1.6), 7+ > 0 and 7, > 0 are Tikhonov regularization
parameters, the control regions w; and wy, are nonempty open subsets of €2, and y,,
denotes the characteristic function of a set w C Q in (1.7).

The boundary conditions that we are interested in are the following:

Ontd =0,A¢p =0, u=0, 0,0=0, on(0,7)xT, (1.9)

where n is the unit normal vector outward to I' and 9,,h = Vh - n is the derivative
of a function h in the direction of n. The second condition is the no-slip boundary
condition for the fluid, while the third equation imposes that there is no heat flux
through the boundary. On the other hand, the first condition requires that locally
the interface is orthogonal to the boundary and there is no diffusion across it.

The set of admissible controls Q.q C Q := L*((0,T); L*(w)?) x L?((0,T); L*(wy))
in (1.6) is defined by

Qaa ={(y,2) €Q :a; <y <bfae. (0,T) X ws, a, <z <byae (0,7) X wyp},

where a; = (ag,ap), by = (b, b)), —00 < ap < by < oo and —o00 < ag < by <
oo for i« = 1,2. Here and throughout the rest of the paper, “a.e! stands for the
measure-theoretic terminology almost everywhere. For vectors and functions, the
usual notation for order relations in R are to be understood componentwise and
pointwise, respectively.

Let us define the modified Ginzburg-Landau free energy functional

£0(0.6()) = 5 [ alVo(t.)f + 51 - o(t.0)° + LIo(t. ) da.

Formal calculations lead us to the following energy identity for the solutions of the
system (1.7)-(1.9):

Ewwwwﬂm+AL%WMwW+

v

Kl

Vau(s,z)* + ;]V@(s, z)[*dsdx
h

= B(6(0).w(0).000) + | [ 2 lt0(s.2).0(5.0))g + xola)(s,2)] - u(s.a) dads
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+ /O/Q %[g ~u(S, ) + Xy (2)2(s,2)]0(s, ) dr ds

for every ¢t € [0, T], where E denotes the total energy of the system given by

E(6(t), u(t), (1)) ::l(%S(Qb(t),l{lﬂ@(t))—I—/Qlcllc|u(t,x)|2dx). (1.10)

Indeed, this energy identity can be derived by using the test functions 7'y, 17109,
(Kl)"'uw, and [;'0 in (1.7), see also Section 3. Ignoring gravitational effects and
without the controls, we see that the energy decreases through time due to diffusion
in the fluid, heat, and chemical potential. Moreover, for each ¢ € [0, 7] we have the

conservation law
1 / 1
— gbt,acdt:—/d) x)dx,
] Jo A= 20

where |€2| is the Lebesgue measure of €. This follows by integrating the first equation
in (1.7), using the divergence theorem, and invoking the boundary conditions (1.9)
and as well as

Ot = — 0 AG + (3¢* — )0y + 10,0 =0 on (0,T) x T,

at least for sufficiently smooth solutions.

We consider a cost functional GG that incorporates various goals of steering at least
one of the velocity, vorticity, temperature, order parameter, chemical potential and
as well as their fluxes to a given set of desired targets. More precisely, the objective
(G is suppose to be separable in the sense that

G(9, p,u,0) = Gi(¢) + Go(p) + Gs(w) + Ga(0), (1.11)

where the terms on the right hand side are given by

1 T
Gr(6) =5 [ aullo =6l + 61V =l at

+ 226(T) — 62l + L2 196(T) — by

1 T
Coli) = / el — pall® + 8el| Ve — &P (1.12)
Gau) =2 [ ) 2qr 4 2
() = [l =l + GV <l () —
1 T
G (6) ;:5/0 onll0 — 0l + 8,190 — ¢t + 22 o) — o

In (1.12), ||-|| denotes either the norm of the Lebesgue space L?(§2) or L?(2) x L*(2),
where it is suitable. The given structure of GG is motivated from the energy identity
discussed above, for which the norms appearing in G are precisely those that are
involved in the energy E. Also, ay, o, B0, Wo, Qe, I, O, ¢, P, an, On, Bn € [0, 00) are
fixed nonnegative parameters, where at least one of them is nonzero in order to
have a nontrivial solution to (1.6). These parameters signify on which parts of the
energy are to be prioritized. The subscripts o, ¢, f, and h stand for order parameter,
chemical potential, fluid velocity, and heat. Furthermore, the functions ¢4, ¥, ta,
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&4 Ua, 04, C4y Oy Yp, up, and Op are given target states, having the appropriate
regularity conditions that will be discussed precisely in Section 6.

For the past decades, there are numerous contributions that deal with the analysis
of optimal control problems for time-dependent fluid flows with either distributed
or boundary controls: Navier-Stokes equation [1, 31, 59|, Allen-Cahn equation [20],
Cahn-Hilliard equation [17, 19, 18, 25, 32, 28, 62, 63, 64|, Boussinesq system |1, 6,
34, 40], coupled Cahn-Hilliard-Navier-Stokes system [23, 24, 30, 29], and phase-field
systems [41, 53|. This is of course an incomplete list and we refer the reader to the
literature provided in these works. For the coupling of the Cahn-Hilliard and inviscid
Boussinesq systems, the global well-posedness, regularity, and blow-up criteria have
been discussed in [44, 61, 65], respectively.

Most of the works presented above deal with smooth enough initial data, for which
the method of transposition can be applied to successfully derive the first order
necessary condition characterizing the solutions of the optimal control problem. In
this paper, we shall consider initial data that are at the very least have finite energies,
that is, F(¢g, ug,0y) < oo with E given by (1.10). In the case of instationary
Navier-Stokes equation with the tracking type functional G3 as defined above, this
direction has been investigated thoroughly in [31, 59|. It has been shown that the
time derivative of the optimal adjoint velocity admits lower integrability compared
to that of the optimal velocity. In this case, the solutions of the state equation are
not admissible test functions to the adjoint system. To circumvent the difference in
regularity, duality methods were utilized.

The limited regularity stems from the convection term. Following the methods in
[31], we will also achieve this property for the solutions of (1.6). Due to the presence
of the order parameter flux and the chemical potential in the cost function, one can
also expect even less regularity in space for the adjoint states corresponding to
these state variables. This makes the analysis of the control problem more involved.
Nevertheless, additional regularity on the initial and desired data is expected to
result in more regular adjoint states, and we shall take advantage of this in order
to establish the second order sufficient conditions. As in [13, 14|, the gap between
the necessary and sufficient conditions is the usual one as in the context of finite-
dimensional optimization problems with box constraints.

[t will be shown in terms of PDEs (see Sections 5 and 6) that the optimal adjoint
state is either an appropriate weak or very weak solution, depending on the regularity
of the data, of the following system that is posed backward in time:

(=0 + 1,00 —u-V(p — W) + aln
= PO+ asg v — K- V(1 — 1) + 0o(6 — 6) — 6,DIv(V6 — tby)
—n=—-mAp —Kv-V¢— ac(p— pq) + 0.Div(Vu — &,)
—0w — (u-V)v+ (Vu) v —vAv + V7
=109 — Vo —9IV(0 — o) + as(u — ug) + 0:V X (V X u)
dive =0
-0y —u -V + Klov - Vo — kAY
L =39 - v+ ln+ an(d — 04) — 0,Div(VE — ()

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OpPTIMAL CONTROL OF THE CHOB SYSTEM 7/ 54

in (0,7) x , with the boundary conditions 9, = d,n = 0, v = 0, 9,9 = 0 on
(0,T) x I, and the terminal conditions

P(T) = WI(T) = Bo((T) = ¢r) = woDIvV(VH(T) —tpr)  in &,
v(T) = pi(w(T) —ur), HT)=7u(O(T)—0r) in Q.

Here, Div is an extension of the distributional divergence with test functions in
the Sobolev space H' (), see (6.2) for the precise definition. The curl of a vector-
valued function w = (uq,uy) is given by V X w = 0,,u1 — Oy, u2, while the curl of
a scalar-valued function h is defined by V x h := (—=0,,h, 0., h), provided that the
derivatives exist, see [59]. The above linear system can be readily obtained by a
formal Lagrangian approach. Such a formalism will be justified rigorously in this
paper. We would like to point out that a first step towards the development of
efficient gradient-based numerical schemes for the approximation of the controls is
by identifying a dual problem to the state equation.

The plan of the paper is as follows: In Section 2, we recall the relevant function
spaces and operators involved in the weak formulation of (1.7)-(1.9) and write the
equivalent evolution equations in suitable Bochner spaces. The well-posedness of the
state, linearized state, and adjoint systems are the concerns of Sections 3, 4, and 5,
respectively. Finally, we discuss the analysis of the optimal control problem (1.6),
including the first and second order necessary and sufficient optimality conditions
in Section 6.

2. PRELIMINARIES

Given 1 <p < oo and s € R, LP(Q2) and H?*(2) are the usual Lebesgue and Sobolev
spaces equipped with the norms denoted by || - ||z» and || - || gs. A subscript will be
indicated to emphasize the space where the norm or inner product is defined. Let
H§(€2) be the closure of the space C§°(£2), the set of infinitely differentiable functions
that are compactly supported in €, with respect to the norm of H*(2). We refer to
the classical text [2| for more details.

Let I = (0,T) be the time interval and I = [0,7] be its closure. Given a
Banach space Y with norm || - ||y, C(I;Y) and LP(I;Y) are the space of con-
tinuous functions and Bochner spaces with values in Y endowed with the norms

lullewy = super [[u(®)lly lwllze(r) := ess supie;|[w (@)l

T 1/p
lollrr = (/ Hv(t)\r’;dt) (1<p< ).

For each positive integer k, W*?(I;Y) is the Banach space of all elements u €
LP(I;Y) having derivatives &/u € LP(I;Y) for every 1 < j < k in the sense of
vector-valued distributions, and set H*(I;Y) := W*2(I;Y). The dual of Y will be
denoted by Y* and (y*, y)y«xy represents the duality pairing between y* € Y* and
y € Y. For Banach spaces Y and Z, the norm of the intersection Y N Z will be
given by [[ullynz := max{|[ully, [lu]|z}.

In the following, all Hilbert spaces are assumed to be separable. Given 1 < p < oo
and two Hilbert spaces Y and Z such that Y C Z continuously, let

WP(IY,Z) :={uec L*(I;Y) : Ou € LP(I; Z)}.
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This is a Banach space with respect to the graph norm
lullwrv,z) = ullzeery + 100l Le(z)-

In the case where the larger space is the dual of Y, we simply write W?(I;Y") instead
of Wp(]7 YV, Y*) and ||UHWP(Y) f ||U||L2(y) + ||atU||Lp(Y*).

Note that WP(I;Y,Z) C C(I; Z) continuously for every 1 < p < co. In studying
the linearized and adjoint systems, the following closed subspace of WP(I;Y, Z) will
be utilized

WY, Z) .= {ue WP(I;Y,Z) : u(0) = 0},

and we set WJ(I;Y) := WE(I;Y,Y™). If there is another Hilbert space X such that
Y C X is compact and X C Z is continuous, then by the well-known Aubin-Lions-
Simon Lemma, the compact embedding W?(I;Y,Z) C L*(I;X) holds. For the
interpolation space [Y, Z]1 /2 between Y and Z, we have the continuous embedding

W(1;Y,Z) C C(L; Y, Z)1)9). (2.1)

If Y C X isdense, then X* C Y* is also dense and W?2(I;Y) C C(I; X) continuously.
The space of linear and bounded operators from Y into Z will be denoted by L(Y, Z).
For more details on these topics, we refer the reader to [43| and [51].

In the remaining parts of the paper, we let X := L*(Q), Y := H'(Q), X := X x X
and Y :=Y xY. The classical function spaces for square-integrable and divergence-
free vector fields with the no-slip boundary condition will be denoted by

H: ={ueX:divu=0inQ, u-n=0onTI}, V := H N Hy(Q)*.

These are endowed with the norms ||ul|g = ||u||x and [|ulv = ||Vu|xxx, re-
spectively. Then the Helmholtz decomposition X = H & VX holds and denote by
Py : X — H the orthogonal projection of X onto H. Thanks to this, one can
eliminate the pressure in the weak formulation.

We now introduce the notation for the Laplace operators associated with the
system (1.7). Let Ag : D(Ag) C H — H be the Stokes operator with domain
D(As) = V N H*(Q)? and defined by Asu = —PgAu, see [37] in the case of
convex polygonal domains and [52, Theorem III.2.1.1] in the case of C?-domains.
The linear operator Ag is a positive self-adjoint operator with compact resolvents.
The norms ||-|| g2« x> and || Ags- || x are equivalent on D(Ag) and there exist constants
c1, ¢ > 0 such that ||u||g < ci||u|lv for every u € V and ||ul|v < cf|Asul|x for
every u € D(Ag). The first inequality is the Poincaré inequality while the second is
a consequence of the equivalence just mentioned. Moreover, Ag admits an extension
Ag :V — V* that is also linear and bounded.

The Neumann map Ay : D(Ay) C X — X is defined by Ay¢p = —A¢ with
domain D(Ay) = {¢ € H*(Q) : Op¢ = 0 on T'}, see [26] for instance. Let us extend
this definition to Ay : Y — Y* by (An¢,¥)y+«xy = (Vo, V) x for ¢,¢p € Y.
Integrating by parts and using the density of Y in X, this extension coincides with
the earlier definition of Ay¢ for ¢ € D(Ay).

Given ¢ € L'(Q), the average of ¢ over (2 is given by (¢) := |Q|7!(¢,1)x. By the
Poincaré-Wirtinger inequality, there is a constant ¢ > 0 such that

¢ = (D)lx <clVollx VoeY. (2.2)
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Therefore the usual norm || - ||x + ||V - ||x of the Sobolev space Y is equivalent to
()] + |V - ||x. Also note that the norm |(-)| + [|[Ay - ||x is equivalent to || - || g2
in D(Ay). From the inequality |[(#)| < |2|'/?||¢||x, we obtain for a constant ¢ > 0
that

ol < c([Adllx +[Iollx) V¢ € D(An). (2.3)

Let X :={¢ € X : (¢) = 0} and consider the restriction Ay : D(A\N) cX—>X
of Ay to square-integrable functions with zero average, that is, AN<;§ = An¢ for
RS D(AN) D(Ayx)N X. Notice that D(Ay) = (AN) @S R. It follows that Ay is

a positive self-adjoint operator having compact resolvents. For each ¢ € D(Ay), it
holds that

IVolly = [IV(e = (e)lly < 16— (D)l < cl|Adllx (2.4)

for a constant ¢ > 0 independent of ¢, and consequently |Vo|x < c[|A¢| x.

By using Fourier spectral decompositions, the positive powers A and A}, are
well-defined for every r > 0. In this way, for » > 0 and s > 2 we shall set

Y :={p € D(Ay): An¢ € DAY V), V7= DAY,

where A\?\, := I is the identity operator in X. Particular cases are V' = V,Y? =
D(Ay) and Y* = D(4%). If ¢ € Y* for an s > 3, then (Ayp) = 0 by Green’s
identity, and from (2.2) we get

[Adlly < c|[VASlx YoeY?, [Alla <cl|A%]x VoeY™ (2.5)
We shall equip Y?, Y2 and Y* with the norms

I8lly= = llgllx + 1261lx, ¥l = [[¥lx + IVAY]x, lellys = llollx + [A%llx

for ¢ € Y2, ¢ € Y3 and ¢ € Y4 These are Hilbert spaces with the inner products
associated with the given norms. The dual spaces Y** and V"™ of Y* and V" shall
be taken with respect to the pivot spaces X and H, respectively. For further details
regarding these topics, the reader is referred to |5, 52, 54].

We shall often use the Sobolev embedding Y C LP(Q2) for every 1 < p < oo, which
is valid for two-dimensional bounded Lipschitz domains €2. Also, the Gagliardo-
Nirenberg inequality

olloe < canlloll 0y Vo eY (2.6)
and Agmon’s inequality combined with (2.3)
]z < calldll]0ls Vo e Y? (2.7)

will be often utilized. The positive constants cgy and ca depend on the domain §2,
but are independent of ¢.

In situations where the context is clear, we shall adopt the common notation —-A
for the operators Ag, Ay, and Ay. All throughout this paper, ¢ will denote a generic
positive constant that depends on the parameters in the state equation, the domain
2 and the terminal time 7. A subscript will be used to emphasize the dependence
of this constant. Likewise, € : R¥ — (0, 00) for k > 1 will denote a generic positive
continuous function.
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3. ANALYSIS OF THE STATE EQUATION

In this section, we shall specify the notion of weak solutions to (1.7) and formulate
the equivalent abstract evolution system. First, let us define the trilinear forms
arising from the convection and surface tension terms. Let b : V x V xV — R
and 7 : V xY xY — R be defined by b(u, w,v) = ((u- V)w,v)x and r(v, ¢, p) =
(v,oVo)x = (v-Vo,p)x for u,w,v € V and ¢, € Y. Integrating by parts and
using the fact that elements of V' are divergence-free and vanish on the boundary
I, the following identities hold:

b(uvwav) = _b(u7v7w>7 b<u7wuv) = ((V'IU)T’IJ7’LL>X, T(U,¢, 90) = —T(’U,(p, (b)

In particular, b(u, w, w) = r(v, ¢, ¢) = 0 for every u,v,w € V and ¢ € Y.
We set f(¢) := ¢*> — ¢ for the nonlinear term in the equation for the chemical
potential. Let us abbreviate the weak solution space by

W =WHLY?Y*) x L*(I;)Y) x W3(I,; V) x W*I;Y).
For now, we shall ignore the characteristic functions appearing on (1.7).
Definition 3.1. Lety € L*(I;V*), 2 € LA(I;Y*), ¢ €Y, up € H, and 0y € X.

A quadruple (¢, p,uw,0) € W is called a weak solution of (1.7) if the following
variational equations hold:

({0, @)yexy +r(u,6,0) +m(Vu, Vo)x =0 Vo ey, ae. inl,
p=—alAe¢+ f(o)+ 1.0 a.e. in I xQ,
(Oyu, v)yexy + b(u,u,v) + v(Vu, Vo) x« x
=Kr(v,¢,u—1.0) + (U(p,0)g,v)x + (y,v)vxv Yo EV, ae inl,
(0,0, Ny xy — (0D, D) ysxy + r(u, 0 — lyo,0)
L +6(VO,VI)x =(g-u,0)x + (2,0)y+xy Vi ey, ae inl,
(3.1)
as well as the initial conditions ¢(0) = ¢o in'Y, u(0) = ug in H, and 6(0) = 6y in
X.

