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1. INTRODUCTION

This paper is devoted to the study of stability properties of a coupled linear
parabolic-hyperbolic PDE system with delay in the interaction. It addresses
asymptotic, rational and exponential stability. The system being considered is a
simplified model describing the interaction of an elastic body that is completely
submerged in a fluid. Delay between the interaction on the interface is being
considered.

First, let us set-up the notation and the geometrical configuration of the problem.
Let Q, be a bounded smooth domain in R? occupied by the structure. The relevant
physical scenarios are d = 2 or d = 3, however, we shall consider the general case
where d > 2 in the analysis. Denote the boundary of Q0 by I's. Let Q; C R? be the
region occupied by the heat component. We also assume that that € is sufficiently
smooth, and that its boundary consists of two parts 00y = I'; UT'y where ff =TIy
and I'y = Iy have no common points. This means that the interface Iy between the
solid and the fluid does not touch the part I'y of the boundary of ;.

Let u(t,x) = (u1(t,x),...,uq(t,x)) and w(t,z) = (wyi(t,x),..., wy(t,z)) be the
velocity and displacement of the heat and structure at time ¢ and position z, respec-
tively. Then a linear model describing the dynamics of the above system is given by
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the coupled heat-wave system

(i (t,z) — Au(t,x) =0, in (0,00) x Qy,
u(t,z) =0, on (0,00) x I'y,
u(t,x) = aw(t — 75, ¢) + F(t, x), on (0,00) x T,
wu(t,z) — Aw(t, z) +w(t, ) =0, in (0,00) x €, (1.1)
g—qj(t,x) = ﬁ%(t —717,2) +G(t,xz), in (0,00) x I,
u(0,z) = up(x), in Qy,
L w(0,2) = wo(x), w(0,2) =w(x), in Q.

We shall make the convention that the unit normal vector v is outward to €2, on
Iy and is outward to 2 on I'y. In particular, v on I'y will be inward with respect
to fluid domain Q. The terms F' and G represent feedback controls that will be
specified below.

In the case of small but rapid oscillations, the assumption that the interface I',
is stationary is reasonable. The system (1.1) is based on the one studied in [5], in
the cases where there is no delay (7 = 7, = 0) and no feedbacks (F' = G = 0).
The boundary conditions in (1.1) on I'y are obtained by matching the velocities and
stresses of the fluid and solid components. However, in the current problem, these
are not equal. The velocity of the structure serves as a source term at the boundary
for the heat equation, and its effect is not instantaneous but a delay takes place. In
this case, the constant 7, > 0 represents the extent of the delay while the constant
a > 0 signifies the strength of the delayed-velocity term. On the other hand, the
normal stress of the fluid on the interface enters as a source term for the wave
equation and delay is also being considered, with 74 > 0 measuring the extent of
delay while # > 0 denotes the strength of the delayed-stress term. Such delay may
occur if for instance there is a small boundary layer on the interface that impedes
the instantaneous interaction between the fluid and the solid.

The fluid-structure model (1.1) without delay and several variants both in the
linear and nonlinear settings have been studied extensively for the past years. This
includes the case where instead of the heat equation for the fluid component, the
Navier-Stokes equation takes place, and the Lamé equation is used instead of the
wave equation for the solid component. We refer the reader to (2, 3, 4, 5, 6, 7, 9, 10,
17,19, 20, 30, 31] and the references therein for the analysis of such variations. These
investigations include the well-posedness, regularity and stability of the interaction
models. With regards to a fluid-structure model with delay only on the interior
feedback for the structure, see [34].

Without the feedback controls and in the case where a =  and F = G = 0 one
can easily check that the system is dissipative, that is, the energy is decreasing. The
source of dissipation is from the diffusion of the fluid. In this work, we consider the
following feedback controls

F(t,z) = 7%(t,x), on (0,00) x I, 12)

G(t,z) = —0w(t,x), on (0,00) x [,
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where ~ and 0 are positive constants. To achieve a well-posed system, the ini-
tial histories for the stress and velocity of the fluid and the solid on the interface,
respectively, shall be specified

ou )
2 (0,0) = wo(6,2), in (~7,0) T,

wy(0,x) = 20(0,z), in (—7,0) x .

(1.3)

In Section 2, the well-posedness of (1.1)—(1.3) based on semigroup methods will be
discussed.

We would like to point out that Neumann-type boundary feedbacks in terms of
the solid component have been considered in [20], whereas in the present paper
we consider a Neumann-type boundary feedback in terms of the fluid component.
Technically this will serve as a regularization in terms of the Neumann trace for
the fluid component. In effect, this has an advantage when one needs to define the
appropriate function spaces for the delay variables. These particular feedbacks turns
the system (1.1) into a coupled parabolic-hyperbolic system with Robin-Neumann
boundary conditions on the interface.

It is well-known that delays have a destabilizing effect [12, 13]. This is due to
the fact that delay induces a transport phenomenon in the system that creates
oscillations which can lead to instability. The goal is then to determine the rela-
tionship among the parameters «, 5,7 and § for which the energy associated with
the above model decays to zero asymptotically, or better, to have uniform expo-
nential decay rates. Under the assumption af < ~¢d, we show in Section 3 that
the system is asymptotically stable using spectral methods and a generalized Lax-
Milgram Lemma. If af < 70 then we prove in Section 4 that the energy decays
exponentially to zero through the energy method, following the approach given in
[6, 21, 22, 23, 24].

Our result will be valid for positive delay parameters. A direct application of the
Cauchy-Schwarz inequality will give us a sufficient condition for stability, however
this is not optimal. The results will be based on the positivity of a quadratic form
induced by the boundary terms and the corresponding result obtained by merely
applying the Cauchy-Schwarz inequality is just a specific case. The said quadratic
form is a special case of the one considered in [37] for coupled wave equations in
the entire space with delay. It is worth noting that the condition a8 < ~¢ for the
stability of our problem coincides with the one given in [29] in the case of a coupled
ordinary differential equations with delay.

Under the critical case, the dissipation terms induced by the feedbacks are can-
celled, however the system still posseses dissipation due to the diffusion of the fluid.
Without delays and feedbacks and with o = 8 = 1, the rational stability of the sys-
tem (1.1) has been proved in [5] using a resolvent-based approach. This particular
method relies on establishing a polynomial or algebraic growth of the resolvents on
the imaginary axis. The corresponding decay estimate follows from a theorem in
[11]. The same strategy has been also applied to a fluid-structure interaction model
in [2]. Other relevant references for the rational decay rates of coupled heat-wave
systems without delay are provided in [5]. We would like to point out that the

decay rate O(t’%) obtained in the present case when delay is incorporated is weaker
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than the one obtained based on the original model without delay. This is due to
the additional terms in the interface, which are only square integrable. In the ab-
sence of delay, a decay rate O(t_%) was established in [5] and recently improved to
O(t™') using a microlocal analysis argument in [8]. Nevertheless, we will show that
the system is asymptotically stable under the critical case and with an additional
geometric condition, the decay rate O(t_%) will be established in Section 5. Further
related problems will be mentioned in Section 6.

2. THE EVOLUTION SYSTEM

In this section, we recast (1.1)—(1.3) as a first order evolution system on a certain
Hilbert space and prove its well-posedness through semigroup theory. The regularity
of solutions for smooth and compatible data will be provided using elliptic regularity.
Before we proceed with the formulation, we first recall in the following subsection
the traces for a graph space. We follow the usual notations H*(2) and LP(Q) for the
Sobolev and Lebesgue spaces, respectively. For simplicity, the product of m copies
of a Banach space X will be denoted by the same notation X instead of X™.

2.1. TRACES FOR A GRAPH SPACE. It is known that if a certain function
satisfies an elliptic problem, then a generalize boundary trace for that function can
be defined, see |26, Chapter 2|. In the following discussion, we take the formulation
in |38, pp. 432-433]. Let W(Q;) = {u € H(Qy) : Au € L*(Q;)} be equipped with
the graph norm

1
lullwiey = (lullfnq,) + Auli20,)

Endowed with the inner product associated with this norm, W(y) is a Hilbert
space. For a given ¢ € H %(FS), we extend it by zero to 9€2; and obtain an element
in H %(89 7) and denote this extension by the same notation.

