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ABSTRACT.

We consider first order hyperbolic systems on an interval with dynamic boundary
conditions. These systems occur when the ODE dynamics on the boundary
interact with the waves in the interior. The well-posedness for linear systems is
established using an abstract Friedrichs Theorem. Due to the limited regularity
of the coeflicients we need to introduce the appropriate space of test functions
for the weak formulation. It is shown that the weak solutions exhibit a hidden
regularity at the boundary as well as at interior points. As a consequence,
the dynamics of the boundary components satisfy an additional regularity, and
both can not be achieved from standard semigroup methods. Nevertheless, we
show that our weak solutions and the semigroup solutions coincide. For il-
lustration, we give three particular physical examples that fit into our framework.
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1. INTRODUCTION

Hyperbolic partial differential equations are recognized mathematical models in ar-
eas such as fluid dynamics, acoustics, electromagnetics, scattering theory and the
general theory of relativity. Because information travels along characteristic curves,
discontinuities and oscillations propagate through time and space. Therefore, in
general, one might expect the same regularity for the initial data and the solution.
But what happens when a hyperbolic system has a dynamic boundary condition?
There is an emerging interest in coupled hyperbolic systems with dynamic boundary
conditions due to their applications in multiscale blood flow modelling and valveless
pumping, see [4, 5, 6, 11, 21, 27, 29, 30| and the references therein.

In this paper, we consider general linear hyperbolic systems with variable coeffi-
cients coupled with linear ordinary differential equations at the boundary

0, + A(v(t, )0, + R(t, x)|u(t,z) = f(t,x), 0<t<T, 0<z<l,
Bou(t,0) = go(t) + Qo(t)h(t), 0<t<T,
Byu(t,1) = g1(t) + Q1 (t)h(t), 0<t<T,

W) = HOA(E) + Go(t)ult, 0) + Gy (Hyu(t, 1) + S(t), 0<t<T, (1.1)

u(0,z) =up(x), 0<z<1,

\

for some appropriate matrices A, R, B;, Q;, H, GG; and S;. Here, v is a Lipschitz
function and it can be thought of as a frozen coefficient in an otherwise nonlinear
system, see [23]. The present article is the first work (to the best of our knowledge)
to deal with the well-posedness of general hyperbolic PDE-ODE systems, although
specific cases have been studied separately, e.g. the wave equation with acoustic
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boundary conditions [2, 14] and flow in an elastic tube connected to tanks [24].
Here, our goal is to unify and improve these results.

The L?-well-posedness of (1.1) is based on energy estimates. It is well-known
that hyperbolic systems admit hidden boundary trace regularity. This is due to the
fact that information travels along characteristics, and thus the boundary regularity
of solutions is influenced by the regularity of the boundary and initial data. We
would like to extend this phenomenon to the coupled system (1.1). It will be shown
that u satisfies a hidden regularity property, i.e., it has L?-trace at the boundary.
This property implies that the ODE component h does not lie only in L? but in
H'. Thanks to this boundary trace regularity, we can also deduce an interior-point
trace regularity for solutions using the multiplier method. Thus, the ODE have a
smoothing effect not only at the boundary. We would like to point out that trace
regularity plays an important role in the boundary controllability of hyperbolic
systems. If one computes the optimal control via the HUM (Hilbert Uniqueness
Method) then the cost functional contains traces of solutions of the adjoint problem.

One difficulty in deriving the weak form of (1.1) is to eliminate the traces u|,—o
and uj,—; in the ODE part. If there are some structural conditions on G; and B;
for + = 0,1 then this would be an easier task. However, we will not impose any
relationship between these matrices.

The weak solutions in L? satisfiy a variational equation that takes the form

(u, Aw)x = (f,w)x + (9, Yw)z for all w e W, (1.2)

for suitable function spaces X, W, Z and operators A, ¥. This equation is obtained
by multiplying the differential equation by appropriate test functions, integrating by
parts and using the boundary and initial conditions. Due to the limited regularity
of the coefficients, particularly on Gy and G; which we assumed to be L* only, we
need to introduce a non-standard space of test functions for the weak formulation.
In fact, they will be chosen to lie on a graph space. With an abstract a priori
estimate, the variational equation (1.2) has a solution u € X (Section 2). Its proof
is based on the Hahn-Banach and Riesz Representation Theorems. The idea of
the proof can be traced back to the work of Friedrichs [12] for symmetric systems.
Therefore, proving an a priori estimate is the first step in proving the existence of
weak solutions. Our method is to consider the ODE part (Section 3) and PDE part
(Section 5) separately.

How does the weak solution satisfy the initial-boundary value problem? To answer
this, we need to consider the space of functions v € L*(Qr) with Lu := dyu+ Ad,u €
L?*(Qr), where A is at least Lipschitz and Q7 = (0,7)x (0, 1). This space is similar to
the space of L2-functions with L2-distributional divergence which is used in studying
the Navier-Stokes equation and the wave equation. These spaces are called graph
spaces. The usual trace operator in H! can be extended to define a generalized trace
operator for the graph space {u € L*(Qr) : Lu € L*(Qr)}, but the traces are now in
H—3 (0Qr). To treat initial-boundary value problems, we will also restrict the trace
to the edges of the time-space domain (Section 4). With these considerations, it will
be seen that weak solutions satisfy the partial differential equation in the sense of
distributions and the boundary conditions and initial condition are satisfied in the
sense of (generalized) traces.
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In the constant coefficient case, our well-posedness result implies that the weak
solution generates a Cp-semigroup (Section 7). As a reassuring result, the weak
solution is the same as the solution given by the semigroup approach.

Notation. LP(O) and W*P(O) denote the usual Lebesgue and Sobolev spaces on
a nonempty open set O C R? and we set H*(0) := W*2(O). The usual notation
for the space of continuous functions €*(0), k € Ny U {oc}, will be used. The
space of smooth functions with compact support in O is denoted by Z(0). For each
nonnegative integer k we let CH*(Qr) := m?:o Ci([0,T], H*=(0,1)).

If X is a Hilbert space consisting of functions depending on the variable ¢, we
define the weighted space €' X = {€"u : u € X}, where v € R, equipped with the
inner product (u,v)erx = (e u, e "v)x. Given n € N, X™ denotes the product
of n copies of X. However, if the context is clear we shall simply write X for X™.

2. A GENERALIZED FRIEDRICHS THEOREM

In this section we prove the existence and uniqueness of solutions of a variational
problem. This general framework will be used in Section 6 to a coupled PDE-ODE
systems with variable coefficients. Let X and Z be real Hilbert spaces and Y be
a subspace of X. Suppose that A : Y — X, W : Y — Zand ® : Y — Z are
linear operators. Let W = ker ®. We assume that W and A(W) are both nontrivial.
Given F' € X and G € Z we consider the variational problem:

Find uw € X such that
(u, Aw)x = (F,w)x + (G, Yw), VweW. (2.1)

For the differential equations we consider, ¥ is a trace operator while A and ® are
the differential and trace operators associated with the adjoint problem. We note
that the space of test functions W need not be dense with respect to the topology
of the space X. For the examples in the succeeding sections, X will be the dual of
the solution space.

Theorem 2.1. Suppose that there exist v > 0 and C' > 0 such that
sl + ol <€ (Slael+leuly ), Ywer. @2

Then the variational equation (2.1) has a solution u € X satisfying
sl <€ (ZIFIE -+ 1612 (23)

In addition, the solution is unique if and only if A(W) is dense in X.

Proof. By assumption, the restriction A : W — X of A to W is injective, and
therefore it has a left inverse A™' : A(W) C X — W. According to (2.2)

_ _ C
VAT el % + WA ll7 < ;lel?x, Vo e AW). (2.4)

Define the linear map ¢ : A(W) — R by
lo = (Fa Ail@)X + <G7 \IlAilsp)Z?
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for ¢ € A(W). We equipped A(W) with the norm || - ||x. The Cauchy-Schwarz
inequality and (2.4) imply that
tol” < 2 FIKIA ellx + 2| GlIZITAT ollZ

1 _ .
< 2 (;HF!I% + HGsz) (VAT ellx + (WA ]Z)

C(l 2 2) 2
— | =FlIx + |G ©
~ (SIFI Gz ) Tl

for all ¢ € A(W). Thus ¢ € [A(W)]’ and

IA

1
APy < C (;HF!& n I\GH%) .

According to the Hahn-Banach Theorem, ¢ admits an extension £ € X’ such that

1] x = ||| w(w)y - From the Riesz Representation Theorem there is a unique u € X
such that |lu|lx = ||¢|]lx and (u,v)x = fv for all v € X. In particular, for every
weWw

(u, Aw)x = lAw = (Aw = (F,w)x + (G, Yw) .

Thus wu is a solution of the variational equation (2.1) and it satisfies the estimate
(2.3). Suppose that u; and us solve (2.1). Then (u; — ug, Aw) = 0 for every w € W.
If A(W) is dense in X then u; — uy = 0 and thus the solution of (2.1) is unique.
Conversely, suppose that (v, Aw)x = 0 for some v € X \ {0} and for all w € W.
If w is a solution of (2.1) then u + v is also a solution and hence the solution is not
unique. 0]

The idea of the proof of Theorem 2.1 can be traced back to the work of Friedrichs
[12]. The same idea has been used in [3, 7, 15]. The constant - is introduced because
the a priori estimates will be derived in weighted Lebesgue spaces. This parameter
is useful as well for the absorption arguments.

In the context of differential equations, the variational equation (2.1) can be
derived by multiplying the differential equation by appropriate test functions and
formally integrate by parts. To prove the existence of solutions of the variational
equation (2.1), one has to prove the abstract a priori estimate (2.2). For hyperbolic
systems, the a priori estimates can be obtained with the help of symmetrizers, see
[3, 7, 8 17, 20|. Before dealing with partial differential equations, we will first
illustrate how Theorem 2.1 can be used to prove well-posedness of a system of
ordinary differential equations. This will be done in the succeeding section.