Note that the initial conditions in the above definition are meaningful due to
the continuity of the embeddings W2(I;Y3,Y*) c C(I;Y), W*(I; V) c C(I; H),
and W2(I;Y) C C(I; X). If (¢, p,u,0) € W is a weak solution of (1.7), then the
following energy identity is satisfied:

Bo(0) w(t). 00) + | TITn(s) i +

v

u(s)||? +E Vo(s)||% ds
el + T Ive) I

= Bon 0. 00) + [ G [(H0(5). 0. u(5)x + (w(s).u(5)hv-v] ds

i / %[(g u(s), 0(5))x + (2(5), 0(5))y-xy] ds

for almost every ¢t € [0,7], where E is given by (1.10). As mentioned
in the introduction, this follows by choosing the test function (p,v,9) =
(I u(s), (Kl)"tu(s), I, *0(s)) in (3.1), taking the duality pairing of the second
equation in (3.1) with [710;¢(s) and then integrating over [0, ¢].
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3.1. ANALYSIS OF STATE EQUATION. Let us convert the variational equations
(3.1) in the framework of Bochner spaces. To do this, we extend the definitions of the
Laplace operators defined in the preliminary section to the time-dependent case, and
for simplicity adapt the same notations. Define the linear operators Ag : L*(I; V) —
LA*(I;V*) and Ay : L*(I;Y) — L*(I;Y*) according to (Agu)(t) := Agu(t) and
(Ano)(t) := Ano(t) for a.e. t € I, u € L*(I; V), and ¢ € L*(I;Y). These operators
are bounded, that is, they satisfy the estimates

|Asul|z2vey < cllullzevy,  [An@l| 20y < cll@ll2vy. (3.2)

With regard to the terms corresponding to convection and surface tension, we
introduce the bilinear operators By : W2(I; V) x W*(I;Y) — L*(I;Y*) and By :
LA(I;Y) x L®(I;Y) — L*(I; V*) defined respectively by

<Bl(u>¢)790>L2(Y*)><L2(Y) :/0 r(u(t), o(t), (1)) dt

<B2(M>¢),U>L2(V*)xL2(V) :/0 r(v(t),¥(t), p(t)) dt

foru e WA(I;V),ve L*(;V), ¢ € WAI;Y), v € L®(I;Y), and ¢, p € L*(I;Y).
For the convection term in the Navier-Stokes equation, let us introduce the bilinear
operator B : W2(I; V) x W*(I; V') — L*(I; V*) given by

(B, 1), 0) 120y 12(v) = /0 bu(t), w(t), v(t)) dt (3.3)

for u,w € W*(I; V), v € L*(I;V), and set B(u) := B(u,u). These maps are
well-defined according to the Gagliardo-Nirenberg and Holder inequalities. Indeed,
we have the following:

| B2 (i, )| 2 vy < ellull 2y 19l oo vy (3.4)
| Br(w, ¢)|l2v+) < cll|wl|zoemnl|@llze vy + 1]l x)llwllz2(vy) (3.5)
| B(u,w)|[r2cv+y < c(||w|lpoeml|wlL2evy + [[wl] oo (e ||| 2(vy) (3.6)

for every u,w € W*(I; V), ¢ € WA, Y), p € L*([;Y), and ¢p € L>(I;Y). The
inequalities on the right hand sides of (3.5) and (3.6) are valid according to the
continuity of the embeddings W?(I; V) C L*>°(I; H) and W*(I;Y) C L>(I; X).

Finally, let us define f : L>(;Y) N L*(I;Y?) — L*(;Y) by f(¢) = ¢* — ¢.
Applying the Holder inequality and Sobolev embedding, there is a constant ¢ > 0
such that for every ¢ € L>°(I;Y) N L*(I;Y?)

1f( D)2y < ell8llzooyy + N0l7 o loll 22y + [10]l e (r))- (3.7)
The weak formulation in Definition 3.1 can now be written equivalently as follows:
(0 + Bi(u, o) + mAypu =0 in L*(I;Y™),
= aAné + f(¢) +1.0 in LA(;Y),
{ Oyu+ B(u) + vAsu = KBo(p — 1.0,0) + (¢, 0)g +y in L*(I;V*), (3.8)
00 — 1,016 + Bi(u,0 — o) + KANO =g - u + 2 in L*(I;Y™),
(6(0)=¢9 InY, u(0)=wug in H, 6(0) =06, in X.
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Indeed, multiplying the variational equations (3.1) by functions in C§°(/) and using
the density of the linear span of the set {xf : x € C;°(1),f € Z} in L*(I;Z),
where Z is either Y or V', we see that the equations in (3.8) are valid. The converse
is analogous by using smooth test functions. Take note that the second equation
in (3.8) holds in L*(I;Y) according to the continuous embedding W?2(I; Y3 Y*) C
L=(I;Y)N L*(I;Y3) and the estimate (3.7). All throughout, we shall use the more
convenient system (3.8) as the definition of weak solutions.

The existence of a weak solution is established by a standard spectral Galerkin
method, and we provide the details for future reference, especially in the context of
regularity of solutions, the linearized system, and the existence of optimal controls.
For the Galerkin method applied to the Navier-Stokes and the Cahn-Hilliard-Navier-
Stokes system, we refer to [8, 16, 54].

Let {v;}52, and {¢;}32, be orthonormal bases for H and X consisting of eigen-

functions of Ag and Ay, respectively. Define the constant function ¢, := |Q|~1/2.
Then {;}52, is an orthonormal basis for X. Let H} and X} be the subspaces
generated by {v;}5_; and {@;}¥_,, respectively, and set the orthogonal projections

Py, : H— Hj and Px, : X — Xj, by

k k

k
Puou:=) (w,v)nv;, Pxd:=) (6,0)xp; = () + Y (6,9))x%;,
=2

J=1 Jj=1 J

for w € H and ¢ € X. Note that Py, € L(H, V) and Px, € L£(X},Y), hence for
the adjoint operators, we have Py, € L(V™, H},) and Py € L(Y™, X}), where H,
and X are identified with H; and X}, respectively.

Theorem 3.2. Suppose that y € L*(I; V"), z € L*(I;Y*), ¢o € Y, uy € H, and
0o € X. Then the nonlinear system (3.8) has a unique solution (¢, p,u,0) € W.

Furthermore, there exists a continuous function € > 0, independent of (¢, pu,u,0),
such that

(@, 1w, 0) [ < €([|dolly, [|[woll & |00l x5 Yl z2veys 2]l 2v+))- (3.9)

In particular, ¢ € C(I;Y), w € C(I; H), and 6 € C(I; X).

Proof. Let us divide the proof in several steps for ease of reading.

STEP 1. Finite-dimensional approximation. Given a fix positive integer k, let
dro = Px, 00, uro = Pu,uo, 00 = Px, 0y and consider the following ansatz

k k k

or(t) =Y a;(t)pr,  w(t) =) Bi(t)v,  Ok(t) = Y %(t)ex, (3.10)

j=1 j=1 j=1
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where oy, 8;,7; € H'(I) for j = 1,..., k. From the Cauchy-Lipschitz Theorem, the
nonlinear finite-dimensional system of differential equations

( 0ir + Px, (Bi(ug, ¢r) + mAnpy) =0 in L*(I; Xy),
pr = aAnor + Px, f(or) + 0k in H*(I; Xy),
Oruy, + Py, (B(ug) + vAsuy)

= Py, (KBa(uu, — 10k, dx) + L(x, 0k)g +y) in L*(I; Hy),
0k — Oor + Py, (Bi(uk, O — lndy) + £ANOy)

\ = Py, (g up + 2) in L2(I; X,),

with the initial conditions ¢ (0) = ¢ro, ur(0) = wuge, and 0,(0) = b, admits a

local solution on I := [0, ;) for some ¢}, € (0, T]. Moreover, ¢, pix, O € H*(Ix; X3)

and uy, € H'(I; Hy). The a priori estimates below will show that in fact we have
ty =T for every k.

(3.11)

STEP 2. FEnergy-type estimates. Integrating the first equation of (3.11), we have

(0rpr(t)) = 0, and hence the conservation property (¢ (t)) = (dro) = (Px, 00) = (do)
for every t € Ix. On the other hand, taking the inner product of the said equation

with I, in X yields
1
le

Likewise, taking the inner product of the second equation of (3.11) with I;1d;¢y, in
X leads to

m 1
(at¢ka ,Uk)X + Z_HV”kH%( = _Z_T(uk’v gbk’v :uk)' (3'12)

C

1 1 d 1
(i On)x = o= (IVellx + SlIL = ¢l | + (0, Oun) x (3.13)
le 21 dt 2
Combining (3.12) and (3.13), and using the fact that (¢;) is constant on I, we get
1d 1 m
o 5 (170l + KGR + 311 = 1R ) + TVl

= —%T(Uk, Dk, i) — (Or0k, Or) x - (3.14)

C

For the inner product of the third equation of (3.11) and (I.K) ‘uy; in H, we
have

1 d v
5K %HWH% + ]C_l”ukH%/

1 1 1
= 1 (Wk, Prs i, — LOk) + — (U Pk, Ok) g, ur) x + (Y, up)vexv.  (3.15)
I, Kl. Kl.
The second and third terms on the right hand side of (3.15) can be estimated from
above by the Cauchy-Schwarz inequality as follows:
1
Kl.

1 1 1 1
o b0g )l < e (14 Flonl + L I0I% + Tl ).

1%
Yy, ur)vexv| < W’luk”%’ + |y
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Using these estimates in (3.15), and then applying the Poincaré-Wirtinger inequality
(2.2), we obtain

1 i v
2KCI. dt 2KCL.

1 1
be (14 LIV + Ll +

1
HukH%/ S _r<uk7 gbk?ﬂ’k - lcek)

o + :

1
el + 6% + V) . (3.16)

1
Kl.
Finally, taking the inner product of the fourth equation of (3.11) with [, '), in X
and using the Cauchy-Schwarz inequality once more, we have the following estimate:

1 d

K
e 9 2 v 9 2
o 1l + 2thV kllx

1 1
< e (sl + IO+ el ) + )3+ o). (617

Let us introduce the following dissipation and energy functionals defined on the
interval I,
1/2m

14 K
Dy == 2+ g2 + Z |62

1/1 1 1 1 1
E = — o 2 —_ 2 1 _ 2112 2 - 2 ]
i 5 (V0T + IO + 5= G+ Tl + 16l )

Taking the sum of (3.14), (3.16), and (3.17), and then integrating over [0,t], we
deduce that
2 ds>

Ex(t) —I—/O Dy(s)ds < c(l + Ex(0) +/0 Ex(s) + ||ly(s)]

for every t € I. By the Gronwall Lemma, there is a constant ¢ > 0 independent on
k such that

vt ll2(s)]

173
sup L (t) +/ Dy(s)ds < ce (1 + Bi(0) + [[yllfzqvey + 12 72vy).  (3.18)
0

tely,

We will estimate the initial energy Fj(0). First, the Sobolev embedding yields the
inequality [|1 — ¢jpllx < (1 + [|drollx + l|Proll5). According to | Per, || cear ey < 1,
|Px,llccx.xy < 1, and ||Px,|lzovyyy < 1 for every k, we have |[dwolly < |¢olly,
HquHH S HUOHH, and Hek()HX S HeoHX ThU.S, we obtain

E,(0) < c(1 +[l@oll¥ + lldolly + [leol 7z + [160lI%)- (3.19)
Therefore, from (3.18) and (3.19), we deduce the following inequality after taking
square roots
Okl ooy + 1wkl poe ) + 10kl oo x) + Vgl z2x) + el 20v) + ([ VO]l L2(x)
< (14 6ol + golly + lusollz + 6ollx + Iylzzvy + lellizrny)  (3.20)

where ¢ > 0 is a constant independent on the initial data and the source terms. By
a standard continuation argument, it follows from (3.20) that the finite-dimensional
system (3.11) has a solution on the whole interval I.
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STEP 3. Additional a priori estimates. From the boundary condition 9,¢r = 0 on
I x T and Green’s identity, we have (Ay¢r) = 0 in I. Hence, for the average of p,
one has

) < o [ 1w = etlde+ 5 [ 1l de < el + Il + 1ll)

Taking the square and then integrating over I, this inequality leads to

() 2y < e(llrllzzcx) + N 9kllF oo vy + 10kl L20x))- (3.21)
From the equation A¢y = —a™' Py, (i — @3 + ér — I0), we deduce that
1AGk] L2 (x) < clllpllzzcx) + N9kl Foe vy + 10kl 20y + 10k 22 (x))- (3.22)

On the other hand, from V(uy — @} + dop — 10x) = Vg — (3057 — 1)V, — 1.V, and

the fact that ||V Px, ¢llx < ||Ve|lx for every ¢ € Y, we obtain the estimate
IVAGllx < e(IVurllx + oxlF 1Ak x + Vel x + VO] x)

by (2.4) and the Sobolev embedding. Thus, we have the inequality

IV AGkllr2x) < eI Vikllzx) + (10kll70 vy + DIAGN 22 0x) + VO]l £2(x))-
(3.23)

Using the estimates (3.20)-(3.23) and the Poincaré-Wirtinger inequality, we see that
the sequences {dg }72 1, {1}, {ur}ie,, and {6}32, are bounded in the function
spaces L= (I; Y)NLA(I;Y?), L*(I;Y), L°°(I; H)NL*(I; V'), and L>(I; X)NL*(I;Y),
respectively.
STEP 4. A priori estimates on time derivatives. Utilizing (3.5) and || P%, ||z« y=) <
1 for every k in the system of differential equations (3.11), we have
10brll L2(v) < clllwell ool Orll L2y + | dnll Lo o) 1wkl L2evy + [l 2v))  (3.24)
100kl 2v+) < (|0l Loy + (1 [k oo a0 [l L2y
+ 10kl oo o llwnll L2vy + [l ooy | 0n Nl 2 )
+ Pkl ooy w2y + w2y + 120 20)- (3.25)
In a similar way, from (3.4), (3.6), and || Py, || cv+,v+) < 1 for every k, we obtain

|0cur]|L2ov) < (14 (1 + |lwg | pooceny) [Jwrl L2 ovy + (| Drll 22(x)
+ 110kl z2x) + Ul z2evy + 10kl 2 Drll oo vy + 1Yl z2vy)- (3.26)

From Step 3 and these estimates, it follows that {¢;}7°,, {ux}72,, and {6;};2, are
respectively bounded in W2(I; Y3, Y*), W3(I; V), and W%(I;Y).

STEP 5. Passage to limit. According to Steps 3 and 4, one can extract subsequences,
still denoted by the same indices for simplicity, so that in the weak and weak-star
topologies we have j — p in L*(I;Y),

b = ¢in LX(1;Y), ¢p — ¢ in LA(1;Y?), Oupp — 0y in L2(1;Y™),
up = win L®(I; H), u, —win L*(I; V), Oy — Ou in L*(I; V),
0, > 0in L°(I;X), 6, —0in L*(I;Y), 040, — 0,0 in L*(I;Y™),
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for some (¢, u,u,0) € W. By the Aubin-Lions-Simon Lemma, after extracting
possibly another subsequence, we have ¢, — ¢ in L*(I;Y?), up — uw in L*([; H),
and 0, — 0 in L*(I; X) strongly.

Now, let us pass to the limit in (3.11). Since the linear terms are straightforward,
it is enough to consider the nonlinear terms. For the surface tension term, if w €
L>(1; V') then

(Ba(pu, o) — Ba(p, @), w) 2(v+yxr2(vy = (9w, Vi) p2(x) — (orw, Vi) r2(x) — 0

since Vi — Vp in L*(I; X) and ¢pw — ¢w in L*([; X). Given v € L*(I; V)
and € > 0, there exists w. € L*(I; V') such that ||v — w.|12(v) < € by density of
L>(I; V) in L*(I; V). By (3.4) and the triangle inequality

’<B2<:U’k7 ¢k> - BQ(M: Qb), v>L2(V*)><L2(V)|
< [(Ba(pr, dx) — Balp; ¢), we) r2(veyxr2(v)|
+ ([l 2yl @l Lo vy + |l L2y 1]l oo (v)) |0 — we | L2 vy

Taking the limit superior and recalling that {ux}72, and {¢x}72, are bounded in
L*(I;Y) and L>(I;Y), respectively, there exists a constant ¢ > 0 independent on k
and e such that

limsup [(Ba(pix, ¢x) — Ba(pt, ), v) 2(vyxr2ovy| < ce.

k—o0

Since ¢ > 0 and v € L?(I; V) are arbitrary, this implies that By (uy, ¢r) — Ba(i, @)
in L2(I; V*). In the same way, replacing ju; by 0, gives us By (0, o) — Bs(0, ¢) in
L3(I; V*). The remaining trilinear terms associated to convection can be handled in
a similar fashion, see also [54, Lemma I11.3.2], so that we have the weak convergences
B(u;) — B(u) in L*(I; V*), Bi(u, ¢1) = Bi(u, ¢) in L*(I;Y*), and By (uy, 0),) —
Bi(u,0) in L*(I;Y™).

Using the fact that Ayp, — Anp in L*(I;Y*) and Py ¢ — ¢ in L*(I;Y*)
whenever v, — ¢ in L?(I;Y*), we obtain that

8t¢k + P)*(k (Bl<’l,l,k, (bk) + mAN,uk) — 8,5(;5 + Bl(u, ¢) + TTLAN,U, in LQ(I; Y*)

Analogous arguments allow us to pass to the weak limit in the third and fourth
equations in (3.11) thanks to the convergences discussed above.

For the second equation in (3.11), we write f(dx) — f(¢) = (¢2+ o+ P> —1)(dp—
¢), and apply the Holder inequality and Sobolev embedding in order to obtain

1 (%) = F(D)lr2x) < clll@rllToo vy + 10Ty + Dlldr — dllz2yy — 0.

This implies that Px, f(¢r) — f(¢) = Px,(f(éx) — f(¢)) + (Px, —I)f(¢) — 0 in
L2(I, X) ThUS, Mk —0514]\[¢]C —Pka(¢k) — ZCQk — u—aAN¢— f((b) —ZCO in LQ(I, X)

Next, we pass to the limit in the initial conditions. First, note that the map
¥ = 1(0) is continuous from W2(I; Y3, Y*) into Y. As a consequence, ¢y(0) — ¢(0)
in Y, and since ¢pg — ¢ in Y, this implies that ¢(0) = ¢o. In a similar way,
©(0) = up in H and 6(0) = 6y in X.

Therefore, we have verified that (¢, u, u,0) is a solution to (3.8). The estimate
(3.9) follows by taking the limit inferior in (3.20)-(3.25) and applying the lower
sequential semicontinuity of norms in the weak and weak-star topologies. Finally,
the uniqueness of the weak solution follows from the local Lipschitz continuity of
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the corresponding solution operator, see Theorem 3.3 below. This completes the
proof of the theorem. O

Theorem 3.3. Given R > 0, there exists a constant cg > 0 such that for every
(y;,2:) € LA(L; V) x LA(1;Y™*) and (¢o;i, woi, 0o:) € Y X H x X with norms less than
R fori=1,2,
(P11, wr, 01) — (2, 2, w2, 02) [ < cr(||Por — Pozlly
+ lwor — wozl [ + (|01 — Go2llx + [ly1 — Yallzeve) + 121 — 22/l r2(v+)),
where (¢, i, wi, 0;) € W is the solution of (3.8) with source term (y;, z;) and initial
data <¢Oi7u0ia 002) fori = 1, 2.

