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ABSTRACT.

A fluid-structure interaction model with discrete and distributed delays in the
structural damping is studied. The fluid and structure dynamics are governed
by the Navier-Stokes and linear elasticity equations, respectively. Due to the
presence of delay, a crucial ingredient of the weak formulation is the use of
hidden boundary regularity for transport equations. In two space dimension,
it is shown that weak solutions are unique. For smooth and compatible data,
we establish the existence of the pressure and by applying micro-local analysis,
further regularity of the solutions are available. Finally, the exponential stability
of the system is obtained through an appropriate Lyapunov functional.
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1. INTRODUCTION

In this paper, we study the well-posedness and stability of an incompressible fluid-
structure interaction model with interior damping and delay in the structure. The
Navier-Stokes equation will be used to model the behavior of the fluid, while a linear
elasticity equation is used for the solid. Continuity of the velocities and the normal
components of the stress tensors across the interface is imposed. The interface is
assumed to be stationary, a reasonable assumption under the case of small but rapid
oscillations of the elastic body. We consider the following nonlinear fluid-structure
interaction model with mechanical dissipation and delay

~

u(t, x) — Au(t,x) + u(t,z) - Vu(t,z) + Vp(t,xz) = G¢(t,z), t>0,z € Qy,

divu(t,z) =0, t>0,z€Qy,
u(t,z) =0, t>0,zely,
u(t,x) = wy(t, z), t>0,xely,
wy(t,x) — divo(w(t,x)) + w(t, z) + pw(t, )

0

+ pqwi(t — rg, x) +/ pe(Q)we(t +6,2)d0 = Gy(t,z), t>0,z € Qs

—re

%u(t, z) — p(t,x)v(z) + %(u(t, z) - v(z))u(t, r)

L = ow(t,2) - v(a), t>0,z€l,
(1.1)
where the linearized elastic deformation tensor o is given by o(w) = 2ue(w) +
As(divw)I, with e(w) = 3(Vw + Vw?) being the symmetric part of Vw. The
positive constants u; and A; depend on the material properties of the solid. Due to
incompressibility, the stress tensor for the fluid reduces to the Laplacian.
The vector-valued functions u : [0, T]xQ; — R?and w : [0, T]xQ, — R represent
the fluid velocity and structure displacement, respectively, while the scalar-valued
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function p : [0,7] x 2y — R denote the fluid pressure. We assume that 2y and €
are sufficiently smooth domains in R? with either d = 2 or d = 3. The interface
I's; and external fluid boundary I'y have no points in common and are a positive
distance apart. Here, v will be the unit normal outward to I'; in €25 and to I'y in €.
The functions Gy and G, are external sources in the fluid and structure dynamics.

We denote the respective initial fluid velocity and structure displacement, velocity
and history as follows

(1.2)

where 7 = max(rg,r.). System (1.1) without delay has been extensively studied by
several authors, see |9, 10, 16, 28] for instance. See also [3, 5, 6, 7, 20, 21, 24, 25,
30, 31] for other related topics.

On the interface, the appearance of the term %(u - v)u is due to the hypothesis
that T', is stationary. According to the incompressibility of the fluid, it holds that
(u-V)u = div(u®u), and this corresponds to the boundary term (u®u)v = (u-v)u
on I'y when the divergence theorem is applied in the weak formulation. The factor %
is imposed under the requirement that the energy dissipates due to the fluid diffusion
and structural mechanical dissipation. We refer to 9] for other details and relevant
references pertaining to the model without delay.

The last three terms on the left hand side of the elasticity equation can be thought
of as a feedback control with delay taken into account. This entails that there is
a time-lag for the effectivity of the control. Discrete and distributed delays are
considered here. The positive constants ry and r. measure the extent of discrete
and distributed delays, while uy and pu. are the strengths of such, respectively. We
suppose that p. : (=7, 0) — R is Lebesgue square integrable. We only consider a
single discrete delay, nevertheless, the methods presented here can be adapted to
the case of multiple discrete delays.

Existence of energy-level weak solutions will be shown by a standard Faedo-
Galerkin method using the normalized eigenvectors of the Stokes-Neumann operator.
By energy-level weak solutions, we mean that solutions lie on the usual state space
formulations for the Navier-Stokes and Lamé’s equations. Due to the presence of
delay, a crucial ingredient of the weak formulation is the use of hidden boundary reg-
ularity for transport equations, see Theorem 3.2 below. In two space dimensions, we
will prove that such weak solutions are unique. For smooth and compatible data,
we will show the existence of the pressure. By flattening the boundary through
Melrose-Sjostrand coordinates [32, 33|, further regularity of the solutions will be
proved. This information will be useful in establishing the exponential stability of
the system using the energy method. These strategies have been successfully applied
to the analysis of fluid-structure interaction models without delay in [9, 10, 16, 28]
and the references therein.
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We also consider the asymptotic behavior of the energy

1

1
E(t) = —/ lu(t, z)|* do + —/ lw,(t, 2)|* + |Vw(t, z)|* dz
2 Jo, 2 Jo.

1 0
+ —/ / lw,(t + 0, 2)>d0 da.
2 —r J Qg

These quantities represent the kinetic energy of the fluid motion, the total energy of
the structural motion and the energy associated with the delay. Without external
sources, that is Gy = 0 and G5 = 0, the exponential decay of the energy for the
coupled system under suitable assumptions on u, pg and p. will be established using
an appropriate Lyapunov functional. For discrete delays, the pioneering works [13,
14] are classical references illustrating the destabilizing effect of delays in feedback
controls. Typically, if damping dominates the strength of delay then the system is
stable, provided that it is stable in the absence of delay.

We reiterate here the challenges when dealing with the fluid-structure model (1.1)-
(1.2). First, we have a mismatch of regularity between the dynamics of the fluid
(parabolic) and the solid (hyperbolic) on the interface. Second, due to the presence
of the Neumann-type boundary condition on the interface, the typical Leray’s pro-
jection method for the Navier-Stokes equation is not applicable. Third, the existence
of weak solutions for rough initial data with finite energy has to be established. Fi-
nally, due to delay, one needs an appropriate functional analytic framework to deal
with the retarded terms and to have the existence of weak solutions without any
structural assumptions on the coefficient u, as for instance p > .

The first three issues have been resolved by Lions [28] and Barbu, Gruji¢, Lasiecka
and Tuffaha [9]. One may overcome the regularity mismatch on the interface by
adding small viscoelastic damping on the structure as in [12, 45]. This turns the
coupled parabolic-hyperbolic system to an entire parabolic problem. On the other
hand, local-in-time strong solutions can be achieved with additional regularity and
compatibility of the data as in [11]. In establishing the existence of weak solutions,
we do not consider smoothing effects on the structural dynamics and we assume that
the initial data are not smooth. In this direction, we closely follow the frameworks
in 9] and [28].

For the last concern, we follow the paper of Nicaise and Pignotti [36] for mul-
tidimensional linear wave equations with boundary or interior damping and delay.
The linearized case, with the elasticity equation replaced by the wave equation and
neglecting transversal elastic forces, has been studied in [38] using semigroup theory
and classical Tauberian theorems. Well-posedness for every constant delay factors
can be achieved from the perturbation theorem for strongly continuous semigroups.

With regards to wave equations with distributed delays, [37] considered a delay
variable which satisfies a transport equation with two extra parameters and a degen-
erate kernel. The well-posedness of the model has been established via semigroup
methods. A weighted L2-space has been considered as the state space for the delay
variable, where the weight function is related to the kernel corresponding to the
distributed delay. Consequently, it is not necessarily the usual L2-space. However,
the natural set-up would be the L?-space as in the case of discrete delays and for
ordinary delay differential equations. This will be the direction we pursue here.
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Introducing a new state variable z(¢,0,x) = wy(t + 0,z) for (¢,0,x) € (0,00) X
(—r,0) x € that keeps track of the delay, the elasticity equation can be rewritten
as a coupled system of hyperbolic partial differential equations
(2(t,0,2) — 2(t,0,2) =0,
2(t,0,x) = wy(t, x),
wy(t, 2) — divo(w(t, ) + w(t, ) + pw(t, ) (1.3)

0
+ pgz(t, —rq, x) +/ we(0)z(t,0,2) d0 = G4(t, ),

—re

\

fort >0, —r < 0 < 0 and = € Q. Observe that the first equation in (1.3) is a
one-dimensional transport equation with parameter x € €.

The paper is organized as follows. Section 2 deals with the functional analytic
properties of the Stokes-Neumann operator. As a strictly positive self-adjoint op-
erator with compact inverse, this map has an orthonormal basis, and this will be
used in the Faedo-Galerkin approximations of (1.1). The well-posedness as well
as boundary and interior-point trace regularities of the transport equation with a
parameter will be briefly presented in Section 3. Existence of energy-level weak
solutions of (1.1) will be discussed in Section 4. In the two-dimensional case, the
uniqueness of weak solutions, regularity of weak solutions and exponential decay of
the energy will be tackled in Sections 5, 6, and 7, respectively.

2. THE STOKES-NEUMANN MAP

Given an open set ) in RY, the inner product on the Lebesgue space L?(§2) will be
denoted by (-, -)q. The usual notation H*({2) with s € R for the Sobolev spaces will
be used. For simplicity, the product of d copies of a Banach space X will be denoted
again by X instead of X?. We use the notation X’ for the dual of X, that is, the
space of all bounded linear functionals on X. The set of all vector-valued functions
in C§°(€2) that are divergence free in Q will be denoted by Cg5,(92).

We denote the whole fluid-structure domain by 2 = Q¢ U Q, UT's. In the weak
formulation of the Navier-Stokes equation, the standard function spaces of solenoidal
functions will be utilized here. Consider the following Hilbert spaces

Hy={ue L*(Qf) :divu=01in Q,u-v =0 on I';},
Vi={ue€ H(Q) :divu=01in Qf,u=0on I';},

endowed respectively with the following inner products
(u,v)q, :/ u-vdr, (u,v)y, = / Vu : Vudz,
Qf Qf

where the colon represents the inner product in R%¢. The corresponding norms
will be denoted by || - [[o, and || - [|v;, respectively. Recall that the gradient of
a vector field u = (uy,...,uq) is given by Vu = (Qjur)d,_,. If u € Hy then
(w-v, 1) g2z, = 0 and if u € Vy then (u,v)p, = 0 from the divergence
theorem.

The embedding V; C H/ is continuous, dense and compact. One can see that the
completions of the set D(£);) consisting of all vector-valued functions in C*°(€2;)
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which are divergence free in {1y and vanish on a neighborhood of I'y under the
norms in L?(Qy) and Hj(Qy) are Hy and Vy, respectively. These facts are well-
known, however, for completeness we present the details regarding the completions
based on appropriate liftings on the interface I';.

Given u € Hy, define z = (Vzp)xq, + (Vz)xa, € L*(Q), where x denotes the
characteristic function, and zy € H'(Qy) and z, € H'(Q) are weak solutions,
which are unique up to additive constants, of the elliptic Neumann boundary value
problems

—AZfZO, in Qf,

Ozp r —Az, =0, in €,
oy on Ly and 0z

=u-v, onl,.
aZf ov
— =wu-v, onlly,
ov

Due to the compatibility condition (u - v, 1) g-1/20)xmr/2r,) = 0, the existence of
solutions is guaranteed, see [29]. By construction, it holds that divz = 0 in €2 in the
sense of distributions and z-v = 0 on 92 = I'y. Therefore, given € > 0, there exists
¢ € Cg%,(Q) such that ||z —¢|lq < /2. On the other hand, since u — z is divergence
free in Qy and (u —2) -v = 0 on 9y =T’y UT, we have (v — z) — Y[, < /2
for some ¢ € CF%, (). Letting ¢ = ¢ + 1, we have ¢ € D(§2) and |lu — ¢||o, <,
proving the density of D(€2f) in Hy.

Now suppose that v € V; and let y = yrxa, + ysxa, € H (), where (yy,7f) €
HY(Qy) x (L*(24)/R) and (ys, 75) € H' () x (L*(Qs)/R) are the weak solutions of
the following Stokes problems

divys =0, in Qy,

yr =0 onT; and divys =0, in €,
7 ’ Ys = U, on [';.

yr =u, on [y,

Thanks to the compatibility condition (u,v)r, = 0, these problems are well-posed,
see |43] for instance. According to the definition, divy = 0 in © and therefore given
e > 0 we have [|[Vy — Vol|lo < £/2 for some ¢ € C§%(2). Similarly, there exists
Y € C5%,(Qy) satistying ||V (u —y) — Vi|lq, < €/2 because u —y € Hj(€y) and
div(u —y) = 0 in Q. Consequently, if ¢ = ¢ + v € D(Qy) then ||[Vu — Voo, <e,
showing the density of D(§f) in V.