To prove uniqueness, a sufficient condition is to show that for each v € X there
exists w € Y with Aw = v and ®w = 0. This corresponds to a homogeneous dual
problem. In most cases, the well-posedness of the dual problem follows from the
primal problem after time reversal. However, the criterion that the solution lies in
the space Y is not known a priori. In the context of PDEs a different approach in
proving uniqueness is taken, namely the weak equals strong argument.
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3. LINEAR ORDINARY DIFFERENTIAL EQUATIONS

Consider the ordinary differential equation

W(t) = HOR() + f(t), te(0,T),
fro- o

where T" > 0, h : (0,7) — R™ hy € R™ H € L*((0,7);R™™) and f €
L*((0,T);R™). A function h € L*(0,T) is called a weak solution of (3.1) if the
variational equation

(hy + H'n) 120 = — ho - 1(0) — (f,0) 1207 (3.2)

holds for every n € H'(0,T) such that n(T) = 0. If h is a weak solution of (3.1)
then necessarily h € H'(0,T) and b’ = Hh+ f in the weak sense. This can be seen
immediately from (3.2) by taking n € 2(0,T). In addition, integrating by parts we
obtain h(0) = hg. As a result, the variational equation (3.2) is equivalent to the
ordinary differential equation (3.1).

The existence and uniqueness of weak solutions to (3.1) is well-known and estab-
lished. However, we would like to apply Theorem 2.1 to prove its well-posedness
and to use the corresponding results in studying the coupled system (1.1). The ap-
plication of Theorem 2.1 to (3.1) relies on an a priori estimate that will be derived
using the following proposition. For the proof we refer to [3, p. 283].

Proposition 3.1. For eachn € ¢"*H'(—o00,T) and v > 1 we have

T 1 T
| ermoras 5 [ empopa

— 00

As a consequence we have the following estimate.

Corollary 3.2. For each v > 1 and n € H*(0,T) such that n(T) = 0 we have

T 1 T
| etmrars 5 [Ceopar (33)
0 7" Jo

Proof. Extending n by zero for t > T we have n € H'(0,00). Define the function
¢ € eH'Y(—00,T) by ¢(t) = n(T —t). Proposition 3.1 and the change of variable

s =T —t imply
T T
/ ()P dt = / D¢ (s)P ds
0 —00

1 T
< ?/ e~ =D ¢ (5))? ds. (3.4)

Using ('(s) = —n/(T — s) and the change of variable t = T' — s we have

T T
[ emenicepas = [ e - P s

—0o0 —0o0

= /0 X' (1) dt. (3.5)
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The estimate (3.3) now follows from (3.4) and (3.5). O

With the estimate (3.3), it is now possible to derive an a priori estimate needed
in the well-posedness of (3.2). This a priori estimate, which can be thought of a
Poincaré-type inequality, will be also used in the PDE-ODE systems of Section 6.

Theorem 3.3. Let A € L>((0,T);R™ ™). There exist constants C' > 0 and vy > 1
depending only on ||Al|L=r) such that for alln € H(0,T) and for all v > o we
have

C
n(O)* + el 72 0) < gllew(n' +An)[[7200) + Ce (T2 (3.6)

Proof. First, suppose that n € H'(0,T) satisfies n(T) = 0. According to Corollary
3.2 and the triangle inequality we have

2 2
ez < 210+ Alizon + ZAl el o (37)

For sufficiently large «y, the second term on the right hand side of (3.7) can be
absorbed by the term on the left hand side. Thus there are constants C' > 0 and

7o > 1 both depending only on the L*>*-norm of A such that for all v > ~q
C
e nllZ2 o) < ;Ile”t(n’ + An)||Z20,1)- (3.8)

Define n(t) = 0 for t > T and w(t) = e?T (T —t) for —oco < t < T. Then
w € H'(—o00,T) and therefore it satisfies the weighted Sobolev estimate

Il oo ooy < YMwlZ2( ooy + ;IIW'IIiz(foO,T) (3.9)

for all v > 0. Since w'(t) = —ye?T=In(T —t) — T=D9/(T — t) the above estimate
implies that for some C' > 0 there holds

3 1
FEOT = 0P < (e il + I Bron)  (G10)

for all ¢ € [0,7]. Choosing t = T in (3.10), writing " = (7 + An) — An and using
the same argument as before we obtain, by increasing 7, if necessary, that for all
Y Z Y

1
In(0)* < C (vl!evtn\liz(o,n + gllevt(n’ + An)\li2(o,T>) (3.11)
for some C' > 0. The estimate
C
(O + vl nllZ20.0) < ;Ilevt(n' + A1 2201 (3.12)

follows from (3.8) and (3.11).

Now suppose that n € H*(0,T). Define ¢ € H*(0,T) by ((t) = n(t) — n(T) for
0 <t < T. Applying (3.12) to (, using the triangle inequality and the fact that
2917200 = e?T — 1 we obtain (3.6). O

We are now in a position to use Theorem 2.1 in proving that (3.2) is well-posed.
We take X = e "L*(0,T), Y = H'(0,T) and Z = R™. The operators A, ¥ and ®
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are given by An =1 + H'n, Un = n(0) and &n = n(T) for all n € Y, respectively.
Thus the variational equation (3.2) can be written in the form

(€™ h, An)x = (=™ fn)x + (=ho, ¥n)z,  YneWw (3.13)
where W = {n € Y : n(T) = 0}. Note that the set X coincides with L*(0,T).
Theorem 3.4. Let hy € R™, H € L>(0,T) and f € L*(0,T). Then (3.1) has a

unique weak solution h € L*(0,T). Furthermore, h € H(0,T) and it satisfies the
energy estimates

_ 1, _
ﬂwv%mawgsc(;wvvmﬂmq+mmﬁ (3.14)

and
le™ W 20y < CUle™ Flleor) + |hol?) (3.15)
for all v >~y for some C'> 0 and o > 1 both depending only on || H||Le(o,r)-

Proof. Using the notations of the paragraph preceding the theorem, the a priori
estimate (2.3) follows directly from Theorem 3.3. Hence Theorem 2.1 implies the
existence of g € X such that

(g>A77)X = (_672’%][7 n)X + (_h07 \Ijn)Zv v n € I/Va

and it satisfies .
ﬂm&so(ywﬁv&+M$). (3.16)

Then h = e®g € L*(0,T) is a weak solution of (3.1) and it satisfies (3.14) due to
(3.16). From the discussion at the beginning of this section, we already know that
the weak solution h lies in H'(0,7) and it satisfies ¥’ = Hh + f in L?(0,T). The
estimate (3.15) follows from the differential equation b’ = Hh+ f and (3.14). Given
f € X, the dual problem ' + H'n = f, n(T) = 0 admits a solution n € H'(0,T),
which was just shown for the forward problem. Hence A(W) = X and therefore
the weak solution is unique by Theorem 2.1. O

4. GRAPH SPACES AND THEIR TRACES

Let O be a non-empty open subset of R?, A € W1(0) and R € L*>°(0O). Consider
the linear operator L : H'(O) — L?(O) defined by

Lu = 0yu + Ad,u + Ru.
By duality, we can extend the definition of L for u € L{ .(O) in the sense of distri-
butions. Define L : L] _(O) — 2(0) by

loc

LM@—@w@mmwm—/uI%M&,Vweﬂ@

o
where L* denotes the formal adjoint of L given by
Lo =—0,p— AT0,0 — (0,A) "¢+ R . (4.1)

By the definition of distributional derivatives, it can be seen that
Lu = Oyu + 0, (Au) — (0, A)u + Ru
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for all w € L .(O) in the sense of distributions. It is clear from the definition that
L e L(L*(O); H1(0)).
Given u € L?(0), suppose that there exists C' > 0 such that
[Lu(p)| < Cllellze), V@€ 2(0). (4.2)
From the Riesz Representation Theorem, there exists a unique f € L*(O) such that
Lu(p) = (f, ¢) 20 for all ¢ € L*(O) whenever (4.2) holds. Identifying L*(O) with
its dual, we write Lu = f. Thus, Lu = f for some f € L*(O), with u € L*(0), is
equivalent to
(u, L*0)r20) = (f,9)1200), ¥V 9 € 2(0).
If w e HY(O) then Lu = dyu + Ad,u + Ru in the weak sense. In other words,
the operator L defined in the sense of distributions and the differential operator
0; + Ady + R coincide in H'(O).
For 6 € €>(O;R) the distribution §Lu € Z(0O)’ is defined by

6Lu(¢) = Lu(8o) = (u, L*(89)) 120y, Vi € 2(O).

The product rule for smooth functions implies that O Lu = L(0u) — (0;0 + (0,0)A)u
in the sense of distributions.
Consider the following subspace of L*(O)

E(O) ={u € L*(O): Lu € L*(0)}.
Induced by the graph norm

1
lullzoy = (IullZ2(0) + [1LullZz0))?

E(O) becomes a Hilbert space, called a graph space. Furthermore, the zero order
terms of L are immaterial in the definition of E(QO), that is,

E(O) = {u € L*(0) : du + 0,(Au) € L*(0)}.

The space E(O) is closed under multiplication with functions in °(O;R) and if
u; — u in E(O) then fu; — Ou in E(O) for every 0 € €°(O; R).