Proof. The proof is similar to that of the linearized system provided in Theorem
4.1. We shall skip the details to avoid repetition. O

3.2. REGULARITY OF SOLUTIONS. For the remaining part of this section, we
will establish the existence of more regular solutions to the state equation. The
following theorem deals with improved regularity of the solution to (3.8) under
additional assumptions on the data and the source terms. Let us define the following
strong solution space

Vi=WHLYY X) x WAL Y?) x WL V2 H) x W Y? X).
Theorem 3.4. Suppose that y € L*(I; X)), 2 € L*(I; X), ¢o € Y?, ug € V, and

0o € Y. Then the solution of (3.8) satisfy (¢, u,w,0) € V, and there exists a unique
p € L*(I;Y/R) such that

ou+ (u-V)u —vAu+Vp=K(u—1.0)Vo+(¢p,0)g+y in L*(I,X). (3.27)
Furthermore, there is a continuous function € > 0 such that

(& 11w, 0)llv + [[pll z2iv/my < Elll@ollv2, llwollvs [6olly yllc2cx), \IZI!L2<X)<)~ |
3.28

In particular, ¢ € C(I;Y?), p€ C(I; X),u € C(I; V), and § € C(I;Y).

Proof. We proceed by deriving a priori estimates for the Galerkin approximations
(P, fk, Uy, Oy ), constructed from the proof of Theorem 3.2, with respect to the norm
of V. To simplify the a priori estimates, we shall write

&(¢o, w0, b, Y, 2) := C(|[dollv2, luollv, 16olly, [[yll 2 x), 2] 22x));

where € : R® — (0,00) is a generic continuous function. From the continuity of
the embeddings Y2 C Y € X, V C H, L*(I; X) C L*(I;V*), and L*(I; X) C
L3(I;Y™), the stability estimate (3.9) immediately implies that

oxllwzivs v + [nll2y + lwrllweevry + 10kllwziry < E(do, wo, 0o, y, 2).  (3.29)

Let us split the derivation of the a priori estimates into five steps. In the following,
€ > 0 will be a constant whose value varies in each step.
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STEP 1. L®(Y) and L*(Y?) estimates for ). Taking the inner product with
— (Al — 1, Agy) to the fourth equation in (3.11) in X and applying Green’s identity,
one has

Ld

5 dtHVGk — th¢k"§( + ’%HAQICH,QX = 'r(uk, Gk — lh(bk, Aek)

— lhr(uk, Qk — lhgf)k, Aqbk) + (g - U + 2k, lhA¢k — Agk)X
(3.30)

By the Cauchy-Schwarz inequality, one can estimate the last term on the right hand
side by

(g - + 25, b Ad — Abi) x| < el A% + co(l|urlzy + 1AG]% + Nall%)- (3:31)

For the trilinear terms, we apply the Holder and Gagliardo-Nirenberg inequalities
to obtain

7 (wn, O — bar, AO)| < el| Ak [I% + celluallar luelly (IVONX + [Adll%) (3.32)
a7 (w, O — i, Adw)| < el Abk|% + e[| A%
+ e[ w3 (V0 1% + [ Adkll%)- (3.33)
Substituting (3.31)-(3.33) in (3.30) and choosing 6 = x, we get
14
2dt

where Ky, := c|lug||3||ukll3 and Ko := c(||Adk||% + |urll3r + ||2x]%). Integrating
(3.34) over [0, ¢], and then using the triangle inequality to separate the term involving
ok, we have

K
VO, — 1.V or|% + §!|A9k||§( < Ki([IVO[x + A0k 11%) + Ko, (3.34)

t
KR
IV0:(t)|% + 5/0 [AOL(T)1% dT < ([ VOl % + [V érollx + IVOkl 7 (x))

+ C/o Ku(m)(IVO:(T) 5 + 180 (7) %) + Kor(7) d7.

Using Gronwall Lemma, ||Px,||zv,y) < 1 for every k, and the estimate (3.29), we
obtain

VOl oo (x) + | A0k L2(x) < E(Po, wo, b, Y, 2). (3.35)

STEP 2. L>®(Y?) and L*(Y*) estimates for ¢;. For the inner product of the first
equation in (3.11) with A%¢; in X, one has

1d

2dt

We use the Gagliardo-Nirenberg and Hélder inequalities to the right hand side so
that

[AGk][% — m(Apk, A%¢) x = —r(ur, dr, A*¢y). (3.36)

[ (i, b, D) < €| A%0nlI% + cellull w3 IV ol | A1 - (3.37)

Let us estimate from below the second term on the left hand side of (3.36). By
the chain rule, Af(¢r) = f"(0r)|IVorl* + f/(¢r) Adr = 60| Vr|* + (3¢5 — 1) Ay
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From the Sobolev embedding, Agmon inequality, (2.5), and ||APx, ¢|lx < ||A¢|lx
for every ¢ € Y2, we get

IAPx, f(@)l% < c(lldnllZolVrllze + (Ioellze + DI A7)
< e A%ll% + ce(l0elFIIAGkI% + l@elly + DI AG]%.  (3.38)

Using (3.38), the Young inequality and the equation Ay = Px, (—aA?¢p+Af () +
[.ABy), we obtain that

mao
— m(Ap, A%¢p) x > THAZ(ka%( — | APx, f(¢n) % — cllAG|I% (3.39)
mao
> (T = ce) 18%0ul1% — celllanll3 12013 + ol + DIIAGHI + 18 I%).
Substituting the estimates (3.37) and (3.39) in the equation (3.36), and then taking
e > 0 such that 4(c + 1)e = ma, one obtains
1d
2dt

where K := c([[uellF | wnll3 | Vor % +110ell5 I Akl % + [|ék]|5-+1). Integrate (3.40)
in time and then use Gronwall lemma, (3.29), (3.35), and ||A¢ro|lx < ||A¢o|lx so
that

mo
| A5 + THA2¢I@”§( < Kl [ Ade % + ¢l A0k 1%, (3.40)

Ak Lo (x) + || A%k || 22(x) < (o, o, b0, Y, 2). (3.41)

STEP 3. L*(Y?) estimate for uy. From (3.35), (3.38) and (3.41), we immediately
obtain

Akl 20x) < c([|A%k|L20x) + IAPx, f(d0)] 2cx) + 1Ak 22 (x))
S Qz(¢0au07607yaz)' (342)

STEP 4. L>®(V) and L*(V'?) estimates for u,. By taking the inner product of the
third equation of (3.11) with —P gAw, in H, we obtain

1d

5@”“%:”%/ + v||Aug||f = b(u, up, PrAuy)

Using the Cauchy-Schwarz inequality for the second term on the right hand side
v
(Kt = 1)V 6x + L1, O1)g + ¥, Prrdur) x| < [ Augllfy
+ (L (lell5 + 10k TAGNR + lonlli + 16115 + llyll%)-

Also, by the Gagliardo-Nirenberg inequality, we can estimate the trilinear term as
v
[b(wr, we, Prrdug)| < | Ak + el unlly-

Substitution of the previous two inequalities to (3.43) leads to

1d v
~—|lui 3 + gllﬁukllfq < cflwel i luel 3

2.dt
+ e+ (leelly + 10el3 )1 Adill% + lloellx + 16615 + lyll%)-
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By the Gronwall Lemma and the estimates (3.29), (3.41), and ||uko|lv < ||wol|v, we
have

lwe || oo vy + || Aup|| L2y < €00, o, 00, Y, 2). (3.44)

STEP 5. Estimates on the time derivatives. The differential equation for ¢y, in (3.11)
together with (3.29), (3.41), (3.42), and || P, ||z(x,.x) < 1 for all k yields

10crl L2y < ell|wnl|L20v) [|AGk || Lo (x) + A1kl 22(x)) < €0, U0, 0o, Y, ). (3.45)

On a similar note, the differential equation for 6, and the inequalities (3.29), (3.35),
(3.44), and (3.45) imply that

1060k z2x) < e([|0rDnl o) + [l oo vy ([ AOk | 2 ) + [[AGk £2(x)))
+ e[l 2cer) + 12kl 2(x)) < o, o, 0o, Y, 2)- (3.46)
Taking the time derivative of both sides of the second equation in (3.8), we obtain

that Oyux = —aAdydr, + Px, (307 — 1)0,dk + 1.0,0). Hence, by Agmon’s inequality,
(3.29), (3.45) and (3.46), we deduce that

10ukll L2v2y < (1 + (|l 7o (vr2) 100l 2(x) + (1060 L2
S €(¢0,U0,90,y,2)- (347>

Lastly, using (3.29), (3.41) and (3.44), the time derivative of u; can be estimated
from above by

0vur|lar < e(1 + ||ug|| oo vy | Aw || 2cary + [kl z2cvy + 10kl L200)) | Ak || oo ()
+ H¢kHL2(X) + HQkHLQ(X) + HyHL2(X)) < &(¢o, uo,00,y,2). (3.48)

Getting the sum of (3.45)-(3.48), one has
Prllwe2vex) + lkllwzvrzy + llwkllwzve my + 10cllwzrz,x) < (o, wo, 0o, y, 2).

This proves that, up to a subsequence, (¢, p, Ug, 0x) — (¢, 1, w,0) in V, and the
estimate (3.28) holds without the pressure term. The existence of a unique pressure
p € L*(I;Y/R) satisfying (3.27) and the estimate ||p||r2(r.y/r) < €(do, w0, 0o, y, 2)
follows directly from the well-known de Rham’s Theorem, see [54, Proposition
[.2.3] for instance. The last statement of the theorem is a consequence of the
continuous embedding (2.1), applied to the interpolation spaces [Y*, X];, = Y?,
Y2 Y*)10=X, [V ,Hl1jpo=V,and [Y%, X]1p =Y. O

We close this section by establishing regularity theorems that deal with the time
derivatives of the solution. We provide a proof based on the linearization of the
system.

Theorem 3.5. Assume that ¢y € Y* wug € V2% and 6, € Y?.  Let
z € WHLX,Y*) and y € W2(I; H,V*) be such that y(0) € H. Then we
have

(010, Oppt, Oyu, 0,0) € W2(I;Y?) x L*(I; X) x WA(I; V) x W*(I; X, Y*).
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Proof. Due to the available time derivatives of y and z, it is permissible to take the
time derivative of the finite-dimensional system satisfied by the Galerkin approxi-
mations (¢, fg, Uk, 0x). The derivatives then satisfy the linearized equation

Ak(¢k7 M, Wk, 0k)<8t¢k7 at,uky at“’]w atek)
= (07 07 P*Hkatya P;;'katz7 at¢k(0)7 atuk(0)7 atek(O)),

where Ay is the Galerkin approximation of the linear operator A defined by (4.1)
below. More precisely, (0p¢x, Ok, Oyus, 040y ) satisfies (4.5), with (¢, u, u, 6) being
replaced by (¢, pig, ug, 0x). Thus, to establish the theorem, it suffices to verify
that (0;¢x(0), dyuk(0), 0,0, (0)) is uniformly bounded in X x H x Y* according to
Theorem 4.2 below.

Evaluating the first equation in (3.11) at ¢t = 0, and using the Hoélder and Agmon
inequalities

10:x(0) | < [[eko - Vollx +ml|Apr(0)[lx < e(lluollv [ dolly> + | Aws(0)]x)-

From the second equation in (3.11), the approximate initial chemical potential sat-
isfies the following inequalities

£ (0) | x < e([[A¢rollx + 10k — drollx + [0l x)
< c([lgolly2 + lIolls- + lldollx + 1160l x)
1A0(0) | x < e(|A%¢rollx + 660l Vmol* + (3% — 1) Adrollx + [|Abko|I x)
< c([[gollys + llgolly-2 + lldollyz + 16olly2)-

Evaluating the third equation in (3.11) at ¢ = 0, we obtain the following bound
101k (0)[[ 1 < (1 + [[uo]lv [[uollv2 + [luollyv
+ ([l 0)lly2 + 16olly2)l@olly + lldollx + [16ollx + [1y(0)|[z)-
Finally, using the approximate convection-diffusion equation in (3.11), one has

1861 (0) [y~ < e(ll0epr(0) Iy~ + lluollv (ll6olly + [ @olly))
+cll0olly + [lwolla + [[2(0)]

o).

The last term of this inequality is valid due to the continuity of the embedding
W2(I; X,Y?*) C O(I;Y*). For the first term, note that ||0,¢4(0)||y~ < ¢[|0,¢%(0)| x.
From these estimates, we deduce that indeed (0;¢x(0), dyur(0), 9;0x(0)) is bounded
in X x HxY™. U

Theorem 3.6. Suppose that ¢g € Y°, ug € V2, 0y € Y3, y € W[, H, V"),
and z € W?(I; X,Y*) where y(0) € H and z(0) € X. Then it holds that
(8t¢7 atl’% atua 8t0) e Ww.

Proof. The proof is similar to the one provided in the previous theorem, but now
in this case, one utilizes Theorem 4.1 rather than Theorem 4.2. Here, we note that
the Hilbert space Y is endowed with the norm ||¢gl|ys = ||do|lx + [|[VA2¢o]|x. [
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4. LINEARIZED SYSTEM AND DIFFERENTIABILITY OF THE SO-
LUTION OPERATOR

The goal of this section is to study the linearization of (3.8) at a fixed element
(¢, u,w,0) € W. The corresponding solution operator of this linearization deter-
mines the directional derivative of the so-called control-to-state map.

4.1. LINEARIZED STATE EQUATION. First, let us discuss the existence, unique-
ness and stability of solutions to the linearized system. For this purpose, we intro-
duce the following predual space for the source terms

Q:=L*LY) x L*(I;Y*) x L*(I; V) x L*(I;Y).
Consider the nonlinear operator

AW — LW, Q" xY x H x X) (4.1)
defined by A = (A, Ap), where the component A : W — L(W, Q*) is given by

A, pu, 0)(, §,w, €)= (4.2)
8tw + Bl(“’a 'l/}) + Bl<w> ¢) + mANg
§—aAny — f(o)Y —1C
dw +DB(u)w + vAsw — K(By(§ — ¢, ¢) — Ba(p — 10,v)) — (2tp + as()g
0¢ — Op) + By(u, ¢ — wy) + By(w, 0 — ly¢) + kAN — g - w

while the component
Ag W = LW,)Y x H x X)

is defined by Ag(g, 1w, 0)(,€,w,C) = (15(0),w(0), ¢(0)). Here, DB(ujw —
B(u,w) + B(w,u) is the Frechét derivative of B at w in the direction w, see
Lemma 4.5 below. It is easy to see that A is well-defined.

Theorem 4.1. Given (¢7M7u70> < W; (5707972) < Q*7 and (¢07w07<0) €Y x
H x X, there exists a unique (¢, &, w,() € W such that

A(¢7 o, u, 9) (ID’ 57 w, C) - (37 0,Y,%, ¢07 Wo, CO) (4?))

Furthermore, there is a continuous function € > 0, independent of (1, &, w, (), such
that

O*XYxHxX - (44)

||(77Z}7 57 w, C)”W S €(||(¢7 w,u, 9)||W)||(87 0,Y,z, ¢0a wy, C0)|

Proof. The proof of existence is again based on the Galerkin method. Suppose
that (Vg, &, wi, Gx) € H (I; Xp x Xi, x Hy x X},), with components having similar
representations as in (3.10), is the solution of the following finite-dimensional linear

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OpPTIMAL CONTROL OF THE CHOB SYSTEM 23 / 54

system
( Oior + Py, (Bi(w,¥r) + Bi(wy, ¢) + mAnE) = Py,s  in L*(1; Xy),
& = aAnYr + Px, (f'(0)¢r) + 1Cx + Px, 0 in H*(I; Xy),
dwy + Py, (DB(u)w;, + vAswy,)
= Py, (KB (& — lcCry @) + KBa(p — 10, ¥x)) (4.5)
+ Py, (ot + 3Cr)g + y) in L*(I; Hy),
0k — WOhr + P, (Bi(u, G — Inhy) + Bi(wy, 0 — 1))
{ + Py, (FANG — g - wip — 2) =0 in L*(I; X),

with initial conditions ¢;(0) = Px,¢o, wg(0) = Py, wo, and ((0) = Px, (. In
what follows, € will denote a generic positive continuous function.