We also consider the Hilbert spaces Hy = Hy x L*(Qs) and H; = {(u,v) €
Vi x HY(Qs) : u=v on I's} with the inner products

((1,0), (9, 9)) 1y = /

Q

u-godx+/ v-de,
f s

(u, ), (g, ¥y = | Vu:Vedr+ [ Vo:Vedr.

Qf Qs
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In Hy, the norm || - |5, is equivalent to

2
| (u,v)|| = (/ |Vu|2dx+/ [v]? + |[Vov|? dx) )
Qf QS

Indeed, if (u,v) € Hy then § = uxq, +vxa, € H}(Q). By the Poincaré inequality

(w,0)2 < / IVEPR + €2 d < eq / VEPR de = ol (u, v)%.

for some cq > 0. The other inequality is trivial. We have the following density
property.

Proposition 2.1. The set D := {(u,v) € D(Qf) xC*®(8) : uxa,+vxg, € C5°(Q)}
15 dense in Hy and Hy with respect to theiwr underlying norms.

Proof. Denote by Hy and H; the closures of D in Hy and H;, respectively. It is clear
that H; C H, for i = 0,1. Let (u,v) € Hy and suppose that ((u,v), (¢,%))g, = 0
for every (p,%¢) € D. By extending every ¢ € C§°(€25) by zero outside 2, we have
(v,9)q, = 0, hence v = 0. Consequently, u = 0 as well by the density of D(£f) in
Hy. Thus, Hy = H.

To prove that H; = Hy, we follow [43, Section 1.1] by showing that any bounded

linear functional L on H; ‘Ehat vanishes on H; is identically zero. Let us define a
bounded linear functional L on W := {§ € Hj(2) : div§ = 0 in Oy}, considered as
a subspace of H}(Q), by

<Z~—17 €>W’><W = <L7 (g‘ﬂfaf
This functional is well-defined since the map § — ({|a;, {|a,) is an isometric isomor-
phism from W onto Hy, and moreover, it vanishes on {{ € C§°(2) : £ € D(§2¢)}. By
the Hahn-Banach Theorem, L can be extended to an element of H~1(Q). Now, L

vanishes on Cg% (€2), and therefore L = Vp for some p € L*(Q) in the distributional
sense. This implies that

(L, &)wiew = — (p,divE)g,,  forall{ € W.

Taking arbitrary £ € C§°(€2s), extending it by zero outside 25 and then using
(L, )wxw = 0, we have Vp = 0 in . Thus, p is constant in Q and we ob-
tain from the divergence theorem that

(L,E)wixw = —p §~de:p/ divédr =0
I Q;

Qs)>H{><H1'

for every & € W. Therefore, L = 0 and as a result L = 0. 0

From the above proposition, Hy C H; is continuous and dense. Moreover, since
L*(Q) € HY(Q) and H; C Vy are compact embeddings, H; C Hy is also a compact
embedding.

We now define the Stokes-Neumann operator. Roughly speaking, this is a linear
operator describing a simplified steady state version of the fluid-structure interaction
problem. Let A: D(A) C Hy — H, be the linear operator defined by

A(u,v) = (—Au+ Vp, —Av)
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with domain D(A) consisting of all elements in (u,v) € H; such that Av € L*(€,),
—Au+Vpe Hyand ¢ = %% —pvin H~2(T,) for some p € L*(Qy).

Note that v € H'(€,) and Av € L?(€),) imply that 3¢ € H~2(T,). The fact that
r, € H2(T',) and p|r, € H2(T,) follow from —Au + Vp € Hy and u € Vy, see
[5]. By choosing p = 0, we can see that D C D(A), and thus, D(A) is dense in

Hy by Proposition 2.1. For the Stokes operator with Neumann boundary conditions
and without the coupling with the Neumann Laplacian, we refer to [34].

du
v

Theorem 2.2. The linear operator A is self-adjoint and strictly positive. Moreover,

D(Az) = Hj.

Proof. We begin by showing that A is symmetric. For this purpose, let
(u,v), (¢,9) € D(A) and denote by p and 7 be the corresponding elements in
L*(Qy). Applying Green’s identity and the divergence theorem twice, we have

(A, ), (9.0}, = /

Qp

(—Au+Vp) - pdx +/ (—Av) -y dx

Qs

:/ Vu:Vedr + Vo : Vo de
Qf

:/Qvu-(—A<p+V7r)da:+/ v (—Ay)de
= ((UaU%A(%?/)))Ho-

Here, we used the boundary conditions % = % — pv and % = Q‘f — mv on [y,
u=¢ = 0on Iy, and the fact that v and ¢ are divergence free in .

To prove that A is self-adjoint, it is enough to prove that A is onto according
to [44, Proposition 3.2.4]. Let (f,g) € Hp be given. Note that the map (f,g) —
(f,©)a,; + (9,¢)q, defines a bounded linear functional on H;, and hence from the

Riesz representation theorem, there exists a unique (u,v) € Hy such that

(VU, VS0>Qf + (VU, VWQS = (fa SO)Qf + (97¢)Qsa v (907 w) € H. (21)

Taking ¢ = 0 and ¢ € Hg(2) NV} in (2.1), it follows from de Rham’s theorem
that there exists p € L*(€2;) such that —Au+ Vp = f in the sense of distributions.
Note that p = p + p* for every constant p* satisfies the equation —Au + Vp = f in
the sense of distributions as well. This constant will be appropriately chosen below.
For every ¢ € V; we have, according to generalized Green’s identity,

0
f'%0d$2<—u—pV,90> —l—/ Vu:Vpdz. (2.2)
Qf ov H™3(Ts)xH3 (Ty) Qs

By taking ¢ = 0 and ¢ € H}(Q,) in (2.1) we have —Av = g in L?*(€),). Thus
% € H~3(T',) and for every ¢ € H'(€,) there holds

0
/ g-wdx:—<—v,"¢)> —i—/ Vo : Vipdae. (2.3)
s v H™ 3 (Ts)x H3 (T)

s
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Let ¢ € H%(Fs) and set ( = ¢— (‘F—1| fFS ¢-vdz)v. Choose the constant p* according

to
1 <6u N ov >
pF = U — —, VU ) (2.4)
s ] o [ g=sroxmd e,

Note that ¢ € H%(FS) and fFSC -vdx = 0. From the trace theorem there exists

v e HY(Qy) r, = (. Let (p,m) € V; x L*(24)/R be the solution of the
following Stokes problem

—Ap+Vr =0, inQy,

divyp =0, in Qy, (2.5)
@ =0, on I'y,

v =, on ['.
Using (p,1) € H; as the test function in (2.2) and (2.3) we have

0 0
v v H™3 (Iy)x H3 ()

From the deﬁnition of p* and the equation ¢ = ( + (\F_lsl st ¢ - v dx)rv we obtain that

u —py— % =0in H- 2(I,). Therefore, (u,v) € D(A) and A(u,v) = (f,g).
From the proof of symmetry, we deduce that for every (u,v) € D(A)
(A, v), (u,0) iy = | (w, 0) [, - (2.6)

Using this and the Poincaré inequality, we conclude that A is strictly positive.
Finally, we prove that D(A2) = H;. By [44, Remark 3.4.4], the space D(Az) can
be viewed as the completion of D(A) with respect to the norm

() |1y 2= (A, 0), (u,0)) s

and therefore from (2.6), we have D(Az) C H; since D(A) € Hy. On the other
hand, from D C D(A) and the density of D in H;, we have the reverse inclusion

H, C D(A?). O

The operator A~! is also strictly positive, self-adjoint and compact, the latter
being a consequence of the compactness of H; C Hy. From the above discussions
and [44, Theorem 12.2.11], Hy has an orthonormal basis {(pn,¥,)}22; consisting
of normalized eigenvectors of A. Let A, be the eigenvalue associated with (@, 1¥,).
Each )\, is positive, and we list them in increasing order so that A, — oco. Every
element (u,v) € Hy has the Fourier series expansion

Z{ 90” Qf wn) }(Qonﬂwbn)

In particular, for u € H; and v € L?(§2,) we have

[e.9]

U= Z(u, ©n)o; Pn, v = Z s Un),Pn.

n=1
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Consequently, the operator A can be expressed as a Fourier series in terms of the
associated orthonormal basis as

=" MW ), + (v, %n)a, } (9ns )

and its domain can be alternatively characterized according to

D(A) = {(u, v) € Hy : Z(l + X)|(u, o), + (v, Un)a, ] < oo} :

n=1

In proving the existence of weak solutions to (1.1), we shall utilize the orthogonal
projection I1,, of Hy onto the span of {(¢;,;)}7L, given by

Z{ U, Pnde, + (U, 0n)a, H(Pns Yn). (2.7)
For each (u,v) € Hy we have ||Hm(u, )|, < ||(w,v)|| g, for all m and I1,,(u,v) —

(u,v) as m — oo in Hy.
Consequently, we have the following characterization

Hl = {<u7 U) € HO : Z)\nKua Son)ﬂf + (ann)ﬂs 2 < OO}
n=1

H u,v HHI = (Z)‘ ’ Uu Son Qy (ann)ﬂs 2) .

Using this, we have || I1,,,(u, v)|| g, < |[(u,v)| n, for each m and II,,(u,v) — (u,v) as
m — oo in Hy whenever (u,v) € H;. Indeed,

and

[ L (s, 0) ||, = ZA (1, en)a, + (0, 9n)a,]? < [(u,0)|13,
and as m — 00

T (u, 0) = (u, 0)|[7, < Z Anl (s on)ay + (v, ¢n)a,

n=m-+1

3. TRANSPORT EQUATIONS WITH PARAMETER

Let Q C R? be Lipschitz, T > 0 and a < b. The results of this section will be
applied to the case (a,b) = (—r,0). Consider the transport equation with extra
variable x € )
2(t,0,2) — z9(t,0,2) =0, in (0,7) x (a,b) x Q,
z(t,b,x) = v(t, x), in (0,7) x €, (3.1)
2(0,0,x) = z(0,x), in (a,b) x Q.
If the initial and boundary data v and 2, are sufficiently smooth and satisfy ap-

propriate compatibility conditions, then one can obtain the solution of (3.1) using
the method of characteristics. Moreover, one obtains a well-defined trace on the
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boundary as well at interior points. Our goal is to have weak solutions for square
integrable data and recover also this trace regularity. This will be needed in the
weak formulation of our fluid-structure interaction model (1.1).

Our approach follows a variational method similar to the method of Friedrichs
[17] for symmetric hyperbolic systems. Here, we focus in the bounded case and also
mention the construction of traces for the graph spaces associated with (3.1). First,
we write our notion of weak solution.

Deﬁnition 3 1. Let v € L*((0,T) x Q) and z € L*((a,b) x Q). A function z €
L3(( (a,b) x Q) is called a weak solution of (3.1) if the variational equation

(0
/// - stanai= [ [ 2-ohszans [ [ volstra

holds for every ¢ € H'((0,T) x (a,b); L*(Q)) such that li—r = 0 and ¢|p—q =

Notice that a weak solution satisfies the equation z; — zyp = 0 in the sense of
distributions. Hence, one can have a generalized trace on the boundary of Qr =
(0,T) x (a,b). Following |2, 22, 39|, we shall construct this generalized trace and
its restrictions in the Appendix. The proofs of the following theorems are similar
to that of hyperbolic systems and for this reason we do not include them here. For
the definition of the space V2(Qr) we refer to the Appendix.

Theorem 3.2. Given v € L*((0,T) x Q) and zy € L*((a,b) xQ), (3.1) has a unique
weak solution. Moreover, we have z € C(0,T;L*((a,b) x Q)) N L2(; VA(Qr)),
2|o=a; 2lo=p € L*((0,T) x Q) and for each v € R we have

e 20122 @pywey T 1€ 2lo——rl1 T2 0.0y 0 (3.2)
t
+ 27/ 6_2W||Z(U)||2L2((a,b)x9) do = ||ZO||%2((a,b)><Q) + HG_WUH%Q((O,T)XQ)
0

for every t € [0,T.

The parameter 7 in the above theorem will be useful in the derivation of a priori
estimates applicable to arbitrary delay coefficients y, pg € R? and p, € L*(—7,0).