We need traces of functions in E(Qr), where Q7 = (0,7T) x (0,1), which will
be used for initial-boundary value problems. This has been done in [1] for general
Lipschitz domains and in [15] for general graph spaces. It is shown in [1] that
2(Qy) is dense in E(Q7). This information allows us to extend the trace operator
I': HY(Qr) — Hz(dQr) to functions in E(Qr). Given u € E(Qr) define Tju :
H3(0Qr) — R by

Fg“(@) - JILI?O(FU’]J Aa@)LQ(aQT)v NS H> (QT>7

where

Ap =1y + Loy — A T Lpmgy + A " 1yopy, in 0Q7
and (u;); C HY(Qr) and u; — u in E(Qr). Here, 1g denotes the indicator function
of a set S. Using the same arguments as in [1] we have [yu € H2(dQr) and T, €
L(E(Qr); H2(dQr)). Moreover, if u € H'(Q) then T'yu = AJTu and I'y(0u) =
000, gu for every 0 € € (Qr;R) and u € E(Qr).
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The next step is to localize the trace defined in the previous discussion. Given a
nonempty ¥ C 0Qr we define

V(2) = {p € H2(dQr) : supp ¢ C %} (4.3)

It is known that V(X) is dense in L*(X), see |31, Theorem 13.6.10]. Denote by V(%)
the completion of V() with respect to the norm of H2(9Qz). Thus we have the
Gelfand triple

V(X)) C LA(%) Cc V(D). (4.4)

If p € V() then there exists a sequence (¢;); C V() such that Hgoj—goHH%(aQ )
T

0. If a € WH=(X) then a'p; € V() and [la'p; —alyl|, 0op O Hence

a'e € V(X). As a result, we can define the product au € V(X)" where u € V()
and a € WhH>(X) by
(au, )vsyxvs) = (U, a @) vsyxvE), p e V().

Let us denote Xy = {0} x (0,1), 1 = (0,T) x {0}, X5 = (0,7) x {1} and X3 =
{T} x(0,1). Given u € E(Qr) we define the generalized trace uyy, : V(X1) — R of
u on Yy by

U\El(QO) = - hm <F U, 80]> (aQT)XH%(aQT)’ 90 e V(Zl)7 (45)

j—)OO

where (¢;); C V(21) and [|¢; — g0||H%(aQ )~ 0. By definition, we have

i, D) < ITotl1-5 o 1] b 00

Thus s, € V(51)" and [y lvisy < [10qull -y 40,
L(E(Qr);V(X1)") because I'y is bounded. It follows from the definition that

In particular, u — wux, €

(us,, Q) vy xve) = —(Lgu, ¢>H7%(8QT)XH%(8QT) (4.6)
for all w € E(Qr) and ¢ € V(3,). Also,
Uz, = (Fu)|217 Vue HI(QT) (47)

The other trace operators are defined as follows
(UISss P2)V (S xV(2) = jlgrgo<Fgu, 902j>H—%(aQT)XH%(8QT)

: T
(UISes PO)V (So) xV(20) = —jli{go@gu,/l(or) P03 114 (000 x 1% (90)

: T
(Upsy, P3) V(S xV(Ss) = jli)rgo<Fgu,A(T,-) P33) 114 (000 x 1% (90)

where ¢, € V(X;), vi; € V(3;) and |¢i; — (’OiHH%(aQ | — 0 for ¢ = 0,2,3. The
T
properties of the trace u)y, are carried by these traces as well. We note that the

localization process we introduced above is different from the one mentioned in [7].
Using a standard density argument, we can show that

T 1 T 1
/ / Lu-pdxdt = / / u- L*pdadt + (AL gu, Fo)v(s,yxvis) (4.8)
0 Jo 0 Jo
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for every u € E(Qr) and ¢ € H'(Qr) such that T'p € V(X;). Similarly, we have

T 1 T 1
/ / Lu-pdzdt = / / w- L*odadt — (Lgu, T'o)vis,yxviso) (4.9)
0 Jo 0 Jo

for every u € E(Qr) and p € H'(Qr) satisfying Ty € V(3).

Let us simplify the notation for the traces we have introduced in this section. For
functions u € E(Qr) we shall also use the notations ug—o, Ujz=1, U= and uj—r for
Ups,, Uy, Us,, and u|x,, respectively.

5. WEAK AND STRONG SOLUTIONS FOR LINEAR HYPERBOLIC
SYSTEMS

The present section is devoted to hyperbolic systems on an interval in the absence of
ODE boundary conditions. We shall recall the notion of weak and strong solutions
for such systems. Most of the results stated here are without proofs. We refer to
[3, Chapter 9| for more details on the multidimensional case and to [25, Chapter
4] in the case of one-space dimension. For the sake of completeness and clarity, we
review these results and in a form (e.g. Theorem 5.7) which will be used later. All
throughout this section, we assume the following hypotheses, similar to those given
in [3], see also [23].

(FS) Friedrichs Symmetrizability. Let U C R™ be open and convex. The differen-

tial operator

Ly =0 + A(w)d,

is Friedrichs symmetrizable for all w € U, i.e., there exists a symmet-
ric positive-definite matrix-valued function S € &> (U;R"*"), called the
Friedrichs symmetrizer, that is bounded as well as its derivatives, S(w)A(w)
is symmetric for all w € U, and there exists a > 0 such that S(w) > al, for
all w e U.
(D) Diagonalizability. 1t holds that A € €°°(U; R™*") and for each w € U, A(w)
is diagonalizable with p positive eigenvalues and n — p negative eigenvalues.
In particular, A(w) is invertible and has n independent eigenvectors.
(UKL) Uniform Kreiss-Lopatinskit Condition. The matrices By € €*°(U; RP*") and
By, € €°(U; R(”_p)xn) are of full rank and there exists C' > 0 such that for
all weld

V] < C|Bo(w)V],  forall V € E*(A(w))

and
V| < C|By(w)V], for all V € E*(A(w))

where E%(A) and E*(A) denote the unstable and stable subspaces of a matrix
A, respectively.

Using the full-rank assumptions on By and Bj, one can prove the following de-
composition of the flux matrix in terms of the boundary matrices By and B;. A
proof can be found in [3, Lemma 9.4]. This decomposition is important in deriving
the weak form of (1.1).
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Lemma 5.1. Assume that (D) holds and suppose that the boundary matrices By €
E°(U;RP*™) and By € €°(U; R™P>*") have full ranks at each point of U. Then
there exist matriz-valued maps Ny, Co, My € €=U;RMP>*") and Ny, C1, My €
> (U; RP*™) such that

A(w) = My(w) " By (w) + Cp(w) " Ny (w), V (w,z) e x {0,1}. (5.1)
In fact, Ny is chosen so that (% ) € ¢°°(U; R"™™) is invertible with inverse (Yy Dy)
where Yy € €°°(U; R™P) and Dy € € (U; R™("P)). Thus we can take
My = (AYy)" and  Cy=(ADy)". (5.2)
Consider the initial-boundary value problem (IBVP)

owu + Adyu + Ru = f, 0<t<T, 0<z<l1
Bou‘x:() = 4qo, O<t< T,
Biujg—1 = g1, 0<t<T,
Ujt=0 = Uo, 0<x <1,
where A = A(v), By = By(v), By = B1(v), v € W'*°(Qr) and R € L®(Qr; R™ ™).

All throughout this paper, we suppose that the range of v lies in a compact subset
K ofU, ||[v]wree(gr) < K and ||R||f~ @) < 0. Here, K > 0 and ¢ > 0 are fixed.

Definition 5.2. Let f € L*(Qr), 90,91 € L*(0,T) and ug € L*(0,1). A function
u € L*(Qr) is called a weak solution of the initial-boundary value problem (5.3) if

T
// u-L'odrdt = / f~g0dxdt—/ g1 - Myppp— dt
0 Jo 0

T 1
+ / 9o - Mopjz—=o dt + / ug + P—o dw (5.4)
0 0

holds for all ¢ € H'(Qr) such that Copa—g = 0, Ci@je—1 = 0 and @_r = 0.

(5.3)

It is clear that the space of test functions in Definition 5.2 is dense in the solution
space L*(Qr). The following theorem states how the weak solution satisfies the
IBVP (5.3) in some sense.

Theorem 5.3. If u € L*(Qr) is a weak solution of (5.3) then u € E(Qr). The
equation Lu = f holds in L*(Q7) in the sense of distributions and the boundary and
initial conditions are satisfied in the following sense

B0U|x:0 = 0go m V(El)/, (55)
B1U|z:1 =01 m V(Eg)/, (56)
Ult=0 = Uo m V(Eo)/ (57)

Proof. By taking ¢ € Z(Qr) in the definition, the equation Lu = f holds in the
sense of distributions and hence u € E(Qr). By Green’s identity (4.8), (5.1) and
(5.4) we have

T
(Bous:, , Mo@iz—0)v(si)xv(s)) = / 9o - Mopjp—o dt (5.8)
0
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for every ¢ € H'(Qr) such that I'y € V(£) and Copjp—g = 0. Given ¢ € V(%;),
let ¢ € H(Qr)? be such that I'¢ = 1) and define ¢ € H'(Q7) by

(Yot m) T\ ot x)
t,x) = A(t,x T( A% ) ’ )
p(t,z) = A(t, x) Dolt, )T Otn ot
It is clear that Iy € V() and Copueo = Dy AT pjz—o = 0. Also, Myp—o =
Yo' AT @0 = Pa—o = 1. With this ¢ in (5.8) we have

T
<B0u|217¢>V(21)’XV(21) - / go - ¢dt
0

By the density of V(X;) in V(X;) this means that (5.5) holds. A similar argument
shows that (5.6) holds as well.

Let us prove (5.7). For ¢ € V(%) we let p € H'(Q) be such that T'p = 1. Then
Co@le—0 = 0, C1pz—1 =0, p—r = 0 and so

1
(Usg, V)V(De) x V(Do) = / ug - Y dx
0
from (4.9) and (5.4). Thus uy, =y in V(3,)". O

We can also introduce a stronger notion of solution for the IBVP (5.3).