Recall that the trace map v : H'(Qy) — H%(an) is onto, and thus vy is
invertible, where ~7 : Hz (0Q) — H'(Qy) is the adjoint of 7o. Consider the bounded
linear operator £ : Hz(8€;) — H' () given by

C=5(v5) "

so that volp = ¢ for every ¢ € H%(ﬁﬁf). Define %

@
ov

for every ¢ € H %(Fs). By the Cauchy-Schwarz inequality we have
u
v

Consequently, 24|p, € H2(T',) and the operator u ~ |1, is a bounded linear

operator from the graph space W(Qy) into H2(,). Ifuce H?(€) then this
definition coincides with the usual first order trace of u on I'y. Indeed, this can be

r. by

,¢>: / (Aw)tdde+ | Vu-V(eg)de
r, Q; Q;

¢>\ < NAull gz 1€l 2@y) + [Vl 2 IV (D) 2

< V2l

I

LH? (09),H () H ullweey) ||¢||H§ )’
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seen immediately from Green’s identity. According to the definition it follows easily

that
ou
/Q(Au)gp dz = <%

for every u € W(Q;) and p € H'(Qy) with ¢ = 0 on I';. In the succeeding sections,
the expression 'y will be removed in the notation for the trace for convenience.

,g0>— Vu-Vedz
Ts Qy

2.2. SEMIGROUP FORMULATION. Keeping track of the memory terms, we in-
troduce the following auxiliary state variables

y(t,0,x) = %(t —O1p,x), 2(t,0,x) = w(t — 07, x)

for (t,0,x) € (0,00) x (0,1) x I'y corresponding to the delay terms in the stress of
the fluid and velocity of the structure on the interface. Notice that y satisfies the
following uncoupled transport system on the bounded interval (0, 1) with parameter
zel,

Try(t, 0, ) + yo(t,0,2) =0, in (0,00) x (0,1) x I,

y(t,0,z) = ?(t,x), on (0,00) x I, (2.1)
v
y(0,0,x) = 40(0, x), on (0,1) x 'y,

where §o(0,z) = yo(—07s,2). On the other hand, z satisfies a similar transport
system with parameter

Ts2(t,0,2) + z9(t,0,2) =0, in (0,00) x (0,1) x T,
2(t,0,2) = w(t, x), on (0,00) x T, (2.2)
2(0,0,z) = Zy(0, x) on (0,1) x Iy,

where Zy(0,x) = zo(—07s, x).

We recast (1.1)—(1.3) as a first order system in the state variables (u,w,v,y, 2),
where v = w;. Here, the wave equation is formulated as a first order system in terms
of the displacement and velocity. Consider the following Hilbert space as our state
space

X = L*(Qy) x H'(,) x L*(,) x L(L*(T,)) x Li(L*(T,)).
where LZ(L*(T,)) = L*(0,1; L*(T,)). Due to different factors in the delay and

feedback terms, this space will be equipped with a weighted inner product. For
(w1, wy,v1, Y1, 21), (U2, Wa, V2, Yo, 22) € X define

<(U1, w1, V1, Y1, 21), (Uz, Wa, V2, Y2, 22)>X,a

:al/ ul-ugdx—i—ag/ (w1 - wy + Vwy - Vws + vy - v9) dr
Q

f Qs
1 1
+aBTf// yl'y2d$d9+a473// 21+ 2o dx dé
0 s 0 R

where a = (ay,as,as,a4) is a quadruple consisting of positive constants that will
be specified below. Here, the dot represents either the inner product in C% or C4*¢
where it is applicable. The norm associated with this inner product will be denoted

by || - [l x.a:
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Let Hy (Q7) = {u € H'() : u = 0onT;}. Define the linear operator A :
D(A) ¢ X — X with domain

D(A) = {(v,w,v,y,2) € X :u e W(Qy) N H%f(Qf), w € W(8y),

ve HY(Q), y,z € HY(0,1; L*(Ty)), u — 7% =az(1) on Ty,
ow ou
) + 0v = By(1) on I'y, y(0) = 5 2(0) = v on 'y},

as follows
Alu,w,v,y, z) = (Au, v, Aw — w, —7']71893/, —7. 1 0p2).
Recall that H'(0,1; L*(T)) € C([0,1], L*(Ty)), see for instance |16, p. 286]. From

the above discussion, we already know that the traces % and ‘Z—f both exist as
elements in H~2(T',). According to the definition of D(A), we have Qu — %(u -
az(1)) € L*(T,) since v > 0. This means that the condition y(0) = 2* is meaningful
under the assumption that y € H'(0,1; L*(T,)). Likewise, we also have 2% =

By(1) — dv € L*(Ty).
System (1.1)—(1.3) can now be rewritten as a first order evolution equation on X
as

{ Y(t) =AY (t), t>0, (2.3)

Y (0) = Yo,
with state Y = (u, w,v,y, z) and initial data Yy = (ug, wo, w1, Jo, 20) € X.

Theorem 2.1. Let a, 3,7,0 > 0. Suppose that there exists a = (ay, az, az,as) € R
such that the quadratic form Q. defined by

Qalu,v,y, 2) = (2a17 — as)u® + (2a26 — ay)v* + asy® + ay2* +2a1auz +2a55vy (2.4)

is monnegative definite. Then the operator A generates a strongly continuous semi-
group of contractions on X. In particular, for every Yy € X the Cauchy problem
(2.3) admits a unique mild solution'Y € C([0,00), X) such that ||[Y (t)||xa < ||Yollxa
for every t > 0. Moreover, we have

u € L0, 00; Hr (). (2.5)
If v0 > af then for every T > 0 it holds that
y,z € L®(0,1; L*((0,T) x Ty)). (2.6)

A sufficient condition for the nonnegativity of the quadratic form @, is aff < 4.
The proof of this remark is provided in the Appendix.
Proof.|Proof of Theorem 2.1] We shall apply the Lumer-Phillips theorem in reflexive
Banach spaces, see [15, Corollary I11.3.20|. The first step is to check the dissipativity
of A. For this, take an arbitrary element Y = (u,w,v,y,2) € D(A). Employing
Green’s identity with respect to the fluid domain and using the boundary conditions
u=0onTy;and u=~2+ az(1) on I'; we have

Re/ Au-udx:—/ |Vu\2d:c—’y/ ’@
Q Q r OV

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio

2 ou
— — - z(1 . (2
dz aRe/FS 5 z(1)dz. (2.7)




A PARABOLIC-HYPERBOLIC PDE wiTH DELAY 7 /31

The negative sign on the boundary terms is due to the convention that v on I'y is
inward to the fluid domain €2;. Likewise, using Green’s identity with respect to the
structural domain and the boundary condltlon = By(1) — dv give us

Re/ v-w+Vv-Vw+(Aw—w)-vd$:—(5/ \v\zdx—i—BRe/ y(1)-vdz. (2.8)
s Is I

For the delay variable y we integrate by parts, take the real part and apply the
condition y(0) = a“ to obtain

Re// ——89y ydaz:d@-i
2Tf

In a similar way, for the delay variable z we have using z(0

Re// ——892 czdxdf = /|v|2
274

Multiplying (2.7)—(2.9) by constants a1, as, ag, a4, respectlvely, and then using the
Cauchy-Schwarz inequality to the last terms on the right hand sides of (2.7) and
(2.8), it is not difficult to see that we have

/ pOPdr. (29

1) d. (2.10)

Re(AY,Y)xa < —ay [ |Vu|*dz

Qf
2|2 el Iyl Iz Wlwy). 211

where @), is the quadratic form defined by (2.4). Consequently, it follows from (2.11)
and the nonnegativity of 0, that A is dissipative.

The next step is to prove that 0 lies in the resolvent set p(A) of A. This implies
that A has a nonempty resolvent, and thus A is closed according to [38, Remark
2.2.4]. The fact that the resolvent set is open implies that A € p(A) for some A > 0,
which proves the range condition R(Al — A) = X in the Lumer-Phillips Theorem.
Let Y* = (u*,w*,v*,y*, z*) € X be given. Note that the equation AY = Y* for
some Y = (u,w,v,y,z) € D(A) is equivalent to the following system where v = w*,

L2(Ts)

ou o
0) = — — () do 2.12
W) = G = [ w)an. (212)
0
2(0) = w* — TS/ 2*(9) dv, (2.13)
0
u satisfies an elliptic problem on €2y with mixed Dirichlet-Robin boundary conditions
Au = u*, in Qy,
u= Ob on L'y, (2.14)
- 'ya—z =az(1), onTy,
and w satisfies an elliptic problem on 2, with Neumann boundary condition on I
Aw —w = v, in €,
8w (2.15)

= py(l) — dw*, on L.
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The boundary conditions on I'y for (2.14) and (2.15) can be written, according to
(2.13) and (2.12), respectively as follows

ou 1 . b

R (u—aw —|—oz7's/0 2*(0) d@) , (2.16)
1

a“’ - 5_ _mf/ “(6) A0 — duw”. (2.17)

By elliptic theory, the boundary value problem (2.14) admits a solution u €
Hy () and since u* € L*(§y) we deduce that u € W(S2y). Moreover, the boundary
condltlon (2.16) implies that 2* € L*(T,) and thus y € H'(0,1; L*(T',)) where y is
defined by (2.12). We can see 1mmed1ately from (2.13) that z € H'(0,1; L*(T',)). On
the other hand, the boundary value problem (2.15) has a unique solution w € H*(£2,)
and since v* +w € L*(Qg) we have w € W(£;). Therefore there exists Y € D(A)
such that AY = Y™*.