Theorem 3.3. Suppose that m,s > 0 are nonnegative integers, zy €
H™((a,b); H*(Q)) and v € H™(0,T;H*(Q)) satisfy the compatibility condi-
tions O v|t 0 = 8'20|9:b for every 5 = 0,1,...,m — 1. Then the weak solution of
(3.1) satisfies

2 €[ CU0,T; H™((a,b); H* (),
=0
z|9:a7z|9:b S Hm(07T7 HS(Q))

Remark 3.4. Let ¢ € [a,b]. By choosing test functions ¢ € H((0,T) x
(&,b); L*(2)) satisfying lo—e = 0 and @l—r = 0 and then extending them by zero
for a < 0 < & in the definition of weak solution to (3.1), we see that z satisfies the
weak form of (3.1) for 6 € (&,b). Consequently, z|o—¢ € L*((0,T) x Q) in the case
of Theorem 3.2, while z|g—¢ € H™(0,T; H*(X2)) in the case of Theorem 3.3.
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4. EXISTENCE OF WEAK SOLUTIONS

The weak formulation of (1.1) will be posed in the state space X = Hy x H'(£2;) x
L2(92) x L*((—7,0) x ) and will be coupled in terms of the fluid and solid com-
ponents. This is the same framework utilized in [28] for the case without delay.
Thanks to the trace regularity for transport equations, it is advantageous to have
test functions for the fluid-structure dynamics that are uncoupled to the delay vari-
able. Without delay, an alternative direction was followed in [10] using the theory
of monotone operators. This time the test functions for the fluid and solid com-
ponents are decoupled due to hidden trace regularity for the hyperbolic part. We
prefer the former approach, specially in establishing uniqueness and regularity in
two dimensions. For the rest of the paper, we let 2¢ := z|y—_¢ whenever £ € [0,7].

Definition 4.1. Given T > 0, Gy € L*(0,T;V}), G, € L*(0,T;L*(Q)) and
(ug, wo, Vo, 20) € X, the quadruple (u,w,wy, z) € L*(0,T; X) is called a weak solution
of the fluid-structure model (1.1)—(1.2) if the following conditions are satisfied:

(a) ue L*0,T; V)

(b) ulr, = wylr, € L*(0, T; H2(T,))

(c) 2" € L*(0,T; L*(9y))

(d) w(0) = wy
(e) For every (o,v) € H(0,T; Hy) N L*(0,T; Hy) such that (p,v¢)|i=r = 0 we
have
! 1
/ {_(U, Spt)ﬂf + (vu7 VSO)Qf + <(U . V)U, SO>V;><Vf - §<(U : V)u7 gp)V;XVf} dt
0

+/o {=(w, Y)q, + (o(w), €(¥))a, + (w + pw; + paz",1p)q, tdt
n / / ez, ), 40t = (g, 9(0))a, + (v, $(0))e,

T
+ [ G sy + (Guvln e

(f) For every ¢ € H'((0,T) x (—r,0); L*()) with ¢|y=r = 0 and ¢" = 0 we
have

T r0 T 0
— L — 4o dt — s )q. dt = L 6(0))q. dO.
/0 / (216 ), o / (wr, ), dt / o6 (0),

Let us give a few remarks with regards to the above definition. As a consequence
of the definition, we have w € C(0,T; L*(€)), so that (d) makes sense. Moreover,
we have at the very least that w|p, € H~Y(0,T; H %(Fs)). Nevertheless, condition
(b) implies that we have more regularity. Condition (f) implies that z is the weak
solution of

2 (t,0,2) — z9(t,0,2) =0, in (0,7) x (—=r,0) x Q,
2(t,0,2) = wy(t, x), in (0,7") x €, (4.1)
2(0,0,x) = z(0, x), in (—7,0) x €,

and based on Remark 3.4, we obtain (c).
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In the following, we shall prove well-posedness for every damping and delay factors
(, pta, pre) € R x R x L*(—r.,0). In the linear case where semigroup methods are
amenable, the corresponding result can be achieved from the bounded perturbation
theorem for strongly continuous semigroups. In the nonlinear case, we shall do a
similar process by replacing the test function (p,v) in condition (e) by e (y, )
with a suitable v > 0. Notice that this map is an isomorphism of H'(0,T; Hy) N
L*(0,T; Hy) onto itself.

The effect of the above change of test functions with respect to the weak form
is equivalent to the change of the unknowns (u,w,w;,p) to e " (u,w,w;, p) in the
strong form. For this reason, let us define the new state variables (u., w., vy, p,) =
e " (u, w, wy, p) as well as the rescaled source terms G, = e "G and Gy, = ¢ "' G;.
The strong form of the Navier-Stokes equation becomes

Uyt — Aty + yuy, + € (uy - V)u, + Vp, = Gy,
divau, = 0,
and using
Wt = Uy — YWy, (4.2)
the strong form for the elasticity equation turns into

0
Uy — divo(wy) + wy + (7 + p)vy + pge” 2" + / e "z df = Gy,

e
The boundary conditions remain the same for the rescaled variables, that is, u, = v,
on I'y and w, = 0 on I'y, except for the normal stresses on I'y which becomes

ou 1
a—lj —pv+ iew(u7 VU, = o(wy) - V.

Applying the variation of parameters formula to (4.2), we obtain w, = e™"wq+.J,v,
where J, is the integral operator

(va)(t):/o e 7=y (s) ds.

We are now going to write the rescaled variational equation in (e). First, let us
define the bilinear forms ay : H' () x H'(Qf) — R and a, : H' () x HY(Qs) = R
and the trilinear form b : H(Qy) x H'(;) x H(Qf) — R respectively according
to

le(u, 90) = (VU, v@)ﬂf
as(w, ) = (o(w), e(¥))a, + (w, ¥)e,
b(u,v,p) = ((u- V)v,gp}vffxvf - %((u V), @)V;va.

From the above discussions, we see that the variational equation in (e) can be
rewritten as follows

T
/0 {—(u% SDt)Qf +ag(uy, ©) +v(u,, @)Qf + ewtb(u% Uy, @)} dt

T
+/ {=(vy, o, + as(Jyvy, ) + (v + w)vy + pae™"' 2", Y)q, } dt
0
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/ /_rc "z, %), A8 dt = (uo, ©(0))q, + (vo, ¥(0))q,
‘/0 e Mas(wo, ¥ dt+/ (G @)vixv, + (Goyy ), } dt,

while the variational equation in (f) can be rewritten as

[ [ o tnnavar = [ @0, = [ o.o0)0, 00

Note that we only did a change of test functions in (e) and not in (f). If (u,,v,, 2) €
L*(0,T; Hy x L*(Q2) x L*((—r, 0) x Q)) satisfies these new variational equations and
Jyv, € L*(0,T; H'(Qs)) then it is not hard to see that (u,w,w;, z) with u = eu,
and w = e".J v, + wy is a weak solution of (1.1)—(1.2).

Remark 4.2. An auziliary problem may be considered in terms of the global ve-
locity vector field &, = uyxa; + v X, as in [16]. One proves the existence of &,
by Faedo-Galerkin method. The solution of the original problem can be obtained by
the restrictions u, = €V‘Qf and vy, = & la,. We prefer the formulation where the
velocities are defined separately. Nevertheless, these two approaches are equivalent.

In the following lemma, we list some properties of the trilinear form b that will

be needed in the proof of existence of weak solutions. For their proofs, we refer to
[10].
emma 4.3. Letu € ana v, p € . en we have the jollowing:
L 4.3. L Vi and v,p € HY(Qy). Th h he followi
(1) b(u,v, ) = =b(u,p,v) and in particular b(u, u,u) = 0
(11) If d = 2 then there exists a constant C' > 0 independent of (u,v, @) such that
(111) If d = 3 then there exists a constant C' > 0 independent of (u,v, @) such that
[b(u, v, )| < Cffull

H%(Qf)||U||H1(Qf)||90||H1(Qf)

s, 0,)| < Cllully 3.0 100 191 3,

The following consequence of this lemma will be utilized frequently in this paper.

Corollary 4.4. Let d = 2. For every € > 0 there exists a constant C. > 0 such that
2/3
b, v, )| < ellul}, + Cellulld, oI, (1 + ],
for every u,v € V.
Proof. From Lemma 4.3(ii), interpolation for Sobolev spaces and Poincaré inequal-
ity
3/41 1(5/4. 111/4)1.113/4
b, v, )] < Cllullylluly, [0]lv, + Cllulg) Tl el ol (43)

The desired estimate now follows by applying Young’s inequality ab <
ca? + G, b7/ with a = |ullv,, b = Cllulla,|vllv,, p = 2 and a = ||u||5/4

b= Clu ||3/4H ||1/4H ||3/4, p = 8/5 to the first and second terms on the right hand
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side of (4.3), respectively. O

Theorem 4.5. Let T > 0 and set Viy = {u € Vit u = 0onls}. Given
(uo, wo,v0,20) € X, Gy € L*(0,T;Vy)), Gy € L*(0,T; L*(%)) and (p, pia, pte) €
R? x L*(—r,0), the coupled system (1.1)~(1.2) has a weak solution. In addition,
it holds that (u,w,w;) € L>(0, T i Hyp x Hl( o) X L*(Q)), up € LP(0,T;V},),
where p = 2 if d = 2 and p = 5 if d = 3, wy € L*0,T; H (), and z €
C(O7T; LQ((_T7 0) X Qs)) n LZ(QS; VLQ(QT))

Proof. We apply a standard Faedo-Galerkin method using the orthonormal basis
of Hy obtained from the Stokes-Neumann operator A. For each positive integer m,
define

JI) - Zajm@)@j(x); (tv‘r) € (OvT) X Qfa

:E) = Zajm(t)¢j(x)v (t,fﬂ) S (0>T) X €.

The continuity on the interface w,,|r, = vy, |r, holds since ¢;|r, = ¥;|r, for each j.
Consider the following approximate system of integro-differential delay equations

Gim(8) + Y im(D{ar(es,00) + (05 000, } + > jm(O)rm(D)e™ b5, 0k, 01)

7j=1 7,k=1
+ Z (Jyeuim) (Bas (g, 03) + > (v + p)am(t) + pae™ " By (t, —ra) }(y, ¥i)a,
7j=1
+Z / O (t,0) (15, U)o, 40 = (G (8), 23) v, + (Gin(8), 1),
— e a,(wo, V), im (0) = Qimo, (4.4)

where h;,, is the solution of the following transport equation
&:him(t, Q) — @ghzm(t7 Q) = O, hzm(t, 0) = e“’tozjm(t), hzm((), 9) = himo(e), (45)

for (t,0,x) € (0,T) x (—r,0) x Q4 and for i = 1,...,m. The corresponding approx-
imate initial data and history are given by

im(0) = (o, ¢i)a, + (vo, Yi)a.,
himo(0) = (20(0), 3 )q., 0 e (-r0).
Let am = (umy -y @mm)?y B = (him, -y o) and f,, = Jau,. Likewise,

define the matrices A,, = [a;(¢j, vi) + V(@) wi)a, + (v + 1) (V) Yi)a, =1, Cm =
[as(¢ja¢i)]?3:17 Dm - [(d}jawi)ﬁs]%:l and Im = [(GfVaSOi)VJﬁXVf + (GS’Wwi)Qs
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e "ag(wo, 1;)]™,. The equations (4.4) can be written as the system
A (t) + A (t) + Coy fin(t) + €Ny (i (b)) + ptae™ " Dy (t, —74)
+ /O e " e () Db (8,9) A0 = g (t), (4.6)
finl®) = fnlt) =260 (1) =0,

for the unknowns (., fim, hm), where NV, is the nonlinear function associated with
the trilinear form b. From the theory of delay differential equations, system (4.5)—
(4.6) admits a unique local solution with h,, € C(0,T,,; L*(—7,0)) N VL(Qx,.), am €
HY0,T,,) and f,, € H*(0,T,,) for some T, € (0,T]. We either have T;, = T or
|t ()] + | fin ()| + | (8)]| £2(=r0) = 00 as t — T,,,. The a priori estimates below
implies that the second case is not possible, hence T,, = T.

