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1. INTRODUCTION

Let © C R"™ be an open and bounded set with C*-boundary. Consider the wave
equation with interior delay and viscoelastic boundary damping

(

up(t,x) — Au(t, ) + ague(t, x) + ayu(t — 7,2) = 0, in (0, 00) x Q,

%(t,x} + a*u(t,z) =0, on (0,00) x 09, L1)

u(0,2) = up(x), u(0,2) = uy(x), in €,
w(t,x) = f(t,x), on (—7,0) x Q,

\

where 7 > 0 is a constant delay parameter, ag is the damping factor and a; is the
delay factor. Here, v is the unit outward vector normal to the boundary 02 of €2,
and the convolution a x v is defined by

axv(t, )= /0 a(t — s)v(s,-)du(s), t>0.

The system (1.1) models the evolution of sound in a compressible fluid within a
viscoelastic surface without accounting for viscoelasticity and the variable u repre-
sents the acoustic pressure, see [18] for example. The energy of a solution of (1.1),
without viscoelasticity and delay, is defined by

Eu(t) = /Q gt 2)[2 + [Vu(t, )| dz. (12)

Our goal is to prove that E,,(t) decays to zero as t tends to infinity.

It is well known that delay can have a destabilizing effect to systems that are
asymptotically stable in the absence of delay [1, 3, 4, 8, 15, 17]. However, if the
damping factor is larger than the delay factor then one can show exponential stability
for the wave equation. In particular, consider the wave equation with homogeneous
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Dirichlet boundary condition on a part of the boundary

ug(t, x) — Au(t, ) + apue(t, x) + aru(t — 7,2) = 0, in (0, 00) x Q,

ou
E(t,m) =0, on (0,00) x I'p, (1.3)
%(t,x) + kuy(t,z) =0, in (0,00) x Ty,

where I'p # (), TpUl'y = 02, T pNIx = ) and the domain 2 satisfies some geometric
conditions. If £ = 0 and ag > a; > 0 then the exponential decay of the energy of the
solutions has been shown by Nicaise and Pignotti [15] using observability estimates
for the wave equation with mixed Dirichlet-Neumann boundary conditions. For
k > 0, ap = 0 and sufficiently small a; > 0, it has been shown in [1]| that (1.3) is
uniformly exponentially stable. This is achieved by rewriting the initial-boundary
value problem into a pure initial value problem in an extended state space and
using multipliers to derive the necessary decay property. However, in the case k = 0
and ag = a, there are solutions with constant energies. In other words, the delay
component aju;(- — 7) cancels the dissipative effect of the damping term aou; in
(1.3).

In this paper, we consider completely monotonic and integrable kernels for (1.1) as
in [5]. A function a € C=((0, 00); R) is called completely monotonic if (—1)7 a9 (t) >
0, forallt >0, j=0,1,.... According to Bernstein Theorem [9, Theorem 2.5, a
is completely monotonic if and if only there exists a locally finite positive measure
€ Mioe((0,00); R) such that

a(t) = /000 e " du(s), t>0.

Furthermore, for a completely monotonic function a, we have a € L'((0,00);R) if
and only if
~1
n({0}) =0 and a(0) = / —du(s) < oo.
0 S
Let a € L'((0,00); R) be completely monotonic with corresponding measure p #
0. Then the Laplace transform of a is given by

a(A) = /OOO ALH du(s),  RA>0, (1.4)

and admits a holomorphic extension to C\ (—o0, 0].

In the absence of delay and damping, that is, ag = a; = 0, the asymptotic sta-
bility of (1.1) has been shown in [5] using the well-known Arendt-Batty-Lyubic-Vu
Theorem. This is the best we can obtain since it is possible to have eigenvalues
arbitrarily close to the imaginary axis, see for instance [6]. We will show that if
0 < a; = ag, that is, the damping factor and the delay factor are equal, then the
dissipative effect of the viscoelastic damping is strong enough to preserve the as-
ymptotic stability of the wave equation (1.1). In the case 0 < a; < ag we further
have exponential stability. Because the boundary condition in (1.1) do not have a
Dirichlet part, we cannot apply directly the energy method employed in the refer-
ences mentioned above. Instead, we use the frequency-domain approach. Our proof
relies on a generalized Lax-Milgram Lemma and the Gearhart-Priiss Theorem.
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We also consider the case where the delay occurs at the boundary
(uy(t,z) — Au(t,x) =0, in (0,00) x €,
u(t,z) =0, on (0,00) x I'p,
Ju
ov
U(O, I) - UO(J:>7 ut(07 I) = ul(x)J in ,
| ui(t,x) = f(t,z), on (—71,0) x 'y,

(t,x) + axu(t — 7,2) + cuy(t,x) =0, on (0,00) x I'y, (1.5)

and show that if a(0) < ¢ and 2 satisfies a suitable geometric condition, then the
energy of the solution decays to zero exponentially. This assumption is natural,
since if a(\) = k for some constant k then formally the convolution becomes a x
w =L L)L (u)) = kuy where £ denotes the Laplace transform. Then the
condition a(0) < ¢ coincides with the one given in [15].

The difficult task is to modify the energy functional F, suitable to prove the decay
property. For the delay variable this is standard. In fact, the energy associated with

it is given by
0
= E/ / lug(t + 0, 2)|? da dé.
2 —T FN

Aside from this, we also need to add the contribution of viscoelasticity to the energy.
For this, we define the following energy corresponding to the memory term

T |

/ Sy (r — 7, 2) dr| da dpu(s).