We show that there is a constant C' > 0 independent of Y and Y* such that

Y lxa < ClY"|x.a (2.18)

and this will prove that 0 € p(A). Using a standard elliptic estimate, the trace
theorem, Holder’s inequality and Fubini’s theorem to the term involving z2*, we
obtain from (2.14) and (2.16) that

[ullmry < Clllullzzp) + lwllarq) + 12732 @) (2.19)

By (2.16), the trace theorem once more and (2.19) we get

Hay’ < Ol 2 + [ L, + 12" 2 z2wy)- (2.20)

Using (2.20) we can estimate the norm of y as follows

L2

19l zzz2wa) < CUlellz2@p +lw a2 |z 1Y 3z, (2:21)
On the other hand, it is not difficult to see from (2.13) that
12032y < Clllw [y + 11273 2.)))- (2.22)

Finally, from the equation v = w*, a basic elliptic estimate applied to the boundary
value problem (2.15) and (2.17) we have the following estimates

[vllz2(0.) < lw*][m1 (0., (2.23)

o) 20

Combining (2.19)—(2.24) proves (2.18). This completes the proof that A is the
generator of a strongly continuous semigroup of contractions on X.

For data Yy € D(A) we have Y (t) € D(A) for all ¢ > 0 and the component u of
the corresponding semigroup solution Y (¢) = 'Y, satisfies u = 0 on (0,00) x I';
and according to (2.11) we have

[l 10 < C(IIU*HL?(Qs) e @ + 11y a2

alo

1T 1
[ vuopards< -2 [ R0,y @)radt < il
Q 1
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for every T' > 0. This estimate implies that u € L*(0, 00; Hp (), hence (2.5). The

corresponding result for data in X follows immediately from the density of D(A) in
X. Finally, (2.6) is a consequence of the assumption that o8 < 7§, which implies
that Q. is positive definite (see Theorem 7.1 below) and the fact that they satisfy
the one-dimensional transport equations (2.1) and (2.2) with parameter x € T, re-
spectively. Such regularity can be proved by following the arguments as in [36]. [

Next we prove the regularity of solutions with initial data in D(A?). The following
theorem will be utilized in establishing the stability of (1.1)-(1.3) in Section 4.

Theorem 2.2. Let Yy € D(A?) and (u,w,v,y, z) = €'Y, be the semigroup solution
of (2.3). For every T > 7, it holds that

u e CY[0,T], L*(Qf)) N L*(7s, T; H*(Qy))
and for every T > 75 + T, we have
w e C*([0,T), H(Q%)) N L (77 + 75, T; H*(2)).

Proof. For Yy € D(A) it follows that u € C*([0,T], L*(;)) N C([0, T, Hy, ().
This is a consequence of the fact that 'Y, € C1([0,T], X)NC([0,T], D(A)), where
D(A) is equipped with the graph norm.

For data Y, € D(A?) we have €Y, € C'([0,T], D(A)) and as a result v; =
Aw—w € C([0,T], H(Qs)). The fact that w € C?([0,T], H'(Qs)) follows from the
equation w; = v and w(0) € H'(Qy). Therefore, by trace theory we have

0 1

a—:j = S (u — awy (- — 7)) € L*(7, T H%(FS))
for every T' > 7, and hence it follows that u € L*(7s, T; H*(€2;)) by elliptic regular-
ity. On the other hand, we have Aw = v; +w € C([0,T], H'(Q)) and

0 9, ;

00 04— — b € L2(ry 4 T HA(T,)
for every T' > 7 + 75, and therefore w € L?(7; + 75, T; H*(Q;)) by applying elliptic
regularity once more. U

3. SPECTRAL PROPERTIES AND ASYMPTOTIC STABILITY

In the absence of delays and feedback controls in the coupled system (1.1), the
corresponding semigroup generator lacks the compactness of its resolvents. However,
the projections of the resolvents onto the product of the state spaces corresponding
to the fluid and structure velocities are compact, see [3] for the details. The goal
of this section is to show that the spectrum of the generator A corresponding to
the problem (1.1)—(1.3) consists of eigenvalues only. Our strategy is to rewrite the
resolvent equation for a given fixed element of X in variational form and then apply
a generalized Lax-Milgram argument.

The method we employ has been utilized for wave equations with viscoelastic
surface [14] and for a fluid-structure interaction model with delay in the interior
feedback control for the structural component [34]. The corresponding results in
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these works do not consider the whole spectrum and the analysis tackles only the
part of spectrum neglecting the negative real axis. This is due to the fact that
the boundary condition on the interface for the equation corresponding to the fluid
is of Dirichlet type. This essential boundary condition entails to incorporate the
compatibility condition in the definition of the space for the variational formulation.
In this direction, one needs to formulate the variational form in terms of the velocities
of the fluid and the structure. For our problem, due to the Neumann-type feedback
on I'y we basically have boundary value problems that have either Neumann or
Robin boundary conditions on the interface. As a result of these natural boundary
conditions, we can formulate the variational equation in terms of the velocity of the
fluid and the displacement of the structure, and from this we can cover the whole
spectrum of the generator in the analysis. The first step is to rewrite the resolvent
equation in variational form.

Lemma 3.1. Let A € C and Y* = (u*,w*,v*,y*,2*) € X be fized. There exists
Y = (u,w,v,y,z) € D(A) satisfying the equation

(M — A)Y =Y* (3.1)

if and only if there exists a pair (u,w) € H%f () x HY(Qy) that satisfies the varia-
tional equation

ax((u,w), (¢, ) = Fxy-(¢,¢) (3.2)
for every (.)€ Hy, () x H'(SY), where ay : [Hp () x H'(Q)]? — C s the

continuous sesquilinear form defined by

a)((u,w), (p,¥)) = )\/ u-pdr+ Vu-Vgpda:—i—()\Q—{—l)/ w-Yde

Qy Qy s

—l—/ Vw-dex—i—%/ u- (¢ — Be 1) da
s Is

+ )\/Fs w - [(%ﬁeA(‘rf+‘rs) + 5)w _ %6)\7590] dx (3.3)

and Fy y~ : H%f () x HY(Q5) — C is the continuous anti-linear form defined by

Popd) = [ wpdot [ 0 vds
Qf QS

+ / w” - [(a—ﬁe)‘(””s) + 5)1/1 — ge’XT%p} dz
T, v v

1
—l—)\/ w*-wdx—l—ﬂTfe’\Tf// eN1%(0) - 1p d A
Qs 0Jr,

o

1 -
;—s e~ /0 / 024 (0) - (o — Be 1)) dx db. (3.4)

+
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Proof. First, let us suppose that the equation (3.1) holds. Notice that (3.1) is
equivalent to a system where u is the solution of the boundary value problem

Au— Au = u*, in Qy,
u = O, on Ff’ 3 5
ou 1 a (35)
— =—-u——2z(1), onTy,
o v

v and w satisfies the system
Aw — v =w", in €,
A — Aw +w =v*, in §, (3.6)
ow

% = ﬁy(l) - 5’0, on Fsa

while the delay variables y and z satisfy respectively the following ordinary differ-
ential equations with parameter

ATry(0) + yo(0) = T5y*(0), on (0,1) x Iy,

y0) =2, on . (37)
ATs2(0) + z9(0) = 752%(0), on (0,1) x Ty,
{ 2(0) = v, on T'y. (3:8)

Applying the variation of parameters formula to (3.7) and (3.8) and using the
equation v = Aw — w* we obtain

0
y(0) = ¢~ ro Ot + e e / 1 (9) dv, (3.9)
ov 0
0
2(0) = e 0w — w*) 4 e / 70 2% (9) AW (3.10)
0
From (3.10), the boundary condition for u on I'y in (3.5) becomes
ou 1 a QTs _y /1)\9
—=—u——e ""TAw—w")——e " [ e "2%(0)db. 3.11
5= T SO =) = T [ onegg (3.11)
Consequently, from (3.9) and (3.11) the boundary condition for w can be written as
ow [ _, afl
27— By — [ 2 oA tTr) —w
5 76 u < 5 e —|—5>()\w w*) (3.12)