Define z,, = Z;nzl himt; and zpmo = Z;nzl himotj. Note that z,|e—0 = €™ vy, by
(4.5). It follows from (4.5) that for each & € [0, 7], z,, satisfies

1d [°
—— 2 2,0 (t, 0)]3,. dO
sai |, s O,
0 —2~t 2 1 =27t || L€ 2 1 2
). 12 (2, O)ll5, 40 + 5™ [z (D la, = Sllvm B, (47)

Let w,, = e wy + J vy, so that wpy = vy, — YW, Multiplying (4.4) by i,

adding the resulting terms for ¢ = 1,...,m and using
%%a8<wm(t)> Wi (1)) = as(Win(t), Vi (t)) — Yas (W (t), wm(t))
we have
1d 9 9
5 7z Uwm @l + lvm (@)l + as(wn(t), wn(t))) + ap(wn(t), un(t))
+ Y[ (OIS, + s (W (1), wn () + (v + ) lom (O[3,
O atn O, + [ elO)(e 2 (8,0), vn())e, 06
= (G (1), um(t))vixvy + (G (1), v (b)), - (4.8)

Here, we used b(tp,, U, um) = 0 according to Lemma 4.3(i).
Taking the sum of (4.7) with £ = ry, £ = r. and (4.8), integrating with respect to
time and applying the Cauchy-Schwarz inequality, we obtain

+

/Ot as(Wp (o), Wi (0)) do + Cs /Ot ()13, do

Y
1 ! —2 2 1 Ll —2 2
c(3=e) [zt an+ (v=2) [ [ e len(o. 0l o
0 0 —Tec

1

t
< en0)+5 [ (CIGHOIR, + 16 () do
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where ,C,C. >0, C., =v+pu—1— p3C. — %HMCH%Q(_TQQ and

em(t) = %(Hum(t)\l?zf + lom O, + as(wm(t), wm(?)))

1 0 1 0
+§/ |2 (, )13, 46 + 5/ M on(t, O[5, A0, (4.9)

—7Tq

By definition, we have (u,,(0), v,,(0)) = I, (uo, vo), J40,(0) = 0 and 2,,(0,6) =
I1,,(0, 20(0))|a,. The boundedness of the projections II,, imply that e,,(0) is uni-
formly bounded with respect to m. By choosing € small enough then v large enough
so that C., > 0, we obtain the following

Up)m  bounded in L>(0,T; Hy) N L*(0,T;Vy),
)m  bounded in L*>(0, T L2(Qs))7

Wm)m  bounded in L>(0,T; H'())
Zm)m  bounded in L*°(0, T; L*((—r,
( (2/7),,  bounded in L?(0,T; L*(€)).

, (4.10)
0) x ),

With these bounds, we obtain the following convergences after an extraction of
an appropriate subsequence. First, we have u,, — u, in L?(0,7;V}), v, — v, in
L0, T; L*(Qy)), wy, — w, in L2(0,T; HY (), 2 — 2z in L0, T; L*((—7,0) x Q)
and z7¢ — ¢ in L*(0,T; L*(Q;)). Since u,, is bounded in LP(0,T;V},) and the
embedding V;o C H; is compact, we have u,, — u. in L*(0,T; Hy) by Aubin-Lions-
Simon Lemma [40]. The integral operator .J, is bounded from L*(0,T; L*(Q))
into itself, thus we have J v, — Jyu, in L*(0,T; L*(Q;)), and as a result w, =
Jy vy + e M.

Since 0z —0ypz = 0 = 0y2,, — Oy 2z, in the sense of distributions, we have z,, — z in
L*(Qs; W3(Qr)). The continuity of the generalized trace implies that we have 274 —
2" in L?(Q; V(X77)'). We refer the reader to the Appendix for the definitions of the
function spaces W2(Qr) and V(X 77¢)". By the uniqueness of weak limits, it follows
that ¢ = 2" To verify (b), first let us notice that w,|r, — u,|r, in L2(0,T; H2(T)).
From Jyup|r, — ws|r, in L2(0,T; H2(T,)), we obtain that vn|r, = ((Jyvm)e +
VI om) |, = (W + ywy)|r. = vy, in H-Y(0,T; H2(T,)). Since u,
all m, it follows that w.|r, = v,|p,.

Givenn; € H'(0,T) and p; € H'(Qr) such that n;(T) = 0, p;|,—r = 0 and pj = 0,
introduce the following test functions

k k k
pt = ZWPZ» Yr = an‘@/}ia ¢* = sz‘@bi
i=1 i=1 i=1

for 1 < k < m. Multiplying (4.4) by n;, taking the sum for 1 < i < k, and then
integrating by parts over the time interval [0, 7], we have the rescaled variational
equation in (e) with (u.,v,,2), (p,%) and (ug,vo) replaced by (U, Vi, 2m), (©*, F)
and (Umo, Umo), respectively. That is, for every 1 < k < m we have

s = Um|T, fOI"

T
/ {_(uma pr)gf + af(uma ka) + V(Uma ka)Qf + e’\{tb(uma U, @k)} dt
0
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T
+/ {= (U, ), + as(Jyvm, V) + (7 + 1) vm + pae™ " 200, F)q, b dt
/ / ez ¥ )2, 0 AL = (tt0m, (0, + (vom 0(0))er

_/ e~ a (w0, 1) dt+/ [(G s 0 vpsvy + Gy ), L, (4.11)
0

where (ugm, Vom) = Im(ug,v9). On the other hand, multiplying the first equation
in (4.5) by v, taking the sum for 1 < i < m, testing the resulting sum by ¢*, and
integrating by parts on [0,7] x (—r,0), we obtain

T p0 T 0
- / / (2 & — @), Ot — / (0, o), dt = / (20m; &(0))a, 6,
0 —7r 0

(4.12)
where 2o, (0) = 11,,(0, 20(0))|q., Which corresponds to the equation in (f), where z
and zg replaced by z,, and zq,,, respectively.
Writing b(wnm, tm, @) — b(ty, Uy, PF) = b(Upy — gy Uy @) — bWy, Uy, — 1, ") and
using Lemma 4.3(iii) and interpolation estimates, we have

T
/ (b1t tms ) — bt 11, ) dt‘
0
~T g k k
< [ (15t = w1ty )] + B2ty 0 — 113, 6
0
T
< C [ = 0l 1 Rl + i )
0

T 1 1
< C€7T||S0k||L°°(0,T;vf)/ [t = uyl[§, [tm = uy [, (lumllv; + [[uyllv,) dE
0

1 1
< CH‘:OkHL“(O,T;Vf)Hum - usz2(o T~Hf)Hum - u7||z2(o,T;vf)

where C' = C(T, [|um||z20,7,vp)5 1ty | 220,1v5)) > 0. For fix &, this tends to zero as
m — oo according to the uniform boundedness of w,, in L>(0,T; Hy) and the fact
that w,, — u, in L*(0,T; Hy).

Observe that the set of all linear combinations of the form (ny;,n;) for every
n € H'(0,T) such that n(T) = 0 is dense in {(p,v) € H'(0,T; Hy) N L*(0,T; Hy) :
(@, ¥)|i=r = 0}. Similarly, the set of all linear combinations of the form p1; for every
p € HY((0,T) x (—r,0)) with pl—r = 0 and p" = 0 is dense in {¢ € H*((0,T) x
(=7r,0); L2(£%)) : ¢li=r = 0,¢" = 0}. Passing to the limit m — oo in (4.11) and
(4.12), and then using these density properties, we obtain the rescaled versions of (e)
and (f) in Definition (4.1). Furthermore, we since u, € L*(0,7;V}), u,|r, = v4r,
and w,(0) = wy, we also (a), (b) and (d).

As has been noted, z is the weak solution of a parameter depending trans-
port equation with boundary data w; € L*(0,T;L*(Q,)) and initial data
20 € L*((—r,0) x Q). Consequently, z € C(0,T; L*((—7,0) x Q)N L*(Qy; VA(Q1))
according to Theorem 3.2 and 2" € L*(0,T; L2( s)) by Remark 3.4, thus (c) is ver-
ified. The regularity of the time derivatives u; € LP(0,T;V},), with p as described
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in the statement of the theorem, and wy € L?(0,T; H'(Q)) follows immediately
from the variational equation (e) by choosing test functions ¢ € LP/®=D(0,T;V} )
and ¢ € L2*(0,T; H}(Q,)), respectively. Finally, by the sequential compactness
of L>(0,T;H; x H*(Qs) x L*(Qs)) in the weak-star topology, we also have
(u, w,wy) € L=(0,T; Hy x H' () x L*(€)). O

Given a Banach space X, denote by Cs(0,7;X) the set all functions
u € L>®(0,7;X) such that for each f € X' the map t — (f,u(t))x«xx is
continuous on [0, 7.

Theorem 4.6. The component w of the weak solution of (1.1) constructed
by the Faedo-Galerkin approximations satisfies w; € Cs(0,T;L*(Q,)) and
w € Cs(0,T; HY(Q,)).

Proof. From the proof of existence, we have in fact the weak-star convergence
of wy, to w in L>®(0,T; H'(Qy)) and w,, to w; in L>(0,T;L*()). Since
w € C(0,T; L*(9y)), it follows from [29, Lemma 8.1] that w € Cg(0,T; H'(Q,)).
Likewise, we have wy € L2(0,T; H'(€)), so that w, € C(0,T; H~(£2,)), and thus
wy € Cs(0,T; L*(€)). O

5. UNIQUENESS AND CONTINUITY OF WEAK SOLUTIONS IN
TwO DIMENSIONS

In this section we shall establish the uniqueness of weak solutions in the two-
dimensional case, and in addition, we prove that the weak solutions are continuous
in time with values in the state space X.

Theorem 5.1. If d = 2, then the weak solution of the fluid-structure system (1.1)
1S UNIqUE.

Proof. Suppose that (up,vq,21) and (ug,ve,2z2) are two weak solutions of the
rescaled weak forms of (e) and (f), and denote by (u,v,z) the difference of these
weak solutions. Then we have the variational equation

T
A{4%%MAWA%@+%M@W+ﬁ@@wb@N¢
T
+/0 {=(v, ¥)a, + as(Jy0,0) + (v + p)v + pae ™" 2", )g, } dt

5A[<ﬂwwwawwgwm=o (5.1)

for every (p,v) € H*(0,T; Hy)NL*(0,T; Hy) such that (o(T),(T)) = (0,0), where
the trilinear form B is defined by B(u,u, ) = b(uy, u, v) + b(u, ui, ¢) — b(u, u, ¢).
The weak form for the transport equation for z is the same due to linearity.

Fix t € (0,T') and let ¥, be the absolutely continuous piecewise linear function
such that ¥,,(s) = 1for% <s gt—%andﬁm(s) :Ofor3>t—%ors< %
Let o, be an even mollifier whose support lies in [—% 11 that is, 0, € O®(R),

‘n
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0n(s) = 0n(—s) and [; 0n(s)ds = 1. For n > 2m we consider the test functions

(Prms Ynm) = O (Fntt) * 04 % 0ny (V0 * 0 % 0,) € Hy (0, T; Hy),

where u and v are extended by zero outside [0,7] and * denotes convolution with
respect to time, see |28, Chapter 1|. Fixing m and letting n — oo, we have

t t
/ (uv Sonmt)ﬂf ds = / ﬁm(u * On, (ﬁmu) * Qn)Qf ds
0 0

t t
+ / (V) * 0n)e, (Vmu) * 0n)a, dt — / 19m19m]|u|\?2f ds.
0 0

In a similar way, we have the following
t t
/ (0, Yrumt) ds = / DOm0l dt.
0 0
t
[ st ) 20, + (0 )0+ a6 ) s
0
- / 07 {ag(u,u) +y(u,w)a, + (v + p)v + pae™ 72", v)o, } df ds,

/ / " 1e(8) (2 (6), G, 0 s / / U677 1,(60) (2(0), v}, 40 ds.
On the other hand, it holds that
/Ot as(Jyv, Yn) ds
= [0 a0 5 )+ () ¢ () 2} s
— /Ot{ﬁg{yas(va, J ) = VpOmas(Jov, Jyv)} ds.
With regards to the nonlinear terms in the fluid component, we have as n — oo

t t
/ e’ B(u, u1, prm) ds — / €792 b(u, uy, u) ds.
0 0

Using Corollary 4.4, one can see that
t
/ €792 b(u, up, u) ds
0

t t
< 0T / lealy, llal, (L4 e |[52) ds + / ag(u,u) ds.
0 0

As in |28, Chapter 1], if ¢ is a Lebesgue point of the integrand then
t
= [ il + o

— %(Hu(t)ﬂéf + ||v(t)||522 + as(Jyv(t), Jyu(t))), as m — oo.