The total energy for (1.5) is then defined as
E(t) = E,(t) + Eq(t) + En(t), t>0.

We would like to point out that our stability result for (1.1) is only possible for a
factor space of the state space whereas the stability result for (1.5) is valid for the
whole state space. Other works related to wave equations with memory and delay
can be found in [2, 11, 16] to name a few.

2. SEMIGROUP WELL-POSEDNESS

In this section, we will reformulate (1.1) and (1.5) as first order Cauchy problems
on suitable state spaces and prove their well-posedness using semigroup theory.
First let us consider the problem (1.1) with internal delay. Let v(t,z) = u(t, z),
w(t,x) = Vu(t,z) and z(¢t,0,z) = w(t +0,2) = v(t + 0,x) for t > 0, x € ) and
0 € (—7,0). In order to keep track of the memory, we introduce another state
variable 1 : (0,00) x (0,00) x 02 — C™ defined by

¢
W(t,s,x) = / e*y(r, x) dr, t,s >0, x € 0fN.
0
The convolution in (1.1) can be written in terms of ¢ as

axv(t,x)= /Ooow(t,s,x) du(s).
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Then (1.1) is equivalent to the linear system

( v (t, ) — divw(t, z) + apv(t, ) + a12(t, —7,2) = 0, in (0,00) x €,
wy(t,z) — Vo(t,x) =0, in (0,00) x Q,

2(t,0,x) = z(t,0,2), 1in (0,00) X (—7,0) x £,

Ui(t, s, x) = —sh(t, s,x) + v(t,z), on (0,00) x (0,00) x 01,

(w-v)(t,z)+ /Ooow(t, s,x)dp(s) =0, on (0,00) x 052,

v(0,2) = uy(z), w(0,2) = Vug(x), inQ,
2(0,0,z) = f(0,z), in (—7,0) x Q,
¥(0,s,2) =0, on (0,00) x OS2

\

We consider the state space to be complex-valued because we will use some infor-
mation about the spectrum of the generator.

We introduce the abbreviations L%, := LP((0,00); L*(9€;C"),dp) for p > 1 and
L2 := L*((—7,0); L*(©2;C")). These are the state spaces for the memory and delay
variables, respectively. Let X = L*(Q;C") x L*(€;C*") x L2 x L7 be the Hilbert
space equipped with the inner product

(v, wr, 21, ¥1), (v2, w2, 22,12)) x z/(vl(x)~v2(af)+w1(:r) “wy(x)) dz

Q
0 (o]
+ /ﬁ/_T/QZK@,:U)~z2(t9,x)d:vd9+/0 8Q¢1(57x) a(s, ) da du(s)

where k = ag if ag > 0 and Kk = 1 if ag = 0. The dot represents either the inner
product in C" or C"*" where it is applicable. Let L3 (Q) = {w € L*(Q;C™") :
divw € L*(Q;C™)}, where div is the distributional divergence. Recall that there

exists a generalized normal trace operator w — w - v € L£(L2, (), H2(9Q; C"))
such that the following generalized Green’s identity

/Qdivw(x) cu(z)de = (w - v, Fu)H’%(aQ)XH%(BQ) — /Qw(x) -Vu(z)de

holds for all w € L%, (Q) and u € H'(;C"), see [19] for example. Here T :
HY(Q;C") — Hz(99;C") is the usual trace operator.
Define the operator A : D(A) C X — X by

v divw — agv — a1 2(—7)
w Vo

A z o Z0
Y —syp+T'v

where its domain is given by

D(A) = {(U,IU,Z,@/J) €eX:ve Hl(Q; Cn)a KAS Hl((_T, 0)§L2(Q§ Cn))a

w e L3,(Q), —sip(s)+Tve L2, 2(0)=v, w-v+ /000 W(s)du(s) = 0}.
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Note that —si(s) +T'v € L7, implies ¢ € L,,. Indeed, this follows from the equality
P(s) = 150(s) + v — % and the fact that s — = € L, N L2 The
problem (1.1) can now be written as a first order evolution equation in X
{ U(t) = AU(t), t>0,

U(0) = Us, (2.1)

where Uy = (u1, Vuyg, f,0).

Theorem 2.1. The operator A generates a Cy-semigroup (T(t))i>0 on X. If 0 <
a1 < ag then the semigroup consists of contractions. In particular, for every Uy € X
(resp. Uy € D(A)) the Cauchy problem (2.1) has a unique solution U € C([0, 00); X)
(resp. U € C*([0,00); X) N C([0,00); D(A))).

Proof. Let (v,w, z,¢) € D(A). Applying the generalized Green’s identity and the
boundary conditions z(0) = v and w - v = — [~ ¢(s) du(s) we have

(A(v,w, z,¥), (v,w, z,9))x = /

Q

—a/ z(— )vd$+/Vv wdx

+ﬁ-/7/ 0) dz do — //msw (s)[2 da dpu(s)
//aﬂfv ) da du(s)

=— ao—— /\v| dx—al/ z(—1 vd:c——/]z m)[*dz
/ /mshb (5)[*dz du(s) +m\s/_T/z9 ) dx do

+ 2iS (/QVv~wdx+/O /BQFU-w(S)dxdu(s)).

Taking the real part and using the Cauchy-Schwarz inequality we obtain

R(A(v,w, 2,8), (0,0, 2,6))x < — / " sllps) 22 dpts) + & / wPdr  (22)

where k = 1(a + 1) if ap = 0 and k = } (af/ag — ao) if ag > 0. The first integral
is finite since s|(s)|> = Tw - ¥(s) — (=s(s) + T'w) - ¥(s) € LL. In particular, if
ag > a; > 0 then & < 0 and therefore A is dissipative. In the case a; > 0 = ay,
we have k& > 0, and thus the inequality (2.2) also implies that A — kI is dissipative.
The case where ag = a; = 0 was already established in [5].