1 1
_aBTs Artry) / 02%(8) B + Prpe / 0" (6) o).
v 0 0

Let p € H%f(Qf). Taking the inner product in L?(£2;) of the first equation in (3.5)
with ¢ and then applying Green’s identity we have

/u*~g0dx:)\/ u-pdr + Vu-Vgod:c—l—/ %~g0d:c. (3.13)
Qy Qf Qy r, Ov

Using (3.11), the boundary integral in (3.13) can be written as

0 1 A
—u-gpdx:—/ u-gpdx—a—e_’\TS/ w-g&dx—i—ge_’\“/ w* - pdx
r, Ov v JTs v s v s
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1
_oz;’s e / / A0 2% (0) - pda d. (3.14)
0 JIs

With regards to the elliptic equation for w in (3.6), we take the inner product in
L2(Q,) with ¢ € HY(€,), use v = Mw — w* and apply Green’s identity to obtain

/Sv*~z/1dx: ()\2+1)/sw~z/1dx+/st-Vz/zdx

ow

- g vde /st*-wdsc. (3.15)

From (3.12) the boundary term in the above equation can be expressed as

_ [ o ~pdr = —ée_)”f/ u-dr + A(ﬁe_’\(“”f)%—(S)/ w-YPde
v s v I,

T 31/
_ (a_ﬁe_)\(Ts'i‘Tf) + 5)/ w* - de
Py S

OéﬁTs —)\ Ts+7'f)// >\7;0 * ?/)dl‘d@ (316)

— Brie™ // 0% (6) - 4 da db.

Taking the sum of (3.13) and (3.15), substituting the boundary terms according
o0 (3.14) and (3.16), and then rearranging the terms yield the variational equation
(3.2).

Conversely, suppose that there exists (u, w) € Hy, (€y) x H'(€) such that (3.2)
holds for every (p,v) € Hp, (Qf) x H'(€). We define v = Aw — w* and 2 by
(3.10). By definition we have v € H'(Q,), 2 € H*(0,1; L*(T'y)) and z satisfies the
differential equation (3.7). By taking ¢ = 0 in (3.2) and using the definition of z,
we can see that u is the weak solution of the boundary value problem (3.5). Thus,
in particular we have ¢ € L*(T).

Now define y accordmg to (3.9), which satisfies (3.7) and y € H'(0,1; L*(Ty)).
Taking ¢ = 0 in (3.2) and then using (3.11) and the definition of z, we can see that
w satisfies the boundary value problem in (3.6). These observations imply that
Y = (u,w,v,y,z) € D(A) and it satisfies equation (3.1). O

To characterize the spectrum of A, we need the following combination of the Lax-
Milgram Lemma and the Fredholm alternative. For the proof we refer the reader to
[14] or [35].

Lemma 3.2. Let H, and Hy be Hilbert spaces such that the embedding H, C Hy
1s compact and dense. Suppose that a1 : Hy x Hi — C and ay : Hy x Hy — C are
two bounded sesquilinear forms such that ay is Hy-coercive and F : Hy — C is a
continuous conjugate linear form. The variational equation

ay(u,v) + as(u,v) = F(v), for every v € Hy,

has either a unique solution u € Hy for all F € H{ or has a nontrivial solution for
F=0.
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In the following theorem, we will use the weighted trace inequality: for every
€ > 0 there exists a constant C. > 0 such that

1 flz200) < el VI llz2@) + Cellfll 2y,  for all f e HY(Q), (3.17)

where ) is a sufficiently smooth bounded domain in R?. This inequality follows
from the moment trace inequality

1 1
1 lz200) < CIFIZ2 @) 1 11 o

for some constant C' > 0 and Young’s inequality |ab| < ea® + C.b? for some C. > 0
and for every ¢ > 0 and a,b € R. We denote by 0,(A) the point spectrum of a
closed linear operator A.

Theorem 3.3. Suppose that v6 > aff. Then o(A) = 0,(A), that is, the spectrum
of A consists of only eigenvalues.

Proof. Let A € C and denote by a, the sesquilinear form corresponding to the
boundary terms in ay, that is, ay : [H%f(Qf) x H'(,)]> — C is given by

1 A
ax((u, w), (v, ) = —/ u-pdr — a—e”S/ w-pdz (3.18)
Y Jr, v s
— ée”\” / u-ydr + A(a—ﬁe’\(ﬂ”ﬁs) + 5)/ w - de.
v T, g T

Taking ¢ = u and ¥ = w and then applying the Cauchy-Schwarz inequality we
obtain

lax((w, w), (u,w))| <kt (N) [ |u)?dz + ke(\) [ |w]*dz (3.19)
Ts s
where the positive constants k1(A\) and ko(\) are given by

al)l —Re )\ B _Rex 1
]{?1<>\> = —— NTs | T CATF L
2y 2y Y
A
k_2()\) _ Oé| |6—Re)\7-s + ﬁefRe)\Tf + |)\| %efR,e)\(Tf+Ts) + 5).
2y 2y g

Choose the constant e(\) > 0 small enough so that 1 — k;(A)e(A) > 0 for i = 1,2.
Let us split the sesquilinear form ay into a) = ax; + ax2 where ay; : [Hllf(Qf) X
H'(Q)]? — C is the sesquilinear form defined by

osa((uw). (o) = [ Vu-Vpdot [ Vo Voda

Qy s

+CE(A)I<;1()\)/ u-godx+(1+Cg(A)k2()\))/ w1 e + ay((u, w), (o, 1))

Qf Qs

while ay o : [L*(2y) x L*(Qs)]*> — C is the sesquilinear form given by

aa((,0), (9.16)) = (A — Ceka(V) /

u-pdr+ (AN — Ca()\)k2<)\>)/ w - da.
Qy Q,

Here C.(y) > 0 is the constant in (3.17) corresponding to €(A) > 0.
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One can immediately see that ay; and a2 are bounded. Now, we show that a) ;
is coercive. Utilizing (3.17), (3.19) and recalling the choice of £()\), we can see that

Jana (), w))] = (1 =k (Ne() / Vul de + / jwf? do
(1 — ko(A /|Vw|2dx

_l’_
> CO‘)(”“HH%f(Qﬂ + ||wHH1(QS))

where C'(A) = min{1 — k;(A)e(A), 1 — ko(A)e(A)} > 0. From the compactness of the
embedding [L*(Q;) x L*(Q)]* C [Hy,(Qy) x H'(€)]* and Lemma 3.2 we either
have X in the resolvent set of A or in its point spectrum. This is equivalent to the
conclusion of the lemma. OJ

Now we prove that A does not have purely imaginary eigenvalues.
Theorem 3.4. If v6 > af then o(A) NiR = (.

Proof. We already know that 0 € p(A). Let r be a nonzero real number and
Y = (u,w,v,y,z) € D(A) be such that AY = irY. This is equivalent to the
system (3.5)—(3.8) with Y* = 0 and A = ir. From the dissipativity inequality (2.11)
and the fact that (), is nonnegative definite we have

|Vul>dr < —Re(AY,Y)x. = 0.
Qf
Thus u is constant and from the boundary condition on I'y it follows that « must
be zero in Q. From (3.9) we obtain y = 0 in (0,1) x I';. The equation for w in
(3.6) turns into
—Aw+ (1 —rHw =0, in £,

3.20
(?_w + idrw = 0, on [y, ( )
ov

since v = irw. Multiplying (3.20) by w, integrating over €0, and then using Green’s
identity we have

Vw|*dz + (1 —7?) | |w|*dz +idr [ |w|*dz =0.
Qs Qs Ts
From the imaginary part in the above equation, we can see that w = 0 on I'y and
consequently g—f = 0 according to the boundary condition in (3.20). By elliptic
regularity we have w € H*(Q,) N H}(Q) and therefore w = 0 in Q, from the unique
continuation theorem for elliptic operators, see [38, Corollary 15.2.2| for example.
Thus v = irw = 0 in Q4 and from (3.10) we have z = 0 in (0,1) x I'y. Therefore
Y = 0 so that ir is not an eigenvalue of A and from Lemma 3.3 it follows that ir lies
in the resolvent set of A. Thus, the imaginary axis lies in the resolvent set of A. [

Applying the Tauberian-type theorems in [1, 28, 15|, from Theorem 3.3 and The-
orem 3.4 the following asymptotic stability immediately follows.

Theorem 3.5. Under the condition v§ > a8, we have || Yp||xa — 0 in X as
t — oo for every Yy € X.
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In the succeeding sections we improve this theorem by providing explicit decay
rates under additional conditions on the parameters «, 3,y and 4.