STEP 1. Estimate for 1. Take the test function ¢ in the first equation of (4.5) so
that
1d 9
5%”%”)( - m(gka A¢k)X = _T(wka ¢, ¢k> + <S, wk>y*><y. (46)

Using (2.3) and the Agmon inequality, the terms on the right hand side can be
estimated from above according to

(s, Yihyesy | < ell Al + ce(llsly + [enll%) (4.7)
[ (wi, &, ¥)| < ell Avpillx + eIVl lwilz + l1all%)- (4.8)

For the term on the left hand side of (4.6), let us first estimate the L%norm of
Px, (f'(0)vr) = Px,((3¢* —1)1;,) using the Gagliardo-Nirenberg inequality (2.6) by

1Px, (£ (@))% < clllols vl xllvully + llvell%)

< el Agillx + ce(llells + Dl (4.9)
Therefore, from &, = —aA,+ Px, (f'(¢)¢x) +1.(p + Px, 0, we obtain for ¢ = 1 that
€615 < callAvil% + Kollvwllk + (G — wllx + llol%), (4.10)

where Ky := ¢(1 + ||#]|$). Moreover, the second term on the left hand side of (4.6)
can be estimated from below by

—m(&, Ay)x 2 %I!Awkl@ — c(||Px (F (@))% + I1Gel% + llol%)

mao
> (5 = co) 1Al — ccKollunl = (Gl + llo ). (411)

One can now apply the estimates (4.7), (4.8), and (4.11) in (4.6) so that for
4(c+ 2)e = ma, we have
d 5 Mo
— AL
9 el + 2 A
< Ku([lellx + llwellz) + e(llSe = bl + sl + loll%), (4.12)

where K := ¢(Ky + ||V¢||%). Here, we used ||Cellx < ||Ce — tnllx + Wllvn] x-
STEP 2. Estimate for ;. Testing by (. — I, the fourth equation in (4.5) leads to

1d
5%”@ — el + IV X = — k(G M) x — r(wp, 0 — 1w, G)

1
2
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+ hr(wy, 0 — 0, Yr) + (g - Wi, G — hde) x + (2, G — i) yexy.  (4.13)

Using the Cauchy-Schwarz and Gagliardo-Nirenberg inequalities to the first, fourth
and fifth terms on the right hand side of the previous equation, one has

|k (Crs Athg) x| < el| A% + ccllCull% (4.14)
(g - wi, G — Ww) x| < c(llnllx + llwillF + l1GI1%) (4.15)
(2, G = iyxv| < TIVGIE +elAvld + el +11212.).  (4.16)
Similarly, for the trilinear terms on the right hand side of (4.13), we obtain

[lar(wy, 0 — 1ng, V)|

< el A5 + e ((IVOI5 + Vol lwellF + llnl%) (4.17)
7 (wp, 0 — 1ho, G)|

< FIVGI + Fllwelly + (V615 + Vol (lwnlid + IGl%)-  (4.18)

Let Ky := c¢(1 + ||[VO|% + IVé|%)- By applying (4.14)-(4.18) in (4.13), taking
24e = ma, and using the inequality [|Cx||x < [[¢k — ntllx + k]| x once more, we
obtain
1d K v mao
5 g lCk = el % + §HVCkH%( - ZH“’kH%/ - ?HA%H%(
< Ko(llvellX + llwellzr + 16 — wbwll) + cll2|

STEP 3. Estimate for wy. We test the third equation in (4.5) by wy so that

1d
__HwkH%I + VHwk‘H%/ = b(wk7wk7u) + Kr(wlm Cb, gk - lch)

2.dt
+ K(wp, Yi, o — 10) + ((aothn, + asCi)g, wi) x + (Y, wi)vexv. (4.20)

We apply the Cauchy-Schwarz inequality to the last two terms on the right hand
side

e (4.19)

14
[y wi)vesv] < llwrlly +cllylly- (4.21)

[(a2te + asi)g, wi) x| < elllvullx + llwellz + 16]1%)- (4.22)

To deal with the trilinear terms, we again utilize the Gagliardo-Nirenberg, Holdér
and Young inequalities to obtain the following estimates

b(we wi,w)] < Zllwlld + cllullilully w5 (4.23)
KCr(wi, o, 1 — 10)] < el A% + e (lll + 10]12) i3 (4.24)
K (wi, 6, & — LGl < = lwill? + ell&l% + el Gl

+ e[ VoI Z A% w3 (4.25)

Substituting the estimates (4.21)-(4.25) in equation (4.20) yields
1d v
2 okl + Sl — ell sl — elily

< Kae([lellx + llwillz + 16 — mtdwlli) + e(lGe — bl + lylly-) - (4.26)

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OpPTIMAL CONTROL OF THE CHOB SYSTEM 25 / 54

where K. := c.€(||¢|| oo (v, [[wll o)) (1 + 1AGI% + [l + 1015 + [[wll3)-

STEP 4. FEstimate for V. With the test function —Ay in the first equation of

(4.5), we obtain
1d 9
5 IV ¥lx = m(VE, VAL x

= —T(U, Al/}k, ¢k) — r(’wk, A@/Jk, ¢) — <S, A¢k>y* <Y - (427)

Applying the Holder, Gagliardo-Nirenberg and Young inequalities, the terms on the
right hand side satisfy the following inequalities

|5, Athi)y ey | < ell VAU + ces]3- (4.28)
[ (w, Ay, )| < el VA X + ce(lfullz |V I Vil + 1vl%) (4.29)
[ (wi, Ay, §)| < el VAU + [[willy + ccllglX 1Vl lwrl 7 (4.30)

By the chain rule V(f'(¢)vr) = 601V o+ (3¢*—1)Vy, and estimating the L2-norm
yields

IV Py, (f (@))% < c(ll@zollnlZsVElZs + (191175 + DI Vullx | VALK x)
< el|VAY[X + c-([017 1120015 + 1815 + DUVYellx + Ivell%)-
Let Ky :=c(1+ ||8||3||Ad||% + ||¢]|3). In particular, for ¢ = 1 one obtains that
V&N < call VAU + Ka(IV el + 1ellX) + cIVGIX +1IVallk). (4.31)

Likewise, we have the following estimate for the term on the left hand side of (4.27)
mao
—m(V&, VAY)x = —=[[VAUIx — eIV P (f(@)vn)lix + VGl + IVolx)
mao
> (T2 o) VAl — eKal IVl + Il — eIV Gl + Vo).
(4.32)

Take ¢ > 0 such that 4(c + 3)e = ma. Plugging the estimates (4.28), (4.29),
(4.30), and (4.32) in (4.27), we deduce by putting K5 := c(1 + K4 + ||u||%]|u|3 +
12X IVoll%) that
1d mo
L9l + T Al — el + IV GE)
< Ks(IVellx + 10nllx + llwellz) + ellsli- + IVolx).  (4.33)
STEP 5. Energy-type estimate. Multiplying (4.10) and (4.33) by € > 0, (4.31) by &2

and then taking the sum of the resulting inequalities with (4.12), (4.19), and (4.26)
we obtain that

1d mao . mao A - N
g Bre t (T — o =) Al + (T = cad) el VAl + (= o)l
~ 14 ~ R ~ ~
+ &2VEl + (5 — &) lwelly + (5 — 8 — ) IVGulk
< Ko eBre + o2l + Iol? + Iyl + 112113,

where Ek,é = ||77bk||_2)( + éHV@ka?X + ||<k - lhwk’”%{ + HwkH%-_I and K€7€ = gKQ +§K5 -+
EK,+ Ky + Ky + K.
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By a straightforward calculation, ||K.z|[z1y < c-z€(][(¢, 1, u, 0)|w). Choose
€ > ¢ > 0 small enough so that the coefficients on the left hand side are positive.
Thus, by applying the Gronwall Lemma, we deduce that {1}, {&}52, {wr )i,
and {(;}22, are bounded in L>(I;Y) N L*(I;Y3), L*(I;Y), L=([; H) N L*(I; V),
and L>(I; X) N L*(I;Y), respectively. In fact, we have

[kl Loe (vynzzvsy + €kl ze vy + Wl oo mnynze vy + 1[G — Wbl Lo (x)
+IVECll2x) < €([[(d, i1, u, 0)[|w) (5,0, Y, 2, po, wo, Co) [l @ xyxmxx  (4.34)

and utilize ”CkHLOO(X) S ||<k_lh'¢k||L°°(X) +th¢kHL°°(X) in order to bound ”CkHLOC(X)
by the right hand side of (4.34).

Following Step 4 in the proof of Theorem 3.2, and applying (3.2)-(3.6) to-
gether with the a priori estimate (4.34), the norms |0 |lL2(v+), ||Ovwillr2ve),
and [|0;Ck||L2(v+) can be estimated from above by the right hand side of (4.34).
This implies that (4.4) holds with (¢, &, w, () replaced by (¢, &, wy, (x). Thus,
{(Wr, &k, wi, ) 72 is bounded in W. Extraction of a suitable subsequence leads to
a solution of (4.3) satisfying (4.4). Finally, the uniqueness of solution follows from
standard arguments, the a priori estimate (4.4), and the linearity of the system
(4.3). O

For coefficients (¢, i, w, ) € V, one can allow less regular source terms and initial
data in the linearized system (4.3). For this, one has to consider very weak solu-
tions to the linearized Cahn-Hilliard and convection-diffusion equations. By duality
principles, this will lead to more regular solutions to the adjoint system. In this
direction, we introduce the following weaker solution space and the predual space
of less regular source terms

U:=WHLY?) x LA X) x WL V) x W1 X, V)
Vi=LX1;Y?) x L*(I; X) x L*(I; V) x L*(I;Y?).

The inclusions W C U and Q* C V* are continuous and dense. Notice that for these
embeddings, the third components are left unchanged.

To facilitate the proof of the next theorem, let us consider the closed, positive
and self-adjoint linear operator C' := I + Ay : Y? — X. Note that C : Y? — X
is a unitary operator and it admits a unique extension C' : X — Y?* that is again
unitary. Also, C/? : Y — X and C'? : X — Y* are unitary operators, provided
that Y = H'(Q) is equipped with its usual norm. Thus, |C~10]|y2 = ||0]|x for every
6 € X and ||C7Y|y = |C~Y29||x = |||y~ for every ¥ € Y*. For a proof of these
remarks, we refer to [58, Proposition 3.4.5]. The operator C' will be also defined in
the time-dependent case in the obvious way. Finally, we point out that the operator
Ay has a unique extension as a mapping Ay : L?(I; X) — L*(I;Y?) that is also
linear and continuous.

Theorem 4.2. Suppose that (¢, p,u,0) €V, (s,0,y,2) € YV*, and (¢, wo, () €

X x H xY*. Then (4.3) has a unique solution (1,&,w,() € U and there is a

continuous function € > 0 that is independent of (,&, w, () such that
(¥, & w, Ol < €([[(, 11w, 0) V)| (5, 0,9, 2, do, wo, Go)|

In particular, A:V — LU, Y* x X x H X Y*).

V*XXXHXY*- (435)
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Proof. We shall proceed by a density argument. Choose sequences { (s, o, 2x) }32; C
LAL;Y*) x L*(I;Y) x L*(I; Y*) and {(¢ro,Cro)}22; C Y x X in such a way that
(Sk, Ok, 21) — (8,0,2) in L2(1;Y?*) x L*(I; X) x L*(I; Y**) and (¢po, Cxo) — (00, (o)
in X x Y*. Then, by Theorem 4.1, there exists (¢, &k, wi, (k) € W that satis-

fies the linear SyStem A(¢7u7u79)(¢k75kawkaék) = <8k70kayazka¢k07w0aCk0) in
O*xY xHx X.

We revisit some computations in the proof of the previous theorem. First, by
replacing the estimate (4.7) by

{8, Vidyzesye| < el Al + celllselly=- + 1¥l%),
instead of (4.12) we get that

1d 5 . Mo
—— — || A I3
2dt”wkHX+ 1 A%
< Ka(l9nllx + llwellz) + elice = mwllx + llselly= + lloxl%)- (4.36)

On the other hand, the estimates for & and wy given by (4.26) and (4.10), respec-
tively, remain the same except that z must be replaced by zj.

For the linearized convection-diffusion equation, we shall use the test function
C_l(Ck - lhwk) € LQ(I;YQ) and write ANCk = C(Ck - th/Jk) + thQ/Jk - Ck to the
obtain equation

1d,

5%”0 V2 = i) |X + 1 — Wbkl = — ls(r, G — ) x

+ £(C C7 (G — e)) x + 7(wi, C7H (G — ), 0 — 1ho)

+7(w, O (G — ), G — W) + (g - Wi + 21, C7 1 (G — i)y xy2

According to the discussion preceding the theorem, we have ||C~((, — lnby)|ly2 =

16k = tbrellx and [|C7H (G — byou) lly = [C7/2(Gk — ) | x = NGk — lutully. Using
the Cauchy-Schwarz inequality and ||g - w||y2« < c||wy| g it holds that

K
|k (Vi G — ntdr) x| < gHCk' — Inrl% + cllvelli

Y
(g - wi + 26, O (G = Wtbi))vaescve] < Gk = baulli + elllwellzr + 1220)-

In the case of the trilinear terms, by applying the Holder and Agmon inequalities,
we get

r(wy, C71 (G — wtr), 0 — )| < (|G — |
r(w, O (G — k), G — Wntn)| <

v+ c0132 + loll32) lwkllz)
1G — ek + cllully2 G — ]

2
Y*.

il
6
For the remaining term, let us write
(G C7H (G — o)) x =[Gk — Will3 + W(C7 P4y, C7H2 (G — luth)) x
and use the Cauchy-Schwarz inequality and ||C~/2¢y||x < c||¢x||x, so that we have
[5G C7H (G — ) ) x| < e(llGe — bl + lvell)-
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Taking the above estimates into consideration, putting K7 := c(1+ [[ul[3,. + |03 +
|¢]|3-2) and then invoking the Gronwall Lemma, we deduce that

1d
~ =1
2dt”€k n k|

K
2+ §||Ck — Il %

< Kr([|nllx + 116 — w3+ + llwelz) + cllzllyee. (4.37)

Multiplying (4.26) and (4.36) by € > 0, (4.10) by € and then taking the sum of
the resulting estimates with (4.37) yields the inequality

1d mo . .
g Bee+ (T — ot —e) el Al

~ ~ K -~ ~ 14
+ (= )lgelk + (5 — e+ 22) 6 — bl + S il

< Ko eBe + coe(llsellVe + llowllx + Iyl + [lzell-0),
where Ej z := &||tg |3 + |G — Vr||3- +E||we |3 and K.z := E2Ko+EK1+EK5.+ K7, Tt
is not difficult to see that || K. || 1) < ¢ 2€(||(¢, o, u, 0)]|y). Taking &€ > & > 0 small
enough, applying the Gronwall Lemma, and using the estimates ||tgo|lyv+ < ¢||tro|lx

and ||Cellzee(ve) < [|Ck = k| Loe(v+) + cl|¥r]| Lo (x), We obtain

Ikl oo xynrzcvey + (€kllz2x) + lwkll Lo Ennrzovy + I1Gklloe (vo)nzzx)
< Q:(”<¢7 M, uw, Q)HV)”(‘Sk? Ok Y, Zk,s ¢k0> Wy, CkO)‘

Let us turn into the estimates of the time derivatives. Applying the continuity
of L*(I;Y*) C L*(I;Y?*) in the convection term and the boundedness of Ay :
L3(I; X) — L*(I;Y?"), we have

[0kl L2(vary < clllwllzoemnl[¥nll L2y + [0kl oo oo 1wl 2 0v) + 1Skl 22 x)

ol lwillrzevy + lwel e |0l 22x) + [kl L2r2e))- (4.39)
Similarly, USil’lg HBl(u, Ck — lhwk)HLz(Yz*) S cHuHL‘X’(V)(HCkHLQ(X) -+ HwkHLQ(X)) we
obtain

10kl z2(v2ey) < (Ol L2erzey + |l oo vy (ICk Il 22 x) + [[Wk Nl 22¢x)) + Gkl 22

+ [lwell 2y + lwill e @ 101 L2vy + 101 2o ) [wie |l 2w
+ llznll L2 yes))- (4.40)
From [ Ba(p — L0, V)| r2v) < clllpllex) + 110l ) |9kl 22(v2) and [[Ba(& —

lcha(ﬁ)HLQ(V*) < c(kaHLz(X) + H(kHLz(X))HcﬁuLoo(yz), the time derivative of w;, can
be estimated as follows:

VXXX HXY*- (4.38)

10w 2 vy < ellwll oo llwnll L2v) + 1wl oo 1l 2 vy + [[will v
+ (el poe ) + 110 oo ) 1kl 220v2) + €kl 220x) + [Cell 2230 [[@]] 2o (2
+ l[llezcx) + Skl 2y + 1yl z2ve))- (4.41)
Taking the sum of what we have obtained from (4.38) to (4.41), one can see that

||<¢k; gk’ Wi, Ck)”u < €(||(¢7 M, W, Q)HV)H(SIC? Oks Y, 2k d)kOa Wo, Ck0)|

When applied to the difference, this implies that { (%, &, w, (k) }52; is a Cauchy
sequence in U, so that (g, &k, wi, () — (¥, &, w, () in U and the limit is a solution
of (4.3). For this solution, we have (4.35) due to strong convergence. Finally, the

VX XxHXY*-
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uniqueness of the solution follows from the previous theorem along with standard
arguments. This completes the proof. O

In the above discussions, the main interest is when the initial conditions in the
linearized system vanish. For this, we let W, to be the space of all elements in W
where the first, third, and last components vanish at ¢ = 0. The function spaces V,
and U in relation to V and U are defined analogously.

Corollary 4.3. The operator A(¢, u,uw,0) € LWy, Q%) defined by (4.2) is an iso-
morphism for every (¢, u,w,0) € W. Also, A(¢, u,u,0) € L(Uy, V*) is an isomor-
phism for all (¢, u,u,0) € V.

Proof. This is a direct consequence of Theorem 4.1 and Theorem 4.2. U
The following theorem will be utilized in the proof of second order sufficient
condition.

Theorem 4.4. Suppose that (¢, p,u,0) € V, y € L*(I;X), and z € L*(I; X).
Then there is a unique solution (¢, &, w, () € Vy to the equation

A(¢7 M? u? 0) (¢’ 57 w? g) - (0’ 07 y7 Z)'
Moreover, there exists a continuous function € > 0 such that
1%, & w, O)llvy < €[, 11w, )W) [yl 2x) + 2]l 22x))- (4.42)

Proof. We follow the proof provided in Theorem 3.4. The a priori estimates from
Theorem 4.1 and the continuous embeddings L?(I; X) C L*([; V™), L*(I; X) C
L*(I;Y*), and ¥V C W imply

(%05 Eks wies Ge)llwe < €95 5, O)[IV) (Yl L2 x) + N2 22(x))
=: &(¢, 1, u, 0,9y, 2). (4.43)

Choosing the test function —(A(, — [,AYy) in the equation satisfied by ¢, and
using the Gagliardo-Nirenberg and Agmon inequalities, we obtain that

1d

5 711V G = WVl + RlIIAGIR = 7w, G = bk, AG — hAdy)

+ r(wg, 0 — hd, AG — WAYy) — (g - wi + 2, AG — hAYy) x
IAGN% + elllully- (VG X + IVYrll%) + 1A% + (10152 + [[ol32) lwklz)
+ (1015 + ol lwl[3 + llwillF + [121%)-
Utilizing the Gronwall Lemma and applying (4.43) yields
VGl zoexy + | AG | r20x) < (@, p,u, 0,1y, 2). (4.44)
Using the test function A2wy, in the equation satisfied by v, we obtain
S G — m(Ag, A% x

2dt
mao
< 7 18705 + cllully 1A% % + okl v I[A0]%). (4.45)

<

N X
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Next, we shall estimate the norm of A(f'(¢)1). By a simple calculation, we obtain
from the chain rule that A(f(¢)Yr) = 6(pAG + |[VP|* )by + 120V ¢ - Vb, + (3¢? —
1)Avy. Hence, by the Holder and Gagliardo-Nirenberg inequalities as well as the
Sobolev embedding

IAPx, (f (@)ve)llx < c(loIF Il + lollv=)lvnl%
+ (ol Igl- + llelly + DIl Avrl-
This estimate and the one given in (4.43) imply that
||APXk(f,(¢)?/)k) ||L2(X) < ¢<¢7 M, u, 07 vy, Z) (446)
since ¢ € W2(I;Y*, X) C L®(I;Y?).
Note that for the second term on the left hand side of (4.45) it holds that
ma
—m(A&, M%) x > 1A% = c(lAP(F(@)vn) % + 1AGIR). (4.47)

In addition, we have A% < cal| A% |5 +c(|APx, (f (0)tn) 15+ A% ). Upon
substitution of (4.47) in (4.45) we obtain
m

1d mao
L I PR A

2 dt
< c([lully 1Avl% + lwilly 1A% + 1APx, (F/(@)v) 1% + [1AG]%)-

Applying the Gronwall Lemma to this inequality and invoking the estimates (4.44)
and (4.46), one has

1A Lo (x) + 1A%k ]| L2x) + |AEN|T2(x) < €&, 1w, 6,9, 2). (4.48)
To derive an priori estimate for w, let us note the following
(1 = 1O) VUl L2x) + [[(€k = LeCe) VOl 22(x)
< e(Ulullezory + 101 20 ) Akl Loy + (N€kll20vy + Gl 2200 [[AD] [ L (x))-

From this, and by a similar argument as in the nonlinear state equation, it can be
deduced that

HwkHLoo(V) =+ HAwkHLQ(H) < &(p, p,u, 0,9, 2). (4.49)

According to the differential equations satisfied by v, wy, and (i, as well as the
a priori estimates (4.44), (4.48) and (4.49), we have

10|l 2(x) + 10w L2y + 1|0l 22 (x) < €9, 1w, 0,1y, 2).
Finally, from 0,&x = —aAduy, + Px, ((3¢? — 1)0y0x + 6691019) + 04k, We obtain
that
106k L2(v2e) < (1 + [|0117 00 (v2)) 19580k | 2 x)
+ [l e vy [kl 2o v2) |00l L2x) + 10kChll 22(x)) < €, 11w, 6, y, 2).
Overall, we have established that {(¢x, &, wi, (x) }72, is bounded in Vy. Therefore
the weak solution constructed from the Galerkin method satisfies (¢, &, w, () € V.