The next step is to show the range condition R(Al — A) = X for all A > 0. Let
(f,9,h,¢) € X. The equation (Al — A)(v,w,z,v) = (f,g,h, o) for (v,w,z,) €
D(A) is equivalent to the system

divw-vdx—ao/ lv* dz
Q

Av —divw + agv + ay2(—7) = f (2.3)
2w —-Vv = g

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio
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Az(0) — zo(0) h(0) (2.5)
2(0) = v (2.6)
A+ 8)Y(s) —Tv = ¢(s) (2.7)
w-v +/ P(s)du(s) = 0. (2.8)
0
The variation of parameters formula applied to (2.5) and (2.6) gives
0
2(0) = eMv + / MDY, 0 e (—1,0). (2.9)
0
Solving for w and 1 in (2.4) and (2.7), respectively, we get
1
1
= r . 2.11
9s) = 1 (6(s) £ Te), 50 (211)

Taking the inner product in L?(Q; C") of (2.3) with Au for uw € H'(Q; C") and using
(2.9) yield

A+ ag + are™) / v-udr — / div(A\w) - udz = >\/ fr-ude (2.12)
Q Q Q
where

0
fhi=f—a / e AT () do.

-7

Green’s identity together with (2.8), (2.10) and (2 11) yields

/Qdiv()\w)-udx = /aQ (/ ols) ) Tuda

—/\&(/\)/ Fv-Fudx—/(VU+g)~Vde.
20 0

Plugging the latter equality in (2.12) and rearranging the terms, we obtain the
variational equation

a(v,u) = F(u), for all u € H'(Q; C") (2.13)
where a : H'(Q;C") x H'(Q;C") — C and F : H'(Q;C") — C are the sesquilinear

and antilinear forms defined by

a(v,u):)\()\—i-ao—l—ale_h)/v-udx—l—/Vv-Vudx—i-/\&(/\)/ ['v-Tudx
Q Q o0

and

F(u):)\/QfA-udx—/Qg-Vudx—/\/m< 0 fi)s u(s))-Fudx.

Since a is H!-coercive and a and F are both continuous, it follows from Lax-Milgram
Lemma that there exists a unique v € H'(Q;C") such that (2.13) is satisfied.
Defining 2z, w and @ by (2.9), (2.10) and (2.11), respectively, and integrating by
parts we can see that (v,w, z,%) € D(A) where v is the solution of (2.13). Thus
R(AM — A) = X for all A > 0.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio
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Suppose that a9 = 0 < a;. In this case, we have £ > 0 and so
RN — (A—FkI) = R(AMN+ k) —A) = X for all A > 0. Thus by the
Lumer-Phillips Theorem, the operator A — kI generates a strongly continuous
semigroup of contractions (S(t));>o and therefore A = (A — kI) + kI generates the
strongly continuous semigroup (€¥S(t));>o on X by the perturbation theorem. If
ap > a; > 0 then A is dissipative and hence A generates a strongly continuous
semigroup of contractions on X. 0

Now let us turn to the problem (1.5) with boundary delay. In this case we assume
that the states are real-valued. Suppose that I'p #0, Tp Uy =0Q, Tp Ny =0
and there exists a strictly convex m € C?(f), that is, there is a > 0 such that
V2m(x)€ - € > al¢]? for all 2 € Q and € € R®, and Vm(x) - v(z) < 0 for all z € T'p.
Here, V?m denotes the Hessian of m. The existence of m allows us to apply a
classical observability estimate for the wave equation.

Let v(t,z) = w(t, z) for (t,z) € (0,00) x Q, 2(t,0,x) = w(t +0,2) = v(t + 6, x)
for (¢,0,z) € (0,00) x (—7,0) x I'y and

U(t, s, x) = /t ey, (r — 7, x) dr = /t e 2 (r, =1, ) dr (2.14)
for (t,s,z) € (0, OO)OX (0,00) x I'y. Then (1.5) iOs equivalent to the system
[ w,(t,2) —o(t,z) =0, in (0,00) x &,
vi(t,x) — Au(t,z) =0, in (0,00) x €,
2 (t,0,x) = z9(t,0,x), on (0,00) x ['y,
U(t, s, x) = —s(t, s,x) + z(t, —7,x), on (0,00) x (0,00) x 'y,

u(t,z) =0, on (0,00) x I'p,

%(t,l’) + /OVOO ¢<t7575€) dﬂ(S) + C’U(t,&?) = 0, on (0, OO) X FN;

u(0,z) = up(x), v(0,2) =wuy(z), in Q,
\ 2(0,0,2) = f(0,z), on (—7,0) x T'n, 9(0,s,2) =0, on (0,00) x [y.

