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1. INTRODUCTION

Consider a horizontal elastic tube of length ¢ filled with an incompressible liquid.
Each end of the tube is connected to a vertical tank, each of which has horizontal
cross-section Ar. The velocity u(t, z) of the fluid inside the tube, the cross-section
A(t,z) of the tube and level heights ho(t) and he(t) of the fluid in the tanks are
modeled by a hyperbolic PDE on (t,z) € (0,00) x (0,¢) with ODE boundary con-

ditions
(A, + uA, + Au, =0, t>0 0<z</{,
ut+/{2A_%Ax+uuw = —fu, t>0 0<z</,
Arhy(t) = —A(t, 0)u(t,0), t >0,
Arhy(t) = A(t, O)u(t, 0), t >0,
A(t,0) = (ag + bho(t))?, t>0,
A(t, 0) = (ag + bhe(t))?, t >0,

\

and initial conditions

A0, ) = A%(x), u(0, ) = u’(z), ho(0) = Ay, he(0) = hY.

A prime ’ denotes a derivative with respect to time t.
Physically, the coefficients in (1.1) are given by

2 sk 5= 8mp , — "oPgV Ao
2pr0v/ Ay’ pAg’ sE 7
W (1) n V(1)

(1.1)

(1.2)

where 1 represents the inner rest radius of the circular tube, Ay is the corresponding
rest cross-section, ' and s are the Young’s modulus and thickness of the tube
material, p and p are the constant density and viscosity of the fluid, pso and py,
are constant pressures above the fluid in the left and right tank respectively, and g
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is the gravitational constant. All parameters appearing in the model are positive
except for the viscosity p which is only nonnegative. However, for global existence
the assumption p > 0, or equivalently S > 0, will be reinforced. For the derivation
of this model we refer to [15, 19].

The first two equations in (1.1) have the same form as isentropic flow in Eulerian
coordinates of a thermoelastic polytropic fluid in a duct, e.g. [5, p. 198]. Mod-
els similar to (1.1) have been considered in the literature both for bounded and
unbounded intervals, for instance, |2, 3, 7, 15, 20]. In a recent work [18], the lin-
earized model has been analyzed with respect to stability and controllability. We
will use the stability result to prove the exponential convergence of the state to the
equilibrium for the nonlinear system (1.1).

The goal of the present paper is to use the local-existence theory together with
entropy and energy methods to prove a global existence result and describe the
asymptotic behavior of the solution, at least for sufficiently smooth data close to
the equilibrium state, for the nonlinear system (1.1).

It is well-known that in general, solutions of first order quasilinear hyperbolic
partial differential equations even with smooth initial data may not exist globally in
time and singularities may develop in finite time, such as shocks, mass explosion, etc.
However, it is observed that the presence of a linear damping term can prevent shock
formation at least for small and smooth initial data. A simple example illustrating
these phenomena is given by the Burgers’ equation, see for instance |5, Section 4.2].
Necessary and sufficient conditions for the existence of global solutions both for
general and physical systems have been developed in the past years, see [4, 8, 10,
11, 20]. However, there are only a few works dealing with bounded domains. In
one-space dimension, Ruan et al. [20] investigated the global existence of smooth
solutions of a network of 2 x 2 systems of balance laws in bounded intervals under a
dissipative condition on the boundary conditions. This condition is similar to what
has been considered in |10, Chapter 5|. However, the dissipative condition is not
satisfied for instance by the isentropic Euler system, systems with relaxation, for
boundary conditions arising in blood flow models, nor by system (1.1).

Two main tools are used to prove the global existence of solutions, namely, the
entropy and energy methods. The energy method was used by Nishida [14] and
Kawashima [9] for hyperbolic and hyperbolic-parabolic equations. This was then
used by several authors for isothermal Euler equations [4], partially dissipative sys-
tems with convex entropies [1, 8, 23|, relaxation models with nonconvex flux [13],
systems arising in blood flow models [20] and others. The main idea is to define an
energy functional and to derive an estimate for this functional. Lower order esti-
mates can be obtained using the relative entropy method [8]. The relative entropy
associated with a strictly convex entropy, loosely speaking, can serve as a distance
between solutions, e.g., classical, strong, weak, of conservation laws or balance laws,
cf. [5]. For higher order estimates involving terms that do not have a dissipative
term, one useful criterion, at least for Cauchy problems, is the Shizuta-Kawashima
condition which was formulated in [21]. However on a bounded interval, a different
method was used in [20], namely the construction of entropy-entropy flux pairs for
the Riemann invariants in deriving higher order estimates. In the case of bounded
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domains, boundary terms arise and this causes some difficulty in obtaining the nec-
essary estimates. The dissipative condition plays a crucial role in the proof of the
estimates. Most of the existence results use the smallness assumptions on the initial
data. Even with this restriction the proofs are not trivial.

Here, we will also use the relative entropy method to obtain lower order estimates
for the energy functionals and use appropriate entropy-entropy flux pairs for higher
order estimates. The main idea is to construct entropy-entropy flux pairs (7, ¢) such
that

U M
for some source term M which is, roughly speaking, dominated by the damping
term, which is the velocity uw in our case, or its derivatives. We will not assume
the dissipative condition as in [20] but we use the special structure of the boundary
conditions in (1.1).

2. EQUILIBRIUM AND STATEMENT OF THE MAIN RESULT
The volume of the fluid inside the tube and the tanks at time ¢t > 0 is given by

If (A, u,hg,h) is a smooth solution of (1.1) on [0,7] then V(¢) is conserved on
0,77, i.e., V(t) = V(0) for all t € [0, 7). This can be seen immediately by taking the
derivative of V' and using the first, third and fourth equations in (1.1). In this paper,
by a smooth solution we mean that each state component is at least continuously
differentiable. The equilibrium state of (1.1) is given by (A, 0, hoe, hge) Where

Ae = (ao + bhge)2 = (CL( + bhge)z. (2.2)

For a given fixed volume and with the assumption that the pressures ps or pys, are
given (not too large), the equilibrium is uniquely determined. Indeed, if V; denotes
the fixed volume then we have V) = Al + Arho. + Arhe.. The latter equality
together with (2.2) provide explicit expressions for A., ho. and hy, in terms of Vj.

In [17], the mth order compatibility condition of the initial data is defined and
the following local-in-time existence result and blow-up criterion are shown.

Theorem 2.1. Let (A% u® hd,hY) € H™(0,¢) x H™(0,¢) x R? be compatible up to
order m — 1 for some integer m > 3. Suppose that the range of (A% u°) lies on
a compact and conver subset of U = {(A,u) € (0,00) x R : |u| < kAY*}. Then
there exists T > 0 such that (1.1)~(1.2) has a unique solution (A, u, ho, hy) such that
Au € N, C™*([0,T); H™(0,¢)) and ho,hy € H™(0,T). Furthemore, if the
mazximal time T* of existence is finite then either (A, u, ho, hy) leaves every compact
set of U x R? or

lim (

lim ([l Az (&)l z<p0 + [l (®) | .0) = +00

If the maximal time is finite, the first scenario is typical for ODEs while the
second one is called shock formation. For the first one, the state approaches the
boundary of U and as a result the flux matrix will become singular. In the region
U, there is one negative eigenvalue and one positive eigenvalue for the flux matrix
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and the flow in this case is subsonic. On the other hand, the shock formation is a
typical behavior for first order quasilinear PDEs where waves are compressed within
finite time and therefore wave profiles can have arbitrary large slope. However, for
data close enough to an equilibrium state and with dissipative terms these will not
happen. This assertion with regard to (1.1) is the main result of this paper.

Theorem 2.2. In the framework of Theorem 2.1 and 3 > 0, there exists dg > 0
such that if Eg = ||A° — A% + [[u®||32 + [hd — hoel® + |h) — hee|* < 8o then there
is a unique global solution (A, u, ho, hy) of (1.1)=(1.2) such that
A, u € C([0,00); H*(0,0)) N CY([0,00); H(0,£)), ho, hy € C?[0,00),
and
sup ([|A(t) - Acllz + a2 + 1ho(t) — hoel” + he(t) — heel)

4 / 1A )2 + [u(®) 20 dt < CEq
for some C' > 0.

3. ENTROPY-ENTROPY FLUX PAIRS

Entropies of the system (1.1) can be obtained by solving a wave equation as shown
in the following. For a more general result of a similar model and in the case of
p = 0 we refer to the paper of Lions, Perthame and Tadmor [12].
Proposition 3.1. Letn € C*((0,00) x R)NC ([0, 00) x R) satisfy the wave equation
d*n 5,301
_8A2<A’u) =kKk"A o2
Then any smooth functions A and u satisfying the first two equations in (1.1) also
satisfy the entropy dissipation identity
0 0 0
where ¢ € C?((0,00) X R) is given by

u A
q(A,u) = / Ny (A, v) + Ana(A,v) dv +/ /QQa’%nu(a, 0) da. (3.3)
0 0

Proof. The regularity of ¢ stated above follows immediately from the regularity of
n. Since u and A satisfy the first two equations in (1.1), the PDE (3.2) is equivalent
to

(A u), in (0,00) x R. (3.1)

1

Up (qy — uny — Ang) + Ap(qa — K2 A7 20, —uny) = 0. (3.4)
The first term vanishes due to the construction of ¢ since ¢, = un, + Ana. We show
that the second term also vanishes. Differentiating the latter equality with respect
to A and using (3.1) we have

1

QAu = Gua = Wy + N4 + Anaa = (una + K7 A721,),. (3.5)

Integrating (3.5) twice, first with respect to u and then with respect to A, we have

A
oA = [ unafa,n) + e
0

N[

Nu(a,u)da + F(A) (3.6)
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for some function F. Taking v = 0 in (3.3) and (3.6) shows that F' = 0. Thus,
differentiating (3.6) with respect to A shows that the second term in (3.4) is
identically zero. Hence (3.4) is satisfied and so is (3.2). O

The function 7 is called an entropy and q is the corresponding entropy flux. The
entropy dissipation identity (3.2) is commonly called a companion law to the first
two equations in (1.1). Let 1, = aju+ as A+ asuA + as where the a;’s are constants.
Notice that the wave equation is invariant under perturbations of the form 7,, i.e.,
if 7 satisfies (3.1) then so does 1 + 7,.