4. UNIFORM EXPONENTIAL STABILITY FOR THE CASE af8 < 70

The goal of this section is to prove the exponential decay of the energy for the
solutions of the system (1.1)—(1.3) for the case a5 < v0. From inequality (2.11),
it can be seen that the dissipation is due to the diffusion of the fluid, the normal
stress of the fluid component and velocity of the solid on the interface. The latter
boundary dissipation for the wave equation is enough to obtain exponential decay,
and this can be achieved through multipliers. We follow the methodology presented
in [6] for the current problem.

First, we recall the following energy identities for the wave operator J = 0y — A.
These are obtained by using the multipliers ¢ divn and n - Vi, respectively. We
refer to |21, 22, 23, 24| for their proofs in the scalar version and to [6] in the vector
version.

Proposition 4.1. Suppose that T > s and n € [C?(Q)]? is a vector field. Then for
every p € H?*(s, T; L*(Q)) N H'(s,T; H'(Q)) N L*(s, T; H*()) we have

| [ te = vy divnazar
= _/ /Q(Elgo) (pdivy) — - (V(divny) - Vy)dzdt (4.1)

_// Z—f-(gpdivn)dxdt—i—/‘ﬂt(T)'(@(T)diVn)_SOt(S)'(SO(S) divn) dz.
s JOQ Q

Also, if Jn denotes the Jacobian of n then
T
/ /(Jn)Vgp -Vpdzdt
s JQ
! 1 2 2
= [ [@)-@-9¢) = 501eiF = V) divndaar
Tr oyp 1
[ G20+ (el - VP vdsd
s Joq OV 2

- / o(T) - (7 Vo(T)) — guls) - (- Vip(s)) d. (4.2)

In the above proposition, the terms n- Vi, V(divn) - Ve and (Jn)Ve are vectors
with components 1 - Vi,;, V(divn) - Vy; and (Jn)V; for i = 1,...,d, respectively.
To estimate the term V¢ on I'y, we separate its normal and tangential components
and utilize the following trace regularity for solutions of wave equations in [22,
Proposition 6.3].

Theorem 4.2. Let f € L*(0,T; L*(Q)) and w € L*(0,T; H*(Q)) N H'(0,T; L*(2))
be a solution of the wave equation Ow = f. If wt,%—f € L2(0,T; L*(09)), then
for every o € (0,T) we have 3% € L*(o,T — 03 L*(0R))). Furthermore, for every
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e € (0, %] there ezists a constant Cy .7 > 0 such that

T—-o 2 '
d.l? dt < Co‘& w 2 +/ /
/a /8Q < T(H HH%“((O,T)XQ) 0 Joq
T—o
+/ |f\2dxdt).
o Q

The estimate provided in [22] involves the L2(0,T; H2¢(Q))-norm instead of the
H2%((0,T) x Q)-norm. This is admitted since H*((0,T) x Q) = L2(0,T; H*(2)) N
H®(0,T; L*(Q)) € L*(0,T; H*(Q2)) for s > 0 according to [27, Remark 2.2] and the
classical extension theorems for Sobolev spaces.

For ¢t > 0, we define the energy of the solution to (1.1)—(1.3) associated with data
in D(A) by

ow

or

ow

2
£y dx dt

E(t) = %II(U(t),w(t),v(t),y(t),Z(t))H?(,a

and the corresponding dissipation term by

0 2
D) = [ [VuPde+ [ S|+ furttn) o
Qf T, 81/

)
L

Lemma 4.3. Suppose that v6 > af3. Then there exist constants ¢ > 0 and C' > 0
such that the energy of the solutions of the system (1.1)—(1.3) with initial data in
D(A) satisfies —cD(t) < E'(t) < —=CD(t) for every t > 0.

Ou

2
5 (t — 715, 2)| + |wi(t — 76, 2))* da.

Proof. The given assumption implies that the quadratic form @), is positive definite.
Hence, it follows from (2.11) and Theorem 7.1 that

E'(t) = Re(AY (), Y (1)) x.a < —CD(2)

for some C' > 0, where Y () = €4 Xy and X, € D(A). On the other hand, using
the Cauchy-Schwarz inequality and similar calculations as in the proof of (2.11), we
have the estimate from below

E'(t) > —a; |Vu(t))? do
s

-5( [0l o

M@l | 5o =),

L2(Ts s)v ||wt(1’L - TS)||L2(FS)>-

(T
From this inequality and (7.2), it can be seen that there is a constant ¢ > 0 such
that E’(t) > —cD(t). This completes the proof of the lemma. O
We are now in position to prove the exponential stability of the semigroup e*4.
Theorem 4.4. If v6 > af then the semigroup generated by A is uniformly ex-

ponentially stable, that is, there exist M > 1 and o > 0 such that |[eY|xa <
Me Yyl x.a for every t >0 and Yy € X.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



A PARABOLIC-HYPERBOLIC PDE wiTH DELAY 17 / 31

Proof. By the density of D(A?) in X and strong continuity of the semigroup e4
we may suppose that the initial data Yy = (ug,wo, vo, Yo, 20) lies in D(A?). Let
Y = (u,w,v,y, z) be the associated solution. The regularity of the corresponding
components are provided in Theorem 2.2. From Lemma 4.3, for every T' > s > 0 it
follows that

E(s) < E(T) +c / TD(t) dt. (4.3)

The goal is to prove that there exist 7 > 0 and a constant o7 € (0,1) such that
E(T) < orE(0). Then according to standard results for semigroup theory, see for
instance [33], we have exponential stability. By the linearity of the problem and the
fact that the coefficients are real, we may suppose without loss of generality that
the states are real-valued. The corresponding result can be obtained by separating
the real and imaginary parts. We divide the arguments in several steps.

Step 1. Energy estimates for y and z. Multiplying the transport equation 7,2; +
29 = 0 by 2e~%z where a > 0 and then integrating over (s,7) x (0,1) x T, yields

1
Ts// e\ 2(T,0,x)]*dzdh dt
/// e | 2( t0x|2dxd9dt+// |z(t,1,)]* dz dt
:TS// 6_“9|ZO(0,m)|2dxd€dt+// lwy (¢, z)|* dz dt,
0 s s JIs

since z(t,0,2) = wy(t,x). Consequently, there exists a constant C._, > 0 such that

/// |2(t,0,2)|* de dO dt
T
<c.. (// |z0(«9,x)|2dxd0dt+// |wt(t,x)|2dxdt). (4.4)
0 s S s

A similar procedure applied to the delay variable y provides us the following estimate
for some constant C’Tfja >0

T r1
// ly(t,6, 2)[2 dz A0 dt
s 0 JI'g
1 ) T au 2
<Cha (/ o6, )| dxd@dt+//‘—(t,x)‘ dxdt). (4.5)
0 JI, s JIs ov

Step 2. Energy estimate for u. By the Poincaré inequality we have

T T
/ / lu(t, z)]* dz dt < C’/ / IVu(t, z)|* do dt. (4.6)
s JQyp s JQy

Next, we shall estimate the terms in the energy corresponding to the wave com-
ponent. Let T' > 2(7y + 7,) and 7 + 7, < 0 < T — (74 + 75). In the following,
we establish that there exist a constant (), > 0 independent of 7" and a constant
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Cyormr > 0 such that for every r € (3,1] we have

T—0o
/ ot 2) 2 + [Veo(t, 2)? + w(t, 2) da (4.7)
o Qs

T
< Cy(E(T = 0) + E(0)) + Cyopmr (nwn%m(oms) ; / DY) dt).