&, + as(Jyv, Jyv)}tds
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Let e(t) be the energy defined by (4.9) but without the indices m. Using the test
functions (@um, Ynm) in (5.1), choosing e > 0 small enough, passing to the limit
n — oo and then m — oo we have

0+ [ artulo) u(@) o + [ aslelo), 40(0)) + olo)lh, do
t ’ t 00

+/ 6_27"||z’°d(0)||?]5d0+// 6_2””||z(0,9)||5225d9d0
0 Ot —Tre

< Coanl+ Nl ) [ Wl T ds

for some constant C', > 0. Since uy; € L*(0,7;V;) N L>(0,T; Hy), one can apply
Gronwall’s inequality to obtain that u is identically zero in [0,¢]. This is true for
almost every ¢ € [0, 7], hence it follows that (1.1) has only one weak solution. [

We already knew from the existence part that v and z are continuous in time.
Thus it remains to show continuity of the elastic component, and for this we derive
a rescaled-in-time energy identity. Given v > 0, let us define the functionals & :
X = Rand Z:V; x L*(Qg) x L*((—r,0) x Q) x L*(Qs) x L*(Q5) — R as follows

1
& (u,w,v,2) = S ([[ullg, +as(w,w) + ||vllg,)

1 [0 ) 1 [0 )
+ 3 Hz(ﬁ)lnsd9+§ 12(0)|g, d¢

2 —Td —Tec

9(“7 v, z, Cvg) = a’f(uv U’) + /VHUHSQII + 'yas(w, U}) + ((’V + w—= 1)’0 + MdC7'U)Qs

+/ 1e(8)(2(6), V), d9+%l|C|

—re

0 0
b [ @l [0, .

—rg —Te

1
o, T §||f|5223

By taking v > 0 sufficiently large enough, we can see that Z is weakly lower semi-
continuous. Indeed, using the elementary identity (v, w)o, = 3(|lv+w|3, — v[E, —
|w||3.), the functional Z can be rewritten as

1 1
P(w,0,2,G,€) = ay(u,u) +llullg, +yas(w,w) + SIC+ pavle, + S 1€,
1 1 0
(0t g il = 1) Wl 7 [ (00, 0
.
1 [ ) 1\ [° )
b [ 1m0 oz a0+ (- 2) [ =013, a0

and weak lower semicontinuity follows immediately, provided that the coefficient of
|v]|, is nonnegative.
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Theorem 5.2. If d = 2, then the weak solution of (1.1) constructed from the
Faedo-Galerkin approzimations satisfies the energy equation

E(u(t), w(t), w(t), z(t)) +/0 D P (u(0), wy(0), 2(0), 274 (0), 2" (0)) do

e o, w0, 10, 20) + / DG (0), (@) vy, + (Gol0),wi(0))a, } do (5.2)

for almost every t € [0, T].

Proof. We proceed using the methods in [28, Chapter 9|. For each nonnegative
continuous function 9 on [0, 7], the approximate solutions provided by the Faedo-
Galerkin method give us the energy identity

/0 E (U (1), Wi (1), Uy (), € 2, (8))9(2) At
—1—/0/0@(um(a),vm(o),eWzm(a),e7"27’;;‘(0),6Vaz;l(o))ﬁ(t)dadt

= / g(umo, Wm0y Um0, Zmo)ﬁ(t) dt
0

[ GO unl@ vty + (Gl om0 dor .

This can be obtained by choosing £ = r4 and £ = r. in (4.7), taking the sum of
these terms with (4.8), multipyling by ¥, integrating over the interval [0, ¢t] and then
integrating over [0, 7.

According to the weak convergence of the approximate solutions and the weak
lower-semicontinuity of &, we have

lim inf /0 8 (U (£), i (), (1), €= T2 (£))0(2) It

m— 00

> /0 e 2 E (u(t), w(t), w(t), z(t))I(t) dt.

Here, we recall that (u.,v,,w,) = e 7 (u, w;, w). On the other hand, the dominated
convergence theorem, which is applicable due to (4.10), implies that

| [ s @, + (Go). vl pote) dodt
= [ @) o + (Gl yoe) de

Using the weak convergence of (U, Wt 2m, 254, z25<) to (e u, e My, z, 2", 27)

in L*(0,T;Vy x L*(Qs) x L*(—r,0; L*(Q4)) x L*(Qs) x L*(Qs)), Fatou’s lemma and
the weak lower-semicontinuity of &, we can see that

m—ro0

T
lim inf/ / D (U (0),vm(0), € 2 (0), e 214 (0), e 77 2)<(0))0(t) do dt
0 Jo
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2/0/06_27‘7@(u(0),wt(0)7z(a),z”(a),z”(a))ﬁ(t)dadt.

Similarly, from the strong convergence of the approximate initial data, there holds

T T
/ é"(umo, Wimos Um0, Zmo)l%t) dt — / éa(UQ, Wo, Vo, Zo)ﬁ(t) dt.
0 0

Since ¥ > 0 is arbitrary, we obtain that the left hand side of (5.2) is smaller that
its right hand side.

To obtain the reverse inequality, we use the same argument as in the uniqueness
part to prove that the energy identity (5.2) holds where the lower limit 0 of inte-
gration is replaced by an arbitrary s € (0,t). According to the weak continuity of
solutions,

lirig)nfcgo(u(s), w(s),w(s), z(s)) > & (ug, wo, vo, 2o)-

Passing to the limit inferior of the said energy identity yields the reverse inequality.
L]

From the above energy identity, we obtain the continuity of weak solutions.

Corollary 5.3. If d = 2, then the weak solution constructed from the Faedo-
Galerkin approzimations satisfies (u, w,wy, z) € C(0,T; X).

Proof. We already know that z € C'(0, T; L*>((—r,0) x Q4)) and since d = 2 it holds
that u € C(0,T; Hy). Hence, it remains to establish the continuity of the structure
displacement and velocity. Denote by &, the component of the energy with respect
to the elastic body, that is, &,(t) = ||w(t)||&, + as(w(t), w(t)). Consider the energy
identity at times ¢t and s for 0 < s <t < T and subtract the two resulting equations.
Doing so we obtain that |&,(t) — &,(s)| < f; h(o)do + o(t — s) as s — t for some
h € L'(0,T). The absolutely continuity of the Lebesgue integral implies that for
a given £ > 0 there is § > 0 such that |&,(t) — &,(s)| < € + o(t — s) whenever
|t — s| < . Note that

lwe(t) — we(s) g, + as(w(t) — w(s), w(t) —w(s))
= &y(t) + Eu(s) — 2(wy(t), wi(8))a, — 2as(w(t), w(s)). (5.3)

According to weak continuity, we have (wq(t),w(s))a. + as(w(t),w(s
as s — t. Applying this to (5.3), we obtain w; € C(0,T;L?(€,)) and
w e C0,T; H (Qy)). O

6. STRONG SOLUTIONS IN TwO DIMENSIONS

The present section is devoted to establishing that the weak solution constructed
in Section 4 is a strong one provided that the data are smooth enough and satisfy
suitable compatibility conditions. We limit our study to the case of two dimensions.
We consider the following assumption:
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(A) Suppose that (ug,wo,v0,20) € (Vy N H*(Qp)) x H*(Qs) x H () x
H'((—7,0) x Q,) satisfies ug|r, = volr, and zg|p—o = vo. Moreover, there
exists pp € H'(Qy) such that the following compatibility condition holds

6U0 1

o(wy) - v = R + §(u0 - v)ug on I'y. (6.1)

The compatibility conditions ug|r, = vg|r, and (6.1) are adapted from [16] in the
linear case without delay. A similar condition is given in [10] for the nonlinear case.
The compatibility condition zglg—g = wp is a typical assumption for the regularity
of solutions for delay differential equations. This means that the trace of the initial
history at § = 0 must fit with the initial structure velocity.

In the proof we use symbolic calculus. Let A and B be pseudo-differential oper-
ators in R? with symbols a and b having orders m and n, respectively. The symbol
of the commutator [A, B] = AB — BA is given by the Poisson bracket

d
1 Oa Ob Oa Ob
=53 (e~ o)

Jj=1

modulo a symbol with order m +n — 2. Here £ denotes the Fourier symbol corre-
sponding to spatial variable x. Thus [A, B] is an operator of order m +n — 1. For
more details on pseudo-differential operators and commutators, we refer the reader
to [18, Chapter 2.

For the proof of the regularity result, we follow the arguments presented in [10],
with few modifications. We summarize the steps as follows:

1. Reformulate the Faedo-Galerkin approximations using the method in [16]
applied to the linearized case.
2. Prove boundedness for the time derivatives of the state variables using the
regularity and compatibility conditions of the initial data and history.
. Establish preliminary regularity of the nonlinear terms (u - Vu) and (u - v)u.

4. Show the existence of a pressure satisfying the fluid equation and the stress
boundary condition on the interface.

5. Prove interior regularity of the structure displacement by localization away
from the interface, and utilize commutator estimates and regularity theory
for steady elasticity equations with homogeneous Dirichlet boundary condi-
tions.

6. Prove interior regularity of the fluid velocity by using the strategy in step 5
twice, now appealing to regularity of the Stokes equations.

7. Localize the problem by considering a partition of unity subordinate to an
open cover of the interface and apply Melrose-Sjostrand coordinates to trans-
form the equations on a half-space, for which the velocity in general is not
divergence-free.

8. Establish additional regularity of the transformed state variables in the tan-
gential direction by the energy method.

9. Invoke Sobolev embedding to show L?-regularity of the nonlinear convection
term.

10. Prove H2-regularity in space for the fluid velocity and pressure utilizing the
equations governing the fluid.

w
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11. Prove H?-regularity in space for structure displacement by using the elastic-
ity equation and regularity theory for elliptic problems with Dirichlet bound-
ary conditions.

Step 1 is a technical strategy that has been considered in [16] in the linear case
without delay. We would like to emphasize that this is introduced in order to derive
strong a priori estimates with respect to the norms in V; and H'(Q) of the fluid
and structure velocities, respectively.

Theorem 6.1. Let d = 2. Assume that hypothesis (A) is satisfied, and suppose that
Gy e L*(0,T; L*(Qf))NH' (0, T; V}) with G4(0) € L*(Qy) and G5 € H'((0,T) x Q).
Then the weak solution of (1.1)—(1.2) satisfies the following reqularity properties:
(a) we L*(0,T; VN H*(Q)), up € L=(0,T; Hp) N L*(0,T; V)
(b) w e L*(0,T; H*(S)), wy € L>(0,T; H'(Qy)), wy € L(0,T; L*(Qy))
(c) 2 € C(0,T; H' ((—r,0) x Q,)), 2z € C(0,T; L*((—r,0) x £y)),
26 € HY((0,T) x §,) for every £ € [0,7].

Moreover, there exists p € L*(0,T; H'(Q)) such that the strong form of the equa-
tions are satisfied almost everywhere.

Proof. For simplicity of exposition, we shall assume that p > 0 is large enough.
This is not a restriction since one can proceed by a time-rescaling argument as in the
proof of the existence part. The proof is divided into several steps. The first part
is to consider a different formulation of the Galerkin approximations. Afterwards,
we prove additional time-regularity and then spatial regularity following [10]| along
with Agmon-Douglis-Nirenberg type arguments in [1].

Step 1. Reformulation of Faedo-Galerkin approximations. Following [16], we
reconsider the (non-rescaled) Faedo-Galerkin step using the approximate system

d

7 (Wn(), 9)a, + ar(un(t), ©) + b(unm(t), un(t), ) + %(vm(t), b)a,

0

s (Tom(8), ) + (m(t) + a222(8), D), + / 10(0) (2 (£,0), ), 46

—re

= (Gf(t)v ¢)Qf + (Gs(t)7 w)ﬂg - CLS(U)(), ¢) + CLf(Um(O) — U, gp)
+ b(um (0) = uo, um(0), @) + b(uo, tm(0) — o, ¢) (6.2)

for every (¢, ¢) in the linear span of {(¢;, ¥;) }72,, together with the initial conditions
U (0) = (o, vo)|a;s vm(0) = Il (uo, vo)la, and 2,(0,0) = I, (uo, 20(0))
Zmo(0), where IT,, is the projection operator defined in (2.7).

Let us analyze the additional terms on the right hand side for this new type of
approximations. First, we have the following estimates

Qs =

s (m(0) — 1o, )] < ellllV, + Cellum(0) — uolly,
< ellellv, + Cell(uo, vo)ll7,
[6(um (0) = o, um(0), 0)| < Cllum(0) = uollvy l[um (0)lv; [lpllv,
< elllly; + Cell(uo, vo)ll,
[b(tm (0), wm (0) — w0, )| < ellpll¥, + Cell (o, vo)ll3, -
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From these estimates, and using the same argument as in Theorem 4.5, we obtain a
weak solution to (1.1)—(1.2). By uniqueness, this is the same as the one constructed
from Theorem 4.5.