A common entropy of the above system is

1 4
n(A,u) = §Au2 + §/~€2A%,

called the mechanical energy and it is strictly convex in the variables (A, Au) €
(0,00) x R. This particular entropy satisfies the boundary conditions 7(0,u) = 0
and 74(0,u) = 1u?. Such entropies are called weak entropies [12]. However, for our
purpose we will modify this entropy. We want an entropy 7y such that 79(Ae,0) =0
and Dno(Ae, 0) = (0,0). This can be done by choosing

770(147 u) = 77(A> u) - n(Aea O) - (DU<A6’ 0)’ (A - AE? u))
1 4 : 3 1
— A + 2R3 (A} - AZ) — 2kPAZ(A - A). (3.7)

In the literature, 7 is referred to as the relative entropy with respect to the state
(Ae,0). Notice that the difference of the mechanical energy n and its modified
version 7y is a function of the form 7, stated above. By invariance, 7y also satisfies
the wave equation (3.1) and therefore if (A, ) satisfies the first two equations in
(1.1), mo also satisfies the entropy dissipation identity (3.2) with the corresponding
entropy flux

1 1 1
qo(A,u) = §Au3 +2K%(A2 — A2)uA (3.8)

obtained from (3.3). Moreover, 7 is also strictly convex in the variables (A, uA).
This entropy-entropy flux pair will be used in the next section to obtain zero order
estimates. By a second order Taylor expansion we can see that there exist constants
¢k, Cx > 0 such that

cx([uAl* +[A = Ac]*) < mo(A,u) < Cr(Judl’ + A — Al (3.9)

for every (A,u) € K where K C (0,00) x R is a compact set containing (A, 0).
Thus the relative entropy serves as a distance between the smooth solutions of the
system and the constant equilibrium state.

The next step is to develop entropy-entropy flux pairs to deal with first order
and second order estimates as done by Ruan et al. [20]. This will be done using
an appropriate diagonal form of the system. The eigenvalues of the associated flux
matrix of (1.1) are A = u— kAT and L= u-+ kAT Multiplying the first two
equations in (1.1) by (/@A’%, 1) and by (HA’%, —1) we obtain a diagonal system

Wy 4+ AW, 2, = =(5 —0)
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5 i@, 5)E = (2 - 0)

where & = —u+ 4kA%, = u 4 4kAT, A = —20+ 3% and i = ——w+ 22 If (A, u)
is close to the equilibrium state (A, 0) then (w, z) is close to (4/<¢Aé , 4/@46 ). With
this in mind, we shall consider the shifted Riemann invariants w = w — 4xA¢ and
1
2z =z —4KkAZ so that
1 1
w:—u+4/<a(Ai —Al), ,z:u—i—él,‘i(Ai — A2). (3.10)

Therefore the state variables (A4, u) and the shifted Riemann invariants (w, z) are
related according to

1 1 i o 1
u:ﬁ(z—w), A1 — A2 = 8ﬁ(z+w). (3.11)
Using the Riemann invariants, the system (1.1) can be written in diagonal form
wt—l—)\(w,z)wx:g(z—w), t>0, 0<z<d,
2 + p(w, 2)z, g(z—w), t>0, 0<z</d,
ho(t) = =0(w(t,0), 2(2,0))(2(t, 0) — w(t,0)), t>0, (3.12)
hi(t) = O(w(t, €), z(t, 0)(2(t, €) — w(t, £)), t>0,
2(t,0) + w(t,0) = Colho(t)) (ho(t) = hoe), t>0,
2(t,€) +w(t, £) = Co(he(t)) (he(t) — hee), t>0,
\
where the coefficient functions are given by
) 3 1 1
_ 9,43, 1 _ 4kAl 1
AMw, z) 8w—|— g 406, Ce =4k (3.13)
3 D 1
wlw, z) = —g¥ + 3% + ZCE (3.14)
1 4
9(11], Z) = m(w +z+ 20,3) (315)
Gi(h) = b(\/ak +bh+ /ag + bhy) ™", k=0,¢. (3.16)

Differentiating the first two equations in (3.12) with respect to = once and twice we
have

(OFw)y + Nw, 2)(0Fw), = Fy (3.17)
(@52)1 + p(w, 2)(952), = Gy (3.18)
for k = 1,2 where
F = - w, + g(% — wy) (3.19)
G1 = —lip2y — é(zz — W) (3.20)

2
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Fy = =20\ Wep — ApaWy + g(zm — Wy (3.21)
Gy = —2UpZpy — MhoeZs — g(zm — Wy ). (3.22)

Consider differentiable functions ¢ = ¢x(t, 2z, W) and ¢ = ¢i(t,x, 2Z) for k =
1,2. Using the equation (3.17) we have, for a smooth solution (w, z) of the system
(3.12),

Oyn(t, x, O w(t, x)) + O, (AN(t, 2)or(t, 2, OFw(t, x)))

= (L, 2, O w(t, ) + drw (L, 2, OFw(t, 2))0,(OFw(t, x))
+ Ao(t, 2) i (t, 2, 0P w(t, ) + ML, 2)dre (t, 2, OFw(t, )
+ At )b (£, 2, OFw(t, 1)) 0, (OFw(t, x))

= (L, 2, 0Pw(t, 2)) 4+ o (t, ) O (t, 2, OFw(t, ) + (L, 2) pre(t, 2, OFw(t, )
+ Grw (t, z, OFw(t, 2)) Fi(t, x) (3.23)

for k£ = 1,2. Similarly, using (3.18) we get
Oun(t, 2, 0 5(t,)) + u(u(t, 2t v, 042 (1, 1))

= (b, 2,08 2(t, ) + po(t, 2) (L, 2, 08 2(t, ) + pu(t, 2) e (t, 2, OF 2(, x))
+ Uz (t, x, Q’jz(t, z))G(t, x) (3.24)

for k = 1,2. Subtracting (3.23) from (3.24) we obtain the partial differential equa-
tion

OV, — o) + Ou(pthe — Apr) = My(Y, 1) (3.25)

where

My (Y, d) = (Ure — Ore) + (petVe — Ae@r) + (U0ke — APra)
+ (VkzGr — O Fi). (3.26)

Integrating (3.25) over [0,¢] x [0, ¢] and using Fubini’s theorem we have
¢ ¢
[ e .0 de+ [ ar.0 - a0
0 0

)
:/ / My (Y, or) dxdr (3.27)
0o Jo
where

ne(t, ) = Pp(t, x, 0Fw(t, ) — oL, z,0Fw(t, x))
Qk(ta ZE) = :u(t? $)¢k(t> T, 6£w(t> :E)) - )‘(tv x)¢k(ta T, aﬂlzw(t’ 33))

The point is that solutions (w, z) of (3.12) that are sufficiently smooth satisfy (3.27)
for k = 1,2. Equation (3.27) will be of great importance in deriving the energy
estimates. This is done by choosing appropriate functions v, and ¢, such that the
term My will be, in some sense, dominated by the velocity u or its derivatives.
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4. ENERGY ESTIMATES

For T > 0 define the solution space
Xp = (C([0,T]; H*(0,£)%) N CH([0, T); H(0,€)*) N C*([0, TT; L*(0,£)*)) x C*[0, T1*.

By using classical embedding results we can see that Xr is continuously embedded
in C([0,T] x [0,£])* x C?[0,T)?. All throughout this section (A,wu, ho, hy) will be
a smooth solution to the system on the time interval [0, 7], provided that such
solution exists on such interval. Define the energy functionals Ny : [0, 00) — [0, 00)
for k =0,1,2 by

NZ(8) = sup (Ja(m)F + 147 (7) = AL 3 + [ho(7) = hoel* + [he(7) = hec?)

T€E[0,¢

]
t 1
+/ () e + Bl (A (7) 7 AT
0
In the following estimates, Cs and Cjs will denote generic positive constants that
depend on the system parameters and may depend on ¢ > 0, and
Cs and Cjs remain bounded as long as ¢ stays on a bounded set in (0,00). (4.1)

Before we proceed we state the following equivalence of norms of the state variables
u, A and the Riemann invariants

2| B5u(t)|7 + 3267105 (AT (1) = AD) 72 = 195w (@) 72 + 19052(DI[7.  (4.2)

for k = 0,1,2 and for ¢ € [0,T]. This follows immediately from the identity 2w? +
222 = (z —w)?> + (# + w)? in R and the transformations given in (3.11). This
norm equivalence will be used in converting an estimate involving the Riemann

invariants into an estimate involving the state variables and vice versa. Furthermore,
if 0 <0 < A, then |A — A.| < ¢ implies that

CuglA — A, < |AF — AF] < CyslA — A, (4.3)

1 1 1
This can be seen from the elementary identity A—A, = (A1—AZ)(A1+AL)(Az+AZ)
whenever A, A, > 0.