Step 3. Energy estimates for w. We use the energy identities provided in Propo-
sition 4.1, which is possible since w satisfies the necessary regularity condition ac-
cording to Theorem 2.2. We choose a vector field n having a uniformly positive
definite Jacobian, that is, for some some p > 0 we have

(Jn)z -z > p|z|?, for every z € R% (4.8)
Let us estimate each term on the right hand side of (4.2) where T and s are replaced
by T'— ¢ and o, respectively. Since Hw = —w we have
T—o
/ / (Ow) - (n- Vw)dzdt
p ) T—o
< 4/ o |Vw]2da:dt+Cp,7/ |w|2dxdt (4.9)

Applying the Cauchy-Schwarz inequality to the boundary terms in (4.2) one obtains

=7 r dw 1 9 9
. - _ cvde dt
/U /F 5 (n-Vw) + 2(|wt| \Vw|*)n - vde

T—o Ow 12
< Cn/ / (‘—’ + |we]® + |Vw|2) dx dt. (4.10)
o T, 81/
The last integral term in (4.2) are estimated as follows
—/ wy(T —o0)-(n-Vw(T —0)) —w(o) - (n-Vw(o))dz (4.11)
Qs

= Cn/ w(T = 0)[* + V(T = 0)[* + Jwi(0)[* + [Vw(o)[* dz.
Qs

The remaining term in (4.2) is estimated by using (4.1) and Young’s inequality to

obtain
T—o

T—0o
(|wt!2— |Vw]2)div77dxdt‘ < g/ |Vw|*dz dt

T—0o T—o
—I—Cpn/ |w|2dxdt—|—Cp,7/ /

+ G, wy(T — o)]* + [w(T — o) > + Jwi(o) > + |w(o)|*dz.  (4.12)

Qs
‘ dz dt

|
Using the estimates (4.9)—(4.12) in (4.2) with ¢ = w we have, after rearranging
terms and using (4.8),

/ / V2 + [wl2dedt < C(E(T — o)+ E(o)) (4.13)
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T*(T aw 2 2 2 T*O’ 2
+C,m/ /F (‘%( 4 lwf? + |Vl )ddeCm/ [ dsat

It remains to estimate the velocity term w,, and this is the place where we use the
energy equation (4.1). Let us choose the vector field 1 so that divy = 1, e.g. the
radial vector field n(z) = z/d. We estimate the right hand side of (4.1) by applying
the Cauchy-Schwarz inequality and then using estimate (4.13) with ¢ = w to get

/T_U w2 dzdt < Cy(E(T - o) + E(0)) (4.14)
o Qs

T-o ow |2 9 9 T—o )
+ Cp,n/ /F (’%‘ + |w|* + |V )dxdtJGCm/ /Q |w|* dz dt.

Taking the sum of (4.13) and (4.14), using the decomposition |[Vw|?* = |22 2 4 |22/
on I'y, the tangential trace estimate in Theorem 4.2, and the boundary condition
9u(t) = B2u(t — 74) — Swy(t) on Ty we obtain the desired estimate (4.7) where
r= % +e€.
Step 4. From (4.4)—(4.7) and the fact that the energy is decreasing we have
T—o
(T = 20)E(T — o) < / B(t) dt (4.15)

T

Replacing T" and s by T'— o and 0 in (4.3), respectively, we can estimate £(0) from
above in terms of F(T — o) and the dissipation term D. Using this in (4.15) we
obtain

T
(7 =20 - 20)B( = ) < Cr(lolfiruryeay + [ DOA) (@10

for some constant C;, independent of T'. If we take o > 74+ 7, and T > 20+ C,, and
then use the fact that E(T) < E(T — o) in (4.16) we obtain the energy estimate

T
where 7 € (3, 1].
Step 5. Absorption of lower order term. In this step, we prove that the lower

order term on the right hand side of (4.17) can be absorbed by the dissipation term.
More precisely, we show that there exists Cr > 0 such that

T
||w||§{T((O,T)><QS) < CT/ D(t) dt. (4.18)
0

This is done via a compactness-uniquess argument as in [6]. Suppose on the contrary
that for each integer n > 0 there is a data Yo, = (won, Won, Von, Yon, 20n) € D(A) with

T
a2 oy > / D, (t)dt, (4.19)
0
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where D, is the dissipation term associated with the solution Y;, = (un, Wn, Un, Yn, 2n)
with initial data Yy, = (ton, Won, Von, Yon, Zon)- By rescaling the initial data, we may
suppose without loss of generality that for each n we have

HwnHH"'((O,T)XQS) = 1 (420>
From (4.19) and (4.20) it follows that
U, — 0, strongly in L*(0,T; H%f(Qf)),
Wt — 0 and wy(- — 75) — 0,  strongly in L*(0,T; L*(T,)), (4.21)
ou,, ou, )
5 0 and E( —7¢) — 0, strongly in L*(0,T; L*(Ty)).
In particular, the Neumann boundary condition for w,, yields
dwy,
aw 50, strongly in L2(0,T; L*(T.)). (4.22)
v

According to (4.17), (4.19) and (4.20), Y,,(7) is uniformly bounded in X, and con-
sequently Y, (0) = Yp, is uniformly bounded in X according to (4.3) with s =
0. Thus, up to a subsequence, we have Y, — Y, weakly in X for some Y, =
(w0, wo, Vo, Yo, 20) € X. By the uniform boundedness of the adjoint semigroup on
compact intervals, it follows that

u, = u,  weakly-star in L>(0,T; L*(2y)),
w, — w,  weakly-star in L>(0,T; H'(y)), (4.23)
Wy — wy, weakly-star in L>(0,T; L*(Qs)),

where Y(t) = (u(t), w(t),v(t),y(t), z(t)) = Y. In particular, from the last two
parts in (4.23) we can see that w, is uniformly bounded in H'((0,7) x €,). By
compactness, there is a subsequence which we denote by the same indices such that
w, — w strongly in H"((0,T) x ) for r € (3,1), and by passing to the limit in
(4.20) the limit satisfies

[wllmr(0,7)x0,) = 1- (4.24)

From (4.21) and (4.23) it follows that u = 0.
We show that v = w; is the very weak solution of the following wave equation
with overdetermined boundary conditions

vy — Av+v =0, in (0,7) x Q,

% =0, v=0, on (0,T) x T, (4.25)

v(0) = w; € Lz(Qs); v(0) = Rowy € Hl(Qs)'7

where Ry is defined by (Rwo, ) mia,yxmi.) = (Wo, @) (o, for wo, o € H'(Qy).
Given f € L*((0,T) x Q,), let ¢ € C*([0,T], L*(2))NC([0,T], H' () be the weak
solution of

o —Ap+e=/f in(0,T)x Qs

g—f:Q on (0,7) x Iy,

o(T) = i(T) =0, in 0,
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Integrating by parts in time and space we infer that

T
0 JQs

Tr ow,
= — von - p+(0) dz — cppdadt — Wop - p(0) da
Qs o Jr, v Qs

T
_// Wt * Pt — VWy, - Vor + Wy - pdadt
0o Ja,

ow,,

T
_ _/ Uon.w(())dm—<st0n,¢(0)>H1(QS),XH1(QS)_// o pydr
Q o Jr, oV

T
—// Wy - f da dt.
0 s

Passing to the limit n — oo and using (4.21)—(4.23), wq, — wo weakly in H*(,)
and vy, — vy weakly in L?(Q,) we have, for every f € L*((0,T) x ),

T
/ / (A fdl’ dt = — / Vo - th(O) dr — <RS'U}0, (P(O)>H1(QS)’><H1(QS)- (426)
0 s Qs

In a similar fashion it can be shown that for every f € L?((0,T) x Q,) we have

T
/ / (U fdﬂ? dt = —/ Vo - wt<0) dr — <RSU)0, w(o»Hl(Qs)’XHl(Qs)u (427)
0o Ja, Q.
where ¢ € C'([0,T], L*(Qs)) N C([0,T], H3(€)) is the weak solution of

wtt_A¢+¢:f7 iH(O,T)XQS,
b =0, on (0,T) x T,
W(T) = dy(T) = 0, in Q.

From (4.26) and (4.27) it follows that v is indeed the very weak solution of (4.25).
For sufficiently large T' > 0, the solution of (4.25) is identically zero according to
the Holmgren-uniqueness principle, see [25, Chapter I, Theorem 8.2]. Therefore w
is constant with respect to ¢t and it is a weak solution of the over-determined elliptic
problem
—Aw+w=0, in
8_w =0, w=0, only. (4.28)
v
Applying the unique-continuation condition for elliptic operators we infer that w =
0, contradicting (4.24). This completes the proof of (4.18).
Step 6. Let us finish the proof of the theorem. First, we obtain immediately from
(4.17) and (4.18) that

B(T) < Cy / "D a.

Moreover, according to Lemma 4.3 we have

/ " Dityat < S(B(0) ~ B(T)).

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA AND K. KUNISCH 22 /31

Combining the last two estimates leads us to E(T) < prFE(0) where or =
CrC~'/(1 + CrC~') € (0,1). This proves the desired inequality, which in turn
implies the exponential stability of the semigroup generated by A. 0

5. RATIONAL STABILITY UNDER THE CRITICAL CASE 6 = af

In the critical case 70 = af, the dissipation induced by the feedback controls is
cancelled due to the delay in the interaction. However, we can see that the energy
still dissipates through the diffusion of the fluid component. In this section, we show
that this dissipative property leads to a rational decay rate for the interaction model,
however, we are only able to prove this under an additional geometric condition.
This geometrical condition has been utilized in several works and we refer to [20] in
the context of fluid-structure interaction models.

Our method relies on a resolvent-based approach, which has been used in fluid-
structure models without delay in [2, 5|. The method we shall employ here uses
the ideas and techniques given in [5|, where instead of the Dirichlet map we use the
Robin map. The success of these methods is based on the following abstract result
by Borichev and Tomilov [11].