Step 2. Time regularity. In this step, we show that (ug, wy, wy, z) € L>®(0,T; X)
and u, € L*(0,T;V}). According to zg|p=o = vo, we have the compatibility condition
2mo(0) = @m0, and as a consequence h,,, € C(0,T; H'(—r,0)) N C*(0,T; L*(—r,0)),
Qs frn € H*(0,T) and b, € H'(0,T) for every £ € [0, r]. Taking the time-derivative
of (6.2) and setting ¢ = Oyu,,(t) and ¢ = Ov,,(t) yields

1d
2 dt
0

+ (1O (t) + pa0iz, (), O (t))a, + / 11c(0)(Orzm (t, 0), Opvp (t))a, dO

—Tre

= (0:G (1), Opum(t))a; + (BiGs(t), Orvm (L))o, — b(Orum(t), um(t), Opum(t)). (6.3)
For the trilinear term, we apply Corollary 4.4 to obtain
|0(Ortirm (t), tm (£), e (1))
< e[ B (B[}, + Cellduttm ()13, lem (D)7, (1 + [um (). (6.4)

Let Y (t) = & (O (t), vm(t), Opvm(t), Orzm(t)). Using (6.4) in (6.3) and then
applying Gronwall’s inequality, we have

{10 ()8, + 10w ()I[, + as(vi(t), vim(8)} + ag(Ortim(t), Opum(t))

t
Yult) < cym(0)+c/ 1G5 (@), + [C(0)]3, ds
0

+ C/O |Brtun (@) 13, (1 + lm ()15, (1 + [[um (o)} ds. (6.5)

From this estimate, we have the boundedness of Y,,(¢) once we have shown the
boundedness of ¥;,,(0). First note that 9,2,(0) = Op2mo, and 5o ||0p2m (0)[| L2(—r0;2(02,)) <
I2ollz2-roricany). Also, au(tm(0), v (0))] < Cf(up,vo)ll, by Korn's inequality
and the fact that the projections I1,, for m € N are uniformly bounded with respect

to the norm in H;. Setting ¢t = 0 in the reformulated approximate system (6.2) in
Step 1, and taking (¢, %) = (Orum(0), dvm(0)) as the test functions, one obtains

10 (0)I[5), + 10r0m (0)I8, + g (uo, Orrm(0)) + b(uo, uo, Opttm (0))
+ as(wo, v (0)) + (1vm(0) + paz,7(0), 0w (0))e, (6.6)

+/ te(0)(2m (0, 0), 01vm(0))a, A = (G £(0), um(0))a, + (Gs(0), 0 (0))a,-

—re

Again, utilizing the uniform boundedness of 17, in H;, we have
(G£(0), 0um(0))e, | < ellOum(0)I5, + Cel|G1(0)]72a,) (6.7)

(G5(0), 0vm(0)a.| < €llOevm (0)I[5, + CellGslli 072200 (6.8)
0
| (10m (0) + p1a2,;(0), Orom (0))g, | +/ |14¢(0) (2 (0, 0), Ovim (0) ), | A6

—re

< &|0som(0)]

o, + Ce{ll(uo, vo) 7, + 20l (royxe)}- (6.9)
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Furthermore, the divergence theorem and condition (A) imply that
af(ug, Opum(0)) + b(uo, uo, Optm(0)) + as(wo, Orv, (0))

= —/ Aug - Oy, (0) dz — / div o(wp) - O (0) + wq - O, (0) do (6.10)
Qy

s

| (o VYo B0y de + [ (o) v — 20— Ly v)ug ) - B (0)
/. L ( 5

< 5||3tum(0)||522f + &l Qrom (0)[[3, + OS{HUOH%{?(QS) + ||w0||§12(95) + ||p0||%11(95)}~

Using (6.7)—(6.10) in (6.6), we see that Y;,(0) is uniformly bounded with respect
to m. As a consequence, (ug, Wy, wy,z¢) € L®(0,7;X) from (6.5). In particular
wy € HY((0,T) x €,) and from the compatibility conditions we obtain the regularity
properties of z stated in (c) according to Theorem 3.3. Moreover, we have u; €
L*(0,T;V}), hence u € C(0,T;Vy).

Step 3. Preliminary reqularity of nonlinear terms. For this part, we prove that (u-
V)u € L2(0,T; L2(Q)) and (u - v)u € L2(0,T; L2(T,)). Take ¢ € L*(0,T; Hz(T)).
Using trace theorem, Poincaré inequality and the embedding Hz(T'y) C L*(T,), we
have

o(s)|| 2, dt

/0 (ut) - vyult), () dt < / o

T
< C/O (@)1, o2y dt < CVTlulf oz, el 200200

This shows that (u-v)u € L*(0,T; L*(T')). Let ¢ € L*(0,T;L3*(2y)). In virtue of
Holder’s inequality and the embedding V; C L%(Q;), we obtain

/0 / (ult) - V)u(t) - o(t) dzdt < / )Lz V() 222 3 gy

T
<C [ IR, o)l de < OVTulle g 1ol 07030,
0

Thus (u-V)u € L2(0,T; L2 (Qy)) by duality.
Step 4. Euistence of pressure term. We prove that there is p € L*(0,T; L*(£2}))
with

div(Vu — pI) € L*(0,T: L?(y)),
(Vu —pI)-v € L*0,T; H 3 (T,)).

Choosing ¢ € H'(0,T; Hy(Qf) N'V}) with ¢p|i—7 = 0 and ¢ = 0 in the weak formu-
lation Definition 4.1(e), we have

T
/ (ug — Au+ (u- V)u — Gy, 0)q, dt = 0.
0

By density, this holds for every ¢ € L*(0,T;Hi(Qy) N'Vy). According to de
Rham’s Theorem, see for example [41, Lemma 1.4.1, Sect. IV.1.4], there exists
7 € L*(0,T; L*(Qy)) such that in the sense of distributions

u — Au+ (u-V)u+ Vr = Gy. (6.11)
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Since g, (u- Vu) € L2(0,T; L2 () we have div(Vu — «l) € L*(0,T; L2 ()) and
therefore (Vu —pl)-v € L2(0,T; W=53(T,)) according to [35, Chapter 2, Theorem
5.7). Observe that p = 7 + 7* still satisfies equation (6.11) for any 7* € L*(0,T).
We shall pick a specific 7* below.

By taking ¢ = 0 and ¢ € H*(0,T; H3(€,)) with ¢|,—r = 0 in the weak formula-
tion, we see that

0
—divo(w) = Gs — wy — w — pwy — pgz" — / ez do

holds in the sense of distributions. Since the right hand side of the above equation
lies in L?(0,T; L*(€2)), we also have divo(w) € L*(0,T; L*(Qs)). Thus o(w) - v €
L*(0,T; H 2(T',)). From the embedding H~2(T',) € W33(I,) = W52 (T,), it
follows that we have o(w) - v € L2(0,T; W33 (T,)).

Let ¢ € L2(0,T; W33(I,)). By trace theory there exists v € L2(0,T; W13(Q,))
such that ¢ = ¢ on I's. We decompose ¢ = (¢ — k) + kv, where Kk = ﬁ st ¢-vdx
so that [ (¢ —rv)-vdz =0. Let (p, @) € L*(0, T; W?(Qy)) x L*(0, T L? () /R)
be the solution of the time-dependent Stokes problem

—Ap+Vw=0, in(0,T) x Qy,

divp =0, in (0,7") x Qy,
u=0, on (0,7) x I'y,
u=¢— Ky, on (0,7) x I's.

Then we have (¢, ) € L*(0,T; Wh3(Qs) x W3(€,)). Let us choose the function
7 € L*(0,T) according to

*(t) = 1 u(t) — 7 “v 1u cv)-u(t) —o(w Y,
") = 1 <<v (1) = (1) - v+ S u(t) ) - ult) - ow(t) ,>W_%?%(FS)XW%,3(FS)-

Compare this with (2.4) in the linear static case. By taking (p,%) as the test
function in Definition 4.1(e) and applying the generalized Green’s identities both in
the fluid and solid domains we have, following computations in the proof of Theorem
2.2,

Njw

(Vu—pl)- v+ %(u V) -u—o(w)-v=0 in L*0,T; W3 (Ty)).
Since o(w) - v € L*(0,T; H 2(T,)) and (u-v) - u € L2(0,T; L*(T,)), we have

(Vu—pl)-ve L*0,T: H 2(T,)). (6.12)
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Collecting what we have obtained so far, the following equations holds for almost
every point in the space-time domain

;

—Au+ (u-V)u+ Vp =Gy, in L2(0,T; L2 (),
divu =0, in L2(0,T; L*(y)),
u=0, in L?(0, T;H%(I‘f)),

 u=wy, in L2(0,T; Hz(T,)),
0
wy — divo(w) + w + pwy + paz"™ —|—/ pezdd =Gy, in L*(0,T; L*(Qy)),
0 1 o s
a(w)-y:a—Z—py+§(u-l/)u, in L?(0,T; H 2(Ty)).

Step 5. Interior reqularity of the solid component. Given § > 0, we define Q? :=
{z € Qy : dist(z,I's) > d}. Suppose that x; € C§°(§2s) is a cut-off function such
that x; = 1 on Q2. Multiplying the elastic equation by this function, we have the
elliptic boundary value problem

- diVO’(XﬂU) + (Xlw) = XIF - [le g, Xl]w7 n (07T) X QSa
xiw =0, on (0,7) x I's.
where
0
F=—wy —w— pw; — pgz™ — / pezdf + Gy € L*(0,T; L*(€)).

—Te

Note that the commutator [div , x;] is of order 1 and since w € L*°(0,T; H'(Q)),

we have [div o, xiJw € L>(0,T; L*(€)). Therefore x,w € L?(0,T; H*(£2,)) by ellip-

tic regularity, and so for every § > 0 small enough there holds w € L%(0, T; H?(£29)).
Step 6. Interior reqularity of the fluid component. For each § > 0, we define

Qf = {z € Q; : dist(z,T,) > 6}.

Given § > 0, let x5 € 080(96/4 UT's) such that xo =1 on €2 2y I'¢. Multiplying x-
to the fluid equation yields

—Alu) + V(xep) = By,, 0 (0,T) x €y,

div(xeu) = Vxa - u, in (0,7) x Qy,

xXou = 0, in (0,7) x 0%y.
where

Ry, = Xx2G — (xaur + [A, xoJu + x2(u - V)u+ [V, xo]p) € L2(07 T L%(Qf))

since the commutators [A, ys] and [V, x2] have orders 1 and 0, respectively.
Notice that we have the compatibility condition

Vxo - udx :/ xou - vdx = 0.
Q 09

According to [43, Proposition 2.2] we have you € L2(0,T;W22(Q;)), so that in
particular there holds u € L2(0,T; W2 (Qf/ %)), where we also used the fact that
u; € L2(0,T; L2(S2)). By the Sobolev embedding, u € L>(0,T; LI(;)) for 2 < ¢ <
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c0. In a similar way, since W2 (Q) € L%(€2;), we see that Vu € L2(0,T; L%(chﬂ)).
From Holder’s inequality

(- V)ull . < Cllull s o.riz10) Ve

(0,1522(2%%)) L2(0,T;L1 (9 2y

Thus (u- V)u € L*(0,T; L*(Q}/?)).
We repeat the above procedure, but now use a cut-off function y3 € 030(95/ ur 7)

such that x5 = 1 on Q} UTy instead of x,. Then R,, € L*(0,T; Lz(Qf/Q)) and hence
xsu € L*(0,T; H*(y)) and xsp € L*(0,T; H'(Qy)). Thus, for each small enough
§ > 0, we have u € L*(0, T; H*(2})) and p € L*(0,T; H'(Q})).