Lemma 4.1. There ezist 6 > 0 and Cs > 0 such that for any solution (A, u, hg, he) €
Xt satisfying N2(T) < 6, it also satisfies the energy estimate

N3 (t) < Cs <N3(0)+ sup ||U(T)||H1/O ()17 dT) (4.4)

for allt € [0,T].

Proof. Recall that 1y and ¢y given in (3.7) and (3.8), respectively, satisfy the
entropy dissipation identity (3.2). Integrating (3.2) over [0,t] x [0,¢] and using
Fubini’s Theorem yield

/0 no(A(t, 2), u(t, ) — 1o(A(0, ), u(0, z)) da (4.5)

t t ol
+/0 qQo(A(T,0),u(T,€)) — qo(A(7,0),u(,0))dr = _ﬂ/o/o (Au?) (7, z) dx dr.
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Let us estimate the left hand side of (4.5) from below and its right hand side from
above. According to (3.9) and (4.3) it holds that, choosing § > 0 sufficiently small,

/OE no(A(t, ), u(t, z)) — no(A(0, x),u(0,x)) dx (4.6)
> O5(lwAYO) s + 1143 () — AZ [ — A O3 — 1 45(0) — A [3)
Using (2.2) and the last four equations of (1.1) in (3.8) we have
(AT, 0),u(r,0)) = 5(Aw)(r,0) + 2AK%b(he(7) — hee) ()
qo(A(7,0),u(r,0)) = %(Au?’)(r, 0) — 2A76%b(ho(T) — hoe) Ry (7).

Plugging these in the second integral in (4.5) and using the Sobolev embedding
theorem we have

/o Qo (A(T,0),u(T,0)) — qo(A(7,0),u(7,0))dr

> C(holt) — hoel? + [he(t) — heel? — 18— hoel? — |9 — b ) (4.7)
—@swnunm/wu )2 dr.
T€[0,t]

Moreover, the Sobolev embedding theorem again implies that

_5// (Au2)(r, 2) dz dr < 505/ lu(r) 12 dr. (4.8)

Now it can be seen that (4.4) follows from (4.5)-(4.8) and the fact that the L?>-norm
of (uA)(t) and u(t) are equivalent for each ¢ provided that § > 0 is small enough. [

The next step is to derive estimates involving the spatial derivatives of the state
components v and Ai. To this end we recall two classical inequalities frequently used
in deriving estimates. The first one is Young’s inequality: For each real numbers
a,b and € > 0 we have ab < $a® + ibg. The second one is the following modified
Sobolev embedding.

Proposition 4.2. Let a < b. For every 9 > 0 there exists C(a,b,9) > 0 such that
1l 0,5y < PllttallZ2apy + Clas b9 [l Z2a ) (4.9)
for all w € H'(a,b).

Proof. Let a < zy < %2, Consider the linear multiplier m(z) = bfxo (x —x0) — 1
satisfying ||m||pec(zo5 = 1. Thus
b 9 b b
lu(zo) > + |u(b)|* = / (mu?), dz = / u? dz + 2/ muu, dx
0 b— Lo Jxg )

4 1\,
A R L

where we used the Young’s inequality in the last step. A similar process can be

done for the case 22 < zy < b, now using the multiplier n(z) = mz_a (r —z9) + 1
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and integration over [a, xy]. These estimates imply (4.9). O

The proposition is useful when dealing with higher order estimates. For example,
in obtaining estimates for z, and w,, we will put a small factor, if necessary, to these
terms, but the drawback is the occurrence of a large factor to lower order terms.
However, this will not cause problems when we have already derived estimates for
the lower order terms, specifically, the one given in Lemma 4.1.

Lemma 4.3. There exist 6 > 0 and Cs > 0 such that for any solution (A, u, ho, hy) €
X7 satisfying N2(T) < & we have

”uw(t)H%?+||(Ai)x(t)||i2+/0 lus(7)[[72 d7 < C5N7(0) (4.10)

1 ¢ 1
+ Cs sup ([lu(r)]|mz + [[A3(7) —Aé‘llm)/o ()7 + 1A% ()]IZ2 dr

T7€[0,¢]
for all t € [0,T].
Proof. To prove the lemma we will utilize the system satisfied by the (shifted)
Riemann invariants (3.12). Let us consider the entropy 7, = ¢; — ¢1 where
it @, Z) = O(w(t, 2), (L, 2))u(t, ) 2*
o1t z, W) = O(w(t, ), z(t, 2))A\(t, z)W2.
We will estimate each integral in (3.27) with these particular functions.

Suppose that N3(T) < 4. If § > 0 is sufficiently small then there exist positive
constants Cjs such that Cis < (p(hg(t)) < Cos for k= 0,0, —Css < A(t,z) < —Cls,
Css < u(t,x) < Cgs and Crs < O(w(t, ), 2(t,z)) < Cgs for all (¢, z) € [0,T] x [0, £].
We shall use these properties all throughout without mentioning them anymore.

We estimate each of the integrals on the left hand side of (3.27) from below
and estimate the integral on the right hand side from above. For ease of reading,
we divide the process into three steps. To make the terms more compact we also
introduce the variable V = (w, z).

Step 1. Estimate from below. The preceding remarks about #, A and p show that

Cua(wl(t, @) + 22(6,2)) < m(t,2) < Cos(wd(t,0) + 22 a)  (411)

for all (t,z) € [0,T] x [0,¢]. Thus

¢
/ m(t,x) —m(0,2)dz > Cs(|[Va(T) 172 — [Va(0)]1Z2). (4.12)
0
Next, we deal with boundary terms. Let us note the identity

@ = 0(w, 2)((nz)" — (Awe)?)

= O(w, ) ((—zt - g(z - w))2_ (_wt * g(z - w))z)

= 0(w, 2) (% — wi + Bz + w,) (2 — w))

obtained from the first two equations in (3.12). Each term of the above equality is
evaluated at either (¢,0) and (¢,¢). Consider the case where it is evaluated at (¢,0).
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Differentiating the fifth equation in (3.12) and using the third equation we arrive at
)(ho(t
0) -

2(t,0) + wi(t, 0) = [Go(ho(t)) (ho(t) — hoe) + Colho())] o (2) (4.13)
= —S51(t)(=(t, w(t,0)). (4.14)
where S1(t) = 0(w(t,0), z(t,0))[¢(ho(t)) (ho(t) — hoe) + Co(ho(t))]. Thus we have
—q1(t,0) = —0(w(t,0), 2(t,0))(=(t,0) — wi(t,0))
— BO(w(t,0), 2(¢,0))S1(t)(2(t,0) — w(t,0))* =: Uy (t) + Wy(t).(4.15)

Using the estimate in Propostion 4.2, the Sobolev embedding theorem and the
equality 2u = z — w we have

waﬂwz—amlH%@m;w—amlnmﬂﬁmr (4.16)
Differentiating the third equation in (3.12) gives
hg<t> = = 91 (w(t> 0)7 Z(t’ O))(Zt<t7 0) + wt(tv O))(Z(t> 0) - w(t7 0))
— 0(w(t,0), 2(¢,0))(2(t, 0) — we(t, 0)) (4.17)

where 0 (w, z) = 211nA (w+ z+2C.)3. Multiplying the left hand side of (4.13) with
the right hand side of (4 17), rearranging the terms and then using (4.14) we obtain

T (1) = Sal0)(=(t,0) — w(£,0))° + 3 Su(0) < (1) (4.18)
where S(0) = (u(t.0) (¢ 0))S2(t) and Ss(t) = Gh(ho(t)) (ho(t) — o) + Golho(t)).

Let us integrate (4.18) from 0 to ¢. The first term of the integral can be estimated
as follows

t
/ ()(e(7.0) = w(r,0)" dr 2 ~Cs sup u(r) / lu(r) % dr.  (4.19)
0 T€[0,t

For the remaining term we integrate by parts, use the the third equation in (1.1),
apply the Sobolev embedding and Proposition 4.2 to obtain

3 | SOGFINEE = S80I OF = 3050

_ %/0 (¢ (ho (7)) (ho(T) = hoe) + 284 (ho(T))] R (T)? dT
z-a@m@@+%ww@+ww@

+ sup ||u(r |H1/ ||u(r ||H1 dT) (4.20)

T€[0,¢]

Therefore, (4.15) and the inequalities (4.16), (4.19) and (4.20) give us the estimate

_/thl(f,())df _ /Ot\lll(T)dT+/0t\I/2(T)dT

t t
> @(ﬁuux(wu%ﬁﬂ / o (7) 22 dr + Collu(®)|a + C / lu(r) 122 dr
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IO+ s P [ (e ).

7€(0,t

In an analogous manner we can obtain the same form of estimate from below for
the integral f(f ¢1(7,¢)dr. Combining the estimates that we have obtained so far,
we have the following estimate from below for the left hand side of (3.27)

¢ ¢
/Onl(t,x)—m((),:v)dx—l—/o @1 (7,0) — qi(1,0)dr

> Cj ((1 —)IVa(t)ll7> - 19/0 lua(T)IZ2 AT = Col[V (1) |72 (4.21)

t
—%/WMWﬂwwww;—wmwnm/m M)
0 T€[0,t
Step 2. FEstimate from above. First we will express the derivative of the eigen-
values A\ and p with respect to t in terms of the Riemann invariants w and z. A

straightforward calculation and application of the two PDEs in (3.12) give us

3C 5C, I5;

= % x——32zz—§(z—w)+R1
5C’ 3C, I6;

o= s gl w)H R

where Ry = criww, + CrozWy + CraWzy + crazzy, k = 1,2, for some constants c;.
Therefore, each term of u; and \; contains at least one factor among z — w, w,, z,.
Consequently, the same is true for w; and z; according to the PDE and in turn for
Oi(w, z) = 01 (w, z)(wt —i—zt) This observation is important because we want to avoid

the term fo | A1 (7 A4 |22 d7 which is not present in the energy functional N,.
Now the first three pairs appearing in (3.26) for k = 1 are given by

V1 — ¢ = (Opp + Opy) 22 — (O ) + ON)w?