Finally, taking the limit inferior of the above a priori estimates for the Galerkin
approximations yields (4.42). O
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4.2. DIFFERENTIABILITY OF THE CONTROL-TO-STATE MAP. We shall now
discuss the differentiability of the operator that maps a control to a solution of the
state equation. All throughout, the dual of the ambient control space () will be
identified with itself. Define the nonlinear map

N WxQ— O xY xHxX
according to N' = (N, Ny), where N : W x Q — Q* is given by

019 + Bi(u, ¢) + mAnp
— p—aAne — f(¢) — 1.0
NGy, 0,9, 2) = Ou+ B(u) + vAsu — KBy(p — 1.0, 9) — U(),0)g — X,y
90 — 1n0) + Bi(u, 0 — 1,¢) + kAN — g - U — X, 2
and No: WxQ — Y x H x X is defined by Nyo(¢, i, u,0,y, 2) = (¢(0) — o, u(0) —
g, 0(0) — 6y). Here, (¢o, wo,00) € Y x H x X is a given fixed initial data.
According to the existence and uniqueness of weak solutions, cf. Theorem 3.2, for
a given (y, z) € @ there exists a unique (¢, i, u, ) € W that satisfies the equation

N(p,p,u,0,y,z) =0. (4.50)

Define the operator S : @ — W by S(y, z) = (¢, pt, u, 0) if and only if (4.50) holds.
We will prove that S is of class C'*°. To show this, it is enough to treat the nonlinear
terms appearing in A. For this, we need the following lemma.

Lemma 4.5. The mappings B : W*(I;V) — L*(I;V*), By : W*([;V) x
WAIY) — L*(L;Y*), By : L*I;Y) x WXL, Y3 Y*) — L*(I;V"), and
[ WAHLY3Y*) = LAI;Y) are of class C*°. The derivatives of order at least 3
for B, By, and Bsy, and of order at least 4 for f all vanish.

Proof. The differentiability of B, B;, and B, follows from the bilinearity of
these maps together with the estimates in (3.4)-(3.6). For future reference, we
write the directional derivatives: For every (¢, u,u,0), (¢, w,() € W it holds
that DB(u)w = B(u,w) + B(w,u), DB;(u,0)(w, () = Bi(u,() + Bi(w, ), and
DBy (1, ¢)(&,v) = Ba(u,v) + Ba(£, ¢). Moreover, the action of the second deriva-
tives are given by
D?B(u)[w,, w;] = B(wy, ws) + B(w,, w,),
D?Bi(u, )[(w1, C1), (w2, )] = Bi(wi, () + Bi(ws, (1),
DQBQ(IUv ¢)[(§1a 77Z)1)7 (627 ¢2)] = BQ(fl, ¢2) + B2(£27 ¢1)7

for every (¢, &, w;, (;) € W for i = 1,2. Since these are independent on (¢, j1, u, ) €
W, it follows that the derivatives of order at least 3 for these operators vanish.
Let us establish the differentiability of f. Let ¢, € W2(I; Y3, Y*). By Taylor’s

expansion, f(¢ +v) — f(¢) — f'(¢)Y = 6(¢? + ¢3). From the Holder and Agmon
inequalities we obtain

l9® + ¥*llz2x) < elllll Lz 11 Eoe vy + 11700 ()

On the other hand, by computing the gradient of the right hand side, we get V(¢¢*+
P3) = 2V + (20 + 31?*)Vp. We then estimate from above according to

142V + (201 + 3¢%) V| 12(x)
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< cll@llza 117y + 1@l el lloe ) 19l z2vey + 10 oo ) [l 2y ).
Combining the previous estimates and recalling W?2(I;Y3 Y*) C L*([;Y) N
L*(1;Y?), there is a constant ¢ = ¢(||@|lw2(ys,y+)) > 0 such that
1 (6 + 1) = f(¢) = ['(@)¢ll2y < 1+ [[9llwe s y-) 912 s yoy-

From this, we see that f is Frechét differentiable and D f(¢) = f'(¢), where the right
hand side is to be understood as a multiplication operator.

For the second derivative, if ¢,1,¢, € W2(I; Y3, Y*) then we have f'(¢)y —
f1(@ +2)tn — f"(¢)¥11he = 6193 and

195 |20y < elldnllwairys vy l0allive s yey-

Thus D?f(¢) = f"(¢). In addition, if 13 € W2([; Y3, Y*) then D3 f(¢)19oth3 =
61110913. Since this is independent on ¢, the derivatives beyond order 3 of f vanish.
This completes the proof of the lemma. 0]

Due to the fact that the controls are only present in the Oberbeck-Boussinesq
system, it is advantageous to consider the operator P : @ — Q* defined by P(y, z) =
(0,0, Xws Y, Xw, 2)- The adjoint operator P* : Q — @ is given by P*(p,n,v,9) =
(Xw; ¥, X, ¥). Note that one may also consider P : Q — Y* and P*: Y — Q.

Theorem 4.6. The map S : QQ — W is of class C*°. For every (y, z), (dy,z) € Q
we have

DS(y,2)(8y,62) = A(S(y, 2)) ' P(dy, 62) (4.51)
and for every (6y,,0z1), (0y,,022) € Q it holds that
D?S(y, 2)((8yy,021), (6Y,, 022)) (4.52)
Bi(wy, ) + Bi(w2, 1)
6¢1h11p2

= AW DB, wy) — KBa& — Gy t) — KBal&s — 1o, )
By(wy, G — o) + Bi(wa, (1 — lhtr)

where (V;, &, w;, ;) = DS(y, 2)(dy;, d2;) fori = 1,2 and ¢ is the first component of
S(y,2).
Proof. From Lemma 4.5 it follows that N € C*(W x Q, Q" xY x H x X). Let
(y,2) € @Q so that there exists a unique (¢, i,u,0) = S(y,z) € W that satisfies
N(¢, i, a,0,y,z) = 0. According to Theorem 4.1, the linear operator

ON(¢,f,u. 9,9, %)

(o, 11, u,0)

is an isomorphism.

From the implicit function theorem, see [60, Section 4.7] for instance, there exist
open sets Oz C Q and Ogyz C W containing (y, Z) and S(y, Z), respectively,
and a map S € C*(Oy.5), Os(z.5) such that the equation N (S(y, 2),y,2) = 0 is
satisfied for every (y,z2) € O(y,z. However, this implies that S(y,z) = S(y, 2) by
the definition of S. Since (g, Z) was an arbitrary element of @), it follows that S €

= A(p, i,u,0) € LW, Q" xY x H x X)
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C*>(Q,W). Furthermore, applying the chain rule to the identity N'(S(y, 2),y, 2) =
0, we have

DS(y, 2)(0y, 82) = —A(S(y. z>>—1$/v<s<y7 2),.2)(6y.52)

= A(S(y, 2))" ' P(dy,6z)

for every (y, 2), (0y,0z) € @, and thus (4.51). In particular, A(S(y, z))DS(y, z)(dy, 02)
= P(dy,0z). By applying the chain and product rules to the latter equation, we
get

DS (y, 2)((0y1,021), (0ys, 022))
= —A(S(y,2))'DA(S(y, 2))(DS(y, 2)(3yy, 021), DS(y, 2)(0y5, 022)). (4.53)
Here, note that DA : W — L(W, L(W,, Q*)), where the latter space is isometrically

isomorphic to the Banach space L(W x Wy, Q). Using the second derivatives of

the nonlinear operators presented in the proof of Lemma 4.5, we see that equation
(4.53) implies (4.52). O

Remark 4.7. In terms of PDEs, DS(y,2)(0y,d0z) = (¢,& w,() if and only if
(¥, &, w, () € Wy is the weak solution of the following linear system:

(O +u-Vy+w-Vo—mAE=0 in I xQ
£ = —alp+ (3¢ — Dp + 1L in I xQ,
dw+ (u-V)w+ (w-V)u —vAw + Vr

— K 10)V + K(€ — 1)V + (asth + asO)g + Xy in I x 9,
divw =0 i I x €,

L0 — 0oy +u-V((—hw)+w-V(0 —1hp) — KA =g -w+ X0z nl X,

satisfying the boundary conditions O, = 0p,AY = 0, w = 0, and 9,( = 0 on
I x T, and the initial conditions ¥(0) = 0, w(0) = 0, and ¢(0) = 0 in 2, where
(@, 1w, 0) = S(y, 2).

Similarly, D?S(y,2)[(0yy,021), (55, 02)] = (0.Ew,() if and only if
(¥, &, w, () € Wy is the weak solution of the linear system
fat@b—i—uVi/J—i—qub—mAﬁ:—'wlVl/}g—'wQVd)l i’ﬂ]XQ,
§=—al) + (3¢° — )Y + 6¢t1¢n + LG in I xQ,

dw+ (u-V)w + (w-V)u — vAw + V1 = K(u — 1.0)Vy
+K(§ =10V + K(& — 1eC)Vipe + K (& — 1) Vi

+ () + a3()g — (wy - V)wy — (ws - V)w; in I xQ,
divw =0 in I xQ,
OC — L) + 1w - V(€ — lyth) +w - V(0 — Ind) — KAC

L =g-w—w V(@ — ) —wy- V(G — lht) in I xQ,

with the boundary conditions Op) = 0,AY =0, w =0, and 0, =0 on I xT', and
the homogeneous initial conditions ¥(0) = 0, w(0) = 0, and ((0) = 0 in Q. Here,
(wiv §i7 w;, C’L) = DS(y, Z)((Syw 52@) fOT’ 1= ]-7 2 and (¢7 H, u, 8) = S(yu 2)
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Lemma 4.8. The map S : Q — W is weak-weak continuous, that is, if (y,, zx) —
(y,2) in Q then S(yy, zx) — S(y,2) in W.

Proof. First we note that since the involved function spaces are both reflexive and
separable, the notions of continuity and sequential continuity are equivalent with
respect to the weak topologies, see [22, Theorem V.5.2|. Suppose (y,, zx) — (y, 2)
in @ and let (d, pg, wr, 0k) = S(Yy, 2x). Then {(yy, 2x) }72; is bounded in @, and
as consequence, {S(yy, zk) 172, is also bounded in W by (3.9). Then after taking
a subsequence, denoted by the same indices for simplicity, we have S(y,,z;) —
(¢, ,w,0) in W for some (¢, pu,u,0) € W. Recall from the Aubin-Lions-Simon
Lemma that the embeddings W?2(I; Y3, Y*) C L*(I;Y?), W?(I[; V) C L*(I; H), and
W2(I;Y) C L*(I; X) are compact, and thus one can further extract a subsequence so
that ¢, — ¢ in L*(1;Y?), up — win L*(I; H), and 0, — 0 in L*(I; X ). By adapting
the argument in Step 5 of the proof of Theorem 3.2, we have N (¢, u, u,0,y, z) = 0.

Since the map ¢ — ¢(0) is continuous from W?(I; Y3 Y*) into Y, it follows that
r(0) = ¢(0) in Y and thus ¢(0) = ¢o. In a similar fashion, u(0) = wy in H and
0(0) = 6y in X. Thus, Ny(¢,u,u,0,y,z) = 0 and hence N (¢, p,u,0,y,2) = 0.
This implies that (¢, u, u,0) = S(y, z). In particular, (¢, u, w, ) is uniquely deter-
mined, and as a result the whole sequence {S(y,, zx)}?>; and not only the chosen
subsequence must be weakly convergent. This means that S(y,,z) — S(y, 2) in
W. This establishes the weak-weak continuity of S. O]

5. THE ADJOINT SYSTEM

In this section, we shall analyze the adjoint system corresponding to the linearized
state equation. Note from Theorem 4.6 that the adjoint operator DS(y, 2)* of
DS(y, z) is given by

DS(y,z)" = P*A(S(y,2)) 7, (5.1)
where A(S(y, z))~* denotes the inverse of the adjoint of A(S(y, 2)). If S(y, 2) € W,
then DS(y, z)* € LOWV],Q), and if S(y,z) € V, then DS(y,2)* € L(V],Q), see
Corollary 4.3.

Theorem 5.1. Let (¢, p,u,0) € W. Given (g1, 92,93,91) € W, there exists a
unique solution (p,n,v,9) € Q to the variational equation

(O + Bi(w, ) + Bi(w, @) + mANE, @) r2(v+)x12(v)
+ (1, — aAny = f(O)Y — Q) revyxr2(v)
+ (0w + DB(u)w + vAgw — KBy(§ — 1(, 9), V) r2(v)x12(v)
+ (—KBy(p — 10,7) — (29 + @30)g, V) L2(v+)x12(v)
+(0¢ — W0 + Bi(u, ( — yy) + By(w, 0 — Iyp) + kAN — g - w, 79>L2(Y*)xL2(Y)
= ((91,92:93.94), (V. & w, Do, V(¥ & w, () € Wh. (5.2)

There exists a constant ¢ > 0 depending on ||(¢, 1, w,0)|w but not on (p,n,v,9)
such that

||(8077771’779)||Q S c||(g1ag27g37g4)||WS‘ (53)
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Proof. Let us note that the variational equation (5.2) is equivalent to the equation
Ao, p,u, 0)* (0, m,v,9) = (91, 92,95, 94) in W;. Therefore, the existence, unique-
ness, and stability of the solution to the variational equation is a direct consequence
of the fact that A(¢, u,w,0)* : Q — W is an invertible operator having a bounded
inverse. This remark follows directly from Theorem 4.1. Furthermore, one can take

c=[A(¢, %%9)_*H£(Wg,g) in (5.3). 0

Remark 5.2. Suppose that (¢, u,uw,0) € V and (g1, 92,95,94) € Us C W5. Then
for the unique solution of (5.2), it holds that (¢,n,v,9) € Y, and moreover, it
satisfies the variational equation posed in the space Uy instead of Wy. To be precise,
in liew of the duality pairings (-, -)r2(v«)xr2(v), we have (-, -)2(y2+yxr2(y2y in the first
and third terms and (-,-)r2(x) in the second term, and (-,-)wsxw, is replaced by
(s Yz xuo- In this case, there exists a constant ¢ > 0 depending on ||(¢, i1, u,0)[ly
but not on (p,n,v,v9) such that

H(SO77]7’0719)H3] S C||(917927g37g4)’u8' (54)

These statements follow immediately from A(o, p,w,0)~* € LIUG,Y), see Corollary
4.3 above.

In the following theorem, we shall write the evolution system that governs the
adjoint states under additional assumptions on (g1, g2, g3, g4). Before we proceed,
we note that Ay : L*(I;Y3) — L*(I;Y) and thus for the adjoint operator we have
Ay LA(LY™) — LA(L; Y.

Theorem 5.3. Let (¢, u,w,0) € W. Suppose that the first, third, and fourth com-
ponents of (g1, g2, s, ga) € W; have the following decompositions:

91 = g19; T 91Ty 93 = 930, T 931, 94 = JaQr + Gar, (5.5)

where the first terms satisfy the reqularity conditions

Gia, € WE(L Y3, Y*)* N LY3(1, V),
g0, € WL V) N LY3 (I, V™),
gaq, € WOZ(I; Y)*n L4/3(I; Y*),

and the second terms are defined by

(91T7¢>W3(Y3,Y*)*xwg(y3,y*) = (o1, ¥(T))
<93T7w>W02(V)*><W3(V) = (vr,w(T))u

<g4T>C>W02(Y)*><W§(Y) = (

2
3
~
3
X
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with or € Y*, vpr € H, and 97 € X. Then the solution (¢,n,v,9) € Q of (5.2) is
gen equivalently as the weak solution of the linear system

(— 0o + 1,0 — Bi(u, o — Iy9) — aAyn
=Df(d)'n+ g -v — KBi(v, 1 — 1.0) + gia, in LY3(YV),
—n=mAyp — KBi(v,0) — g2 in L*(1;Y™),
— 0w+ DB(u)"v + vAgv (5.6)
=99 — Ba(¢,0) — Ba(0,0 — lu0) + g3, in LVN(L V),
— 0y — By(u, V) + Ki.By (v, ¢) + KANU
{ = a3g - v+l + gag, in LY3(I,Y™),
with the terminal conditions
oT)—HT)=pr inY*, o(T)=vprin H, HT)=1vrin X. (5.7)

Thus, ¢ € WY3(I,Y,Y3*), n € L*(I;Y*), v € W3(L; V), and ¥ € W*3(I;Y).
Furthermore, there exists € = €(||(p, i, w, 0)|yw) > 0 such that

[ellwarsvyesy + 10ll2vrey 4 [[0llwars vy + 19wz (5.8)
< &(llerlly- + [lor

+ g2l 220y + 1930, lwzovynrasvy + l9aor lwe ey nrase-))-

|7+ [[97]lx + 9100 lwzvs y)npas s
0

Proof. We shall proceed through integration by parts and density arguments. The
main idea is to take one arbitrary component of the product space W, of test
functions and the rest are set to zero. First, let us show that the solution of the
variational equation (5.2) satisfies (5.6)-(5.8).