Theorem 5.1. Let A be a generator of a bounded semigroup on a Hilbert space X
such that iR C p(A) and let « > 0. Then there exist ro > 0 and C(ro) > 0 such that

|(irl — A)Hx < Cpl|r|”  for every r € R with |r| > ro,
where o € (0,00), if and only if there exist ty > 0 and Cy, > 0 such that
e Xol|x < Ctot_%”XO”D(A) for every Xo € D(A) and t > t.

To prove rational stability, we need the static version of the energy identity (4.2)
in Proposition 4.1, compare [5]. For convenience, we state it in the following propo-
sition.

Proposition 5.2. Let Q be a smooth bounded domain and suppose that 1 € H?(Q)
1 a vector-valued function satisfying the elliptic equation

—AY+ s =f
where f € L*(Q) and s € R. If n € [C%(Q)]? is a vector field then we have

/(M)W-Wdawl/ IVyY|?n - vde
Q 2 o0

B o, S 1 0 i
= 395'( 'Vw)dﬁ—E/aQWF??'VdﬁﬂLE BQE'(wleﬁ)de
1 .
—§/va'(w‘V(dlvn))d:c+/Qf~(n'V1p)dx. (5.1)

We are now ready to state and prove the main result of this section.

Theorem 5.3. Suppose that aff = ~d. Assume that there exists a vector field
n € [C%(Q)]* and ny > 0 such that n-v > ny on Ty and Jn(z) is uniformly positive
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definite, that is, there evists p > 0 such that [Jn(x)]z - 2 > p|z|* for every z € R
and x € ;. Then there exist to > 0 and C = C(ty) > 0 such that

[Yllx < CHYllogy, >,
for every Yo € D(A).
Proof. We will establish the following inequality
IYllxa < ClrPIIY*|lxa (5.2)

for every real number r with |r| > ry for some 79 > 1 and C' = C(rg) > 0, where
Y = (u,v,w,y,2) € D(A) and (ir] — A)Y = Y* = (u*,w*,v*,y*, z*). The latter
equation is equivalent to system (3.5)—(3.8) where A = ir. We note that to prove
(5.2), it is enough to prove that

Y1k a < ClrP(IVullZz@, + 1Yk 0) (5:3)

for |r| > ro. Indeed, since [(Y*,Y)xa| > —Re(irY — AY,Y)x . > C’||Vu||%2(ﬂf) for
some constant C' > 0, (5.3) implies that

Y 1ka < ClrP((Y™,Y) xa

+IY" (%)

Applying Young’s inequality, we have
* 1 *
Clrl’[(Y", Y)xal < SV R+ ClrPIY " [a

The last two inequalities, together with the assumption that ro > 1, imply (5.2)
after taking square roots. Therefore, in the following we will show (5.3). This will
be done in several steps.

Step 1. An auziliary variable. Define the Robin map Rg = ¢ as follows

Ap =0, in €,
0

. +p=g, onl.
v

We infer from the regularity theory for elliptic operators in [26, Chapter 2| that the
linear operator R satisfies R € L(H(T',), H°t2(Q,)) for every o € R, assuming
that €, is sufficiently smooth. Let ¢ = R(g—’:’ +w). The function 1) = w — ¢ satisfies
the boundary value problem

—AY+ (1 =7?)p = (r? = D)p +irw* +v*, in Qy,
O (5.4)
— + 1Y =0, on I'.
v
Notice that 1 € H?(£2,). The right hand side of the first equation in (5.4) will be
denoted by *.
Step 2. We prove that there is a constant C' > 0 such that for every |r| > v/6,

P19z, < CUIVYIT20y + 19172, + 7 llel 720,
+ w720 + [0 1720,)- (5.5)
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Multiplying the first equation in (5.4) by 1, integrating over ¢ and then using
the generalized Green’s identity we obtain

(r2—1)/Q |z/1\2dx:/F de/ﬁ ]Vzﬂlex—/Q v ovde. (5.6)

For |r| > 1/4/2 we have |r? 2 and upon using this together with the

elementary inequality |ab| < a* + %LbQ_vve obtain from (5.4) that

* 72_1 * *
[vrvae) < [ s plriut e+ [ ool des [l as

1 1
<r/|gp|2d:p—|—/ |w*|*dz + = /|v |2dIL‘+2T +1) / [|*dz.  (5.7)
o}

Plugging (5.7) in (5.6) yields the following estimate for some C' > 0

L o

5" =3) !¢I2dx§0</ Iv¢l2+!w*\2+!v*!2dx+/ IszQd:v>+r2 [l da.
Qs Qs Is Qs

The assumption |r| > /6 implies that (r? — 3)/2 > r2/4 and applying this to the
above inequality we obtain (5.5).

Step 3. The next step is to show that for every € > 0 there exist constants C' > 0
and C. > 0 such that

IVelT2,) < Cer? @l 7er,) + el e, + 7w 2@, + 1071z 0,)
+ (er® +C)|WHL2(QS) (5.8)
for every |r| > 1. This is the place where we apply the energy identity in Proposition
5.2 where s = 1 — 72, f = 9* and with the vector-field 1 in the statement of the

theorem.
We estimate the terms on the right-hand side of (5.1). From the boundary con-

dition ad’ = —1) we obtain
‘2 / o ~(pdivny)dz| < C, / |4)? da (5.9)
Fs
1— 2
‘( ) / WPy vde| < Cpr? [ Y] da. (5.10)
2 29 r,
In (5.10) we used the inequality |r? — 1| < r? which is valid for |r| > \/Li On the
other hand, using Young’s inequality we derive the following estimates
9 1
S vy <% [ 9uPar G, [ WP G
Ts Ts I

Vi - (¢ - V(divn)) dz

Qs

<P \V¢|2d:c+0n,p/ WP2de.  (5.12)
4 /o, Qs

In the succeeding analysis, we estimate the last term in (5.1) where f = ¢* =
(r? — 1)¢ + irw* + v*. First, we have

/(z’rw*+v*)-(n~v¢)dx gcw/ P2l + [v*2de + / Vo2 dz. (5.13)
Q

s
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According to the divergence theorem it can be seen that

/er%-(n-vzb)dl‘
= /F S(Tgp)«(m/z)n-udx— /Q 5(r<p)-((m/1) divn) dz — / (rVe) - (ripm) dz

Qs
Using this equation and then invoking Young’s inequality we obtain the estimate

/ (r* = 1)¢ - (n-Vy)de (5.14)
< Cppe [ o det Cope [ ol proelan+ ° [ upan
S Q
The terms on the left hand side of (5.1) can be estimated below by
1
/(Jn)w-wdx+—/ |VY|*n - vde
Q 2 Ja,
> p/ |Vw|2dx+@/ |V1| da. (5.15)
o, 2 Jr,

Using the estimates (5.9)—(5.15) in (5.1) and the assumption |r| > 1 we obtain (5.8)
with C' = C,, , and C. = C,, , . after multiplying by 2/p.

Step 4. The next step is to estimate the first two terms on the right hand side of
(5.8). We show that there exists C' > 0 such that for every |r| > 1 there holds

|5

and as a consequence for every £, > 0 there exists C., > 0 such that for every |r| > 1
Pz, + el @) < @illdling, + CalrP(IVullZzg,) + 1Y X a)- (5:17)

First we prove (5.16). Rewrite the boundary conditions for u and w on I'y given
n (3.11) and (3.12) as follows

+r¥[lwlf}, -
H™2(T) H™2(Ds

) S ClrlIVullzag,) + 1Y xa) (5.16)

IrTs 1 )
irw = ea (u — 7%) + 75 /0 "0 2*(9) df + w* (5.18)
ow , ou !
5 —irty [ 27 erfO *
5 dirw + fe (8y + Tf/o e (0) d@) (5.19)

Following [5], we define & € H'(Q) to be the solution of the following elliptic
problem

At = Au+u* in Qy, =0 on 0y,
which, by a standard elliptic estimate, satisfies the inequality
||V’l~t||L2 Q) < CHAU + U*HH*l(Qf < C(HVU”LQ Q) + ||u*||L2 Q) ) (520)

Since iru = Au = div(Va) we have |r[||lullg-1q, = [[At|lg-1@, < [[VElr2q;).
From this estimate and (5.20), together with interpolation, the Poincaré and
Cauchy-Schwarz inequalities, we have

rllullzz,) < Irlllullz-@pllulli @, < CUIVullizg,) + [0lli2@,)-  (5:21)
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By the continuity of the first-order trace operator (recall Section 1.1), the equation
Au = iru — u*, the Poincaré inequality and (5.21) we obtain for |r| > 1