From the previous remarks we notice that the factors of z2 and w? appearing on
the right hand sides of the last three equations are polynomials of degree at least 1
in z,w, z,, w,. Applying the Sobolev embedding theorem for these factors and then
taking the supremum over [0,¢] we have

t l
UA4@m—¢m+omm—xmo+mmfﬂwumwu

< Gy swp Ve | V(o) . (122

T€[0,t]

The last term in M, is more delicate since it contains second order terms. Indeed,
we have

V172G — dwF1 = 20u2,G1 — 20w, Fy
= 20z, <—,uxzm — g(z:]c — wx)) — 20 \w, (—)\xww + g(% — wm)>
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)
_ _ cieﬂ (Zz - w$>2 + R3 <423)

where 6. > 0 is the constant term of #. Here R3 are terms of degree at least 3 that
contain either 22 w?, or w,z,. Hence

t pl t
/ / ¢12G1 — ¢1wF1 drdx S — 0/ Hux(T)H%Q dr (424)
0 J0 0

+@wmwnm/w )22 dr

T€[0,t]

where C' = W > 0, if § > 0, independent of §. Adding (4.22) and (4.24) we arrive
at

t Y/ t
// My(1, 6y drdz < — C*/ lua (7|22 dr (4.25)
0 0 0

+%wMW|m/W/Hwh

T€(0,t]

Step 3. Let us combine the estimates obtained from Step 1 and Step 2. Choosing
¥ > 0 small enough so that C' — Cs¢) > 0 we have

t
HVx(t)H%H/ lua (P72 dr < CsIV#)][72 + CslIV(O)7n (4.26)

+@/m M&+@wMWIW/W/HmHMmp&

7€|0,t

We can use Lemma 4.1 to bound the first and third terms on the right hand side of
(4.26) from above. Consequently, (4.10) follows from (4.26), (4.4) and (4.2). O

To complete the estimate for the energy functional N; we need the following
additional estimate.

Lemma 4.4. There ezist 6 > 0 and Cs > 0 such that for any solution (A, u, hg, he) €
X satisfying N2(T) < & we have

1

/ I(ADL (P2 dr < CsN2(0) (4.27)

1 ¢ 1
+ Cs sup ([lu(r)]|mz + [[A(7) —Aé‘llm)/o ()7 + 1A% ()]IZ2 dr

T7€[0,¢]
for all t € [0,T].

Proof. The proof of the lemma is basically the same as the proof of Lemma 4.3
and the main difference is the particular choice of the entropy appearing in (3.27).
In the current situation, we consider the entropy 7; = ¢; — ¢1 with corresponding
entropy flux ¢ = )1 — A1 where

it 2, W) = e(w(t;fga’;“’x)) ()\(t, W — §<z(t, ) — w(t,x)))
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U (t, 2, Z) = blult, z), 2(t, z)) (u(t,I)Z + g(z(t,x) — w(t,x))) :

pu(t, )
Let Fy = g(z —w). Using Young’s inequality
o= 0p~" (W22 + 2uFoz, + Fy) — O (Vw2 — 20 Fow, + Fy)

= 0 (pz2 — Mo} + 2Fyz, + 2Fyw, + (' — xl)Fg)
> Cs(w? + 22) — Cs(ez? + 2 ' Fy + ew?) + Cs I
> Cs(w? + 22) — Cs(w® + 2?)
for some € € (0,1) small enough. Similarly, 77; < Cs(w? + 22 + w? + 2?). Thus

l
/0 it ) =i (0,2) de > Cs([Va ()72 — IV(OIIZ2 — [V(O)[Fn).  (4.28)

From (3.12), (4.18), (4.19) and (4.20), and according to the statement following
(4.20) we immediately get

/Oql(f,@—qlfo /9 (7,0), 2(r, 0)) (22(7, 0) — w2(r, 0)) dr
>~ Cs <19HUx(t)||%2 + Collu®)||72 + [[w(0) |3

 sup Jutr) s | )l ) (429)
T€[0,]

The remaining task is to obtain estimates from above. As in the previous lemma,
we need to look carefully at each pair appearing in M, since some of them contain
terms of degree only 2. For the rest of the proof R; will denote terms that are
degree at least 3 and contain at least two factors among 2z — w, w,, z,. Note that
using (3.12) we have

C. .
2 —wy = —I(zx—l—wz)—ﬁ(z—w)—l—Ro (4.30)

where Ry = ciww, + cozw, + cswz, + c4zz, for some constants ¢;. Thus have

~ ~ 0, — 0 20
,QZ}H - qblt = (,uza: + FO)2% + — [ ([’LZZ‘ + FO)(#’th + F()t)

A0, — 0N, 20
- (wa - F0)2% — T()\wm - F())(Atzw - FOt)

1 1 1

_ Ceﬁe (Zx + wx)Q _ B29(Zz + 'LUx)<Z _ w)

20 1 30 1

5 (; - ;) (20 + )z ) — 2 (; - X) (2 — w)?
1

T el
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By Young’s inequality and the Sobolev embedding theorem we have

7;1t — (5115 < (_Qcieﬁ

For the second pair we can see that

+ Cg€> (Zx + w2)2 + C(;,E(Z — w)2 + Rs. <4.31)

222

~ 0
Mw’@bl x¢1 _Hm(,uzm + FO) - X)\x(Ang - F0)2 == —RG. (432)

The third pair can be computed as in the first pair and we get

20z — Oty

(1 — A1 = (pze + Fy) + 20( 112 + Fo) (jtaza + Fou)

A, — OX
— Oy — B2 9g(0, — Fo)(Asws — Fop)

2 ((uzm v o —w)) + (wa ~Pe- w))) O~ wa)

- (20 — wy)? + — Ry, (4.33)

Finally, for the last pair we use (3.19) and (3.20) to obtain

~ ~ 260 20
P2G1 — dwFy = E(,uzm + Fo)puGy — T(wa — Fy)\F,y
_ Ce 6 > 6
= 20 (Izm + E(z w) + Rl) ( [ 2 E(zx wr)>

o0 (G By ) (e B0

- _HC%B% —w,)? + Ry. (4.34)

where ]%17 Ry are of degree 2 and have the same form as Ro. 3
Taking the sum of (4.31)—(4.34), choosing ¢ > 0 small enough so that C| =

9CeB _ (e > 0, using the Sobolev embedding theorem and the transformations
(3.11) we obtain

// Ny (3, gbl)da:d7<—C’1/ (A% ) ()2 dr (4.35)

+ Gy sup IV a2 / IVa(o)I22 + llu(r) |22 dr.

T€[0,¢]

Now it can be seen that (4.27) follows from (4.28), (4.29), (4.35), Lemma 4.1, and
from the equivalence of norms in (4.2). O

Remark 4.5. It s worth pointing out that by an appropriate modification of the
entropy-entropy flux pair we saw in the proof of Lemma 4.4 that the term u2, or
equivalently (z, — w,)?, which appears on the right hand side of (3.27) cancels when
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2

2, or

adding (4.33) and (4.34). Moreover it was replaced by a term involving (A%)
equivalently (z, +w,)?. The appearance of (A%)i is precisely what we want in order

to prove Lemma 4.4. This observation will also be used in the following two lemmas.

Before we proceed in obtaining estimates for the second spatial derivatives of the
state variables, we will derive some identities from the two PDEs in the diagonal
system (3.12). In the following, we concentrate on the linear terms and state only
the properties of the higher degree terms. Differentiating the first equation in (3.12)
with respect to t we get

)\th = — Wyt — Atwm ‘I— g(zt — wt). (436)
However, we note from (3.17) for k =1 that
MUy = =AWy + AFY. (4.37)
Thus, according to (4.36), (4.37) and (3.19) we have
A
Wy = Nwe, + g(zt —wy) — %(zx — W) + ANpw, — Aw,. (4.38)
In a similar way we have the following equation for zy
2 = P 2y — g(zt —wy) + %u(zx — Wy ) + Pl Ze — MiZe- (4.39)

Taking the derivative both sides of (4.30) with respect to z, we have

C. -

Ztey — Wix = _Z(ch + wm:) - B(zz - wx) + R3 (44())
where Ry = PRI ¢ (02w) (0% z) for some constants cji. Subtracting (4.38) from
(4.39) and using (4.30) we have

C? C. -
24 — Wy = l—é(zm — Wey) + 52 Ze + B (z — w) + Ry (4.41)

where R, are terms of degree at least 2 and contain at least one factor among
2 — W, Wy, 2y Zza, Wee, however, each term has at most one factor among w,, 2.,

Lemma 4.6. There exist 6 > 0 and Cs > 0 such that for any solution (A, u, hg, he) €
X satisfying N3(T) < ¢ it holds that

t
||uwz(t)||%2 + H(AZ)M(t)H%? +/0 HUM(T)H%? dr < 05N22(O) (4'42)
1 t 1
+ Cs S?£](||U(T)||H2 + ||A%(r) - A3||H2)/0 [u(T) |32 + [[(A%)o(7) I3 dr
T7€]|0,
for all t € [0,T].