Step 7. Transformation to a problem on a half-space. We adapt the proof in [10].
Consider the neighborhood

I = {2 € Q:dist(z,T') < &}

of the interface where § < do. Let {g;}72, be a partition of unity subordinate to an

open cover { B} of T', that is, o; € C5°(B;) for each j and Z ", 0;=1onTI%.
For simplicity, we take B to be an open disk centered at some pomt on I’ for each
J-

Given a function f, we denote by f’ the product g;f. Multiplying the Navier-
Stokes and Lamé’s equations by the cut-off function p;, we obtain the following
equations in the sense of distributions

)
Au]+z V)l + Vp =1 in (0,7) x Qy,
divu/ = 7, in (0,7") x Qy,
7=0 0,7) xT
i on (0.7)x Ty, (5 13)
w = wy, on (0,7) x Ty,
wgt_diva<wj)+wj=Gs+7’§, in (0,T)><QS7
, 0u9 1L . .
o(w’)-v= —pv+ = Z (u'-v)u +7r), on (0,T) x Ty,
\ =1

where the terms on the right hand sides are given by

N N N
= G; - Z A, oj]u’ + Z [V, 0]p" + Z (u' ® uk)ng
i=1 i=1 ik=1
N
T‘% - Z VQ] u’
i=1
. N ‘ 0
ry=Gl = [divo,o)w' — pw] — pa(z)" — / 11.(0) 27 (0) do
i=1 —re

4 N N
Ti:ZU l/@] Zanj
=1

=1
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and with initial conditions u/(0) = ), w’(0) = w}, w!(0) = w} and initial history
27(0) = 2. Utilizing the Poisson bracket, observe that the commutators [A, g;] and
[div o, p;] are differential operators of order 1, while [V, g,] is a zero order differential
operator. Similarly, the commutators [0 - v, p;] and [0, o;] are zero order boundary
trace operators on I'y. Note that in fact, the sum appearing in the terms 7] for
[ =1,2,3,4 can be taken for all indices ¢ such that the supports of g; and p; are
nonempty.

We now transform problem (6.13) in such a way that locally the interface I'y is
mapped to a flat boundary. Consider the Melrose-Sjostrand transformations \Ilic :
(Q;UT)NB; = [0,1) x (=1,1) and VI : (Q; UTs) N B; = (—1,0] x (—1,1) such
that
Q= ?(QfﬂB) (0,1) x (=1,1),

Qr \Ifﬁc(Qs N B;) = (-1, 0) x (—1,1),
;= W4T, N B;) = ¥(Iy N B;) = {0} x (~1,1).

Let (z,y) denote the coordinates of the transformed domains. Under these change of
coordinates, the Laplacian A in €2y and the operator div o in €2 are transformed into

Ajr = a§+pg;(x, y)@i—l—Rﬁc(x, y,0y) and Aj, = 0%+ pl(x,y)0; + Ri(x,y, 0,), respec-

tively, for some non-vanishing smooth pic and p?, and first order pseudo-differential

operators ch and R?. Likewise, the boundary operators 9, and o -v are transformed
into J;|z—0. On the other hand, the Dirichlet boundary conditions are invariant
under the above transformations.
Let us consider the transformed variables
W =uo (‘Ifjc)_l, P =po (\I/gc)_l, W =w o (W)™ =l o (W)?

for each 7 = 1,..., N. We shall use the same notation for the source terms and
initial data. Also, let @ = (%!, ..., @) and similar for the other state variables. By
construction, @/ and p’ vanish on regions in R? where |y| > 1 or x > 1, while @’
and Z’ vanish on regions where |y| > 1 or x < —1. Retaining the principal part of
the Laplacian on the left hand side, the system (6.13) can now be rewritten in the

following form
(

— div(4} Vi) + Z L)W+ AV
fG;+€1(U,VU,p,U®U), in (07T) XQ})
diva@d = 05(11), in (0,7) x Q,
W =0, on (0,7) x I'*%,
W =], on (0,T) xT%,  (6.14)

wl, — div(AIVi?) 4 0
0
= ég + £3 (UN}ta UNJ) VUNJ, 21”47/ ,uc(g)g(g) de) y in (0, T) X Q:’

J
ow’ = — ey + Z o)+ 04T, ), on (0,7) x I'f,
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where Aic = diag(l,pgc), Al = diag(1,p?), e, = (1,0) and ¢; is a multilinear form
with smooth coefficients for every k = 1,2,3,4. We refer to the Appendix in [8] for
the transformed gradient and divergence operators in the M-S coordinates. Note
that a priori we have

ae L>0,T; H(2)),
w € Wh(0,T; H' (2)) N W*(0, T L*(2))),
p e L*0,T; L*(Q})),
ze L*0,T; H((—r,0) x Q).
In particular, & ® @ € L*(0, T; L*(Q})) by the Sobolev embedding theorem.
Step 8. Tangential regularity of the transformed variables. The next step is to ap-

ply the tangential derivative d, to (6.14). For this, we obtain the following equations
for each j = 1,..., N in the distributional sense

(0,0 — div(A;Xayaﬂ') + ALV (0,p)
=0,G% — > _{(0,(A4i) - V)@ + (A}’ - V)0, i }
=1

+ [ALV, 0] — [div(A4V), 8,0 + 0,01(a, Vi, p, i ® @), in (0,T) x QF,

div (Aggayaj) = [div, A}0, )@’ + A}0,05(i), in (0,7) x €,
oyu? =0, on (0,T) x I'},
Dyl = Db, on (0,T) x I';,
Oy, — div(AIVo,07) = 9,G% — [div(AIV), 9, ]’
0
+ 0yls (wt,w,vw,?d,/ pe(0)z(0) d(‘)) : in (0,7) x QF,
o, .0
%(ayw]) = %(@/U]) —O0yp'es
1 N
+5 D {0y - ea)i + (' - €,)0, W} + 0yla(it,®),  on (0,T) x I'%.
\ =1
For each j = 1,..., N, define the energy of the transformed variables as follows

&(t) = {119,@ (1)]

2+ o, (1)

o: + 10,07 (t)]

8: + (AIVO,0 (1), VO, (t))os

In the remaining parts of the proof, C' will denote a generic positive constant that
depends on the norms of u, w, Z, p that are known to be finite, and as well on the
norms of the initial data, initial history and the source terms. A subscript for C' will
be used to denote dependence on other parameters. By a standard energy method,
we obtain

T 4 T
0 k—1 0

for every t € [0, 7], where ij are given as follows

9]'1 - - (é; + gl(i‘% vaaﬁa uU® ﬂ), a;ﬂj)g} + ([A;va ay]ﬁj7 ayﬁ’])Q;
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N
— ([div(A}V), )i, 0, )as — > {b(0,(A}@), W, 0,i) + b(A}', 0,0, 0, )}
=1

D = (0,7, [div, A0, + A}0,05(11) s

0 .
7= (06100 (o vaz, [ po0a).o)
—Tc Q;

- ([ ( ) ay]wjvﬁywbﬁé
Dia = (0yL4(, W), 0,1)

Let us estimate the integral over [0,7] of each of the functions %j;. First, note

that the commutator [diV(Ach), 0,] is a second order tangential differential operator.
Hence, integrating by parts in the direction of y, one obtains

ds

T
| a9, 00.0,)0;

T T
0 0

On the other hand, the principal part of the commutator [A;V, 0y] is a first order
tangential differential operator, hence we have

T
/ (AV, 8,07, 0, )as | ds
0

T T
< Cu [ AWy + 10, oy} s+ [ 10,0 ds. - (6.16)

Now let us estimate the trilinear terms in ;. Since @,(Ajc&j ) is no longer di-
vergence free in 2%, we cannot apply Lemma 4.3 directly. Nevertheless, by using

Holder’s inequality, the Sobolev embedding H %(Q}) C L*(Q3), interpolation and
Young’s inequality, we obtain

ds

[ 1aagiy - ow, o,
T

< / 10 (A3 | 1
T

< [ 10,45

~j J ~iy (2 ~j 12
< Ol lsmamanan | BTN+ 10T s

Vﬂj ||L2(Q}) 8yﬂj ||L4(Q’J$) dS

O, 1 . ds

@Ol

O A5l ) + 10y 120 |19, 1) } s

<C/ {”a ||L2 Q*

T
< Ca+5/ 18, 2 o ds+5/ 10,1310 d. (6.17)
0 0
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Using Lemma 3.4 in [9] along with the same process as above, we have the following
estimate

dt

T
/0 |((8yﬂi : e$)ﬂj7 ayaj)FE

T
< 10y ) 15yt ) 107y 5
~j 2
< O ooy [ 01 + 10715, s
1/2

0, |37 o } ds

HY(Q3)

@0 + 10, g 12

T
<C [ {10y lzplo,

T T
< CE+5/ ||aya’||§p(9;) ds+5/ ||ayaﬂ||§{1(ﬂ})ds. (6.18)
0 0

Thus, from (6.17) and (6.18), the first trilinear term in %;; can be estimated as
follows

Z/ Y, i, 8,0)| ds

T
§05+2N5/ Hayaui,lm;)dsmjva/ Hayaﬂ'uzlm;)ds. (6.19)
0 0

For the second trilinear term in .@jl, we shall invoke the identity
b(ALT', 0,1, 0,17 = Q(div(Ag;ai), 0y ® 0y )q,

apply Hoélder’s inequality and use Sobolev embedding

N T )
> / b(A%a', 0,i, 0,)| ds
i=1 Y0
N T .
< [ v
i=1 70
N T ‘
sc;énwm%
N T ‘
SC;AHWMW

T
<C.+ Ns/ Hayaf'uipm;)ds. (6.20)
0

8y’l~tj ||i4(9;) dS

ayﬂj‘|L2(Q;) 8yaj||H1(Q;) dS

For the remaining term in &;;, observe that C;'}, 6 (a, Va, p,aea) € L*(0,T; L*(Q})),
and therefore we have

T T
/O (6:(@, Vi, p, 6 ® @) + G, 020 )y | ds < 06+e/0 10,131z ds. - (6.21)
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Combining the estimates (6.15), (6.16), (6.19)—(6.21), we obtain

T T
/ .@ﬂ(S) ds S Cg + CN€/
0 0

Notice that the principal part of the commutator [div, A;ay] is a first order dif-
ferential operator in the tangential direction. Thus, integrating by parts in the
direction of y yields the following estimate for %,

T T T
| Zaras < €. [ 407y + 10,0 Vs + = [ 10,0 s

Since @ € Wh(0,T; HY(Q)) and 9,G2, 274, [° p(0)2(0)d0 € L*(0,T; L*()),

s

T

one can bound the term .@jg as

T T
| autyas<crc [ ool
0 0

<C:+ e”ayﬁ)H%OO(O,T;Hl(Qg)) + CE,THwHI%VLOO(O,T;Hl(Q K

*
S

@,ﬁ;ﬁ ||L2(Q’S‘) ds

Finally by trace theorem, we can estimate the term 9j4 as follows

T T
| Zuas< [ oo, .,

ayﬁjHH%(F;)dS
T .
<C / Wl oy + 1003 0 M 1 s

T T
< Cc [ Nl + Nl ds+ < [ 10,2l oy ds.

In the second inequality, we used Plancherel’s identity to obtain
- _1 -
10,1 -y gy = [+ 1Y HPIF D0 P

< /Ru + P F @) dy =l

where @ is extended by zero for |y| > 1 and .#u denotes the Fourier transform of 4.
A similar estimate involving w can be derived.

Using the above bounds for Z;; and invoking the known a priori regularities of
the transformed variables, we have

T
E)+01=Cxe) [ 10,7 ey ds

T
<C.r+ Cfo/O HayﬂH?{l(Q;) ds + 5‘16971’"%“(07T;H1(Q;‘))

for every t € [0,7] and j = 1,...,N. Taking the sum over all indices j =
1,..., N and making ¢ sufficiently small, we obtain that d,u € L*>(0, T LQ(Q})) N
L*(0,T; H'(€2)) and 9, € L(0,T; H'(Q})).

Step 9. Regularity of nonlinear advection term. In the transformed coordinates we
have @ € L*(0, T; L2(R; HZ(R)) N H,(R; H,(R))), so that by the Sobolev embedding
theorem and the fact that @ has compact support we have @ € L*(0,T; L>(R?)).
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In the original coordinates, this translates into u € L*(0,T; L*(Qy)), and because
Vu € C(0,T; L*(Qy)), it follows that (u - V)u € L*(0,T; L*(Qf)) by Holder’s in-
equality.

Step 10. H?-regularity of the fluid velocity and H'-reqularity of the pressure. We
first establish the regularity in terms of the transformed variables. Indeed, by using
diva/ = ly(u) we have 0207 = 0,05(a) — 07,4/ and thus 9247 € L*(0,T; L*(2}))
for each 5. Summing over all estimates obtained on each of the patches yields @ €
L?(0,T; H*(2})). Finally, from the Navier-Stokes equation and the regularity of the
nonlinear advection term given in the previous step, we have p € L*(0,T; H'(Q})).
Translating these to the original coordinates and combining this to the interior
regularity from Step 6, we obtain u € L*(0,T; H*(Q;)) and p € L*(0,T; H'(Qy)).