Definition 5.4. A function u € L?(Qr) is called a strong solution of (5.3) if there

exilst sequences (u;); C 1HI(QT), (f)); € LAQr), (g905); C H%(O,T), (g915); C
H2(0,T) and (ug;); C H2(0,1) such that

Luj=f;, 0<t<T, 0<z<l,
Boujjz—0 = goj, 0<t<T,
Biujje—1 = g15, 0<t<T,
Ujji=0 = Ug;, 0<x <1,

with u; = w and f; — f in L*(Qr), go; — go in L*(0,T), g1; — ¢1 in L*(0,T) and
Upj — UQ in L2(0, 1)

It can be easily seen that every strong solution of (5.3) is also a weak solution.
The convergence of the sequence approximating a strong solution can be improved
to E(Qr). The proof of the following theorem can be deduced immediately from
the definition of strong solutions and the continuity of the trace operators.

Theorem 5.5. If u is a strong solution of (5.3) and (u;); C HY(Qr) is a cor-
responding approximating sequence of w then u; — u in E(Qr). In particular,
ujjs, — w0 V(E5;)" fori=1,2,3,4.

We let £(Qr) be the space of all functions ¢ € E(Qr) such that ¢jag, € L*(0Q7)
and there exists a sequence (¢;); C H'(Qr) with the property that

lim [lu; —ullpQr) + t00r — oar ll2@0r) = 0. (5.9)
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Obviously, we have H'(Qr) C £(Qr). One can check that £(Q7) is the completion
of H'(Qr) with respect to the norm

1
luller) = (lullE@r) + luoar 1 Z200) - (5.10)

The space £*(Qr) is also defined in a similar manner where L is replaced by L*.
We can extend Green’s identity to functions in £(Qr) and £*(Qr).

Theorem 5.6. For every u € E(Qr) and ¢ € E*(Qr) we have

T
//u-L*apdxdt // Lu - pdrdt — /A ) - (t,1)dt
0 Jo 0

+/ A(t,0)u(t,0) - o(t,0) dt — / w(T,z) - (T, z)dx
+/0 w(0,z) - (0, z) dx. (5.11)

Proof. Using integration by parts, (5.11) holds for all u,v € 2(Q;) and hence
for all u,v € H'(Q7). The conclusion now follows from the density of H*(Qr) in

£(Qr) and £*(Qr). 0

Theorem 5.7. Suppose that (FS), (D) and (UKL) hold. Then there exist C' =
Co, K,K) >0 and vy = v(0, K, K) > 1 such that the a priori estimate

||U\t=0”%2(0,1) + 7||67tu”%2(QT) + |’€7tu\x=0”%2(o,T) + HevtulzﬂH%?(o,T)

1 «
éC(JWWﬁﬂé@n+jW%Wmmm

I Colouemlloom + 167G Dumlloon) (512
holds for all uw € E*(Qr) and v > 7o.

The proof of this theorem can be found in [3, Chapter 9] in the case where
u € H'(Qr). The fact that it holds for all u € £*(Qr) follows immediately from
the definition of the space £*(Qr). The proof of (5.12) is obtained by successively
deriving various a priori estimates. These are the a priori estimates for (i) pure
boundary value problems using symmetrizers, (ii) initial-boundary value problems
with homogeneous initial data with the help of a causality principle and (iii) general
initial-boundary value problems using duality.

Now with the help of the a priori estimate (5.12), the well-posedness of (5.3) can
be obtained from Theorem 2.1, see |3, Chapter 9] and |25, Chapter 4] for the details.

Theorem 5.8. In the situation of Theorem 5.7, the hyperbolic system (5.3) has a
unique weak solution u such that u € C([0,T], L*(0,1)) N E(Qr). The weak solu-
tion u is strong and there exists a sequence (u;); C H'(Qr) such that u; — u in
C([0, 77, L*(0,1)NE(Qr) and wjjp—y — Ujuey in L*(0,T) fory =0,1. Furthermore,
there exist vo = Yo(0, K,K) > 1 and C = C(o, K,K) > 0 such that u satisfies the
energy estimate

G_MTHUH%’([O,T],LQ(O,l)) + '7||6_7tu”%2(QT) + ||€_7tu|x:0||%2(o,T)
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_ 1, _
e s ooz < c(uuonig(o,l) L1

F e g0l + ||e—%gl||%2(o,n) (5.13)

for every v > vq.

Remark 5.9. According to Green’s identity (5.11) and Theorem 5.8, the weak
solution u of the IBVP (5.3) satisfies

T el
//u-LGpdxdt // f- <pdmdt—/ A(v(t, 1)u(t,1) - (t,1)dt
0 Jo

—l—/ A(v(t,0))u(t,0) - p(t,0) dt
—/ w(T,z) - (T, z)dx +/ up(x) - p(0, z) dz.

0 0

for every ¢ € £*(Qr). In particular, (5.4) holds for every ¢ € £*(Qr) with the
properties

Copla—o = 0, Crpje=1 =0, @l=r = 0. (5.14)

On the other hand, if u satisfies (5.4) for every ¢ € £*(Qr) such that (5.14) hold
then u must be the unique weak solution of (5.4).

To close this section, we state the following regularity result which will be needed
in Section 7. In this theorem, we limit ourselves to the case where A, By, By and R
are constant matrices.

Theorem 5.10. Let k € N. If f € H*(Qr), 90,91 € H*(0,T) and ug € H*(0,1)
satisfy an appropriate compatibility condition up to order k — 1 (e.g. (7.4) below)
then the weak solution of

Lu=f, Bouje—0 = 9o, Biujz—1 = g1, Ujp=0 = Ug (5.15)

satisfies u € CH*(Qr) and up—o, ujz—1 € H*(0,T). There is a sequence (u;); C
H*Y(Q7) with the properties u; — w in CH*(Qr), Lu; — Lu in H*(Qr) and
Ujlymy — Ujzey 1 HF(0,T) for y =0,1. Moreoever, u satisfies the energy estimate

e T Z 7D sup [|0%u(r )H%Z(O,l)+7H€7'Ytu‘|§ﬂj(QT)
la|<k T€[0,T]

+ He’”tu|m:0H§{§(07T) + Hei'ytu\FlHiII;(o,T) < Ck(z “ujH?{kfj(o,l)
1, _ _ _
+ 5“6 ’thH?ﬂj(QT) + e thOHir@(o,T) + [le ’ytglnir@(o,:r)) (5.16)

for all v > v and for some Cy > 0 and v, > 1.
Proof. See |25, 28| for example. O
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6. LINEAR HYPERBOLIC PDE-ODE SYSTEMS

In this section we prove the existence, uniqueness and regularity of weak solutions to
a linear hyperbolic system of partial differential equations coupled with a differential
equation at the boundary. We are interested in the L2-well-posedness of the following
system

wult,z) = f(tx), 0<t<T, 0<z<l,
Bouu, 0) = go(t) + Qu(t)A(t), 0<t<T,
<Bm@n g(t) +Qi(h(), 0<t<T, (6.1)
R'(t) = H(t)h(t) + Go(t)u(t,0) + G1(t)u(t,1) + S(t), 0<t<T, '

u(0,z) = up(x), 0<z <1,
| 7(0) = ho

where

Lyu(t,x) = Owu(t, z) + A(v(t, x))0yu(x) + R(t, )u(t, z)

and v € W1(Qr; R") satisfies the conditions stated in the previous section. All
throughout this section we assume that By, € RP*™ and B; € R™P)*P have full
ranks, R € L=®(Qp;R™™), Qo € L>®((0,T); RP*™), Q; € L>((0,T); RC=P)xm) [ ¢
L>((0,T); R™™), Gy, Gy € L=((0,T); R™™), S € L*((0,T); R™). Furthermore, we
suppose that (FS), (D), and (UKL) hold.

Definition 6.1. Given f € L*(Q7r), g0 € L*(0,T), g1 € L*(0,T), S € L*(0,T),
up € L*(0,1) and hy € R™, a pair of functions (u,h) € L?*(Qr) x L?(0,T) is called
a weak solution of the system (6.1) if the variational equality

// (t,x)- Lyo(t,z)dxdt

/ (t)- (0 (1) + HOn(®) + Q) My)p(t. 1) — Qolt) My(t)(t, ) dt
-/ / Flt.2) - olt.2) da dt - / 1) (MOl 1) + (G (V) (D) i
+/0 o(t) - (Mo(t)(£,0) — (Go(t)Ye)" <t>>dt—/0Ts<t>-n<t>dt

+ /0 (@) 9(0.2) dz — ho - m(0) (6.2)

where 3

H = (H + G1Y1Q1 + GoYoQo) "
holds for all ¢ € £*(Qr) and for all n € H'(0,T) such that o(T,-) = 0, n(T) = 0,
C1pa=1 = —(G1D1) "1 and Copje—o = (GoDo) 1.

In Definition 6.1, the matrices M;, Y; and D; are those given in Lemma 5.1.
The definition of a weak solution is obtained by multiplying the system (6.1) with
appropriate test functions and integrating by parts. The space of test functions in
the above definition is denoted by

W ={(¢,n) € E(Qr) x H'(0,T) : ny—r = 0, =z =0,
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C1<,0|a::1 = —(G1D1)T777 Co@\xzo = (GODO)TU}-

Because Gy and G are in L™, the functions (G;D;)"n and (GoDy)"n may be
only in L*(0,T) even for n € H'(0,T). In order for the compatibility conditions
Cipz=1 = —(G1D;)"n and Coplz=0 = (GoDy)™n to be meaningful, we take the
space £*(Q7) to be the space for the first component instead of the space H'(Qr)
which was used in Definition 5.2.