Proof. Again we will proceed in the same manner, now with the entropy 75 = 15— s
where

bolt,x, Z) = @ (ﬁz _F

2
—(ze —wy) + = (2 — Wy) + ppigze — ,utzx>
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2
M (/\2W + é(zt —wy) — @(zm — Wy) + A\w, — )\th) .

A 2 2
We estimate (3.27) with these particular functions and as before we divide the
procedure in three steps, namely, the derivation of estimates of the left hand side of
(3.27) from below, estimates of the right hand side of (3.27) from above and finally
to combine the two.

Step 1. Estimate from below. For brevity let us set

¢2(t, Z, W) =

N = —g(zt — wt) + %(zx - wz) + py Ry — P2y (443)
. A

Using Young’s inequality we have, for § > 0 small enough,
Uo(t, T, 250 (t, ) = Ot (u*22, + 2% 200 N + N?)
> 0uB22, — Ou(ez?, + C.N?) + 0u ' N?
= (04° = Oue)z;, — (OuC. — Op~")N?
for every ¢ > 0. We removed the arguments (t,z) on the right hand sides for

simplicity. Using the definition of N, and replacing the term z; — w; by the right
hand side of (4.30), we can see that

N(t,z)? < Cs(w(t,z)? + z(t, 2)? + wy(t, 2)% + 2,(t, 2)?).

This follows immediately from the fact that N consists of terms that are at least
degree 1 in w, 2, w,, z; and so N2 will have at least degree 2 terms in these variables.
Then we retain two factors and take the supremum of the rest, employing the Sobolev
embedding theorem to estimate the supremum and finally use the assumption that
N3(T) <4, for § > 0 small enough.
Now, choosing € > 0 sufficiently small we have
Ya(t, @, 200 (t, @) = Cozge(t, ) = C5(|V (L, 2)[* + | Va(t, 2)[) (4.45)

for all (¢t,x) € [0,T] x [0,/]. Recall that V' = (w, z). Similarly, we have the upper
bound

Vo(t, @, 240 (t, 1)) < Cs22, (¢, x) + Cs(|V ()| + [Va(t, 2)|?) (4.46)
for all (t,z) € [0,7] x [0,]. Doing the same process with ¢, and recalling that A is
negative for small enough 0 > 0 we have

= Cswy, — Cs(IVI* + [Val?) < b2 < =Cswg, + C5([V* + Vo). (4.47)
From (4.45)-(4.47) we have
¢
/0 n2(t, ) = n2(0,2) do > Cs(|[Vaa (7)1 72 — IV (0)[[772)- (4.48)
According to (4.38) and (4.39) we can see that

t t
- [ w0rar = = [00(r.0). 50,02 (0) k(o) dr. (1.49)

0 0

Let us use the boundary conditions to rewrite the integrand in terms of w, z and their
first derivatives with respect to x. For convenience, the functions in the following
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discussions are to be evaluated at (¢,0) or ¢, or with other variables representing
time, where they make sense. First, we notice from (4.13) that

2z +wy = S(ho)0(w, 2)(z — w) (4.50)
where S(ho) = —C(/](ho)(ho - hOe) - C()(ho) Let

C. R
p(w, z,wy, z,) = —Z(zw + w,) — Bz —w) + Ry, (4.51)

and from (4.30) we have z; — w; = p1(w, 2, w,, z;;). Using (4.50) in (4.17) yields
hg = _S(h’O)el (wa Z)H(UJ, Z) (Z - w>3 - ‘9(11), Z)pl(w7 Z, Wy, Zx)
=: po(w, 2, Wy, 2;). (4.52)
Taking the derivative of both sides of (4.13) gives us
2+ wi =[G (ho)(ho — hae) + 2G5 (ho))(hg)* + Gy (o) (ho — hae) + Golho)]hg
=: S1(ho)(ho)* + S2(ho)hg. (4.53)
Thus, (4.52) implies that
zie +wy = S1(ho)0(w, 2)*(z — w)? + Sa(ho)p2(w, 2, w,, 2,)
=: ps(w, z, Wy, 2,). (4.54)
We also take the derivative of (4.17) and apply (4.50) and (4.54) to obtain

h(()g) = —0y(w, 2)(z +w,)*(z — w) — O1(w, 2) (21 + wy) (2 — w)
=201 (w, 2) (2 + wy) (20 — wy) — O(w, 2) (20 — wyy)
=: pa(w, 2, Wy, 2,) — O(w, 2) (24 — wyy) (4.55)
where 0y(w, 2) = 4% (w + z + 2C,)* and

p4(w7 %, Wy, Zz) = _S(h0)202<w7 Z)9<w7 Z)2(Z - w)3
— b (w, z)(z — w)ps(w, z, Wy, ;) (4.56)
— 201 (w, 2)S(ho)0(w, 2)(z — w)p1 (w, 2, Wy, 2z ).
Note that p;, p» and p3 contain terms that are degree at least 1 and have at least
one factor among z —w, w,, z, while ps has terms with degree at least 2 that contain
at least two factors among z — w, w,, z,. Moreover, we note that each S; is bounded
as long as its arguments stay on a bounded subset of (0, 0c), which is the case due

to the assumption that |ho(t) — hoe|* < d for small enough § > 0.
From (4.53), (4.54) and (4.55) we can now rewrite (4.49) as

‘/o g2(7,0)dr = / (h§ — pa(w, 2, wy., 2,))(S1 (ho) (h)? + Sa(ho)hy) dT

t 1 [t d
B / S (ho)(RY)*hSY dr + = / Sa(ho) = hg|* dr

t
_/ p4<w7z7wx7Z:E>p3<waszmvzm)dT
0
= Jl + JQ + J3.
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Integrating by parts and using (4.52)
t

St (ho)(ho)2hy + 251 (ho)hg(hg)? dr

7=0 0

= S1(ho(T)0(w, 2)*(z — w)*pa(w, 2, Wy, 2,)

T=t

Ji = S1(ho(7))ho(7)*hg (7)

T=t

—l—/o St (ho)0(w, 2)* (2 — w)3py + 251 (ho)O(w, 2)(z — w)p3 dT.

Applying Proposition 4.2 to the terms having either z,(7,0) or w,(7,0) appearing in
the first term of the above last expression and using the Sobolev embedding theorem
for the rest, we obtain the inequality

Ty > = Cs0|[ Ve (D172 — ConllV )7 — CsllV(0) I3

— Gy sup IVl e / V() + ()2 dr.

T€[0,t]

In the above computations it is important to note the properties of ps.
In a similar way we can integrate by parts and use the same techniques to obtain

Ty 2 = Cs0|[Vaa (D)2 — CoallV ()70 = CsllV(0) 172

Gy sup IV e / V()2 + llu(r) 22 dr.

T€[0,t]

Furthermore, invoking the properties of p; and ps we have

Jy > —Cy sup V(7)o / Vo) + ()]s dr.

T€[0,t]

Adding the lower bounds for J;, J; and J3 gives us a lower bound of — f(f q2(7,0)dr,
which has essentially the form of the lower bound for J;. We can repeat the same
process for fot @2(7,¢) dT and obtain a lower bound having the same form as stated
above. With these, we finally obtain

t
/ 02(7,0) = @2(7,0) d7 > — C59|[Vau (1)|[72 — CoallV ()17 — Cs IV (0) 172
0

— Cs sup [[V(7)|[m> / IVa ()7 + llu(n)Z2 dr. (4.57)
T€[0,t]
Inequalities (4.48) and (4.57) give us the desired estimate from below.
Step 2. Estimate from above. In this step R; will denote terms of degree at least 3
containing at least two factors among z — w, w,, 2;, 2z, Wer and containing at most
two among 2., w,,. First, we have

~ o0y — 0 20
Yo = O = (P 2ae + NP2 4 2 (u e = 5o~ w) + B — )
+ My Ze — thx) (Q,UMth - g(ztt - wtt) + g,u/t(/zx - wx) + B2M (th - wt:p)

N0y — 0N 20

+ (Mﬂzzx - Ntzx)t) - ()\QUsz + P)2T — 7 ()\2wmz + é

B (2t — wy)
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A
— 6—(296 — Wy) + Aw, — )\th> <2)\)\twm + é(ztt — Wy) — g)\t(% — wy)

2 2
A
- %(ztw - wtz) + (/\Amwa: - )\th)t)
03% /1 1
= — 08(12py + AWay) (20 — wyt) + i — — =) (&2 —wy) (20 — wir)
2 \p A
032 R
+ Q/B(N2ZCL’Z‘ + )\Q'Wxx)('ztw - wt:c) + %(M - A) (Zx B wx)(ztx B wm) + )\2_;2
Consider each I;. According to (4.41) and Young’s inequality we have
0.0 C? pC. 2
[1 - A (Zu’vl‘_wl’x) (E(Z:cx_wxx>+ B Zx‘i‘ﬁ (Z—’lU) +R2
3
< (—0666—406 + 056) (Zox — Waz)® + Cs.0(22 + (2 — w)?) + Ry. (4.59)
Also, from (4.30) and (4.41)
0.2 (1 1 Ce C?
I, = 5 (; — X) <_Z(Zx +w,) — Bz — w)> <E(zm — W)
Ce
+ 52 Ze + B (2 — w)) + Rs
< Cs6(2pe — Wa)? + Cso(22 + w2 + (2 — w)?) + Rs. (4.60)
From (4.40) we see that
0.5C? C.
IS = f6 < (Zxx + wxz) (_I<Z:ﬁx + wmc) - 5(21 - waz)) + R4
0.8C3 9 0,3%C?
= — ¢ — ¢ — 4.61
and
0.5°C. Ce
2,2 3
= —6051606 (Zow + Wae) (22 — Wy) — 006406 (20 — wy)? + Rs. (4.62)
Adding (4.59)—(4.62) we have
0.3C? 0,603
th - ¢2t S (_ 54 + 05€> (Zxx - w:m;)Q - §4 (Zxx + wxm)Q (463>
B 9«:5203

(Zaz + We) (22 — wy) + Cse(22 + w2 + (2 — w)?)