Due to the homogeneous Dirichlet boundary condition on I'p, we will pose this
problem in terms of u and u; instead of the formulation in terms of Vu and wy
used in (1.1). For this reason, we consider the state space X = H}\_(Q) x L*(Q) x

L*((—7,0); L*(Ty)) % f/i where H} (@) = {u € H'(Q) : Tu = 0OonI'p} and

LZ = Li((O, 00); L*(T'y), dp). Equipped with the inner product

(s, 01, 21, 4, (i, v, 72, 2)) 5 = / (Vur(z) - V() + v (2)un(a)) da

(s, x)¢ha(s, ) dp(s) da,

o0
0o Jry

+ a(0) /_OT /FN 21(0, )20, x) dxd9~|—/

X is a Hilbert space. Let E(A) = {u € HYQ) : Au € L*(Q)} be equipped
with the graph norm [lullpa) = ([[ullFq) + HAUH%Q(Q))% where A denotes the

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio
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distributional Laplacian Recall that there exists a generalized first order trace
operator u — %% € L(E(A); H ~2(I'y)) such that the following generalized Green’s
identity holds

/(Au)w doe = <%,Fw> - / Vu-Vwdz (2.15)
Q v H™3(Dn)xHE(Ty) Q

for every u € E(A) and w € H}._(Q), see [10] for example.
Define the operator A : D(A) ¢ X — X by

U v
v Au
z )
(0 —sth + 2(—T)

with domain

D(A) = {(u,v,2,¢) € X :u € B(A), z€ H

((=7,0); L*(09)), v € Hy,, (Q),
— s(s)+z2(—7) € Ei, 2(0) =T, % +/O ¥(s)du(s) + cl'v = 0},

Then (1.5) can be also written as a first order evolution equation in X. Using
similar methods as in the proof of the previous theorem, the following well-posedness
theorem can be proved.

Theorem 2.2. If a(0) < ¢ then A generates a Cy-semigroup of contractions in X.

Proof. First, let us prove that A is dissipative. Let (u,v, z,1) € D(A). Then

(Au,v,2,9), (u,v, 2,9)) ¢ = /QVU -Vu+ (Au)vde

0) /_0 /FN Zgzdxde—k/ooo/r]v(—sdz(s)—i—z(—7’))¢(s) dedu(s).  (2.16)

Using the generalized Green’s identity (2.15) and the boundary conditions % +
fo s)+clv=0o0onTy and I'u = 0 on I'p we have

/VU Vu+ (Au)vdx = / Y(s)lvdxdu(s )—c/ ITw|*da
I'n

'y

§<@—)/FN|Fv]2da:+ //FNSW (s)|*dodu(s) (2.17)

where we used the Cauchy-Schwarz inequality in the last inequality. Similarly,

I/ (s0(s) + #-T)w(s) dr du(s)

< _%/OOO/FNsW(s)dedu(sH@/FN (—r)Pdz. (2.18)

On the other hand, from the condition z(0) = I'v on I'y we have

/ / zpzdx df = a(O) ITv|* — |2(—7)|*dz. (2.19)
-T FN FN

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



VISCOELASTIC WAVE EQUATIONS WITH DISTRIBUTED OR BOUNDARY DELAY 9 / 20

Using the estimates (2.17)—(2.19) in (2.16) we obtain

(A, 0.20), (w0205 < ~(e = a(0) | [PePds
'y
and this implies that A is dissipative since ng) <c
Let us prove the range condition R(A — A) = X for every A > 0. Let A > 0 and
(f,9,h,¢) € X. We need to find (u,v, z,¢) € D(A) such that (A — A)(u, v, z,¢) =
(f,9,h, @), which is equivalent to the system

Au—v = f (2.20)

—Au = g, (2.21)

Az —2zg = h, (2.22)

A+ 8)¢(s) —2(=7) = o(s), (2.23)

together with the boundary conditions stated in the definition of D(A). The varia-
tion of parameters formula applied to (2.22) yields

0
2(0) = eMTw + / AR dY, 0 e (—1,0). (2.24)
0

Notice that z € H'((—7,0); L*(Ty)). Define v = Au — f and ¢(s) = 1= (¢(s) +
z(—7)). Taking the L*-inner product of both sides of (2.21) with ¢ € Hp (Q),
using equations (2.20) and (2.24) and after rearranging the terms, we obtain the

variational equation

/ Vu - Vo + Mupdr + Mc+ e a())) / IMulpdx
Q r

= /Q(/\f+g)<pdx—l—(c—l—e"\Td(/\))/FN I’flivtpdx (2.25)
+e Ma(\) /_0/F e_’\eh(G)Fgodde—/F ( OOO ff)s du(s)) Tpdz.

The left hand side defines a continuous, bilinear and coercive form on Hf ()
while the right hand side defines a continuous linear form on Hf (). According
to the Lax-Milgram Lemma, (2.25) has a unique solution u € Hp_(€2). Choosing
p € C§() in (2.25) shows that (2.21) is satisfied in the sense of distributions
and Au € L?(Q2). Thus u € F(A), and integrating by parts one can see that
Gut [° 710(5) dfz(s)+cf‘v = 0 on I'y. Therefore (u,v, z,1)) € D(A) and consequently
R(M — A) = X for every A > 0. The conclusion of the theorem follows by applying
the Lumer-Phillips Theorem. U]

3. INTERNAL DELAY: SPECTRAL ANALYSIS AND STABILITY

The first step is to prove that the spectrum of A not lying on the negative real axis
consists only of eigenvalues.

Lemma 3.1. [t holds that o(A) N (C \ (—o0,0]) = 0,(A) where o(A) and o,(A)
denote the spectrum and point spectrum of A.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio
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To prove this, we need the following generalization of the Lax-Milgram Lemma.
The proof of this lemma is contained in the proof of |5, Theorem 3|.

Lemma 3.2. Let V and H be Hilbert spaces such that the embedding V- C H 1is
compact and dense. Suppose that ay : 'V xV — C and ag : H x H — C are
two bounded sesquilinear forms such that ay is V-coercive and F :'V — C is a
continuous conjugate linear form. The equation

ag(v,u) + ay(v,u) = F(u), YueV (3.1)

has either a unique solution v € V' for all F € V' or has a nontrivial solution for
F=0.