STEP 1. Time regularity of 9. Taking ¢ =0, £ =0, w = 0, and ¢ € WZ(I;Y) N
LA(I;Y) in (5.2) yields the variational equation

(0:C, V) L2(v=yxr2(vy + (Bi(w, €),9) 2y =yxr2(vy + K(ANC, V) L2(v+)x12(v)
+ Kle(B2(C, 0), v) r2(vyxr2(vy — (@39 - v, Q) r2(x) — le(n, C) L2(v+)x£2(v)
= (9aazs Q) parsyyxpayy + (W7, ((T)) x-
From the Holder and Gagliardo-Nirenberg inequalities, we obtain that
[(Bi(w, ), V) r2(v+)xr2v)| < C||U||1/2 || ||1/2v)||19||L2(Y <1 Lacyy-
Therefore, by duality we have
(Bi(w, Q), V) 2(vryxr2(vy = —(Bi(w, 9), ) pass(yyx1a(y)
and || By(w, V)| passy+) < cllullwzo |9 22(v). Similarly, we have
[(B2(C, @), v) r2vyxr2v)| < cl|@llwairsy vl 2 1€l vy
By duality once again, this implies
(B2(C, 0), v) L2(vyxr2(v) = (B1(v, ), Q) pass(yyxray)
and || By (v, @) L3 v+y < cll@llw2reye)
(OiC, W) r2(vo)xr2vry = (I, C(T)) x (5.9)
+ (Bi(u, ) = Kl.B1(v, ¢) — KANY + a3g - v + L1 + gaar, C) pass(y )< 14 (v)-

v||z2(v). As a consequence, it holds that
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Taking ¢ € C5°(I;Y) in (5.9) shows that the fourth equation in (5.6) is satisfied in
the sense of vector-valued distributions and 9,9 € L*3(1;Y*). Thus, ¥ € W*3(I;Y)
and we deduce that

10:0| Lars vy < e[| Bi(w, 9) || passiysy + |1 Br(v, @) Lassy+) (5.10)
+ | AnCll ey + [Vl 2y + [l L2y + |9a0q | Lars y+))
< E(19z2cvy + ICllezevy + lvllezevy + Inllzor) + llgaarllLas ),

where € = €(||¢|lw2(vs,y+), |w|]lw2(v)). To prove that the terminal condition for
¥ holds, let us note that C*(I;Y) is dense in W*/3(I;Y), see [49, Lemma 7.2| for
instance, and therefore we can find a sequence {3 }2>, C C'(I;Y) such that 9, — 9
in W43(I,Y). Hence, for every ¢ € C'(I;Y) such that ¢(0) = 0, we have

(O, D) p2veyxrzeyy = N (G, Dr)r2x) = Him [(C(T), 9x(T)x — (€, 0ik) 12(x)]
= <19(T): C(T»Y*xY - <8t79a g>L4/3(Y*)><L4(y),

where in the last equation we used the continuous embedding W*3(I;Y) C
C(I;Y™). Using this in (5.9) we obtain (¢(T) — 91,{(T))y+xy = 0, and since ((7T)

can assume any value in Y, it follows that ¥(7") = Jr in X.
STEP 2. Time regularity of p. By taking ¢ € W2(I; Y3, Y*) N LY(I;Y?), £ = 0,
w =0, and ( =0 in (5.2), we obtain the variational equation
(Onh, o — V) 2(yyxr2(vy + (Bl( ), 0 = IW0) L2 (v r2y)
— (, ANY) L2y oy x22(v) — (0 f (D)) L2 vy x22(v)
- K<B2( — 10 1/’) >L2 V*)XL2(V) — (0429 : UM/J)L?(X)
= (910> V) Lss(yssyspays) + (o7, V(1)) y=xy- (5.11)

Let us note that by assumption ¢ € L*(I;Y) N L*([;Y?). By using a similar
argument as in the previous step, we obtain that

(Bi(w, ¥), o — ) r2pvryxr2vry = —(Bi(w, 0 — W), V) pass(y+ywna(y)
[1Bi(w, @ = 0| pasa(y+) < ellullwz (lell2oy + 1902 )
For the third term in (5.11), we have [[Ay7||r2¢ys+) < c||n||r2yv+) and
(n, aANw>L2(Y*)><L2(Y) = (aAyn, ¢>L2(Y3*)xL2(Y3)-

To treat the fourth duality pairing in (5.11), observe that Df(¢)y = f'(¢)y €
L*(I;Y) and

IDf(@)¢llr2ey < (36" — Dvllzacxy + 136" — D)Vl 2(x) + 1661V V|2 x)

3/2 1/2
< (|0l vy + DIWl2e) + 11152 0 s 0] oty 2))
< @i(chsz(ys,y*))|!¢\|L4(yz).

This estimate implies that [|[Df(#)*nlza32e) < €([|Dllw2cvs y=) 0l L2v+) and
(n, f (9)1) 2 (Y*)xL2(Y) = <Df(¢)*7i>1/1>L4/3(Y2*)xL4(Y2)-
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On the other hand, substituting the equation pu — .0 = —aA¢ + ¢ — ¢ in the
fifth term of (5.11) and then applying the Holder inequality, Green identity, and the
estimate (2.4), we have

T
[(Ba(p — 18, 1), 0) r2(v+yx 2 >!§/ (v - Vb, — 10) x| dt
0
T
< /0 ol (V20)0, Vo) x + al (V0) Vi, Vo) x| + (v - Vb, 6 — &) x| dt

/\wwwWﬂwwwWw+mmw+wmwwﬂWMMt

< (L4 012 ) 191 Eatyz) + I8l + I8l o) 1ol z) 1l zagys).
It follows that || B; (v, u — lc9)HL4/3(y2*) < €(||¢[lw2ve,y=y)||lvl L2(vy and by duality
<Bg( l 0 ’g/)) >L2 (V¥)XL2(V) = <Bl('v, o — ZCQ), ¢>L4/3(Y2*)><L4(Y2)'
Using the continuous embeddings LY/3(I;Y*) ¢ LY3(I;Y?*) c L*3(I;Y?) and
LY(I;Y®) C L*Y3(I;Y*), we find that
(0, 0 — ) 2(veyxr2(vy = (1, V(1)) yxy + (Bi(w, 0 — ), V) pass(yseycpa(ys)
+ <06A7\777 + Df(gb)*n + o2g - v — ]CBl(’U, o — ZCQ) + 9197, w>L4/3(Y3*)><L4(Y3)'
For ¢ € C§°(I;Y?), this implies that the first equation in (5.6) holds true and
Orp — 1,09 € LY3(I;Y?). Since 939 € LY3(I;Y*) C L¥3(I;Y?*) we have Oyp €
LA3(I;Y*), and hence ¢ € W4/3(I;Y,Y?*). Moreover, one has
10eel| s (riysey < (l|0| pass ey + [ Br(w, o — lhﬂ)||L4/3 vy + [[ANnllz2gres)
+ c([[DF(@) nllLarsiy2ey + |02y + (| Bi(v, oo — 1eO)|[ Lassy2n))
+ cllgriarllpasyay < €0 parsyey + HS0||L2(Y + nllzzqr + lvllzzvy)
+ €19 220vy + llgrezr | Lars(vaey) (5.12)
where € = &(||@|lwz(ys,y+), |w|lw2(vy). Using a similar density argument as in Step
1, the terminal condition ¢(T") — [,9(T') = o is satisfied in Y*.

STEP 3. Equation forn. If ¢ € L*(I;Y),¢¥ =0, w =0, and ( =0 in (5.2) then we
get

<77 +mAyp — ICBl(”? ¢) — g2, 5>L2(Y*)xL2(Y) = 0.

Note that ||Bi(v,9)|r2qv+y < c||v|2(v)l|@||Lv)- These imply that the second
equation in (5.6) holds and

Inllz20r) < €Qll@llwziysy-)lellzey + [vll2evy + llg2ll20))- (5.13)

STEP 4. Time regqularity of v. To prove the regularity of dv, we take w €
WL V)N LYI; V), v =0, =0, and ¢ =0 in (5.2) so that

(0w, v) 2(vyxr2(v) + (DB(u)w + vAsw, v) 12 (v)<12(v)
+ (B (w, ¢)>90>L2(Y*)><L2(Y) + (Bi(w, 0 — lh9), >L2(Y* xL2(Y)
- (19g>w)L2(X) = <93QT7w>L4/3(V*)><L4(V) + (vr, w(T))H.
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From the Holder and Gagliardo-Nirenberg inequalities we obtain the following

1/2 1/2
[(DB(uw)w, v)2(vxr2v)| < CHUHL/oo(H)Hu”L/z(v)||UHL2(V)HWHL4(V)

|(Bi(w, ¢), 0) L2v+yxr2v)| < cl|@llLeyllell 2o l|w]| 2 vy
[(Br(w, 0 = 1,0),0) 2(v+)x 20| < c([|0lw2yvy + |0l oo v) |19 20y llw]| Lo vy

Applying duality argument once more, it follows from these estimates that
IDB(w) 0| a5 vy < cllullw2v) ]2 vy

| B2(0, ©)|l2cvey < clldllwavs vy llell L2 vy
| B2(0,0 — 1nd)|| Lassvey < cllOllwevy + [[9llwzvrsyo) 19| L2 ov)

and moreover we have

(DB(u)waU>L2(V*)XL2(V) = <DB(U’)*U>w>L4/3(V*)><L4(V)
(Bi(w, 9), ) r2(vryxr2(v) = (Balp, ¢), W) r2(v+yxr2(v)
(Bi(w, 0 = 1,0),9) 2(vyxr2(vy = (B2(0,0 — h@), w) parsveyxpavy-

Taking these into account, we can now rewrite the variational equation for v
according to

(&’w, U>L2(V*)><L2(V) = (,UTa W(T))H + <'L99 — DB(U)*’U, w>L4/3(V*)XL4(V)
+ (~vAsv — Ba(p, ¢) — Ba(V,0 — In)) + Gaq,, W) 14/3v+)x 14V -

This implies the third equation in (5.6), and as a consequence d,v € LY3(I; V*).
Hence v € W*3(I; V') and

10wl pars vy < €llolleyy + lvllzvy + (191l L2vy + 19500 lasv)  (5.14)

where € = €([|9|lw2(vs v+, |wllw2(v), |0]lw2(vy). Using a similar argument as in
Step 1, one can deduce that v(7) = vy in H.

It remains to show the estimate (5.8). From the decompositions of g;, g5, g4, and
the continuity of W2(I; Y3 Y*) c C(I;Y), W&(I;Y) Cc C(I; X), and W2(I; V) C
C(I; H), it follows that

l9allwzvy- < clllgaarllwzoy- + 107]x)
gsllwzovy- < clllgsa, lwzevy- + llvrlla)
< c(llgiarllweys,yo + llerl

||gl||W02(Y3,Y*)* v+).

Using these estimates along with (5.3), (5.10), (5.12), (5.13), and (5.14), we obtain
(5.8).

Finally, to show that every solution of (5.6) also satisfies (5.2), one can apply
smooth test functions in (5.6), take the sum of the resulting equations and perform
the above steps backward by passing all derivatives to the test functions. The proof
of the theorem is now complete. 0]
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Remark 5.4. In terms of PDEs, the solution of the adjoint system (5.6) can be
equivalently characterized as the very weak solution of the following linear system:

((— 0o+ 1,0 —u - V(p — )9) + aln
= fl(¢)n+ asg-v —Kv-V(u—10) + gia, in I xQ,
—n=-mAp —Kv-Vo— go in I xQ,
— 0w — (u-V)v+ (Vu) v —vAv + Vr
=199 — Vo —IV(0 — o) + gsa, in I xQ,
divvo =0 m I x €,
| =00 —u-VI+Klv Vo — kAY = azg - v+ 1+ gan, in I X,

satisfying the terminal conditions o(T') = pr + IO, v(T) = vr, V(T) = V7 in Q,
and the boundary conditions Opp = 0pn =0, v =0, and 9,0 =0 on [ x T in the
weak sense.

Next, we shall prove the regularity of the adjoint states by gradually considering
additional regularity on the desired data for the temperature, fluid velocity, order
parameter, and chemical potential.

Corollary 5.5. Let (¢, u,u,0) € V. Suppose that (g1, g2, gs,gs) € US admits the
decompositions (5.5) with giq, € L*(I;Y?*), gsq, € L*(I; V"), gaq, € L*(I; X),
(i V)wzorzyxwe2) = (o1 (1)) x
<g3T>w>WO2(V)*><W02(V) = (vr,w(T))u
(gar, g)WOQ(X,Y2*)*><W02(X7Y2*) = (C(T),I7)y=xy
where op € X, vr € H, and Y1 € Y. Then for the solution of (5.6) it holds that
o e WHILY?), ne LX(;X), ve WAI;V), and ¥ € W?(I;Y? X). Moreover,
there ezists € = C(||(¢p, p, uw, 0)[]y,) > 0 such that
lellwzerz) + 1nllz2c) + lollwzey + [10]lwzz,x) < €lerllx + llorlle - (5.15)
+ 102lly + g1 [r20720) + |92l 22x) + 1950, [ 20v+) + l|9a0r [l22(x)-
Proof. Let us recall that Uy = WZ(I; Y2)* x L2(I; X) x WE(I; V)* x WE(I; X, Y?*)*.
Under the given assumptions, the solution to (5.2) satisfies (p,n,v,9) € ), see
Remark 5.2. Furthermore, the solution satisfies the estimate
lellzzorzy + Inllezcx) + [vllz2evy + 1012202y < cll(g1, 92, 95, 94) lugg (5.16)
thanks to (5.4). Using the decompositions of g, g3, g4, and the continuity of the
embeddings W§(I;Y?) c C(I;X), W§(I;V) C C(I;H), and W§(I; X,Y*) C
C(I;Y™), we have

lg1llwzv2y- < clllgrorllzore) + llerlix) (5.17)
1gsllwz vy < clllgsop 2o + [lorla) (5.18)
19allwax vz < clllgaar iz + 192y ). (5.19)

Observe that gig, € L3(I;Y*) C WE(L; Y3, Y*)* N LY3(1;Y3), g, € L*(I; X) C
LA(I;Y™"), g3, € L*(I;V*) C WE(L; V) N LY3(L; V), and ga, € L*(I;X) C
WE(L;Y)* N LY3(1;Y*). Hence (¢,n,v,9) satisfies (5.6) according to Theorem 5.3.
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Moreover, the term D f(¢)*n in the first equation equation of (5.6) can be replaced

by f(é)n.
Using the Holder inequality, we obtain || B (u, )| z2(x) < c||w|[zoe (v ||| £2(y2) and

| B1(v, 9)|[22(x) < cllllwayex)l|v||L2evy. Thus, 0,9 € L (I; X) and
H[JWHB x) < ||V 202y + [Vllz2 vy + Inllz2c0) + 920z l22(x)), (5.20)
where € = &(||pllw2py1,x), |ullw2(ve my). From the equation satisfied by 7 and
| B1(v, 9)|lr2x) < cl|v]|z2(v H(bHLoo(Yz) we obtain that
Inllr2cx) < El[@llwzivs x) (el 22y + [0l 20v) + g2l z2(x))- (5.21)
Note that HBl(ua o= )||lr2x) < cllull vy (el z2r2) + 19| £2v2)) and [[ By (v, p—
1O) || L2(vory < cl|vlp2evy([[lloex) + (|0 Lo (x))- Also, using the continuity of the
embedding L*(I;Y?) C L>*(Qr) we get || f'(¢ )||L°°(QT) < c([|¢l|7(y2y +1). Thus,
the time derivative of ¢ can be estimated as follows:
[0spll L2v2ey < (|00 L2y + ([ Balw, o — )| L2x) + [[AND 22(v2r))
+ c(IDF(@) nllz2x) + [l 2cary + ([ Bi(v, 1o = 10) || 12(v2+))
+ cllgiaz 2202y < €100 20x) + [l 202y + Inllz2 ) (5.22)
+ C([[vlz20v) + 9l z202) + 91020 [ L2v724))

where € = €([|p[lw2(vs x), [lullw2v2), [[wllwzvy, 10llwzv2 x))-
Likewise, we also have the estimates ||DB(u)*v||p2v+) < cllul|zevyl|v]2(v),

1B2(0,0 — o)l 200) < elldll2v2) (10l Lv) + 1€ll=r)), and [|Ba(e, 9)|2(x) <
cllell 2oyl @l oo (v2)- As a consequence, it holds that

10| L2vey < €(ll@llev2y + |vllz2 vy + 19| L2v2) + [|G30, |l 20v) (5.23)

where € = €([|¢[lw2(v+,x), |[vllwzve, 1), 10llw22,x)). Combining the above a priori
estimates from (5.16) to (5.23) yields (5.15). O

Corollary 5.6. Consider the assumptions of Corollary 5.5 and in addition v € V'
and gsq,. € L*(I; X). Then the components of the weak solution to (5.6) satisfy ¢ €

W2(I;Y?), ne LA(;X), ve W¥I; V2 H), and 9 € W2(I;Y?, X). Furthermore,
there ezists € = €(||(¢p, p, uw, 0)[]y,) > 0 such that
lellwai2) + [1nll2 o) + [[ollwe vz oy + [19llwevz x) < €llerllx + llorllv
+107lly + llg1as 202 + g2l 2cx) + 1950, l22x) + (920 [2x))- (5.24)
Proof. From the previous corollary, it remains to demonstrate the regularity of v
with the given additional assumptions vy € V and gsq, € L*(1; X). Let F3 :=
Vg — oV — IV (0 — 1,¢) + gsq,.. Therefore, v is the weak solution to the following
adjoint equation to the linearized Navier-Stokes equation:
— 0w —(u-Vv+ (Vu) v+ vAv+Vr=F; inl xQ,
divv=0 in [l x €, v=0 onlxT, v(T)=vy inV.
From v € W2(I;Y?, X) € L*(I,Y), 6 € L*(I;Y?), and 6 € W(I,Y" X) C
L>=(I;Y?), we have 19V(0 — lwp) € L*(I;X). Similarly, since ¢ € L*(I;Y?) and
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¢ € L*(I;Y?), we deduce that V¢ € L*(I; X). Thus, F3 € L*(I; X) and
1Fsl2x) < €10 lw2va,x) + lellay) + sl 200),
where € = €({|¢||w2va,x), [|0]lw2(v2,x)). Applying the regularity result in [31, Propo-
sition 2.4| yields v € W2(I; V* X) and
[ollw2vz mry < €llullwevz m)(lorllv + [ Fsll2x))-

The previous two estimates and (5.15) imply the a priori estimate (5.24). O

Corollary 5.7. Consider the assumptions of Corollary 5.6 and in addition g, €
LA(I;Y*), go € L*(I;Y) and or € Y. Then the weak solution to (5.6) satisfies
0 € WA(L,Y3,Y*), ne LA(I;Y), ve WAI;V? H), and 9 € W(I;Y? X). Fur-
thermore, there exists € = €(||(¢, p, w, 0)||y) > 0 such that

lellw2rs ) + lnll2ory + vllwz vz my + 19w x) < Ellorlly + llorllv
+1

Irlly + |l gior 2o + | 92llzevy + 1930, l220x) + l9a042 | 22(x))-

Proof. Let Fy :=u-V(p—UL0)+ f'(¢)n+ g -v—aA(Kv-Vo+gs) —Kv-V(u—
1.0) + g10, — WOV, so that ¢ is a weak solution of the following backward-in-time
biharmonic heat equation

— 0o+ malie = F, in I xQ,
Onp = On(mAp +Kv-Vé+g2) =0 onlxT,
QO(T) = pr + ILWir inY.