Theorem 6.2. The space W is dense in L*(Qr) x L*(0,T).

Proof. Take (u,h) € L*(Qr) x L*(0,T) and € > 0. Let n € H'(0,T) be such that
n(T) = 0 and ||n — hllr20,r) < €. Take w € H(Qr) satisfying ||u — w|12(gy) < e
Consider the IBVP

Lip =0, Cothpemo = (GoDo)'n, Cithju—y = —(G1D1)'n, e = 0. (6.3)

This IBVP has a unique solution ¢ € L?(Q7) and furthermore ¢ € £*(Q7) according
to the dual version of Theorem 5.8.

By the absolute continuity of the Lebesgue integral, there exists § = d(¢) > 0 such
that if O C Qr has Lebesgue measure less than or equal to ¢ then ||u — || 120y < €.
Without loss of generality, we can assume that § < 47. Let 0§ € 2[0, 1] be such that
0<f#<1lonl0,1,0d=1o0n (0,6/4T)U(1—6/4T,1) and # =0 on (6/27,1—06/2T).
Define ¢ = 0y + (1 — 0)w. Since £*(Qr) is closed under addition and multiplication
with smooth functions it holds that ¢ € £*(Qr). From (6.3) and the definition of #
we have (p,n) € W. Furthermore,

v = @llr2@r) < N0z llu — Yll2rs ) + 11 = OllLo(@p)llu — wlL2(p) < 2€
where Rsr = (0,7) x ((0,0/27) U (1 —6/2T,1)). Therefore

I h) = (@l 2@ w220 < V5
and consequently W is dense in L*(Qr) x L*(0,T). O

We would like to apply Theorem 2.1 to prove the well-posedness of (6.1). There-
fore the crucial step is to prove an a priori estimate. But first we need to rewrite
(6.2) in the form (2.1). For this purpose, we set X = e " L*(Qr) x e " L?*(0,T),
Y =&%(Qr) x HY(0,T) and Z = e " L?(0,T) x e " L(0,T) x L*(0,1) x R™. Define
AY—->X,U:Y > Zand &:Y — Z as follows

(0 = G g )
Ui n' + Hn+ QIMNO\;B 1— QS—MOSDMZO
COS%: =0 — GODO

(I)(SD) _ Crpje=1 + ( (G1Dy)"

n (P\t T

M080|x 0— GOYO n

\I,(SO) _ —(Mypa—1 + (G1Y1) )

n P|t=0

—n(0).
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for every (p,n) € Y. With these notations, the variational equation (6.2) can be
rewritten as

(=G, = ) 0)),

+ ((eZ'ytgm 6727tg1, Up, ho)T, Y (¢>) (64)
Z

n
for all (¢,n) € W = ker .

Theorem 6.3. In the notation of the previous paragraph, there exist v > 1 and
C > 0 such that

1
VW%mﬁﬁwwme%SC(?MWWM§+WN%W@>

holds for all (p,n) €Y and v > .

Proof. Let (¢,n) € Y. From the priori estimate (5.12) and the triangle inequality
it follows that there is a constant C' > 0 such that

||90\t:0||%2(0,1) + 7||€7t@||%2(QT) + ||€7t90|z:0||2L2(o,T) + |’€7t¢\z:1||%2(0,T)
+ [l (Mogpe=o — (GoYo) ")l Z20m) + €7 (Mippamt + (G1Y1) " 0)ll720.)

]' *
§(7<;H€”LwﬂﬁaQﬂ-+H€”K%¢m=o—(GoDdTﬁﬂﬁaqm (6.5)

+ ‘|67t(0190|x:1 + (GlDl)Tn)H%Q(QT) + |‘€7t77||%2(0,:r) + 627T’|90|tTH%2(0,1))

for all v > 7o where 7 is the constant in Theorem 5.7. From the a priori estimate
(3.6) in Theorem 3.3 and the triangle inequality we obtain

() +ylle nlZ20.r)

C -

< ;\|€7t(ﬁl + Hn+ QIM190|z:1 - QOTMOQD\:c:O)H%?(O,T)

e opolaom + Sl 0B + CETITIP. (6.6)
5 Plz=011L2(0,T) ~ € Plz=1llL2(0,1) e m : :

From (6.5) and (6.6) and upon choosing = large enough, the estimate in the
theorem follows after absorbing the terms He”tg0|x:0||%2(07T) and He”t@w:l\ﬁz(of).

It is now possible to prove the existence and uniqueness of weak solutions of the
system (6.1).

Theorem 6.4. Let f € L*(Qr), go € L*(0,T), g1 € L*(0,T), S € L*(0,T), ug €
L?(0,1) and hg € R™. With the assumptions in the beginning of this section, the
system (6.1) has a unique weak solution (u,h) € L*(Qr) x L*(0,T). Furthermore,
(u,h) € [C([0,T7,L*(0,1)) N E(Qr)] x HY0,T) and in particular up—o, ujz—1 €
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L*(0,T). The function u is the weak solution of the IBVP

Lou(t,z) = f(t,x), 0<t<T, 0<z<l,
Bou(t,0) = go(t) + Qo(t)h(t), 0<t<T,

Biu(t,1) = gi(t) + Qi(Hh(t), 0<t<T, (6.7)
u(0,2) = ug(x), 0<z<l,
and h is the solution of the ODE
R (t) = H(t)h(t) + Go(t)u(t,0) + Gy (t)u(t, 1) + S(t), 0<t<T, (6.5)
h(0) = hy. '

The weak solution (u,h) satisfies the energy estimate
672’YT”uH%’([O,T],LZ(O,l)) + VHGﬂtUH%?(QT) + ||67’Ytu|x:0‘|%2(0,T)

+ ||€_7tu\x:1||%2(o,:r) "‘7”6_7%”%2(01) < O<”U0||2L2(o,1) + |hol®

1, _ _ _ L, _
+ ;HG 7tf||%2(QT) + lle ’YthH%Q(O,T) + [le 7thH%?(o,T) + ;He wS“%%O,T))
for all v >~y for some C' > 0 and 7o > 1.

Proof. The existence of a weak solution is a direct consequence of Theorem 2.1
and Theorem 6.3. The next step is to show that if (u,h) is any weak solution of
(6.1) then u is the weak solution of (6.7) and A is the solution of (6.8). Suppose
that (u,h) is a weak solution of (6.1). Taking n = 0 and ¢ € H'(Qr) satisfying
(5.14) we have (p,n) € W. With this (¢,7) in (6.2) we can see that u is the weak
solution of (6.7). Therefore from Theorem 5.8, u € C([0,T], L*(0,1)) N E(Q7) and
in particular uj,—o, uz=1 € L*(0,T). Moreover, from Remark 5.9 and Lemma 5.1 u
satisfies the variational equation

// (t,z) - Lp(t, z) de dt

// f(t,x) - o(t, ) dxdt—/ (g1(t) + Q1(t)h(t)) - My(t)p(t,1)dt
+/0< ot) + Qo(t)ho(8)) - Ma(£)ip(t,0) dt — / Nyut, 1) - Co(8)p(t, 1) dt
+/0 Ngu(t,O)-Co(t)gp(t,O)dt—/O w(T,x) - p(T,x)dx

—i—/o up(z) - (0, z) dz (6.9)

for all p € E(Qr).
Given n € H'(0,T) with n(T) = 0 consider the IBVP

Lio =0, Coppo=(GoDo)'n, Ciplze1 =—(GiD1)'n, ¢p—r=0. (6.10)

The dual version of Theorem 5.8 implies that (6.10) has a unique weak solution
¢ € L*(Qr) such that ¢ € £*(Qr). Thus (¢,n) € W. From the identity (see the
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remark following Lemma 5.1)
Y,B,+ D,N, =I,, y=01,
(5.1), (6.2) and (6.9) we can see that

/O B(t) - (o (6) + H (D) Tn(t)) dt

= — ho - 1(0) — /0 (Go(t)u(t,0) + Gy(t)u(t, 1) + S(t)) - n(t)dt.  (6.11)

According to (6.11) and Theorem 3.4, h is the solution of the ordinary differential
equation (6.8) and h € H*(0,T).

The energy estimate in the statement of the theorem follows from the energy
estimate (5.13) for u, the energy estimate (3.14) for h and an absorption argument.
Thus, any weak solution of (6.1) satisfies the energy estimate. Consequently, (6.1)
has a unique weak solution. (]

In particular, if (u, h) is the weak solution of (6.1) then Theorem 5.8 and Theorem
6.4 imply that the PDE is satisfied in the sense of distributions, the boundary con-
ditions and the ODE are satisfied in L?(0,7T) and the initial conditions are satisfied
in L?(0,1) x R™. Due to the L*-trace boundary regularity we have the following
intertor-point trace reqularity.

Theorem 6.5. If (u,h) is the unique weak solution of (6.1) then u,—¢ € L*(0,T)
for every & € (0,1).