Proof.|[Proof of Lemma 3.1] Using (1.4) it can be seen that Aa(\) € C\ (—o0, 0]
and inf,>o |1 + gAa(A)| > 0 whenever A € C\ (—o0, 0], see [5] for details. We split
the sesquilinear form a as a = ay + ay where ay : H'(Q;C") x H'(Q;C") — C and
ag : L*(Q;C") x L*(Q;C") — C are the two bounded sesquilinear forms defined by

av(v,u):/Q(U~u—|—Vv~Vu)dx+)\&()\)/mfv~l“udx

and

ag(v,u) = (AMA +ag +are™) — 1) / v-ude
Q
respectively. According to the Lax-Milgram-Fredholm Lemma, the variational equal-

1ty

ag(v,u) +ay(v,u) = G(u) for all uw € H'(Q;C") (3.2)
has either a unique solution v € H'(Q;C") for all G € [H'(£2; C")]’ or has a nontriv-
ial solution for G = 0. As in the proof of the range condition in Theorem 2.1, it can
be shown that the equation (A — A)(v,w, z,v) = (f, g, h, ¢), for (v, w, z,v¥) € D(A)
and for a given (f, g, h,¢) € X and A € C\ (—o0, 0], is equivalent to (3.2). Therefore
A € C\ (—o00,0] is either in the resolvent set of A or in the point spectrum of A. [

The next step is to prove that under the condition 0 < a; < ag, the generator A
has no purely imaginary eigenvalues except for the origin.
Lemma 3.3. The kernel of A is given by ker A = {0} x Y x {0} x {0} where
Y ={we L3,(Q):divw =0,w-v =0} (3.3)

If 0 < ay < ag then the operator A has no purely imaginary eigenvalues, in other

words, o,(A) N iR = {0}.

Proof. Suppose that A(v,w,z,7) = 0. Then it follows that z(6) = v in H'(Q;C")
for all # € (—7,0), Vo = 0 and 9(s) = % Thus, v is constant. Applying the
generalized Green’s identity and the boundary conditions

(a0+a1)/|v|2dx = /divw-vdm
Q Q

== (BT, gyt gy — [0 T

= — EL(O)/ Tw|? d.
o0
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Since the measure p is positive this implies that I'v = 0 and therefore v = 0.
Consequently, z = 0,79 = 0 and w € Y. This proves that ker A C {0} xY x{0} x{0}.
The other inclusion is trivial.

Now let us show the second statement. We prove it by contradiction. Suppose that
ir € 0,(A) for some r € R\ {0}. Hence there exists a nonzero (v, w, z,9) € D(A)
such that

irv —divw + av + az(—7) = 0 (3.4)
irw—Vv = 0 (3.5)

irz(0) —zp(0) = 0 (3.6)
(ir+s)Y(s)—Tv = 0. (3.7)

From (3.6) and the initial condition 2(0) = v we have z(f) = ¢"%v and plugging this
in (3.4) and using (3.5) we obtain

Av = ir(ir + ag + are”"")v. (3.8)
The boundary conditions and (3.5) imply
% irw / ¥(s) du(s) = —ira(ir)lv. (3.9)

Thus, v € H?(Q;C") from the regularity theory of elliptic equations [10]. Using
Green’s formula and (3.8)

ir(ir + ao + ale"T)/ (o] dr = —z'rd(z"r’)/ Dol do — / Vol2dz.  (3.10)
Q oN Q
Note that J(ira(ir)) # 0. Indeed,

A < 1 [ s
ira(ir) = 7“2/0 mdu(s)—i—zr/o mdu(s).

Taking the imaginary part of (3.10) we have

(“Oﬂ“cos rr) /|v|2 / Tof? = 0. (3.11)

S(ira(ir)
Since ag > a; > 0 it holds that

r(ap + a1 cos(rt < s -
( og—zirg(ir)() ) = (ap + a1 cos(rT)) (/o e d,u(s)) > 0.
Hence (3.11) implies that I'v = 0 and consequently 92 = 0 from (3.9). Thus
v € HZ(Q;C") and therefore v € H?*(R™;C") by extending v by zero outside €.
Hence v € H?*(R";C") satisfies (3.8) which is a contradiction to the fact that
the Laplacian A in R™ has an empty point spectrum. Therefore, we must have
ir ¢ o,(A) for any nonzero real number r. This completes the proof of the lemma.

U

The following lemma states that (ker A)*" = L*(Q; C") x Y x L2 x L2 is invariant
under the resolvent (A — A)~! for all positive .

Lemma 3.4. For every A > 0 we have (A — A)7!((ker A)*) C (ker A)* N D(A).
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Proof. According to the Helmholtz orthogonal decomposition [19] we know
that L*(Q;C™") = Y @ Y+ where Y is defined by (3.3) and its orthogonal
complement is given by Y+ = {Vp € L*(Q;C™") : p € L*(Q;C")}. Let us
show that if X > 0, (f,g,h,¢) € (kerA)* and (v,w,z,v) € D(A) satisfy
(M — A)(v,w,z,%) = (f,g,h,¢) then w € Y+, Indeed, since ¢ € Y+ we
have ¢ = Vp for some p € L*;C"). Thus, according to (2.10) we have
w=VA(p+v)) €Ytsince \ 1 (p+wv) € L C). O

Our stabilization results are based on the following theorems. For their proofs,
we refer to |7, Corollary V.2.22] and |7, Theorem V.1.11], respectively.