Ry
222

8
+ Cs(zp — wy)? +
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It can be checked that

1
Ay — Ay = — R, 4.64
JUPD ®2 W (4.64)

Similarly for the third pair we have

< o0y — Oy
M¢2x - )\¢2:1: = (MQZ:E:L‘ + N)Qu + 29 <,u2'z:mc - g(zt - wt)
+ %(zx — W) + fflp 2y — utzx) (2uu;pzm - g(ztl« — W) + gux(zz — W)
~ o A0, — O\,
+ 62_“(2@33 - w:v:c) + (:U’:uxza: - ,U/tzm>z> - </\2wxx + ny
— 20 ()\%Um + g(zt —wy) — %(zx — W) + A\pw, — )\twm) <2)\)\$wm
A
2 2 05>
= _9ﬁ<,u Zxx + A w:px)(ztx - wtw) - 7(,“ - )\> (Zx - wm)(ztx - wt:p)
3 3 03>
+ 96(“ Zxx + )\ wxm)<zxx - wxm) - 7(,u - )\) (Zt - wt)(zmm - wx:p)
032 R
T (7 = ) (20 = w00) (2 — was) + AQ/j?
R
:&+%+h+&+h+p%- (4.65)
From (4.30), (4.40) and Young’s inequality we have
—0.5C? C,
[5 = 1§ < (ch + wxz) (_I(Zxx + wxm) - ﬁ(zx - wx)) + RlO
0,.8C? 0,32C?
= pe. (Zaow + Wee)* + oCe (222 + Wiz ) (22 — we) + Rig (4.66)
64 16
0.53%C. C.
16 = - 64 (Zx - wz) (_Z(Zxx + wxz) - B(Z:r - waz)) + Rll
0.3%C? 0.33C.
= B16 © (Zgw + Waz ) (22 — W) + /84 (2 — wy)? + Ry (4.67)
0.8C3
I? = 54 < (Zxa: - wmx)2 + R12 (468)
0.6°C.
]8 - - 58 (Zt - wt)(zzm - wxm) + RIS
0.6°C. Ce
S 58 (Zoz — Waz) <_Z<Zz +w,) — Bz — w)> + Ri3
< Cs56(2pp — Waz)? + Cs.c((20 + we)* + (2 — w)?) (4.69)
Ig - R14. (470)
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The last equation is due to the fact that the terms in u? — \? are of degree at least
1. Therefore from (4.66)—(4.70) we have

c CS ‘96 Og
w2x - ¢2£ S ( 54 + 06€> (Zxx - wzx)2 + 54 (Z:m: + wxm)2 (471>
05202

 (Zow + Wae) (22 — We) + Cs.((20 + w,)* + (2 — w)?)

8
+ Cg(Zm — wm)Q + R15.

Finally for the last pair in M, we use (3.21) and (3.22) to obtain

20 ~
7702ZCTY2 - ¢2WF2 = Z(H?Zxx + N),UQ (_g(zx:c - wxw) - 2#:{:Zx - ,Ua:aczx)

2 3
T Ve + P)N (5

- ecﬁ(_,ugzxx(zmc - wx:c) - )\Swazx(zzx - w:m:)) + R16

0.8C3
= - 6/84 - (Zrm - wx:p)2 + R17 <472>
= [10 + R17.

Addmg (4.63), (4.64), (4.71), (4.72), choosing ¢ > 0 small enough so that Cy =

Cgf — Cse > 0, where the first term is independent of § and €, using the Sobolev

embedding for the terms R; and finally invoking (3.11) yields

t ¥/
//Mz(%;@)dwdT
<-02/ [t (7 ||L2d7+05(/ u(r ||H1dr+/ (AL (712 dr

+ sup ||V (7 HH2/ V2 ()l + llu()lIZ: dT) (4.73)

T€[0,t]

Step 3. The estimate (4.42) immediately follows from (4.48), (4.57), (4.73),
Lemmas 4.1-4.4, (4.2) and by choosing ¥ > 0 in Proposition 4.2 small enough. [

As in the case of first order estimates, we shall also need the following estimate
in order to complete an estimate for the full energy functional N,.

Lemma 4.7. There ezist 6 > 0 and Cs > 0 such that for any solution (A, u, hg, he) €
X satisfying N2(T) < 6§ it holds that
t
| 1 < 3o (174
1 1 K 1
+ Cs SLF(E}(HU(T)HH? +[[Ad(r) — Al ||H2)/0 lu(m) 12 + 1A (7) |72 dr
7€|0,

for allt € [0,T].
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Proof We modify the entropy of the previous lemma. We consider the entropy
= 1)y — ¢ with corresponding entropy flux go = pthy — Mgy where

2
¢ (t Z Z) 1 (MQZ + BM( wﬂc) + HpaZy — Ntzx)

- 6 A 2
oot x, W) = 3 ()\2W — %( —Wy) + A\w, — )\th) )

Doing the same process as in the first step of the Lemma 4.6 we can show that

¢
/ M (t, ) — 720, ) dz = Cs(|[Vaw () 172 — [V (0)[[72)- (4.75)
0
Using (4.39) and (4.38), a simple computation gives us
G = O(w, 2)((z + (8/2) (2 — wy))* = (wi — (8/2) (2 — wy))?)
= 0(w, Z)(th - wt2t) + BO(w, 2) (24 + wie) (20 — wy)
= q + 59(11), Z)p3(w7 2y We, Zx)pl (’U), 2y We, ZI)' <476)
where ¢y is the entropy flux in the previous lemma and p; and p3 are defined by
(4.51) and (4.54), respectively. A straightforward calculation gives
pS(wa 2y Wy Zx)pl(w7 2, Wy, Zz) = _e(wa Z)p%(wa 2y Wy Zx) + R3
> — C(;(Zx + wx)2 — Cg(Z — w)2 + R4

where R3 and Ry are terms of degree at least 3 and contain at least two factors
among z — w, Wy, 2,. By the estimate Proposition 4.2 and (4.2) we have

/ t B(Opsp1)(T,£) — B(Opsp1)(7,0)dr

l
>—w%t/n Joa Hydr—@ﬁ/n Do (MIBa + ()2 dr
—%ﬁlem/W/HmﬂMﬂm& (4.77)
TE

Integrating (4.76) from 0 to ¢ and using (4.57) and (4.77) we have

t
/ Ga(7,0) = Go(7,0) A7 = — C50||Vau (8) 172 = CoallV ()71 — 5[V (0) 72

N \

= 0 [ 1Al dr = Cao [ AN + o)y d

— Cs sup |[V(7 HH2/ IVa ()l + llu(r)lIZ- dr. (4.78)

T7€[0,t]

Observe that the deviation of 1 and ¢» from 1y and ¢, respectively, is that
the former terms contain g(zt — w;) while the latter terms do not. This means

that M, will consist of the same terms as M, but without those that stem from
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g(zt — wy). Thus, crossing out the terms that appear due to the said extra term, a
careful analysis in the second step of the proof of Lemma 4.6 shows that

Ryg
A2
where Rig is again terms of degree at least 3 containing at least two factors among

Z— W, Wy, 2z, Zez, Wee and contains at most two among z,., w,,. Therefore we have,
according to Young’s inequality,

2 22
i, < _ PeBC2 ) 0.8°C

< — Cg(Z;m; + U)xx)Z + C(Zx — wx)2 + R19

M2=I3+]4+—77+19+]10+

(Z;Bz + wzx)(zw - wz) + R19

for some C3 > 0. With the same explanations as above we have

//Mz ¢2,¢2)d$d7< 03/ (A7) (T) |72 dT (4.79)
+as(/ o (P2 dr + sup V(7)1 / V(o) + (e )||L2df>

T€(0,t]

From (4.75), (4.78), (4.79), choosing ¥ > 0 in Proposition 4.2 small enough and
using Lemmas 4.1-4.6, the estimate (4.74) follows. O

5. PROOF OF THE GLOBAL EXISTENCE AND STABILITY IN H! x
H! x R?

An immediate consequence of the results in the previous section is the following
estimate for the energy N.

Corollary 5.1. Let T > 0 be such that (1.1) has a solution that belongs to Xr.
Then there is a & > 0 such that if N3(T) < & then N3(t) < Cs(N3(0) + N3(t)) for
all t € [0,T) and for some Cs > 0 independent of T. In particular, there exists a
6 > 0 such that if N2(T) < & then N2(T) < C5sN2(0) for some Cs > 0 independent
of T.