Proof. From the diagonalizability assumption (D), there exists an invertible matrix
T € € (U;R™") such that T-'AT = A where A = diag()\1, ..., \,) consists of the
eigenvalues of A. Introduce the new variables i = T 'u. Because T'(@),T(u)"! €
Whee(Qr) we have t,—¢ € L*(0,T) if and only if u,—¢ € L*(0,T).
Given w € H*((0,T) x (0,€)), A € Wh=((0,T) x (0,£)) and m € WH>(0,¢) we
have the identity
1 T

3 | Meom@pfa =3 [ ALom©l 0

13
_ %/0 m(@)|w(t, 2| d

t=T T e
s [ [ e om) 2 sa
Y
—i—/o/o(wt(t,x)+)\(t,x)wx(t,m))m(:v)w(t,x)dxdt. (6.12)

This can be obtained by multiplying the expression w; + Aw, by mw, integrating
by parts and rearranging the terms. Suppose that A is uniformly bounded away
from zero. Choose m such that A(¢,&)m(§) > 0 for every ¢ € [0, T]. From (6.12) we
get the estimate, by choosing appropriate multipliers for each eigenvalue of A and
taking the sum of the components

”ﬂ\xZEH%Q(O,T) < C(HQH%([O,T],LQ(OJ)) + ||ﬂt+Aﬂx”%2(QT)
+ llallZ2py + le=oll72(0,1)) (6.13)
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for some C' = C(||A||w1., ||m|lwi~) > 0 independent of @ and &, whenever u €
HY(Qr).

According to Theorem 5.8 and Theorem 6.4 the solution % can be approxi-
mated by a sequence of functions (@/); C H'(Qr). We can apply the estimate
(6.13) to each @ and then pass to the limit thanks to convergence @ — @ in
C([0, 7], L*(0,1)), @ + AW, — iy + Aiip in L*(Qr) and &,_y — @je=o in L*(0,T)
due to Theorem 5.8. Thus @,—¢ € L*(0,T) and consequently uj,—¢ € L*(0,T). [

7. CONSTANT COEFFICIENT HYPERBoOLIC PDE-ODE Svys-
TEMS

The goal of the present section is to show that in the case where the coefficients
in (6.1) are constant, the weak solution defined in the previous section coincides
with the one given by semigroup theory. Consider the weak solution (u,h) €
C([0,00); L*(0,1) x R™) of the system

(

owu(t, ) + Adyu(t,z) + Ru(t,z) =0, t>0, 0<z <1,
Bou(t,0) = Qoh(t), t >0,

Byu(t,1) = Q1h(t), t>0,

B (t) = Hh(t) + Gou(t,0) + Gyu(t, 1), t>0,

uw(0,z) = up(x), 0<z<I,

h(0) = hy.

(7.1)

\

The boundary conditions for v and the ODE for h can be viewed as a nonlocal
boundary condition for u

¢
Bou(t,z) = Q. hy + / Q. (Gou(s,0) + Giu(s,1))ds, x=0,1.
0

This can be derived by using the variation of parameters formula for the differential
equation for h and substituting it to the boundary conditions for u. However, we
will not treat the boundary conditions in this way.

Let k be a positive integer. For each uy € H*(0,1) we define

U; = —A@xui_l — Rui_l, 1= 1, c. ,k‘. (72)
The data (ug, ho) € H*(0,1) x R™ is said to be compatible up to order k — 1 if
Byui(y) = Qyhi, i=0,...,k—1land y=0,1, (7.3)

where
hi = Hhi_l + Goui_l(()) + Glui_l(l), 1= 1, ey k. (74)
Theorem 7.1. Let k € N. If the data (ug,ho) € H*(0,1) x R™ 4is compatible up

to order k — 1 then the weak solution (u,h) of (7.1) satisfies (u,h) € CH*(Qr) x
H*1(0,T) and ujyz—o, ue—1 € H*(0,T).
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Proof. From Theorem 6.4, h € H'(0,T) and u is the weak solution of the system

owu(t, z) + Adyu(t,z) + Ru(t,z) =0, t>0, 0<z <1,
Bou(t,0) = Qoh(t), t >0,
Biu(t,1) = Q1h(t), t>0,
u(0,z) = up(x), 0<z <L
From (7.3) it can be seen that the data (ug,0,Qoh,Q1h) is compatible up to or-

der O for the system (7.5). Thus Theorem 5.10 implies that u € CH(Qr) and
Ujyp—0, Ujz—1 € H'(0,T). On the other hand, h satisfies the ODE

R (t) = Hh(t) + Gou(t,0) + Gyu(t,1), t >0,
h(0) = hyg

still from Theorem 6.4. Since uj,—g, ujz=1 € H'(0,T), it follows from (7.6) that

h € H?(0,T). Consequently, Theorem 5.10 and (7.3) imply that u € CH?*(Q7)

and Ujg—o, Ujp—1 € H 2(0,7). Repeating this process, one eventually arrives at
u € CHMQr), go, Up=1 € H*(0,T) and h € H*1(0,T). O

(7.5)

(7.6)

Next we present the following theorem stating that compatible data can be ap-
proximated by a sequence of smoother data that are still compatible. This theorem
can be viewed as a generalization of Theorem 6.2. A proof is given in the Appendix.

Theorem 7.2. Let k € N. If (ug, ho) € H*(0,1) x R™ is compatible up to order
k—1, then there exists a sequence (u¥), C H*1(0,1) such that (uf, ho) is compatible
up to order k for each v and ||ug — uo|| gr0,1) — 0.

Using a diagonalization argument, the following result can be shown.

Corollary 7.3. For every (ug, hy) € L*(0,1)xR™ and k € N, there exists a sequence
(uy), C H*(0,1) such that (uf, ho) is compatible up to order k — 1 and ||uf —
uO”LQ(O,l) — 0.

For each ¢ > 0, define the operator T (¢) : L*(0,1) x R™ — L?(0,1) x R™ by

T (t)(uo, ho) = (u(t,-), h(t)), t >0, (up, ho) € L*(0,1) x R™,

where (u, h) is the unique weak solution of the system (7.1). The linearity of 7 (t)
follows from the linearity of the system (7.1) and the uniqueness of weak solutions.
The boundedness follows from the energy estimate in Theorem 6.4. Also, T(0) =
I and (7 (t))¢0 is strongly continuous since (u,h) € C([0,T]; L*(0,1) x R™) for
any T > 0. Finally, since the system (7.1) is autonomous, (7 (t));>o satisfies the
semigroup property.

The goal is to determine the generator of the Co-semigroup (7 (¢))i>0, which we

denote by A. A candidate generator is given by the linear operator A : D(A) —
L?(0,1) x R™ defined by

A(Z> - (Hh +_szz())_fglu(1)) (7.7)

D(A) = {(u,h) € H'(0,1) x R™ : Byu(0) = Qoh, Byu(1) = Q1h}.

where

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA AND G. PROPST 22 / 32

To prove that A = A we proceed using the method in [9] applied to delay equations.
This requires the following three steps: (1) characterize the resolvent R(A,A), (2)
show that A — A is injective and (3) the resolvent of A and A at X coincide. It is
sufficient to prove these three steps for large enough A.

Step 1. Suppose that (ug, ho) € H'(0,1) x R™ satisfies the compatibility condition
up to order 0, in other words, (ug, ko) € D(A). Thenu € CH'(Qr) and h € H*(0,T)
from Theorem 7.1. For A\ > wy, where wy is the growth bound of T (¢), the resolvent
of A at A is given by the Laplace transform of the semigroup 7T (t), i.e.,

R()\, A)(UO, ho) = /oo G_AtT(t)(UO, ho) dt = /Oo G_At(u(t, -)7 h(t)) dt,
see [22] for example.

Define w : (0,1) — R™ and g € R™ by

w(z) = /0 et ) dt
g = /Oooe_)‘th(t)dt

so that R(\,A)(ug, ho) = (w, g).

Because 0, : H'(0,1) — L?(0,1) is a closed operator, v € C([0,T]; H'(0,1)) and
t = e Mug(t,-) is integrable for A > v; according to (5.16), (3.14) and (3.15), we
can interchange differentiation and integration to obtain

w’(a:):/ e Mug(t, ) dt,

0

see [13, Theorem 3.7.12] and [10, Chap. II, Theorem 6]. Thus we take A\ >
max(wo, Y0, 71). Integrating by parts

t=00

Mo(z) = — e Mu(t, )

a +/Oo e Muy(t, ) dt
= wp(z) — /000 e M (Aug(t, ) + Ru(t,z)) dt
= wup(r) — Aw'(x) — Rw(x). (7.8)

Because we already know that w € L?*(0,1), (7.8) implies that w € H'(0,1). Fur-
thermore, for y = 0,1 we have

B,w(y) = /000 e MByu(t,y) dt = /OO e MQ h(t) dt = Q9.

0

Similarly,

Ag = Hg + ho + Gow(0) + Grw(1).
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Therefore the resolvent of A at A > max(wo, Y0,71) is given by R(\)(ug, hy) =

(w, g), for (ug, hg) € D(A), where w and g satisfy the system
Aw'(x) + (M, + R)w(x) = up(x)
Bow(0) = Qog

Biw(1l) = Qg

(7.9)

and in particular (w, g) € D(A).

Step 2. In this step we wish to show that A\J — A is injective for sufficiently
large A\. However, we only consider the case where R = 0 and H = 0 in this
step. Let us denote the operator A by Ay when R = 0 and H = 0. We even
prove the stronger property that A\ — Ay is bijective for A large enough. Given
(ug, ho) € L?(0,1) x R™ we show that there exists a unique (w,g) € D(Aq) such
that (A — Ag)(w, g) = (uo, ho). This is equivalent to the system

Aw'(z) + Aw(z) = ug(x)
Byw(0) = Qog

Biw(1l) = Qg

Thus w satisfies the two-point boundary value problem

Aw'(x) + Mw(z) = up(z)
AByw(0) = Qo(ho + Gow(0) + Ghw(1)) (7.11)
ABiw(l) = Q1(ho + Gow(0) + Giw(1)).