Theorem 3.5. Let A be the generator of a bounded strongly continuous semigroup
on a reflexive Banach space X . If

(1) o,(A)NiR =0 and
(2) o(A) NiR is countable
then (e);>q is strongly stable, that is, e*U — 0 in X for allU € X.
Theorem 3.6. Let A be the generator of a bounded strongly continuous semigroup

T(t), t > 0, on a Hilbert space X. Then T(t) is uniformly exponentially stable if
and only if {\ € C: RX > 0} C p(A) and

sup (A — A)7zex) < o0
RA>0

where L(X) denotes the space of bounded linear operators in X into itself.

From Lemma 3.4 and |20, Proposition 2.4.3|, the closed subspace (ker A)* of X
is invariant under the semigroup generated by A. Furthermore, the restricted semi-
group (T,(t)):>0 defined by T},(t) = T'(t)|ker 4)~ s a strongly continuous semigroup
on (ker A)+ whose generator is given by the part of A in (ker A)*, that is, the op-

erator A, : D(A,) — (ker A)* defined by A,U = AU for all U € D(A,), where
D(A,) ={U € D(A) N (ker A)* : AU € (ker A)*}.
In the following theorem, we denote by Z the space consisting of functions u €
L?(; C") such that Vu € YL N L2 ().
Theorem 3.7. Let Il : X — ker A be the orthogonal projection of X onto ker A. If
0 < ay = ag then for every U € X we have
lim ||T'(t)U — IIU||x = 0,
t—r00
and in particular, E(t) — 0 as t — oo for every solution of (1.1) with initial data
(ug, uy, f) € Z x HY(;C") x H*((—7,0); L*(9; C™)). (3.12)
If 0 < a1 < ag then there exist constants M > 1 and o > 0 such that for all t > 0
IT() — ey < Me™,
in particular, E(t) < Me *FE(0), t > 0, for every solution of (1.1) with initial data
satisfying (3.12).
Proof. Since T'(t) = T(t)[I+T(t)(I —1I) = I +T,(t)(I — II), it is enough to prove
that
ltlim \T,(t)U|x =0, for all U € (ker A)*, (3.13)
—00
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if0<a; <agand
|T,(t)Ul|x < Me *||U||x, for all U € (ker A)*, ¢t >0, (3.14)

in the case 0 < a1 < ag. In both cases we have 0(A4,) C {\ € C: RA < 0} since A,
is dissipative. Using Lemma 3.1 and Lemma 3.3 it can be seen that {\ € C: R\ >
0} C p(A,), where p(A,) is the resolvent set of A,. The asymptotic stability (3.13)
now follows immediately from Theorem 3.5.

Now let us prove (3.14). Suppose this is not the case so that accord-
ing to Theorem 3.6 we have supgpysol|[(A — A4,) 7 Yzx) = oo. Hence, by
the uniform boundedness principle, there exists (v,w,z,%) € X such that
Supgprso [|(AM — Ap) (v, w, z,9)| x = 00, and in particular, there exists a sequence
of complex numbers A, = b,, + ic,, such that b,, > 0 for every m and

lim || Al — Ay) (v, w, 2,9) || x = oo. (3.15)

Note that, up to an extraction of a subsequence, we have |\,,| — oco. Indeed, if
there exists M > 0 such that |\,,| < M for every m, then from the fact that the
resolvent is holomorphic in the compact set {\ € C : RA > 0, |\| < M}, there is
a constant My > 0 such that ||(AnI — Ap) (v, w, z,¢)||x < Mo||(v,w,2,)||x for
every m. This is a contradiction to (3.15).

Introduce the following unit vectors in D(A,)

A — Ap) (v, w, 2,1)
[(Amd = Ap)~ v, w, 2,9)||x

and define Uy, = (fim, Gm, m, @m) = (b + icn) ] — A,)Y,. It follows from (3.15)
that [|Upllx — 0.
The equation Uy, = ((by, + icm)] — A,)Y,, is equivalent to the system

Ym = (Um)wm)zmawm) =

fm = (b + 1)Uy — divwy, + agVp, + a1 2, (—7) (3.16)
gm = (b +icm)w, — Vo, (3.17)
hi(0) = (b +icm)zm(0) — zme(0) (3.18)
Om(8) = (b +icy + 8$)m(s) — Toy, (3.19)

with the boundary conditions z,,(0) = vy, and wy, - v+ [ ¥n(s) du(s) = 0. Ac-
cording to (3.18) we have

0
2m(0) = emticm)y /9 eOmtien) 0= p (9)dY, 0 e (—7,0). (3.20)

The dissipativity of A,, see (2.2), implies that
R(Up, Yidx = R((by + i) — (Ao, Yir)x)

> by +/ /s|¢m|2dxdu /|vm|2dm (3.21)

where k = 1(a?/ay — ag) < 0. Since [(Uyp,, Yin)| < [|Un|lx — 0 and all the terms in
(3.21) are nonnegative it follows that b,, — 0 and

Uy — 0 strongly in L?(2; C"). (3.22)
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Because |\,;,,| — oo, we must have |¢,,| — oo as m — oo. From (3.20) and the
Cauchy-Schwarz inequality we have

0
/ /\zmIZdwdH < 2(/ 2bm9d9)/|vm\2dx
+2</ / 2m (6 19)d19d9>/ /\h 2 dz dv. (3.23)

Since by, is uniformly bounded in m, (3.22) and (3.23) imply that
Zm — 0 strongly in L2, (3.24)

Taking the inner product of (3.16)—(3.19) with vy, Wy, 2, and 1, in L*(; C"),
L*(€;C™™), LZ and L2, respectively, we obtain

/ fm - vmdx = (ag + by, + ZCm)/ Uy |* dz + / Wy, * VU, dx (3.25)
Q Q Q
+/ U - Toy, de du(s) + ag / Zm(—T) - vy dx
0o Joa Q
/gm Wy, de = (b, + Zcm)/ |wy,|? da — / YV, - Wy, dx (3.26)
Q Q Q

0 0
/ /hm-zmdxdﬁz(bm—l—z’cm)/ /\zm|2dxd9 (3.27)
—rJQ -1 JQ

0
—/ /zmg-zmdxdﬁ
—T7JQ

L[ e vndadut = Guricn) [ pnPasduts @29
0 o0

[T st arants) //mrvm Yz dpa(s).