Proof. According to Lemmas 4.1, 4.3—4.7, there is a 6 > 0 such that
N2(t) < Cs(NZ(0) + N3(t)) for all t € [0,T] whenever N3(T) < §. In par-
ticular, N3(T) < Cs(N2(0) + vONZ(T)). Since (4.1) holds, one may choose § > 0
small enough so that Cj := Cs(1 — C5v/6)™' > 0 and thus N2(T) < CsN2(0). [

Proof.|Proof of Theorem 2.2|] The proof is standard, however, we include it here
for completeness. According to Corollary 5.1 we have a § > 0 such that N2(T) <
C5N2(0) for some Cs > 0 whenever N2(T) < 6. Take 6y = min(6/(2C5),6/4) > 0.
Suppose that the maximal time of existence T* > 0 is finite. Then either (A, u)
leaves every compact subset of U or |[(A,, uy)(t)|| L=, — 00 as t T T*. Classical
embedding results imply that

(A, u) = (Ae, 0)|wreoo,gxfo,)2 < CsNa(t).

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



A HYPERBOLIC SYSTEM WITH DYNAMIC BOUNDARY CONDITIONS 25 /31

In any case, by continuity there exists 0 < T} < T* such that N3(T}) = g
and NZ(t) > & for all t € (T}, T7 + €) where e > 0 and Tj + ¢ < T*. Because
N2(Ty) < 6, there exists Ty € (T, Ty + €) satisfying N3(Ty) < 6. Corollary 5.1
implies that NZ(T3) < CsN2(0) < 8 which is a contradiction. Therefore we must
have T = 400 and this proves that a global-in-time solution exists. Furthermore,

we have the estimate N3(t) < CsN3(0) for all ¢ > 0. O

By applying the PDEs, the estimate in Theorem 2.2 implies the following estimate
on the time-derivatives of the state.

Corollary 5.2. In the situation of Theorem 2.2, there exists a Cs > 0 such that
sup ([A N7 + I A7 + w7 + lJue(t)]]72)

+/ (LA (D + A (DNZ2 + llur (D)7 + e (P12 A7) < C5Ep.
0
Now we are ready to prove the following asymptotic behaviour of the solutions.

Theorem 5.3. In the framework of Theorem 2.2 we have

T (JA(t) — Acllino + Nu(®) 00 + ho(t) — hacl + he(t) = heel) = 0. (5.1)

Proof. As functions of time |lu(- )||Hl 00 and [[A4; ()||L2 0. Pelong to W0, 00)
according to Theorem 2.2 and Corollary 5 1 . Hence

i (u(®)llr0) + 142 (O]l 200) = 0. (52)
Using a Gagliardo-Nirenberg-Moser interpolation, see [22], we have

IA®) = Acllz=0) < Celda AW 2500 I A®) = Acll 550 o)

Theorem 2.2 implies that ||A(t) — Ac|[12(0,¢) is uniformly bounded in ¢ € [0, 00) and
thus from (5.2) we get [|A(t) — A¢|l(0,) — 0 as t — oo. In particular, this implies
that ||A(t) — Acl|200 — 0, A(t,0) — Ac and A(t,¢) — A. as t — oco. The latter
two further imply that hqo(t) — hee and hy(t) — hge as t — oo. Combining these
with (5.2) we obtain (5.1). O

The decay rate at which the state converges to the equilibrium can be shown to
be exponential, however, if one uses the norm in L?(0,¢)? x R?. This is the goal of
the next section.

6. EXPONENTIAL CONVERGENCE TO THE EQUILIBRIUM IN
L*(0,0)? x R?

The exponential stability result for (1.1) is based on linear stability and treating the
higher order terms as perturbation of the linearized system. The basic ingredients
are the exponential stability derived from semigroup theory, the variation of pa-
rameters formula and interpolation estimates. However, care should be taken since
the linearization yields a nontrivial kernel and therefore stability for the linearized
problem is only possible in a factor space. The smallness of the data and the order
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of nonlinearity play an important role in the proof, specifically the applicability of a
Gronwall-type estimate. In this way the decay rate for the nonlinear system is the
same as the decay rate for the linearized system.

First, we revisit the stability result in [18]. Define the following constants

o= —— Y= 2()((10 + bhoe) = Qb((lg + bhge>.
Let X = L?(0,/)? x R? be equipped with the weighted norm
1
1(A, u, ho, he) I5 = A_”AH%?(O,K ”u||L2(0£) + X (|ho|2 + [hef?).

Consider the linear operator A : D(A) — X with domain D( ) = {(A,u, ho, hy) €
HY(0,0)? x R*: A(0) = vho, A(£) = vh,} defined by

A _Aeum
Uu _OfAm_ﬁu
Aone | = —2u0

This operator is obtained by linearizing the system (1.1) including its boundary con-
ditions about the equilibrium state (A, 0, hoe, hee). The operator A has a nontrivial

kernel A'(A) = {¢(7,0,1,1) : ¢ € R}. The orthogonal complement N'(A)" of N'(A)
coincides with the kernel of the volume functional V : X — R

0
V(A, u, ho, hg) = / A(.’L’) dz + ATh() + AThg.
0

In the following theorem o(A) will denote the spectrum of A, which consists of
eigenvalues since the operator is discrete. For the proof and explicit values of o and
k we refer to [18].

Theorem 6.1. The operator A is a discrete spectral operator that generates a
strongly continuous group T'(t), t € R, on X. If B > 0 then there exists M > 1 such
that

||T(t)||z:(/\/(,4)l) < M(1+th)e™, t >0,
where 0 = —sup, ¢4y RA > 0 and k is either 0 or 1.

To use this result for the nonlinear system (1.1), we need further tools. The first
one is the following Gronwall-type lemma whose proof can be found in [6].

Lemma 6.2. Let u € Lip([0,00),Ry) and suppose that for some C > 0

t
u(t) < C(1 4 t*)e™'u(0) + C/ (14 (t — s))e 7 Dy(s)eds, >0,
0
for some o > 0, o > 1 and nonnegative integer k. Then there exist € > 0 and C' > 0
such that if u(0) < € then
ut) < C(1+tHe ™, t>0.

The next tool is a simple interpolation estimate obtained from the well-known
Gagliardo-Nirenberg inequality, see [22] for example.
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Theorem 6.3. Let m be a positive integer. There exists Cy > 0 such that for all
ue H™(0,0) and j < m we have

JuD | omisony < Cellull oy lullim,-

As a consequence, we have the following estimate.

Corollary 6.4. There exists C > 0 such that for all w € H*(0,() it holds that

7/8 1/8
ol o) < Cllul oo ol oto o

Proof. Using the Gagliardo-Nirenberg-Moser estimate in [22], Holder’s inequality
and Theorem 6.3 with m = 2 and 7 = 1 we have, for generic constants C' > 0,

1/2
||U$||L°° 0,0 < OH“MHB 0,0) H a:||L/2 0,0)

1/2 1/2
< Ot || o a1

LQOZ L4OZ
1/2 1/2 1/2
< Cltasll ot o (1ull 2 0.0 1l 312 002

1/2 1/4 1/4 1/2
< OH“MHL/? 0,0) (H ﬂc||L/2 0,0) |“|| : oz)”unhé 04))1/2-

This clearly implies the estimate given in the corollary. 0

Now we are in position to prove the following stability result.

Theorem 6.5. Consider the framework of Theorem 2.2. There exists 6y > 0 such
that if Ey < o then the solution of (1.1) satisfies

IA(t) = Aellz20.0 + w(®)llz20,0) + [ho(t) = hoe| + [he(t) — hee| < C(1+t")e™

for all t > 0 and for some constant C = C(Ey) > 0. The constants k and o are
those of Theorem 6.1.

Proof. Let z = (B, v,m0,1¢) = (A— Ae,u, ho — hoe, he — hge) denote the deviation of
the state from the equilibrium. The system (1.1) can be rewritten in terms of the
deviations as

(

— Ao, — (A= Au, — uA,,

v = —aB, — Bv+ aA-H(AY - AR (A — A)A, — uu,,
o(t) =u(t, 0) — - (A(t,0) — Ac)u(t,0),

o(t) (t 0+ (A(t 0) — A)u(t, 1),

B(t,0) = 7770( )+b2(ho( ) — hoe)?,

B(t,0) = yn(t) + 0*(h(t) — he)?.

In order to use the results for abstract homogeneous linear time-invariant systems
via semigroup theory, we consider a new state variable w := z — (¢, 0,0,0) where

{—x

o
e

\

(hot) = ho)? + F62(he(t) = hec)?

¢(t, .I‘) =
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This is introduced in order to compensate for the nonlinearity in the boundary
conditions. It is easy to see that w(t) € D(A) for all ¢ > 0 and it satisfies the
system

w(t) = Aw(t) + F(t),  t>0, (6.1)
where
—(A(t) = AeJuz(t) — ul(t)Au(t) — ¢1(?)
Py = | CAOTHAG £ ADTAD — A)A) = ulthunlt) ~ 0t

(A(t,0) — A.)uft, 0)

a7 (AL 0) = AdJu(t, £)

Because u € C([0, 00); H(0,¢)) it follows that uu, € C1(]0,00); L*(0,/)). Using the
regularity of A, u, hg and h, stated in Theorem 2.2 together with a similar argument
as in the previous statement, one can show that F' € C'([0,00); X). A standard

result in semigroup theory, see [16, Section 4.2| for example, shows that (6.1) has a
unique solution in A and it is given by the variation of parameters formula

w(t) = T(t)w(0) + /0 T(t —s)F(s)ds. (6.2)

By uniqueness, this function w must coincide with the function z— (¢, 0,0, 0) above.