We claim that v - V¢ € L*(I;Y). Indeed, since V(v - Vo) = (Vv)Ve + (V2¢)v,
we get from v € L=(I; V)N L*(I; V?) and ¢ € L>(I;Y?) that
v Vol r2vy < cll|v]l vy [l 22y + [0l 2 vz |0l Lo (v2))-
It can be also shown that the other terms in F; lies in L?(I;Y™). Hence, it holds
that Fy € L*(I;Y*) and
[ F1 ]2 < €[l 22y + Inllz2x) + [[0llwe vz m
+ llgall2 vy + llgr0z 1220y + [[9]lw2v2,x))

where € = €([|llw2v,x), [ullwzv2 mys |1llz2v2), [10llw2v2 x)). Therefore, we ob-
tain that ¢ € W2(I; Y3, V™).

Following the methods given in the linearized system, cf. Theorem 4.1, one can
deduce that

lellw2rs ) < Cllerlly + 102lly + [ F1llz2))-
From this we also get that n € L*(I;Y") and
Inllz2ry < €llell2vsy + vllweeve my + 11920l 20))-

Combining the above a priori estimates and the one given in the previous corollary,
we obtain the desired stability estimate as stated by the corollary. O]
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6. ANALYSIS OF OPTIMAL CONTROL PROBLEM

In this section we analyze the existence of solutions to the optimal control prob-
lem (1.6) and characterize the necessary and sufficient conditions for optimality.
Introducing the reduced cost functional 7 : ) — R by

T T
. Ot b

we can equivalently write this problem as a constrained optimization on @).q:

min j(y, z). 6.1
o (Y, 2) (6.1)

We define the set of all feasible directions at (y, z) € Qaq by
Fad(y, z) = {(dy,02) € Q : Jw > 0 such that (y + cdy, z + £dz) € Qaa Ve € [0,w]}.

The minimum requirement for the initial data and target data in order for G to be
well-defined is as follows:

(A) It holds that ¢d7 Hd, ed S L2<]7X)7 f‘vbd? £d7 Cd < L2(I7X)7 ug € LQ([VX);
wo €Y, ug, ’U,TEH, 90, QT, ¢T€X, cmd'l,/)TEX.

Theorem 6.1. Suppose that (A) holds. The optimization problem (6.1) admits a
global solution, that is, there exists (y*,z*) € Qaa such that j(y*, z*) < j(y, z) for

every (yv Z) S Qad-

Proof. The proof is based on classical sequential compactness arguments in [42, 56],
which we outline for the sake of the reader. Since j is bounded from below, j admits
a minimizing sequence {(yy, zx)}72; C Qaq, that is, j(yy, 2x) = inf(y e, 7(Y, 2).
Let (¢k, ik, Wk, Or) = S(yg, z1). It follows that {(yy, zx)}22, is bounded in @, and
consequently {(¢g, i, uk, O) }32, is bounded in W by (3.9). Since Q.q is closed and
convex, it is weakly closed, so that for a subsequence we have (y,, zx) — (y*, z*) in
Q for some (y*,z*) € Qaq. According to the weak-weak continuity of S in Lemma
4.8, we get S(y;, zr) — S(y*, z*) in W.

Let (¢*, p*,u*,0*) = S(y*,2*). Since the map ¢ — o(T) from W?(I;Y3 Y*)
into Y is continuous, we have ¢;(T) — ¢*(T) in X and Vi (T) — V¢o*(T) in X.
Similarly, u,(T) — w*(T) in H and 0,(T) — 6*(T) in X. Passing to the limit
inferior and using the weak lower semicontinuity of norms, we obtain

iy, 2) = J(S(y", 2%), 9", 2") < hminf J(S(yy, ), Yo 2) = inf (Y, 2).

k—o0 (4,2)€Qad
Thus, j(y*, 2*) < j(y, 2) for every (y,2) € Qaq and this proves the existence of a
global solution to (6.1). O

6.1. FIRST ORDER OPTIMALITY CONDITION. A control (y*, z*) € Q.q is said
to be a local solution to (6.1) if there exists a constant € > 0 such that j(y*, z*) <
J(y, z) for every (y,z) € Qaq with ||[(y — y*, 2z — 2%)||o < . A local solution is said
to be strict if there is a neighborhood for which it is only the local solution to the
reduced problem. For the action of the second derivatives, we shall simply write
D%j(y*, 2*)(y, 2)? instead of D?j(y*, 2*)((y, 2), (y, 2)) for instance.
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Define the Y*-distributional divergence operator Div : X — Y* by

(Div e, Y)y-xy == —(¢,Vib)x, Pe€X, YeY. (6.2)

One can easily see that Ay = —DivV as a map from Y into Y*, and by the diver-
gence theorem that Diveg = dive if ¢ € Y satisfies ¢ - n = 0. Let us introduce

(91, 92,93, 91) = (91(0), 92(1), g3(w), 9a(0)) € Wy with components defined as fol-
lows: Given (¢, p, u,6) € W and under the hypothesis (A), let

g2(p1) == ae(pp — pra) + 6c(Anp + DivE,y) € L*(I;Y™)
and ¢1(0), gs(u), and g4(0) have the decompositions (5.5) with
910, (9) 1= (¢ — da) + 6o (And + Divep,) € L*(I;Y™)
gsa, (W) == ar(u —ug) + 6V x (V x u) € L*(I;V?)
9407 (0) 1= an(0 — 04) + on(An0 + Div¢,) € LA(1;Y7)
(17(9), PIwz(vs y=y xwe(ys,y)
1= Bo((T") — ¢1,0(T))x + wo{And(T) + Divapr, o(T))y+xy
<g3T<u>>w>WO2(V)*><W02(V) = Bi(u(T) —ur,w(T))n
(947 (0), C>W§(y)*xwg(y) = Bu(0(T) — 0r,((T))x.

With regards to the tracking part of J, let us note that G € C*°(W,R), and for
(¢, 4, u,0) €W and (¥,£,w, () € Wy we have

DG(¢7 o, u, 9)(¢> 67 w, C) = <<gl(¢)> gz(ﬂ)793<u), 94(9))7 (T% 5) w, C)>W5‘><Wo' (63)

The action of the second derivative is given by

D*G(¢, i, w, 0)(¢, &, w, ) = Bol[b(T) X + wol[V(T)I5 + Brllw(T) Iz + BullC(T)II%

T
T / oll 1% + BV % + i€k + 6l VEN% dt

T
+ [ adlwly + 619 x wi + I + 8l VG .
0
Notice that the right hand side is independent on the argument (¢, u,u,0), and
therefore we simply write D2G(v, &, w, )? for the left hand side.

Lemma 6.2. Assume that (A) is satisfied. Then the map j : Q@ — R is of class
C>*. Giwen (y,z),(0y,0z) € Q, denote the respective solutions of the state, lin-
earized state, and adjoint systems by (¢, u,uw,0) = S(y,z) € W, (¢, &, w,() =
DS(y, z)(dy,0z) € Wy, and

(o, n,v,9) = A(S(y,2)) " (91(0), 92(1), gs(u), 92(0)) € Q.

The first and second order derivatives of j at (y,z) in the direction (dy,dz) are
gien by

T T
D](y7 Z)(6y7 52) = / (’U + Y, 5y)L2(UJf)2 dt + / (19 + Th<, 6Z)L2(wh) dt (64)
0 0

T
D2j(y, 2) (y.62)° = D*G(1, €., ()% — /0 2w - Vb, ) x i
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T T
~ [ 6oyt = [ 2w Vyw,v)x - Ko, (€ - 10 Vi) d
0 0
T T T
—/ 2(w - V(¢ = ), 9)x dt+/ 7f||5y||i2(wf)2 dt‘i‘/ 7h||52||%2(wh) dt. (6.5)
0 0 0
Proof. Since G € C*(W,R) and S € C*(Q,W), it follows that ;7 € C>(Q,R).
Let (y, 2), (0y,02) € Q. According to the chain rule
Dj(y, 2)(0y,0z) = DG(S(y, 2))DS(y, 2)(0y, 62)

T T
+ / Y (Y, 0Y) £2(wp)2 At + / Y0 (2, 02) 120, dt.
0 0
From Theorem 5.1 and (6.3), the first term on the right hand side can be written as

T T
= / (’U, 5y)L2(wf)2 dt + / (197 (SZ)L?(wh) dt.
0 0

Thus (6.4) is verified. On the other hand, applying the chain rule once more we
obtain

D%j(y, z)(dy, 62)? = DG(DS(y, 2)(dy, §2))* + DG(S(y, 2))DS(y, 2)(5y, 62)?

T T
+/ 7f||5y||%2(wf)2 dt +/ 7h||52||2L2(wh) dt. (6.6)
0 0

The first term on the right hand side of this equation is precisely the term
D2G(¢, &, w,¢)? in (6.5) since (¢, &, w, () = DS(y, 2)(dy,dz). For the second term,
we apply (4.53) and (6.3) to get

DG(S(y, 2))D*S(y, 2)(dy, 6z)°
= _<(gl (Qb), 92(N>7 93<u)7 g4(9))7 A(S(ya 2))_1DA<S(y7 Z))(DS(y, Z) (5ya 6Z)>2>W6‘><W0

= —(DA(S(y,2)) (¥, & w, ()*, (9,7, v.9)) o x0. (6.7)
Comparing (4.52) and (4.53), we see that the right hand side of this equation
corresponds to the first four integrals in (6.5). O

With the help of the previous lemma, one can now establish the following first
order necessary condition for local optimality.

Theorem 6.3. Suppose that (A) is satisfied and (y*,z*) € Qaq s a local solution
to the optimization problem (6.1). Then

T T
/ (V" + %Y Y — Y ) 22 dt + / (V" + w2 = 2%) p2(,) dt > 0 (6.8)
0 0

for all (y,2) € Qaa, where (v*,0%) € WA3(I; V') x W¥3(I,Y) are the last two
components of the solution for the adjoint system (5.6) corresponding to the source
term (g1(¢*), g2(1*), gs(w*), 9a(0%)) € Wy

Proof. If (y*, 2*) € Q.q is a local solution to (6.1) then Dj(y*, z2*)(y—y*, z2—2*) >0
for every (y,2) € Qaa, see [42]. The variational inequality (6.8) now follows from
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(6.4), while the regularity of (v*,9*) is a consequence of Theorem 5.3. O

From the above theorem, a local optimal solution (y*, z*) is given equivalently as

Y (t,z) = Proj,, py(— 0" (t,x)) ae. (t,x) € X wy,
2¥(t,x) = Proj[%bh](—'y}jlﬁ*(t,x)) a.e. (t,x) € I X wy,

where Projy,, 5, and Projy, ,, are the projections onto the rectangle [ay, bf] and
the interval [ay, by], respectively. This can be seen by taking (y, z) in (6.8) to be
either (y1,y5, 2%), (yT, y2, 2%), and (y3, 5, 2) with (y1, y2, 2) € Qaq and using classical
arguments to pass from the variational inequalities to pointwise inequalities. Notice
that if y*(¢,z) € (ay,b;) then we have y*(t,z) = —v; 'v*(t,7), hence v*(t,x) +
%y*(t,z) = 0. In a similar way, 2*(¢, 2) € (an, by) implies that 9*(t, z) + 2" (¢, x) =
0.

In the unconstrained case Quq = @ and wy = wy, = 2, we have y* = v Ly~
and z* = 7 19%. In this case, the regularity of (v* 9*) and the optimal control
(y*, 2*) coincide. Next, let us discuss the regularity of the adjoint states beyond the
assumption (A):

(A/) It holds that ¢d7 Hd, Hd S L2(17X>7 1/)d7 €d7 Cd S L2<I7 Y); uq € LQ(I7X);
UOGV, U’TEH7 807 QTGY, ¢T€Y; ¢T€X7 ¢OEY27 ,l/)d'nzgd'n:
Caqm=0onIXxTI,andppy, - n=0onl.

Suppose that (A’) holds and consider a local solution (y*, z*) to (6.1). Denote the
corresponding optimal states and adjoint states by (¢*, u*, u*, 6*) = S(y*, z*) and

(", 0", 0", 07) = A(S(y", 27)) " (91(97), g2(1"), g3(u”), 94(67)). (6.9)
Then (¢*, u*,u*,0*) € V by Theorem 3.4 and
(" 0", 0" 9%) € WHIY?) x LA(1; X) x WL, V) x W(I;Y?, X)

by Corollary 5.5. Thus, one can replace the duality pairing (-, -)y+xy by the inner
product (-, )y in (6.5). If in addition, uy € V' then v* € W2(I; V? H) in virtue of
Corollary 5.6.

Assume that (A’) is satisfied and in addition pg € L*(;Y), up € V, ¢p € Y,
and w, = d. = 0. Then we can apply Corollary 5.7 so that

(%, ", v*,0%) e WHLY3 YN LALY)N WAL V2 H) N WA, Y? X).

In particular, (y*, 2*) € W2(I; V?, H)NW?(I;Y?, X) in the unconstrained case and
wr = wy, = ). Note that this is not true anymore in the constrained scenario due to
the projections. The assumption w, = 6. = 0 is imposed since we only know that
pu € L*(I;Y?) and ¢(T) € Y2. More precisely, g2(p) = ac(p — pg) € L*(I;Y) and
gir(9) = Bo(o(T) — ¢r) €Y.

Finally, under additional assumptions on the data, it is possible to establish fur-
ther regularity of the controls in the unconstrained case, cf. Theorems 3.5 and 3.6.
However, we do not pursue the details here and leave the precise formulations to
the reader.
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6.2. SECOND ORDER OPTIMALITY CONDITIONS. To formulate the second or-
der conditions, we follow [14] and consider the following directions corresponding to
the set of points where the constraints are active

A (y*) == {y € L*(I; L*(wp)?) : yi(t,2) > 0 if yi (¢, 2) = ay,
yi(t,x) < 0if yr (¢, x) = by for ae. (t,x) € [ x wy, i = 1,2}
A (2%) = {z € L*(I; L*(wy)) : 2(t,2) > 0if 2*(t, ) = ay,
2(t,x) < 01if 2*(t,z) = by, for a.e. (t,x) € I X wy}.
From these, we define the cone of critical directions C(y*, z*) := C(y*) x C(z*) with

Cly") == {y € A(y") - wilt, 2) = 0 if (o] + ;) (L, 2) # 0
for a.e. (t,z) € I x we, i = 1,2}

C(z*):={z€ As(z") : z(t,z) = 0 if (" + mz")(t,x) # 0 for a.e. (t,x) € I X wy}.
Notice that C(y*, z*) and As(y*, 2*) := As(y*) x As(2*) are closed and convex sub-
sets of ). From the definition of the critical cones, it follows that Dj(y*, z*)(y, z) = 0
for every (y, z) € C(y*, z¥).

Lemma 6.4. Given (y,z) € C(y*, z*), there is a sequence {(y,z)}e, C
Fo..(y*, z*) NC(y*, 2*) such that (yy, z) = (¥, 2) in Q.

Proof. We shall present the proof in the case a¢, by € R?, ap, b, € R, a; < by and
ap < by. The other cases where at least one of the endpoints take an infinite value can
be dealt with analogously. Following [14], let (y, z) € C(y*, z*) and take kg > 0 large
enough so that ag+ (ko + k)" < by — (ko+k)~! and ap+ (ko + k) ™' < by — (ko +k)~*
for every positive integer k. Set

KF = {(t,x) € I x wr: y*(t,x) € (ar,as + (ko + k)™") U (by — (ko + k)", bs)}
K{f = {(t,l‘) el x Wh - Z*<t,l') € (ah,ah + (k’o + k)_l) U (bh — (ko + k)_l,bh)}.

Let us define the projected functions y; = Proj_iu ) kea2z(l — XK#)'!J
and zp = Proji_giu)ke+r(l — Xgr)z. By construction, one can see that
(Yr, 2x) € C(y*,2%). Also, |y,| < |y|, yp — y ae. in I X wr and |z;| < |2], 2 — 2
a.e. in I X wy. From the Lebesgue Theorem, (y,, zx) — (y,z) in Q. By adapting
the arguments in |14, Theorem 3.6], it can be shown that (y* + py;., 2* + pzx) € Qaa
for every 0 < p < (ko + k)2, and therefore (y,, zx) € Fo,, for every k. O

From this lemma, one can now establish a second order necessary optimality
condition.

Theorem 6.5. Under the assumption (A), if (y*,z*) € Qaq s a local solution of
(6.1) then Dj(y*, =*) (3, 2)? > 0 for every (y. =) € Cly. ),

Proof. Let (y,z) € C(y*,z*). According to Lemma 6.4, there is a sequence
{(yp, 21) 721 C Fo.,(y*, z*)NC(y*, 2*) with (y;, 2zx) = (y, 2) in Q. For each k, there
exists d; > 0 such that (y* + ey, 2* +e2x) € Qaq for every 0 < & < Jj, by feasibility
of (yg, zx). Therefore, by Taylor’s Theorem and the fact that Dj(y*, z*)(y,, zx) = 0,
we have

[\

. . € .
0<j(y*+ey,, 2" +eu) —jly*,2") < 5D2j(y* + o.eyy, 2+ ocen) (Y, )
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for some 0 < 0. < 1. Dividing by £2/2 and passing ¢ — 0 yield D?j(y*, 2*)(yy, 2x)? >
0. Consequently, by letting & — oo and using the fact that D?j(y*, 2*) € L(QxQ,R)
we obtain that D%j(y*, 2*)(y, 2)* > 0. O

We now discuss a second order sufficient condition under additional assumptions
on the initial data. Similar to the case of finite-dimensional problems with box
constraints, the non-negativity of the Hessian on C(y*, z*) is a necessary optimality
condition, while the positive-definiteness of the Hessian on C(y*, z*) is a sufficient
condition for optimality.

Theorem 6.6. Consider the assumption (A) and in addition that either
(gbo,’u,o,eo) S Y2 xV xY or Wo = 5(: = 5f = (5}1 = Bf = /Bh = 0. Let
(y*, 2%) € Qaq satisfy (6.8) and suppose that there exists 6 > 0 such that

D%j(y*, 2*)(y,2)* > 0ll(y, 2)|g  for all (y,2) € C(y*, 2"). (6.10)
Then there exist € > 0 and o > 0 such that
N * * 0- * * N
i)+ 5l -y 2= 2)lg < ily,2) (6.11)

holds for every (y,z) € Qaa with ||(y — y*, 2z — 2%)|lo < €. In particular, (y*,z*) is
a strict local solution to (6.1).