All of these terms tend to 0 as m tends to infinity. Dividing (3.27) by ¢, taking
the imaginary part and then passing to the limit we obtain

0 1 0
/ / ]zm|2da:d«9——%/ /zmg-zmdxd9—>0.
-7 JQ Cm -7 JQ

Invoking (3.24) we have

1 0
C—%/ / Zmo * 2m dz df — 0. (3.29)

Taking the real part of (3.27) and letting m — oo we have

/ /|zm|2dxd0 /|vm|2dx+/|zm(—7)]2dx—>0.
-7 Q Q

Using (3.22) and (3.24) the latter limit implies that
Zm(—7) = 0 strongly in L*(Q;C"). (3.30)
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Adding (3.26), (3.27) and (3.28) and then subtracting (3.25) we obatin

om = (b + i) <1_2 / |vm|2dx) ~ao [ fondo =y [ 2(=7) s
Q Q Q

0o 0
—I—/ /s|¢m|2dxdu(s)—/ /zmg-zmdde
0 JQ —7JQ

— 2§R/ U - Toy dedp(s) — 2?]%/ Wy, - VU, dx
0 o0 Q

where 9,, — 0 as m — oo. Dividing by ¢,,, taking the imaginary part and passing
to the limit yield

1 0
1—2/|Um|2dx—ﬂ%/zm(—7')~vmdx——%/ /zmg'zmdxd9—>0.

From this result together with (3.22), (3.29), and (3.30) we obtain the contradiction
1 = 0. Therefore (3.14) must hold. This completes the proof of the theorem. O

4. BOUNDARY DELAY: STABILITY VIA THE ENERGY METHOD

In this section we use the energy method to prove the exponential stability of the
solution of (1.5) under the condition a(0) < ¢. We refer to [12] for a related problem.
For this purpose, we recall the total energy

Elt) = Ew(t)+%/ooo/m

0
+f/ / lug (£ + 0, 2)[? da d.
2 —7 JIN

The first step is to prove the following decay property of the energy.

¢ 2
/ e~y (r — 7, 2) dr| da du(s)
0

Theorem 4.1. Suppose that a(0) < c. Every solution of (1.5) with initial data in

D(A) has a decreasing energy. More precisely,
d 1

LE0) < —5(e=a0)D@), >0, (4.1)

where
D(t) = / |ut(t,x)|2 + |u(t — 7, x)|2 dz.
'y

Proof. Taking the derivative of E and defining ¢ by (2.14) we have

d—iE(t) = /Q(ututt + Vu - V) de — /OOO/FN s|v(t, s, )|* do du(s)

+ /Oo U(t, s, 2)u(t — 7, 2) de du(s)
0 JI'y

0
+ c/ / u(t 4 0, x)u(t + 0, x) de d. (4.2)
—7JIN
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Applying Green’s identity and Young’s inequality to the first integral on the right
hand side of (4.2) we obtain the estimate

/(ututt + Vu - V) dr = / ut@ dz
Q ov

:—/ ug(t, x) (/ W(t, s, x) du(s) + cu(t, a:))dx
/FN|uttx| de+ * /FN/ ( ot )| + |, 5, 7)| )d,u(s)dx
:—(c—@) /FN \ut(t,x)]2d$+§/0 /FN s|w(t, s, x)|* dz du(s). (4.3)

On the other hand, we also have

/Oo W(t, s, x)u(t — 7, 2) de dp(s)
0o Jry

< =R g [ s nRara. (w

Since u(t +6,x) = ug(t + 6, x) and wy(t + 0, x) = ugg(t + 0, x) we have, by Fubini’s
Theorem,

/O/ w(t + 0, ) (t + 6, 2) d 6
=5 [ Qe = (e = ) (45)

Combining (4.2)—(4.5) proves the decay property (4.1). O
Using Theorem 4.1 and a standard density argument, we have the following a
priori trace regularity on u; and u(- — 7).

Corollary 4.2. The map Uy — (ug, us(- — 7)) : D(A) = L*(0,T; L*(T'x)?) has a
unique continuous extenston to X.

The next step is the following inverse observability estimate as in [15].