Step 11. H?-reqularity of solid component. Observe that d,uw|p, €
L2(0,T; H%(FZ)), and hence @[« € L?*(0,T; H%(F:)) Applying elliptic reg-
ularity theory to the boundary value problem

— div(AIVid) 4 id = — il + GI + (wt, W, Vi, z/ 1(0)2(0) de) ,

Wlps € L2(0,T; H2(T%)),

where the right hand side belongs to L*(0,T; L*(Q)), yields w’ € L*(0,T; H*(2))
for each 5 = 1,..., N. Combining this with the interior regularity in Step 5, we
conclude that w € L*(0,T; H*(Q,)). The proof of the theorem is now complete. [

7. EXPONENTIAL STABILITY IN TWO DIMENSIONS

In this section, we prove exponential decay of the energy to solutions of (1.1) with
Gy =0 and G, = 0 under the condition p > |pta| + [|gte||£1(=r,0)- This means that
the frictional damping should dominate the strengths of the delays. Let

Ve={g€ H'(): (9,v)r, = 0}

and S : Vy; — H'(Qy) be the Stokes map defined by Sg = u if and only if u is the
weak solution of

—Au—i—Vp:O, n Qf7

divu = 0, in Qy,
u =0, on I'y,
u=gq, on ['.

The map S is linear and bounded thanks to the compatibility condition (g, v)r, = 0,
see for instance (43, Theorem 2.4].

Equilibrium pressure for the fluid is uniquely determined up to an additive con-
stant. Different pressure corresponds to different equilibrium displacement of the
elastic body and as a result (1.1) has a one-dimensional manifold of steady states.
This has been already observed in the linearized case without delay in [4], see also
[38] in the absence of transversal forces. The space of steady states of the fluid-
structure model without the source terms is {0} x span{w*} x {0} x {0}, where w*
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is the weak solution of the elliptic boundary value problem
—dive(w*)+w* =0, in Q,
{ o(w*)-v=v, on Ty,
that is,

as(w*, ) = (a(w*), e(¥))q. + (w*,¥)q, = (w*,v)r,, for all Y € H ().

We equip H'(€,) with the inner product as(-,-), which is equivalent to the usual
H'(€Q,) norm according to Korn’s inequality. We have the following orthogonal
decomposition H'(Q,) = V, @ span{w*}. Let IIy, be the orthogonal projection of
H'(Q,) onto V;. Decompose the initial displacement of the structure according to
(w07 V)FS
(w*’ I/)Fs '

By uniqueness, the weak solution of (1.1)-(1.2) can be likewise decomposed into

*

wo = Iy, wy + k(we)w*, K(wp) =

(u, w,wy,v) = (u, [y, w,wy, z) + (0, k(we)w*, 0,0).

In the following, we shall construct a Lyapunov functional equivalent to the en-
ergy of the system. We refer to [37] for a related Lyapunov functional for wave
equations with internal distributed delay. Before we proceed, let us mention related
results in the absence of the retarded terms. The exponential stability of solutions
with boundary damping on the wave equation has been shown in [27|, with interior
damping on the wave equation in [30] and a combination of boundary and interior
damping in [31].

Theorem 7.1. If > |pta| + || ptel| 22 (=r.0) then the weak solution of (1.1)—~(1.2) with
Gy =0 and G5 = 0 is exponentially stable, that is, there exist M(&(0)) > 1 and
o(&(0)) > 0 such that for everyt >0

[u@)lle, + [[w(#) = K(wo)w|la, + [lw:(?)]

where &(0) = & (ug, vo, Wo, 20)-

9. T 12O z2((royxs) < M(E(0))e 24O

Proof. According to the above discussion, it is enough to consider initial data in
H; x Vi x L*(Qg) x L*((—r,0) x Q), so that w(t) € V; for each ¢ > 0. Define
w = S(wlr,) and

4o (68) = / ()l ds, B [—re0).

Note that g > 0, pg = |pe| and ||pol|zoc(—ro0) < ||ttell21(=r0). We consider the
Lyapunov functional

L(t) = Luw(t) + Z.(t) + a/ wy(t) - w(t)de + a/ u(t) - w(t) de,
s Qf
where ., ,(t) and Z.(t) are the functionals given respectively by

Luw(t) = % lu(t)]* dz + %/ a(w(t)) : e(w(t)) + |w(t)|* + |w(t)]* dz

Q, Qs
0 0
20 = / / (5 +nf)|=(¢,0) i df + / / (B + n0)=(t, 0)]? dar d6
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1 0
. / / 110(6)|(1, )2 da 06,

and the positive constants a, 3, ¢, and n € (0, §/r) are to be specified later. Observe
that for sufficiently small «, 3, € and 7, the Lyapunov functional .Z and the energy
functional & are equivalent, that is, there exists a constant C' = C(«, 8,¢,17) > 0
such that

CE) < ZL(t) < (1/C)E(t), for every t > 0. (7.1)

Here, we work with the approximate solutions from the proof of the existence
theorem and pass to the limit later. For simplicity, we remove the indices. Alterna-
tively, one may start with smooth and compatible initial data satisfying condition
(A) to have smooth solution and apply the density of such initial data in X. First,
by using the Cauchy-Schwarz inequality, we have the estimate

d el
U B e e S T AL

!ud\/ () 4 L / /W |2, 0)2dedd.  (7.2)

Moreover, for each £ € [0, 7] we have

2
2dt//ﬁ+n9|zt€)\ dx df

0
|wt()|2dx——ﬁ n&/ 126(8)? da — 2/—5 ) 12(t,0))*d0dz.  (7.3)

Furthermore it holds that

2
2dt/_n/gﬂo )2 (t, 0)) da d6

Choosing £ = r4 and 5 =rin (7.3) and taklng the sum with (7.2) and (7.4) yields

G+ 2] < = [ vunPar— s [ opas

/|sz |2dx—K3/ |27 (t)]> do — 7 //| (t,0)>dodx,  (7.5)

g« 1 °
K1=M—M————ﬂ—”ﬂc||u, K2:§(5—|Md|—777”d)7 ngé(ﬁ—nr).

Take 8 = |pg| + € with a suitable ¢ > 0. Since u > |uqg| + ||ptellz, we can choose
€ small enough and then 7 small enough so that K1 > 0, K5 > 0 and K3 > 0. In
particular, by integrating (7.5) with respect to time and using (7.1), it holds that

sup (o(w(t)) : e(w(t)) + |wt)*) < C&(0). (7.6)

0<t<o0o
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With regards to the last two terms in the Lyapunov functional .Z, we have

%[/Q wt(t)~w(t)dx—|—/g u(t)-w(t)dx]
:/ wtt(t)-w(t)—i—]wt(t)\de—k/ w(t) - wlt) + ult) - Swi(t)

s Qf

I dzx
< — | AVul®): Viw®) = u®) - Swi®)lr. ) de = b(ult), u(t), w(¢))
_/Q {o(w(®))  e(w(t)) + [w)* + (pwe(t) + paz"™ (t)) - w(t) — lw(t)]*} dz

- /_ ’ | / 1e(0)2 (£, 0) - w(t) da do. (77)

Let us estimate each terms on the right hand side. Using the fact that u|r, = wy|r,,
applying the Poincare inequality and the boundedness of the Stokes map S, we
obtain

<C | |Vu(t)]*daz. (7.8)
Q5

/ u(t) - Swy(t)|r, dz
Q

Using similar procedure along with Young’s inequality, we have

/Q RICREOLE

1 2 2
< Z/Qs(a(w(t)):e(w(t))+|w(t)| Ve +C [ |[Vu()? de.

Qy
(7.9)
Likewise, it holds that
0
/ (pwe(t) + paz™(t)) - w(t) dz +/ / pe(0)z(t,0) - w(t) de d@‘
1 0
< 1 lw(t)|*dz + C AGE |z’”d(t)|2d:v+0/ |z(t,0)]> dz df. (7.10)
Qs Qs —red Qg

For the trilinear term in (7.7), we apply Lemma 4.3(i) and Corollary 4.4 with
€ = 1 to obtain

bu(t), u(t), w(E)] < [u(®)F, + Cllu@) 3, [« @)1, (1 + o @),
By trace theory and continuity of S we have ||w(t)||%/f < Clo(w(t)) : e(w(t)) +

lw(t)|?), and consequently from (7.6) we have

1b(u(t), u(t), w(t))| < C(é‘)(O))/ |Vu(t)]? da. (7.11)
Qy
Using (7.8)—(7.11) in (7.7) and combining the result in (7.5), we obtain that

%;2”(75) < —(1-aC(&(0))) 5 Vu(t)?do — (K, — aC) /Q lw, (8)|? da

~ 5 [ ) )+ luP de = (2 =) [ (0P da
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- (g—ao) /O (¢, 0)|? da df,

—rcd Qs

for some constant C' > 0 independent on «. Choosing « sufficiently small and then
utilizing the equivalence of . and & yields the exponential stability of solutions
with initial data in H; x Vi x L*(Q) x L*(—r,0; L*(y)). O

8. APPENDIX

Given T' > 0 and a < b, we let Q7 = (0,7) x (a,b) and (¢,0) denote a typical point
in Q7. Define the operator L = 0, — 0y and the consider the Hilbert space

W2(Qr) = {u e L*(Qr) : Lu € L*(Qr)}
equipped with the graph norm

1
1zlwzor = (121Z2p + I1L21172(qr)) 2
Using mollifiers, one can see that H'(Q7) is dense in W#(Q7), for example see [2].

From [15, Proposition 18, Section 12|, the set of all linear combinations ya,u; +

<o+ + XA, Uy, Where u; € H'(Qr) and x4, is the indicator function of a measurable
subset A; of Q, is dense in L*(Q; W2(Qr)) endowed with the norm

1

HZ'HL?(Q;Wf(QT)) = (HZH%?(Q;L?(QT)) + HLuH%%Q;L2(QT)))2~
By mollifying these functions, we see that C5°(2) ® H'(Qr) := span{p @ u : ¢ €
Cs(Q),u € HY(Qr)} is dense also in L*(Q; WE(Q7)).
Given z € L*(Q; W3(Qr)), define v,z : L*(Q; W2(Qr)) — R according to

(197)(¢) = lim / /a  (0m) - gdads,

where z, € C2°(Q) @ HYQr), 2, — 2 in LA W2(Q7)), 70 : HY(Qr) — Hz(9Q7)
is the trace operator and y(¢ ® u) = ¢ @ yu for ¢ € C°(Q) and u € HY(Qr).
Also, xu = X{o=b}u{t=T} — X{6=a}u{t=0} Where X is the indicator function. It can be
easily seen that the above limit exists and is independent of the sequence chosen to
approximate z. Furthermore, we have v,z € L*(Q; H *%(GQT)) and

Y € LIL (5 WEQr)); L (@ H72(9Qr)).
If z € L*(Q; H(Qr)) then 7,2 = x,702.

We now localize the traces which is useful in the transport equation (3.1). If ¥ C
0Qr then the space V(X)) of all functions in H %(GQT) whose support is contained
in X is dense in L*(X), see [44, Theorem 13.6.10]. Denote by V(%) the closure of
V(X) with respect to the norm of H2(9Q7).

Let X° = {0} x (a,b), T = {T} x (a,b), Xo = (0,T) x {a} and X} = (0,T) x {b}
and we denote by ¥ to be either of these sets. Given u € L?(Q; W2(Qr)), define

<7227 90>L2(Q;V(2)/)xL2(Q;V(2)) = JL%/{‘%%XWJH;(aQT)XH;(aQT) dz

where ¢, € L*(; V(X)) and ¢, — ¢ in L*(; V(X)). It can be easily checked that
e € LIL*(QWE(Qr); LA V(2)).
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Let VZ(Qr) be the completion of H'(Q7) with respect to the norm

1
I12llva@n = (l2lvz op) + 102l 200,))?-

For every z € L*(Q; VA(Qr)) it holds that ysz € L?(2; L*(X)). Indeed, suppose that
2, € L2(Q; HY(Qr)) and z, — z in L*(; VA(Qr)), and hence in L2(; W2(Qr)).
Thus we have 79z, — Yz in L*(Q; L*(0Qr)) and vsz, — =z in L2 (Q; V(Z)).
From the continuity of the embedding L*(X) C V(X2)', it follows that ypz|s = sz
In particular, v,z € L*(Q; L*(0Q7)) for every z € L*(; VA (Qr)).

With these preliminaries, it follows by a density argument that the following
integration by parts formula

/// 2 L*wdedtdx—/// Lg- @/}d@dtdx_//aQTXﬂW o dsds

where L* = —0; + 0y, holds for every p,v € L*(Q; VA(Qr)).
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