Proof. We shall only prove the case where (¢, ug,0y) € Y?xV xY, while the other
alternative can be shown in a similar way. Suppose on the contrary that for every
e > 0 and o > 0 there exists (Y. ,, 2c.0) € Qaa such that ||(y., —y*, 2.0 —2")[l@ < €
and j(y*, 2*) + 511, 2)13 > j (Y., 2,0). In particular, taking o = 2 and ¢ = § for
every positive integer k, there is (9, Zx) € Qaa such that ||[(g, — y*, 2 — 2*)[o < 1
and

S~ R L. * oz *
J(Yp, 2r) < J(y*, 2 )+E||(yk—y 2 — 29|15 (6.12)

Let pr = [|(gp — ¥, 2 — 29)|lo and (y, zx) = (Y, — Y*, 2 — 2%)/pr so that
| (g 2k)|lo = 1. Then there is a subsequence, still denoted by (y;, z), such that
(Yp, 2x) — (y,2) in Q. We claim that (y,z) € C(y*,2*). Since (¥, 2k) € Qad,
we have (y;, z) € As(y*, 2*). The set As(y*, 2*) is closed and convex in @, hence
weakly closed, and we have (y, z) € A,(y*, 2*). We will prove that in fact (y,z) €
C(y*, 2%).

By Taylor’s expansion, we obtain

3, Zk) = J(Y* + pryy, 2 + przx)
2
o . 0. .
= j(y*, 2%) + peDj(y*, 2) (Y, 21) + =D (y*, 2%) (Y, 1) + 0(p})

2
(6.13)
where o(p3)/p: — 0 as pr — 0. Dividing by p; and applying (6.12) we get
2
SOk K Pk Pk Sk K o\p
D.](y ) < )(yk7Zk> < = - _D2](y )y < )(yk72k)2 - ( k)
k 2 Pk
| ST o(pi)
< b+ D P agram — V. (614)
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From (6.4) we see that (y;,zx) — (y,z) implies Dj(y*, 2*)(ys, 2x) —
Dj(y*, 2*)(y, z). Passing to the limit & — oo in the inequality (6.14) yields
Dj(y*,z*)(y,2) < 0.

Let (¢*, pu*,u*,0%) = S(y*,2z*) and (¢*,n*,v*,9*) be given by (6.9). From the
admissibility of (g, Z), it holds that Dj(y*, 2*)(y, 2x) = Di(y*, 2°)(Ur — ¥*, 2k —
2*)/pr > 0, so that Dj(y*, 2*)(y, z) > 0 after letting & — oo. Consequently, from
(6.4) we have

T T
/ (V" + 1Y, Y) 12wz dt +/ (0 + 2", 2) 12wy At = 0. (6.15)
0 0

The condition (6.8) implies that (v} 4+ vy )y; > 0 for a.e. in I X wy for i = 1,2 and
(9" + yp2*)z > 0 for a.e. in I X wy. Hence, the equation (6.15) is equivalent to

//|v + y; )y de dt = // |(V* + mz")z|dedt =0, i=1,2.

Thus, if v} (¢, z) + vy} (¢, z) # 0 then y;(t,z) = 0 for a.e. (t,x) € [ x wy and i = 1, 2.
Similarly, if ﬂ*(t,$)+fyhz (t,x) # 0 then z(t,z) = 0 for a.e. (t,z) € I xwy. Together
with (y, z) € As(y*, 2*), we have verified the claim that (y, z) € C(y*, z*).

From (6.12), (6.1 ) and the fact that Dj(y*, 2*)(yy, 2zx) > 0, we have

D250 o) < 2 (7 - 22 (6.16)
P

Let (Y, &, wi, G) = DS(y*, 2*)(yy, 2x). According to Theorem 3.4, (¢*, u*, u*,0*) €

V. Then it follows from Theorem 4.4 that {(¢x, &, Wk, G)}72, is bounded in Vy,

so that in particular, {(Yx(T), wx(T),(T))}r=1 is bounded in Y2 x V x Y. By

further extracting a subsequence, we obtain that (g, &k, wi, () — (¥, &, w,() =

DS(y*, 2*)(y, z) in V. Invoking the compact embeddings Y?xV xY C Y x H x X

and V, C L*(I;Y?) x L*(I;Y) x L*(I; V) x L*(I;Y), by extraction of another

subsequence, the following strong convergences hold:

(Vk, & Wi, G) = (¥, &, w,¢) in LX(L;Y?) x LA(L;Y) x L(I; V) x LA(I;Y)

(6.17)

and (Vg(T), wi(T), x(T)) = (W(T),w(T),{(T)) in Y x H x X. These convergences
imply that

2G(wk75k7wk7Ck)2 — DZG(%&UJ,C)Q- (618>

By adapting the argument presented in Step 5 in the proof of Theorem 3.2, we
can deduce from the limit (6.17) that

T T
/ 2(wy - Vb, ") x dt —1—/ 2((wy - V)wy, v*) x dt
0 0
T

T
- / (0", (6 — LCe) Vi) x E + / Mg - V(G — bty 9 x
0 0

T T
—>/0 2(w-V¢,gp)th+/O 2((w - V)w,v")x dt
T

—/O 2KC(v*, (€ — 1.O) V) x dt+/0 2w - V(¢ — ), 9)x dt.  (6.19)
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On the other hand, we have ¢*1)? — ¢*»? in L*(I;Y’) thanks to the estimate
16" — 0" V?[| 2 vy < €97 Loevay, 10kl Lo vy, 19l Lo v2) [0k — ¥l 22

for some positive continuous function €. Thus, we have

T T
/ (", ) yexy At — / (", "% )yexy dt. (6.20)
0 0
From (6.7), (6.19), and (6.20), one obtains
DG(S(y*, 2"))D*S(y", ") (yy, )* = DG(S(y", 2))D*S(y", 2*)(w, 2)".  (6.21)
Passing to the limit inferior as k — oo in (6.16) and recalling (6.10) lead us to
ol(y, 2)ly < D?i(y*, 2*)(y,2)* < 0. This is possible only if (y,2) = (0,0) in @
since § > 0. According to (6.6), (6.16), (6.18), and (6.21) we have
lim sup (7f||yk”%2(L2(wf)2) + 7h||zk||%2(L2(wh)))

k—o0

< lim sup {2 (% — 0('02%)) — D*G (¢, &, wi, G)°
k—o00 Pk
— DG(S(y*,2"))D?*S(y*, 2*) (yp 21)°]
= — D’G(DS(y", 2")(y, 2))* = DG(S(y*, 2*))D*S(y*, 2*)(y, 2)* = 0.

Since vt > 0 and 4, > 0 we have ||(yy, 2x)||g — 0. Combined with (y,, zx) — (0,0)
in @, we have (y,,zx) — (0,0) in Q). However, this is a contradiction to the fact
that ||(yy, 2x)||o = 1 for every k. Therefore, (6.11) must be true and this completes
the proof of the theorem. 0

REFERENCES

[1] F. Abergel and R. Temam. On some control problems in fluid mechanics. Theor.
Comp. Fluid Dyn., 21:337-344, 1984.

[2] R. A. Adams. Sobolev Spaces. Academic Press, New York, 1975.

[3] B. Alessia, I. Bochicchio, and M. Fabrizio. Phase separation in quasi-
incompressible fluids: Cahn-Hilliard model in the Cattaneo-Maxwell framework.
Z. Angew. Math. Phys., 66:135-147, 2015.

[4] D. M. Anderson, G. B. McFadden, and A. A. Wheeler. A phase-field model of
solidification with convection. Physica D, 135:175-194, 2000.

[5] A. Bensoussan, G. Da Prato, M. C. Delfour, and S. K. Mitter. Representation
and Control of Infinite Dimensional Systems. Birhduser, Berlin, 2nd edition,

2007.

[6] J. L. Boldrini, E. Fernandéz-Cara, and M. A. Rojas-Medar. Analysis of opti-
mal control problems for the 2-D stationary Boussinesq equations. Rev. Mat.
Complete., 20:339-366, 2007.

[7] J. Boussinesq. Théorie analytique de la chaleur: Mise en harmonie avec la ther-
modynamique et avec la théorie mécanique de la lumiére, volume 2. Gauthier-
Villars, Paris, 1903.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OpPTIMAL CONTROL OF THE CHOB SYSTEM 51 / 54

[8] F. Boyer. Mathematical study of multi-phase flow under shear through order
parameter formulation. Asymptot. Anal., 20:175-212, 1999.

[9] G. Caginalp. An analysis of a phase-field model of a free boundary. Arch. Ration.
Mech. Anal., 92:205-245, 1986.

[10] G. Caginalp. The dynamics of a conserved phase field system: Stefan-like, Hele-
Shaw, and Cahn-Hilliard models as asymptotic limits. IMA J. Appl. Math.,
44:77-94, 1990.

[11] J. W. Cahn. On spinodal decomposition. Acta Metall. Matter., 9:795-801, 1961.

[12] J. W. Cahn and J. E. Hilliard. Free energy in nonuniform system. I. Interfacial
free energy. J. Chem. Phys., 28:258-267, 1958.

[13] E. Casas and K. Chrysafinos. A discontinuous Galerkin time-stepping scheme
for the velocity problem. SIAM J. Numer. Anal., 50:2281-2306, 2012.

[14] E. Casas, M. Mateos, and J.-P. Raymond. Error estimates for the numerical

approximation of a distributed control problem for the steady-state Navier-
Stokes equations. SIAM J. Control Optim., 46:952-982, 2007.

[15] R. Chella and J. Vinals. Mixing of two-phase fluids by a cavity flow. Phys. Rev.
E, 53:3832-3840, 1996.

[16] L. Chupin. Existence result for a mixture of non Newtonian flows with stress
diffusion using the Cahn-Hilliard formulation. DCDS-Series B, 3:45-68, 2003.

[17] P. Colli, G. Gilardi, G. Marinoschi, and E. Rocca. Optimal control for a con-
served phase field system with a possibly singular potential. Fvol. Equ. Control.
Theory, 7:95-116, 2018.

[18] P. Colli, G. Gilardi, and J. Sprekels. A boundary control problem for the viscous
Cahn-Hilliard equation with dynamic boundary conditions. Appl. Math. Optim.,
73:195-225, 2016.

[19] P. Colli and J. Sprekels. A boundary control problem for the pure Cahn-Hilliard
equation with dynamic boundary conditions. Adv. Nonlinear Anal., 4:311-325,
2015.

[20] P. Colli and J. Sprekels. Optimal control of an Allen-Cahn equation with sin-
gular potentials and dynamic boundary condition. SIAM J. Control Optim.,
7:95-116, 2015.

[21] M. Doi. Dynamics of domains and textures. In Theoretical Challenges in the
Dynamics of Complex Fluids, pages 293-314, 1997.

[22] N. Dunford and J. Y. Schwartz. Linear Operators, Vol. I. General Theory.
Intersci. Publ., New York, 1958.

[23] S. Frigeri, M. Grasselli, and J. Sprekels. Optimal distributed control of two-
dimensional nonlocal Cahn-Hilliard-Navier-Stokes systems with degenerate mo-
bility and singular potential. Appl. Math. Optim., 81:899-931, 2020.

[24] S. Frigeri, E. Rocca, and J. Sprekels. Optimal distributed control of a nonlocal
Cahn-Hilliard /Navier-Stokes system in 2D. SIAM J. Control Optim., 54:221—
250, 2016.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA 52 / 54

[25] G. Gilardi and J. Sprekels. Asymptotic limits and optimal control for the Cahn-
Hilliard system with convection and dynamic boundary conditions. Nonlinear
Analysis, 178:1-31, 2019.

[26] D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second
Order. Springer-Verlag, Berlin, 1977.

[27] M. E. Gurtin, D. Polignone, and J. Vinals. Two-phase binary fluids and immis-
cible fluids described by an order parameter. Math. Models Methods Appl. Sci.,
6:8-15, 1996.

[28] M. Hintermiiller and D. Wegner. Distributed optimal control of the Cahn-
Hilliard system including the case of a double-obstacle homogeneous free energy
density. SIAM J. Control Optim., 50:388-418, 2012.

[29] M. Hintermiiller and D. Wegner. Optimal control of a semi-discrete Cahn-
Hilliard-Navier-Stokes system. SIAM J. Control Optim., 52:747-772, 2014.

[30] M. Hintermiiller and D. Wegner. Distributed and boundary control prob-
lems for the semidiscrete Cahn-Hilliard/Navier-Stokes system with nonsmooth
Ginzburg-Landau energies. Topological Optimization and Optimal Transport,
Radon Series on Computational and Applied Mathematics, 17:40-63, 2017.

[31] M. Hinze and K. Kunisch. Second order methods for optimal control of time-
dependent fluid flow. SIAM J. Control Optim., 40:925-946, 2001.

[32] M. Hinze and U. Matthes. Optimal and model predictive control of the Boussi-
nesq approximation. In K. Kunisch, J. Sprekels, G. Leugering, and F. Troltzsch,
editors, Control of Coupled Partial Differential Equations, volume 155 of Inter-
national Series of Numerical Mathematics, pages 149-174. Birkh&user, Basel,
2017.

[33] P. C. Hohenberg and B. I. Halperin. Theory of dynamical critical phenomena.
Rev. Modern Phys., 49:435D479, 1977.

[34] K. Ito and S. S. Ravindran. Optimal control of thermally convected fluid flows.
SIAM J. Sci. Comput., 19:1847-1869, 1998.

[35] D. D. Joseph. Stability of Fluid Motions II. Springer Tracts in Natural Philos-
ophy. Springer-Verlag, New York, 1976.

[36] Y. Kagei. Attractors for two-dimensional equations of thermal convection in the
presence of the dissipation function. Hiroshima Math. J., 25:251-311, 1995.

[37] R. B. Kellog and J. E. Osborn. A regularity result for the Stokes problem in a
convex polygon. J. Func. Anal., 21:397-431, 1976.

[38] N. Kenmochi. Systems of nonlinear PDEs arising from dynamical phase tran-
sitions. In A. Visintin, editor, Phase Transitions and Hysteresis, volume 1584
of Lecture Notes in Mathematics, pages 39-86. Birkhauser, Berlin, Heidelberg,
1994.

[39] N. Kenmochi and M. Niezgodka. Non-linear system for non-isothermal diffusive
phase separation. J. Math. Anal. Appl., 188:651-679, 1994.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



OpTIMAL CONTROL OF THE CHOB SYSTEM 53 / 54

[40] H.-C. Lee and B. C. Shin. Piecewise optimal distributed controls for 2D Boussi-
nesq equations. Math. Methods Appl. Sci., 23:227-254, 2000.

[41] C. Lefter and J. Sprekels. Optimal boundary control of a phase field system
modeling nonisothermal phase transitions. Adv. Math. Sci. Appl., 17:181-194,
2007.

[42] J.-L. Lions. Optimal Control of Systems Governed by Partial Differential Equa-
tions. Springer, New York, 1971.

[43] J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and
applications, volume 1. Springer, Berlin, 1972.

[44] C. Ma, W. Gu, and J. Sun. Global well-posedness for the 2D Cahn-Hilliard-
Boussinesq and a related system on bounded domains. Bound. Value Probl.,
Article ID 119, 2017.

[45] A. Oberbeck. Ueber die Warmeleitung der Fliissigkeiten bei Beriicksichtigung
der Stromungen infolge von Temperaturdifferenzen. Ann. Phys., 243:271-292,
1879.

[46] O. A. Oleinik. A method of solution of the general Stefan problem. Sov. Math.
Dokl., 1:1350-1354, 1960.

[47] A. Onuki. Phase transitions of fluid in shear flows. J. Phys. Condens. Matter,
9:6119-6157, 1997.

[48] K. R. Rajagopal, M. Reuzicka, and A. R. Srinivasa. On the Oberbeck-
Boussinesq approximation. Math. Models Methods Appl. Sci., 6:1157-1167, 1996.

[49] T. Roubicek. Nonlinear Partial Differential Equations with Applications.
Birkh&user, Basel, 2nd edition, 2013.

[50] L. I. Rubinstein. The Stefan Problem, volume 27 of Am. Math. Soc. Transl.
American Mathematical Society, Providence, 1986.

[51] J. Simon. Compact sets in LP(0,T; B). Ann. Mat. Pur. Appl., 146:65-96, 1987.

[52] H. Sohr. The Navier-Stokes Equations: An Elementary Functional Analytic
Approach. Birkhauser, Berlin, 2001.

[53] J. Sprekels and S. Zheng. Optimal control problems for a thermodynamically
consistent model of phase-field type for phase transitions. Adv. Math. Sci. Appl.,
1:113-125, 1992.

[54] R. Temam. Navier-Stokes Equations, Theory and Numerical Analysis. AMS
Chelsea Publishing, Providence, RI, 2001.

[55] R. Temam and A. Miranville. Mathematical Modeling in Continuum Mechanics.
Cambridge University Press, New York, 2nd edition, 2005.

[56] F. Troltzsch. Optimal Control of Partial Differential Equations: Theory, Meth-
ods and Applications. American Mathematical Society, Providence, RI, 2010.

[57] C. Truesdell and W. Noll. The Non-Linear Field Theories of Mechanics.
Springer-Verlag, Berlin Heidelberg, 3rd edition, 2004.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA 54 / 54

[58] M. Tucsnak and G. Weiss. Observation and Control for Operator Semigroups.
Birkh&user, Basel, 2009.

[59] D. Wachsmuth. Optimal Control of the Unsteady Navier-Stokes Equations. PhD
thesis, Technischen Universitat Berlin, 2006.

[60] E. Zeidler. Nonlinear Functional Analysis and its Applications, volume I.
Springer-Verlag, New York, 1986.

[61] K. Zhao. Global regularity for a coupled Cahn-Hilliard-Boussinesq system on
bounded domains. Q. Appl. Math., 69:331-356, 2011.

[62] X. P. Zhao and C. C. Liu. Optimal control problem for viscous Cahn-Hilliard
equation. Nonlinear Anal., 74:6348-6357, 2011.

[63] X. P. Zhao and C. C. Liu. Optimal control of the convective Cahn-Hilliard
equation. Appl. Anal., 92:1028-1045, 2013.

[64] X. P. Zhao and C. C. Liu. Optimal control for the convective Cahn-Hilliard
equation in 2D case. Appl. Math. Optim., 70:61-82, 2014.

[65] Y. Zhou and J. Fan. Blow-up criteria of smooth solutions for the Cahn-Hilliard-
Boussinesq system with zero viscosity in a bounded domain. Abstr. Appl. Anal.,
Article ID 802876, 2012.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



	Introduction
	Preliminaries
	Analysis of the State Equation
	Analysis of state equation
	Regularity of solutions

	Linearized System and Differentiability of the Solution Operator
	Linearized state equation
	Differentiability of the control-to-state map

	The Adjoint System
	Analysis of Optimal Control Problem
	First order optimality condition
	Second order optimality conditions

	References