Therefore to show that there exists a unique (w, g) satisfying (7.10) it is enough to
prove that the two-point boundary value problem (7.11) has a unique solution.
Due to the assumption on the matrix A, there exists an invertible matrix 7" such
that T"'AT = A where A = diag(\y,...,\,). By rearranging the columns of 7' we
can assume without loss of generality that Ay <--- < A\, <O < Ay <02 A

Let v =T "w, vg = T~'ug and B, = B,T for y = 0,1. Then (7.11) is equivalent to

(7.10)

v+ Av, = vy
)\BoU(O) = Qoho -+ QoGoTU(O) + QOGlTU(l) (712)
)\Bﬂ)(l) = thg + QoGoTU(O) + QlGlTU(l)

Note that (A, By, By) still satisfies the uniform Lopatinskii condition. Thus By is
injective on the unstable subspace of A which is {0}"7? & RP, while B is injective
on the stable subspace of A which is R*? & {0}?. We will decompose a vector v

in R" by v = (", ) where v~ € R" and v+ € RP. Partitioning By = (B; By) we
have ) . .

Byv(0) = By v (0) + Bjv*(0). (7.13)
where Bf € RP*P and By € RP*(® ) The matrix By is invertible and so from
(7.13) the boundary condition at z = 0 in (7.12) can be written as

(AL, + R1)v™(0) = (AR + Ra)v=(0) + Ryv~(1) + Rsv* (1) + Rghy  (7.14)
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for some matrices R;. Similarly, the boundary condition at x = 1 is equivalent to
()\In—p —f- Sl)’l}_(l) = (/\SQ —I— Sg)?)+(1) —I— S4?J_ (0) —I— S5?J+(O) ‘I— S@ho (715)

for some matrices .S;.
By the variation of parameters formula, the function v in (7.12) is given by

)= () [ (7.16)
0
and from (7.14) and (7.15) the vectors ¢~ and ¢* satisfy the equations
(AL, + Ry)ct = (ARy + R3)e™ + Ry(e A7) e 4d7)
+ Rs(e™ (AT~ 1C++d+)+R6h0

_ 7.17
(Mp + S1) (e XA e 4d7) = (ASy + S3) (e M) et 4 at) (7.17)
+ S4C_ + S5C+ + Sﬁho
where A~ = diag(A1,..., A\—p), AT = diag(Ap—pt1, ..., An) and
1
d= / e~ =M A=1y0(y) dy. (7.18)
0

The system (7.17) can be written in matrix form as
Rse ™)™ — Ry —XI, AR+ Rs+ Rye X)) ct
(ASa + 83)e AT 4+ 85 Sy — (M + Sp)e XA

_( —Reho + Rzd
- ( —Seho + S7(A)d) ' (7.19)

Therefore to show that (7.12) has a unique solution, we must prove that the 2 x 2
matrix on the left hand side of (7.19) is invertible. To prove this, we need the
following result in linear algebra.

c

Lemma 7.4. Let A, B, C and D be m x m, m x (n —m), (n —m) X m and
(n —m) X (n —m) matrices, respectively. If A and D — CA™'B are invertible then

the block matrix
A B
( C D) (7.20)

For sufficiently large A > 0, the matrix
Ey = A (Ree M Ry — I
is invertible and so A=, is invertible. Consider the matrix
Sy o= Sp— (Mpy_p 4 Sp)e AT
— [(ASz + S5)e™ D™ 4 SUNTIET AR, + Ry + Rye A7,
It can be seen that the matrix
ATIE AT =\ (S AT 8y~ 1,
— [(Sy 4+ A71Sy)e AT A~ 155] YRy M) L AT Ry M L ATIR]

18 tnvertible.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



LINEAR HYPERBOLIC SYSTEMS WITH DYNAMIC BOUNDARY CONDITIONS 25 / 32

is invertible for large A > 0. Consequently, ¥, is invertible for sufficiently large

A > 0. Therefore from Lemma 7.4, the system (7.19) has a unique solution (¢ ¢)

and so (7.12) has a unique solution v. As a result, (7.9) has a unique solution (w, g).
From (7.16), (7.18) and (7.19) there exists a constant C > 0 such that

[wllz20,1) = 1T z20,1) < Cal[uoll2(0,1) + [hol)-
The last equation in (7.10) together with (7.16), (7.18) and (7.19) imply that

|91 < Cx(l[uollz2(0.1) + [hol)

for some C\ > 0. Therefore R(\, Ag) € L(L?(0,1) x R™) so that Ay has a nonempty
resolvent. Hence Ay is closed.

Step 3. In this step we show that the resolvents of A (with R = 0 and H = 0)
and Ag at A are the same for sufficiently large A. Let (ug, ho) € D(Ap). From (7.9)
and (7.10) we have

()\[ — Ao)R(/\,A)(Uo, h() = ()\[ — AO)(w,g) = (ZLO, ho)
Thus (M — Ag)R(\, A) = I in D(Ap). Since R(A, A) € L(L*(0,1) x R™), Ay is
closed and D(Ay) is dense in L?(0,1) x R™ according to Corollary 7.3, we have
(M — Ag)R(\, A) = I in L*(0,1) x R™.

Let z € D(Ap) and y = R(\, A)(A] — Ap)z. Then (M — Ap)y = (M — Ap)z.
Since AI — Ay is injective for sufficiently large A > 0 it follows that y = z and hence
R\, A)(M — Ag)z = z for all z € D(Ap). Therefore R(\, Ag) = R(),.A) and also
the domain of A is D(Ap). Since

Al —A = (M= A))R(\, A)) (A — A)
= (M = A)R(N, A)(A = A) = M — A

we conclude that A = A,.

Now let us turn to the general case where R and H are not necessarily zero. We
can write the operator A defined by (7.7) as A = Ay + B where Ay : D(A) —
L?(0,1) x R™ and B : L*(0,1) x R™ — L%*(0,1) x R™ are given by

U —Au,
Ao =
(1) = (awo+ )
U —Ru
5(i) = ()

Since A is closed and B is bounded, A is closed. We know from above that A,
generates a Co-semigroup on L*(0, 1) x R™. It follows from the bounded perturbation
theorem of semigroups that A generates a Cy-semigroup on L?(0,1) x R™. Therefore
M — A is invertible for sufficiently large A > 0. Similar arguments as in Step 3 show
that A = A.

Therefore, the solution of the system (7.1) given by semigroup theory coincides
with the weak solution given in Definition 6.1. An alternative way of proving that
the weak and semigroup solutions are the same is to prove that the operator A
generates a Co-semigroup. For initial data in D(A?) we have a classical solution
and so we can multiply the system with the appropriate test functions and use

integration by parts to show that the semigroup solution is the weak solution. By
the density of D(A4?%) in L?(0,1) x R™, this is also true for every initial data in

~— —
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L?(0,1) x R™. However, proving that A is a generator is a difficult task, specifically
it is hard to show that A — I is dissipative for some \ € R.

If (u, h) is the weak solution of (7.1) then uj,—o, ujz—1 € L*(0,T) and h € H*(0,T)
for every T' > 0 according to Theorem 6.4. These properties are called hidden
reqularity. Note that these cannot be obtained directly from standard semigroup
methods because in general the solution given by semigroup theory only satisfies
(u,h) € C([0,00); L*(0,1) x R™). In the literature, hidden regularity properties
for weak solutions of partial differential equations were established using Fourier
analysis and multiplier methods, see [16, 18, 19].

As an application, we provide a class of admissible observation operators for the
semigroup (7 (t))>o0-

Example 7.5. If we define the operator C : D(A) — R® by

C(ZZ) = i Juo(&), & €1[0,1],

i=1
where D(A) is the domain of the generator A of the semigroup (7 (¢));>o defined
above and J; € R**" for 1 < i < N, then C is an admissible observation operator
for (T(t))i>0, see [31]. Indeed, the direct inequality

[ leroGo) o< )
0 ho ho
follows immediately from the energy estimate in Theorem 6.4 and the estimate

(6.13).

2

V (Uo, ho) - D(A)

L2(0,1)"xR™

8. EXAMPLES

Example 8.1. (Linearized Flow in an Elastic Tube [21, 27]) Consider an elastic
tube of length /¢ filled with an incompressible fluid whose ends are attached to a
tank with cross section Ar. Looking at the dynamics near the steady state, the
following linear model can be derived

[ 0,A(t,x) + Adyu(t,z) =0, t>0, 0<z <,

Owu(t,x) + a0, A(t,x) + Pu(t,z) =0, t>0, 0<x </,

A(t,0) = vho(t), t>0,

A(t, ) = vhe(t), t >0,

Arhjy(t) = —Aeu(t,0), t>0, (8.1)
Arhi(t) = Aou(t,0), t>0,

A(0,2) = A%z), O<z </,

uw(0,z) =u’(z), 0<z</,

ho(0) = 8, hul0) = B

\

Here (A, u, hg, hy) are the deviations of the cross-sectional area of the tube, the fluid
velocity and the level heights from the equilibrium (A, 0, hge, hee). Also, a,y > 0
and § > 0 are parameters based on either the physical properties of the fluid or the
material properties of the tube or both.
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It follows from Theorem 6.4 that (8.1) admits a unique weak solution A,u €
C([0,T], L*(0,0)), ho,hy € H'(0,T) with boundary traces A(-,0), A(-,£),u(-,0),
u(-,¢) € L*(0,T). The boundary conditions further imply that A(-,0), A(-,¢) €
H'(0,T). Furthermore, the previous section shows that this solution coincides with
the one given by semigroup theory. In an earlier work [24], it is shown that the ve-
locity admits L?-traces at the boundary using tools from control theory and Fourier
analysis.

Example 8.2. (Wave Equations with Oscillator Boundary Conditions |2, 14]) Con-
sider the one-dimensional undamped wave equation with oscillator boundary condi-

tions
.