Ap
1

Since the semigroup 7T'(t) is exponentially stable only in N (A)", we will decom-
pose the solution w into two parts. First decompose F' as a sum F = F| + (Fy),
where Fy = (—,0,0,0). By construction, Fi(s) € N(A)" for all s > 0. This can
be easily seen since Fi(s) lies in the kernel of V for all s > 0. Let IT : X — N (A)
be the orthogonal projection of X onto A/(A). Conservation of volume implies that
V(A9 10, hQ, h9) = V(A,, 0, hoe, hee) or equivalently z(0) € N(A)". Furthermore, we
have Fy(s) 4+ (I — IT)(Fy)i(s) € N(A)*" for all s > 0. We write

where

wy(t) =T(t)(2(0) + (I — II)F5(0)) + /0 T(t —s)(Fi(s)+ (I — II)(F2)(s)) ds

wy(t) = T(t) 11 F5(0) + /0 T(t — s)II(Fy)(s)ds.

Because T'(t)I1 = IT and I1(Fy)i(s) = (ITF5(s)), we actually have wsy(t) = ITF»(t).
Using (6.2) and Theorem 6.1 we have

lw(t)]lx < M(1+t")e 7)|2(0) + (I — H)F>(0)||x + T Fa(t) || 2
+ M/O (14 (£ = )" Fi(s) + (T — T)(F)u(s)|xds.  (6.3)

The next task is to estimate each term of (6.3) in terms of the norm |[|z(¢)||x of
the deviation z(t). Since ||I — IT]|z(x) < 1 it holds that for all t > 0

I(I = M Fs(t)lx < Cllé@) 200 < Clz0z < CE 1zl (64)
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for some C' > 0 independent of Ey. Similarly, for all ¢t > 0
lw(®)lx = 12(6) + Fa(®)]lx > (1= CE*)||2(t)] - (6.5)

From Corollary 6.4 we obtain
u()ue ()22 < ut)]] 2 lue )]z < Cllu@®) |52 lu@)]) 72 < OB ||=@t)]95.

The other terms in the first and second rows of F} can be estimated similarly. Now
we estimate the third and fourth rows of F;. By Sobolev embedding we have

(At y) = Ac)u(t, y)| < C[(AQR) = Ae)u()]| 20,0 + I[(A®) = Ae)u(t)]a]|L2(0.0))
for y = 0, ¢. Expanding the term [(A(t) — A)u(t)], = Az (t)u(t) + (A(t) — Ae)u.(t),
it can be seen that each term can be estimated in the same manner as we esti-
mated u(t)u,(t) above. For the first term, we apply the Gagliardo-Nirenberg-Moser
interpolation once more to get

I(A®) — A)u(®) 1200 < JAE) = Acll 20,0 |u) || 0.0
< O A() = Adll 200 1ua ()| 1o o 1 ()] o

L2(0,0) L2(0,0)
< C(E) 2037 < CE)=0I°
Combining all of our estimates yields
IFL(8)]l < C(Bo)||2(1)]|%/°. (6.6)

The next step is to estimate ||(1 — I1)(F3):(t)||x. Using the differential boundary
conditions, the derivative of ¢ with respect to t is given by

Gu(t,x) = — 2Ap6* 0710 — ) (ho(t) — hoe) A(t, 0)u(t, 0)
+ 2A70%0 P (hy(t) — hye) A(t, O)u(t, £)
and by interpolation we can estimate its L?-norm by
16:(0) 2200 < C(lho(t) = hoe| + [he(t) = e YA || oo 0,0 1w () | o< (0,0
< CEY(ho(t) = hael + he(t) = hee) [ AW 270 o 1Ol

£2(0,0) £2(0,6)
< C(E)[=(1)1%"
Consequently,
11 = ) (F)e(®) ]l < C(E)||=(®)[IF. (6.7)
Using (6.4), (6.5), (6.6), (6.7) in (6.3) we have
MC(EO) k 6—0’t P
@l < 7 (0410l
+ /0 (1+ (t— s)k)e_”(t_s)HZ(S)HE‘_,/8 ds) (6.8)

whenever C’Eé/2 < 053/2 < 1L
Finally, we check the Lipschitz continuity of the map ¢ — ||z(¢)||x. From the
continuity equation, it holds that

[[A(t) = Aellz20.0) — [[A(s) = Acll 20,0
< [JA(t) = A(s)l 2(0,0)
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/ts u(T) Az (1) + A(T)uy (1) dr s

|t — s| max |u(7) Az () + A(T)ue (7)] £2(0,0

IN

< Cft = s[max(|lu(7) |00 Az () 20.0) + [ AT a1 0,0 12T [ 22(0.0))
< C(Ey)|t — s

for all s,t > 0. The same estimate can be obtained for u and hg, h, using the
momentum equation and the ODE boundary conditions, respectively. Therefore
lz(:)[]x € Lip(]0,00),R;). The result now easily follows from (6.8) and the
Gronwall-type estimate Lemma 6.2. U

REFERENCES

[1] K. Beauchard and E. Zuazua, Large time asymptotics for partially dissipative
hyperbolic systems, Arch. Rational Mech. Anal. 199 (2011), 177-227.

[2] A. Borzi and G. Propst, Numerical investigation of the Liebau phenomenon, Z.
Angew. Math. Phys. 54 (2003), 1050-1072.

[3] S. Cani¢ and E. H. Kim, Mathematical analysis of quasilinear effects in a hyper-
bolic model of blood flow through compliant axi-symmetric vessels, Math. Meth-
ods Appl. Sci. (2003), no. 26, 1161-1186.

[4] J.-F. Coulombel and T. Goudon, The strong relazation limit of the multidimen-
sional isothermal Euler equations, Trans. Amer. Math. Soc. 359 (2007), no. 2,
637-648.

[5] C. M. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, third
ed., Springer-Verlag, Heidelberg, 2010.

[6] K. Fellner and G. Raoul, Stability of stationary states of non-local interaction
equations, Mathematical and Computer Modelling 53 (2011), 2267—2291.

[7] M.A. Fernandez, V. Milisi¢, and A. Quarteroni, Analysis of a geometrical mul-
tiscale blood flow model based on the coupling of ODFEs and hyperbolic PDFEs,
Multiscale Model. Simul. 4 (2005), 215-236.

[8] B. Hanouzet and R. Natallini, Global existence of smooth solutions for a partially

dissipative hyperbolic systems with convex entropy, Arch. Rational Mech. Anal.
169 (2003), 89-117.

[9] S. Kawashima, Large-time behaviour of solutions to hyperbolic-parabolic systems
of conservation laws and applications, Proc. Roy. Soc. Edinburgh Sect. A (1987),
no. 106, 169-194.

[10] T.-T. Li, Global Classical Solutions for Quasilinear Hyperbolic Systems, Masson,
Paris, 1994.

[11] T.-T. Li and L. Wang, Global Propagation of Regular Nonlinear Hyperbolic
Waves, Birkhauser, Boston, 2009.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



A HYPERBOLIC SYSTEM WITH DYNAMIC BOUNDARY CONDITIONS 31 /31

[12] P. L. Lions, B. Perthame, and E. Tadmor, Kinetic formulation for the isentropic
gas dynamics and p-system, Comm. Math. Phys. 164 (1994), 415-431.

[13] H. Liu, J. Wang, and T. Yang, Stability of a relazation model with nonconvex
fluz, STAM J. Math. Anal. 29 (1998), no. 1, 18-29.

[14] T. Nishida, Nonlinear hyperbolic equations and related topics in fluid dynamics,
Département de Mathématique, Université de Paris-Sud, Orsay, Publications
Mathématiques d’Orsay 78—02 (1978).

[15] J. T. Ottesen, Valveless pumping in a fluid-filled closed elastic tube-system:
one-dimensional theory with experimental validation, J. Math. Biol. 46 (2003),
309-332.

[16] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differen-
tial Equations, Springer-Verlag, New York, 1983.

[17] G. Peralta and G. Propst, Local well-posedness of a class of hyperbolic PDE-
ODE systems on a bounded interval, J. Hyperbolic Diff. Eq. 11 (2014), 705-747.

, Stability and boundary controllability of a linearized model of flow in
an elastic tube, ESAIM: Control, Optimisation and Calculus of Variations, 21
(2015), 583-601.

[19] H. J. Rath and I. Teipel, Der Férdereffekt in ventillosen, elastischen Leitungen,
Z. Angew. Math. Phys. 29 (1978), 123-133.

[20] W. H. Ruan, M. E. Clark, M. Zhao, and A. Curcio, Global solution to a hy-
perbolic problem arising in the modeling of blood flow in circulatory systems, J.
Math. Anal. Appl. (2007), no. 331, 1068-1092.

[21] Y. Shizuta and S. Kawashima, Systems of equations of hyperbolic-parabolic type
with applications to the discrete boltzmann equation, Hokkaido Math. J. (1985),
no. 14, 249-275.

[22] M. E. Taylor, Partial Differential Equations III - Nonlinear Equations, Springer
Series in Applied Mathematical Sciences Vol. 117, New York, 1996.

[23] W. A. Yong, Entropy and global existence for hyperbolic balance laws, Arch.
Rational Mech. Anal. 172 (2004), 247-266.

18]

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



	Introduction
	Equilibrium and Statement of The Main Result
	Entropy-Entropy Flux Pairs
	Energy Estimates
	Proof of the Global Existence and Stability in H1 H1 R2
	Exponential Convergence to the Equilibrium in L2(0,)2 R2
	References