5201 s, < Cllulay + 80z, )
S Clrl(IVullZz iy + v llZ20,)- (5.22)
Using the embedding L(I';) ¢ H~2(T',), trace theory and Poincaré¢ inequality to

majorize the norm of u in L*(Ts) by the norm of its gradient in L?(£2;) in (5.18)

Pl s ) < CIIUVelzaa,) + 1Y k). (5.23)

Employing the inequalities (5.22) and (5.23) in (5.19) we get

[ (e e (5.24)

The sum of (5.23) and (5.24) gives us (5.16), and this in turn implies the estimate
ow 2
2 2 T
el <O 5 + o, < CrllVultae, +1V IRl (5.29)

by the continuity of the Robin map R. To estimate the norm of r¢ in L*(T,), we
rewrite this norm, using the equation ¥ = w — ¢, as follows

P20 |2agr, = (2w, ) — / rip - 1o da, (5.26)
I's

where the brackets denote the duality pairing between H _%(FS) and H %(FS). The
first term on the right hand side of (5.26) can be estimated above by

2, )] < Pl o W0l ) < Carlell oy o+ el (527

The second term of the said equation will be simply estimated as follows

1 1
/ r - rede| < —/ r2lw\2dx+—/ 72||? da. (5.28)
T, 2 Jr, 2 Jr,

Using (5.27) and (5.28) in (5.26), taking the sum of the resulting estimate with
(5.25) and finally using (5.23), we obtain (5.17) by virtue of the assumption that
lr| > 1.

Step 5. Now we combine the estimates provided in the previous steps to prove
that there exist 7o > v/6 and a constant C' > 0 such that for |r| > ro there holds

1Yl + VYL@ < ClrP(IVullZzg,) + 1Y %)- (5.29)
From (5.5), (5.8) and (5.17), it follows that if || > v/6 then
P YlIZ2q.) + IVYIIZ2q.) < Cearll®llin,) + (Cer® + O)[Y]|72q
+Cea IrP ([ Vull 2, + 11V 5 0) (5.30)

where C' is independent of r and €. We choose the constants 1y, € and €; so that
the following inequalities are satisfied

2
1
(1—Cey?—C —Cey > TZ and 1-C.er > 5 (5.31)
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whenever |r| > ry. For example, we take € > 0 small enough so that 1 — Ce > 1/2,
and then choose ¢; sufficiently small so that the second inequality in (5.31) is sat-
isfied. The first inequality in (5.31) is satisfied for every |r| > 7 if we choose rg
sufficiently large, for example one may take 7y = max(v/6,2v/C + C-e;). Rearrang-
ing the terms in (5.30) and then using (5.31) yield (5.29).

Step 6. In this intermediate step, we will estimate the L?-norm in I'y of the trace
9u_In fact, we will prove that if || > 1 then

H@V‘ = O(M HVUHLZ Q) + HwHH1 Qs) + |7"‘ ”Y*HXa) (5-32)

From the boundary condition (5.18) one can derive the following equation

ou . . L 0
o —UWrTs (5 _ *\ —rTs WrTs * 0 de d .
/) / £ <u ae " (irw — w*) — ae TS/O e 2*(0) ) x

According to Young’s inequality and trace theory applied to w*, and Fubini’s theo-
rem and Holder’s inequality applied to z* we have

Ou —iTTs ), * —rT, ' rTsh x
/Fsa-<ae w* — ae TS/O e z(@)d@)daj

1
_2/‘ dav—i—C’7 |w*|2+|Vw*|2d$~|—C'7/O/F |2*(0)|* dzdf.  (5.33)

Qs
Estimate (5.22) and the trace theorem imply that

ou
81/

and snmlarly, now using the assumption |r| > 1,

ou Ou |2 9
S|y el )
(Fs) HQ(FS)

8V
< C(IrP HVUHm(Qf)Jr lwll . + I PIY 1% 0). (5:35)

The estimates (5.33)—(5.35) give us the claim (5.32).
Step 7. Finally, we prove (5.3). From the equation w = 1) + ¢ and the estimates
(5.25) and (5.29) it can be seen that

lwlli o,y < ClrPUIVulZa@,) + 1YV (1Xa)- (5.36)

Again, using (5.25) and (5.29) once more, now with the equation v = irw — w* =
ir(v 4+ ) — w*, we likewise have

L2(Ts)

ou A ) i
udr) < H_V‘ H*%(FS)HUHH%(FS) < Cer(HVUHLz(Qf) +[Y* X a) (5.34)

cae” " irwdr| < C’<|7’

vlIZ20,) < ClrP(IVulZeq, + 1Yk a)- (5.37)
By trace theory, Poincaré inequality and the fact that ry > 1 we obtain
lullZ2(@,) + lullz2r,) < ClrPPIVulze,). (5.38)

Now, using (3.9) where A\ = ir, and then applying the estimate (5.32) we obtain

ou ||2 .
Hy“L2 L2(D < C( ’ L) +ly H%g(L?(Fs)))

< ClrP(IVullZq,) + 1Y 1x a)- (5.39)
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On the other hand, replacing irw — w* in (5.18) by v the estimate
ou |2 .
lolaqe,) < c(uuuiz(rs) g e e Higws»)

holds. This inequality, together with (5.32), (5.36), (5.38) and (3.10), implies the
following

1202320y < ClrPUIVUlZz 0, + 1Y 1 0)- (5.40)

Inequalities (5.36)—(5.40) give us (5.3). The proof of the theorem is now completed
by applying Theorem 5.1. 0]

6. FURTHER REMARKS

One may also consider possible delays in the feedback controls as has been done in
[12, 13] for the one-dimensional wave equation and in [32] for the multidimensional

case. The feedbacks in (1.2) will be replaced by
ou ou .
F<t7 $) = 71%(@ 13) + 72%(15 - Tf? .T), (ta I) S (07 OO) X Fsu

G(t,x) = 0w (t, x) + dwy(t — 75, ), (t,x) € (0,00) x I,

(6.1)

for some delay parameters 7; > 0 and 7, > 0 and coefficients 7y, > 0, 6; > 0, and
v, 09 € R. Using the methodologies presented in Section 4, it can be shown that the
corresponding system is exponentially stable provided that v, > |ys|, 61 > |d2] and
(v — |72])(01 — |d2]) > aB. This follows from the more general version of Theorem
7.1 given in [37]. On the other hand, it is rationally stable for v, > |7ya|, 01 > |da]
and (v1 — |72])(61 — |d2]) = af by using the same techniques given in Section 5.
Finally, we note that the above results can be adapted when there is no delay, that
iS, Tf:%f:TS:%SZO.

7. APPENDIX

Consider the quadratic form Q, : R* — R defined by
Qalu,v,y, 2) = (2a17 — as)u® + (2026 — ay)v* + asy® + ay2* +2a1auz +2as5vy (7.1)
where a = (a1, as, as,as) € R*. The quadratic form Q, clearly satisfies the estimate
1Qa(u,v,y,2)] < R(|u]* + [v]* + |y|* + |2]?), for every (u,v,y,2) € R, (7.2)

where R > 0 is a constant depending only on a and («,f3,7,6). Under suitable
assumptions on the parameters («, 3,7, 6), this form will be positive-definite, that
is, there exists a constant p > 0 such that

Qultt,0,9,2) > pllul? + [of + yf? + =), for every (u,v,,2) € RY,
or nonnegative definite, that is, Qa(u,v,y,2) > 0 for every (u,v,y,2) € R*. This is

the content of the following theorem.

Theorem 7.1. Suppose that o, 3,7v,6 > 0 satisfies af < 6. Then the quadratic
form Q. is positive definite for some a € Ri. If aff = 70 then Qa is nonnegative
definite for some a € R.
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Proof. The positive definiteness of the form @), for some a € Ri under the condition
a3 < 0 has been already established in [37]. Thus, we only need to prove the second
part. Following [37], we rewrite the quadratic form as follows

OZQ a 2 a 2 a0y 2
wauyﬁ)z{——-@1—4ﬂ>4—51—a4u?+m(z+—iw)

ay o? as
B2 CL3(5 2 CL3(52 2 CLQB 2
+|l——\a2—— ) +—F —as| vV Fa +—v .
a3 2 32 32 4 3\ Y s
If we choose the positive constants az and a4 to satisfy as/az = «o?/7* and
then take a; = ay4v/a?, then the coefficient for u? in the above equation will

become zero. On the other hand, by taking ay = a3d/3? and using the fact
that as/ay = v2/a? = [8%/6%, we can see that the coefficient of v? also vanishes.
Therefore, with these choices for the constants aq, as, as, as, the quadratic form is
nonnegative definite provided that a8 = ~d. U
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