Theorem 4.3. There exists T* > 0 such that for all T > T* there is a constant
Cr > 0 satisfying

0) < Cr / TD(t) dt. (4.6)

Proof. According to the observability estimate in [13, Proposition 6.3| there is
T > 0 such that for all T" > T there exists a constant ¢y > 0 such that

E,(0) <CT//FN< Ou*

for any € > 0. For s > 0, we have the embedding
HY((0,T) x Q) = LX(0,T; H'()) N H'(0,T: L*()) € L*(0,T: H'(%)

(4.7)

2
+ |l )dxdt+CT||U||L2(OTH2+€(Q))
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according to |14, Remark 2.2, pp. 6-7| and the classical extension theorems for
Sobolev spaces. Thus, there exists a constant ¢y > 0 independent of u such that

< ep||ul| (4.8)

||u||L2 0TH§+€(Q)) =

H3T((0,T)xQ)’

The boundary condition on I'y implies that

//FN d:z:dt //FN /¢t5$du s) + cuy(t, x)
s2/O/FN [ et o auts

By Hoélder’s inequality it holds that

[ [ ot
< a(0) /OT/OOO/FNs]w(s,t,xﬂ?dxdu(s) dt. (4.10)

Multiplying the equation vy (t,s,z) = —si(t, s, z) + w(t — 7,2) by ¥(t, s, ), inte-
grating over (0,77) x (0,00) x Iy and using (0, s,z) = 0 we have

//FN (T, s, ) dz dpu(s) // FN@/Jtthzb(t,s,x)dxd#()d
:// AN<—51¢<s,t,x>|2+ut<t—T,x)w(t,s,x))dxdu@)dt
<[] [ (5ol =) dsduts)
:—5/0/0 /FNsW(s,t,x)dedu(S)dtJr@/OT/FN|ut(t_7,x)|2dxdt‘

Therefore it follows that

/OT/OOO/FN sl (s, t,2) de du(s) dt < a(0) /DT/FN lug(t — 7, 2))Pdedt. (4.11)

The change of variable ¢ = 6 + 7 implies that

0 T
:f/ / ]ut(e,:c)]dedH:E// gt — 7,2 dar .
2 T FN 2 0 FN

In particular, if 7' > 7 then

& T Is T
<t [ [ lute-ropasa<s [ o (4.12)
2Jo Jry 2 Jo

Taking 7* = max(7T, 7) it follows from (4.7)(4.12) that

d:z: dt

dxdt+202// lug(t, z)[*dedt.  (4.9)
0 Jry

2
dx dt

B(0) = Eu0) + Ei(0) < Cr [ " Dy dt 4 Colull (4.13)

HE+((0,T)xQ)
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for all " > T™* and for some constant Cp > 0. To finish the proof of the theorem,

we use a standard compactness-uniqueness argument as in |15, Proposition 4.2 to
prove that (4.6) holds.
Suppose in the contrary that there is a sequence of initial data Uy, =

(%o, Von, Zon, 0) € D(A) such that

EA®>n/TDAﬂ& (4.14)

where F, and D, are the respective energy and dissipation terms of the solution
(Un, Un, Zn, ¥y ) with data Up,. By normalization, we can assume that

for each n. As a consequence, we obtain from (4.13) that
T
&@g@/pmw+@. (4.16)
0
Combining (4.14) and (4.16) yields

/TD (t)dt < Cr (4.17)
0 " n_OT )

provided that n > C7r. On the other hand, using the fact that E,, is decreasing

T
C
fonlEisome = | [ |unt|2+|wn|2dxdtSTEn<o>STOT( T +1).

n —=cr

The last inequality implies that the sequence (uy,), is bounded in H'((0,7T)x ). By
the compactness of the embedding H((0,T) x Q) € Hz+<((0,T) x ), for ¢ € (0, ),
we have up to a subsequence u, — u in H2¢((0,T) x Q). Hence, from (4.15)

(

||| 4.18)

HEF((0,1)x)

Since FE, is uniformly bounded on [0, 7], we have u,, — u and u,; — u; weakly-
star in L>°(0,T; Hp_ () and L>(0,T; L*(R2)), respectively. The inequality (4.17)
yields the convergence u,; — 0 in L?((0,7) x I'y). Because a x tuy(- — 7) =
Jo” tn(s, t, ) du(s), we obtain from (4.10), (4.11) and (4.17) that a* tm(- —7) — 0
in L2((0,T) x T'y). Thus 2 = 0 on I'y, and therefore v = u; is a distributional

ov
solution of the over-determined wave equation

ou
o
By the Holmgren’s uniqueness principle, v must be identically zero. This means
that v must be independent of ¢ and thus it satisfies the elliptic problem

vy —Av=0 inQ, v=0 ondQ,

=0 onIy.

Au=0 inQ, u=0 onlp, ?—O on ['y.
v
whose solution is given by u = 0. This is a contradiction to (4.18). Therefore, (4.6)
must be true and this completes the proof of the theorem. 0

From the proof of the previous theorem, one can obtain the following trace regu-
larity.
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Corollary 4.4. The map Uy = a*u(- — 7) : D(A) — L*(0,T; L*(Ty)) admits a
unique continuous extension to X. As a consequence, the map Uy — % :D(A) —
L*(0,T; L*(Ty)) admits a unique continuous extension to X.

Proof. The first statement follows from (4.10), (4.11) and Corollary 4.2. The
second part follows from the first one together with the estimates (4.9)—(4.11). [

Theorem 4.5. Suppose that a(0) < c. Then there exist M > 1 and o > 0 such
that for every solution of (1.5) we have

E(t) < Me " E(0), t>0. (4.19)

Proof. Let Uy € D(A). Using Theorem 4.1 and Theorem 4.3 one obtains

4 2C
E(T) < B(0) < Cy / D) dt < —XT_(E(0) — E(T))
0 ¢ —a(0)
for every T' > T™. Therefore, for T" > T™* it holds that
20T
E(T) < E(0). 4.20
( )_QC’T—I—c—d(O) (0) (4.:20)
Since 2C7(2Cr + ¢ — a(0))™! < 1, a standard argument shows that (4.20) implies
(4.19). O
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