Outh(t,x) — OpeV(t,x) =0, t>0, 0< <Y,
Oatp(t,0) = —0(t), >0,
O(t, 0) = B(t), >0,

mody (t) + dod(t) + kodo(t) = —pdo(t,0), ¢ >0,
< mgé”(t) + dg(sl( ) -+ k@&g(t) = —pat¢(t,£), t>0, (82)
Y(0,z) = o(x), 0<z<,
Ob(0,2) = di(z), O0<z<d,
6;(0) =082, =04,
[ 6;(0) = v =04
The system (8.2) models the velocity potential ¢ of the acoustics in a homogeneous
fluid with nominal density p contained in a wave guide of length ¢ and terminated
by oscillators. In this model it is assumed that the fluid does not penetrate the
surface of the oscillators.

As in Tto and Propst [14], we introduce the variables ¢~ = %(aﬂb + 0.), ¢t =
(0 — 9p1), vg = 6) and v, = ;. The system (8.2) can be put in the form (7.1) as

(01 (t,2) — 0po (t,2) =0, t>0,0<z<{,
Ot (t,x) + 0,0 (t,2) =0, t>0,0<z <,
¢~ (t,0) — ¢ (t,0) = —wo(t), t>0,
¢ (t,0) — ¢ (t,0) = v(t), t>0,
dp(t) =vo(t), >0,

60 =~ s o ooy, 150, 69
(D) = = Sult) = 25,0 — Lo (1.0 + 67(1.0), t>0,

(
L v:(0) =Y, =0,

where ¢y = (¢ + ) and ¢f = (1 — ). It can be checked that all the
requirements in Theorem 6.4 are satisfied by the system (8.3). Therefore for every
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(dg , D8, 00, 0e, vo, ve) € L*(0,0)* x R* the system (8.3) has a unique weak solution
(6=, ¢, 80, 0e, vo, v¢) € C([0,00); L2(0,0)* x RY) and it satisfies ¢*(-,0), ¢~ (-, f) €
L?(0,T) and dg, 6, v, v € HY(0,T) for every T > 0. Consequently, o, 5, € H*(0,T)
and ¢~ (-,0) — @7 (-,0),07(-,£) — ¢*(-,£) € H(0,T). The well-posedness of (8.3)
was established in [14] using semigroup methods. Here, we improved this result by
showing that the solutions admit traces in L? and that the oscillator components
are more regular.

Example 8.3. (Wave Equations with Ezponential Memory Kernel [26]) The next
example is the normalized damped wave equation with memory boundary conditions

( att(b<t,$) — (9m¢(t, ZU) + aﬂﬁ(t,%) = 0, t > O, 0 <xr < 1,
¢
/ ao(t — $)0p(s,0)ds — 0,0(t,0) =0, >0,
0

/t ar(t — $)00(s, 1) ds + 0,6(t,1) =0, >0,
0

#(0,2) = ¢o(z), 0<z<l,
| 9:6(0,7) = ¢1(z), O0<z<l

Suppose that the kernels ay and a; take the form ag(t) = koe®' and ay(t) = k1e*?
for some nonzero real numbers kg, K1, g, a1. Introducing the state vector

(u,v, h,g)(t) = <¢t(t, ), (1, ), /Ot eaO(t’S)qﬁt(s,O) ds, /Ot eo‘l(t’s)qﬁt(s, 1) ds)

at time ¢, the system (8.4) can be written in the form of (7.1) as

[ Oyu(t,r) — Opv(t,x) +ult,z) =0, t>0,0<z<1,
ow(t,z) — dyu(t,z) =0, t>0 0<zx<],

v(t,0) = koh(t), t >0,

v(t, 1) = —k1g(t), t>0,

R (t) = agh(t) +u(t,0), >0,
< g(t) = aig(t) +u(t,1), t>0, (8.5)

0,7) =up(z), O0<z<l,
0,2) =vo(z), 0<z<l,

L 9

where ug = ¢1, v = ¢, and hg = go = 0. The conditions of Theorem 6.4 are satisfied
by the system (8.5). Thus, for each initial data (ug,vo, ko, go) € L*(0,1)* x R? the
system (8.5) admits a unique weak solution (u,v, h, g) € C([0,00); L*(0,1)? x R?),
and moreover, u(-,0),v(-,0),u(-,1),v(-,1) € L*(0,T) and h,g € H*(0,T) for every
T > 0. As a consequence, v(-,0),v(-,1) € H*(0,T).

9. APPENDIX

We give the proof of Theorem 7.2. The proof follows the ideas presented in [28§]
for hyperbolic systems. Pick a sequence (v,), C H*"1(0,1) satisfying v, — uo in
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H%(0,1). Define uf = v, — w, where w, € H*(0,1) satisfies w, — 0 in H*(0,1)
and to be constructed below. The compatibility conditions for ug are given by

Byw,i(y) = Byu,i(y) — Qyhui,  0<i<k, y=0,1, (9.1)
where
Wyo = Wy, Vv = Uy, huo = ho,
wy,; = —AOyw,i1—Rw,;—, 1<i<k+1
U, = —A0w,i1— Ru,m, 1<i<k+1

hy; = Hhyi1+ Go(vy:-1(0) —w,,;-1(0))
+ Gi(vyi—1(1) —w,,i—1(1)), 1<i<k.

The compatibility conditions (9.1) can be rewritten as

Byw,(y) = Byvu(y) — Qyho (9.2)
B,A'0'w,(y) = B,A'd'v,(y) + £yi(ho, vy, — wy, ..., 00 v, — 0w,
v,(0) — w,(0),v,(1) —w,(1),...,05 v, (0) — 85 w,(0),
0y uy(1) — 95wy (1)) (9.3)
fory=0,1and¢=1,...,k, where ¢, ; is linear in all its arguments.

Recall that there exits a matrix Y, such that B,Y, = I where I is the identity
matrix [, if y = 0 and [,,_, if y = 1. Consider the following equations

w,(y) = Yy (Byvu(y) — Qyho) (9.4)
8;311)1/(3/) = Aile(ByAZa;UV(y) + gy i(h()? Vy — Wy, ... aiilvu - aiilwln

v,(0) — w,(0),v,(1) —w,(1),...,0" v, (0) — 8. tw,(0),
9y v, (1) = 9, w, (1)) (9.5)

fory = 0,1 and ¢ = 1,..., k. By multiplying B, and B,A" to both sides of (9.4)
and (9.5), respectively, we obtain (9.2) and (9.3), respectively. For this reason we
construct w, that satisfies (9.4) and (9.5) in addition to the property w, — 0 in
H%(0,1).

For i = 0,...k and v € N, let 0,,(y) denote the right hand side of (9.4) and
(9.5). Since v, — ug and w, — 0 both in H*(0,1), we have dv,(y) — I uy(y)
and d'w,(y) — 0 for all 0 < i < k — 1 by the Sobolev embedding. Thus, by the
compatibility conditions for (ug,h) we have o,;(y) — 0 for 0 < i < k — 1 and
y = 0,1. Now given (7,0(0),0,0(1),...,0,%-1(0),0,%-1(1),0,0) € R2**+1) there
exists 0, € H*™(0,1) such that 9.9,(y) = 0,:(y) for 0 <i < k—1, 9%5,(y) = 0

and
k—

15| rs10.0) < C Zram )| + lova(1)]) = 0 (9.6)

for some C' > 0 independent of v. Deﬁne w, = U, + W, where w, € Hk“(O, 1)
satisfies 9L, (y) = 0 for 0 < i < k — 1, Ofw,(y) = oui(y), and ||, || ey — 0.
Then w, satisfies the desired properties w, — 0 in H*(0,1) and & w,(y) = 0,.:(y)
for0 <:<kandy=0,1.

Thus the last step is to construct the function @,. Set ¢, = 0,;(0). Because it
is enough to consider each component of ¢, separately, we may assume without loss
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of generality that ¢, is scalar. Let us consider the two cases |¢,| < 1 and |¢,| > 1
separately. Suppose that |c,| < 1. Let ¢ € Z(R) be such that ¢(z) = 1 for |z| <€
for some € > 0 small enough and supp ¢ C [—1, 1]. Define

k

Py, (x) = %gb(yx)cl,

Then by Leibniz’ formula we have for 1 < 57 <k

Rp(x) = (‘7) (k%)!vj‘iﬁi‘%@@cu- (9.7)

i

i=0
It can be seen from (9.7) that 941,(0) = 0 for 1 < j < k — 1 and 9%,(0) = ¢,.
Moreover, using the change of variable y = vx we obtain

j
1000172 < C(k)Z/L’U!Q(“)VQUi)\8§i¢(’/9€)\216u\2d$
i=0 VR

J

—i), 2(j—k)| Ai—i dy

= oY [ WP P
=0

C(k) & BBt} | i 4 (12 C(k, )
< — Dgrt dy <
< S5 [ oot ay < <
for 0 <j <k.
If |¢,| > 1 then we take
k
X
vul@) = Tollalfva)e,

For 1 < j <k, applying Leibniz’ rule yields

iy () = Z( ) T (leu2v) =077 p(|ey |Pva) e (9.8)

=0
From (9.8) we obtain #7¢,(0) =0 for 1 < j < k — 1, 9¥¢"(0) = ¢, and

J
1050072 < C(R)Y / 2250 (1, |20) 20103 (|, 2v) Pley 2 dac
1=0

J

iy

= O X [ WP P10y o)
=0

CO) S~ [ etnigrgay < C:0)
< SO0 [ ool ay < <

since j — k < 0 and [¢,[>» > 1. Therefore in any case we have |[1h, || gew) <
C(k, p)r=1/2.

For o,4(1) we can also do the same construction by replacing ¢ by a smooth
function that is equal to 1 in an e-neighborhood of x = 1. By taking the sum of
the functions v, constructed for x = 0 and x = 1 and choosing € small enough so
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that their supports do not intersect we obtain an appropriate w, satisfying all the
required properties.
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