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1. INTRODUCTION

Let us consider a sufficiently smooth bounded domain 2 in two or three dimensional
space. Denote by I' the boundary of the fluid domain Q and I' = Ty UT; where I
and I'; are nonempty open subsets of I', both with positive surface measure. On
the boundary I';y we have a solid wall while on I'y we have a membrane. Let ¥ be
the boundary of I'y. A linear model describing the above situation is given by the
following coupled Navier-Stokes-wave system

((w — puAu+ Vp =0, in (0,00) x €,
divu = 0, in (0,00) x €,
u=0, on (0,00) x Iy,
{ u=ww, on (0,00) x Iy, (1.1)
wy —Aw=p—pv-d,u+F, in (0,00) X [y,
w =0, in (0,00) x X,
( Jr, wdz =0, in (0, 00),

supplied with the initial conditions u(0,z) = up(x) in  and w(0,z) = wy(x),
wy(0,2) = wy(z) in Ty. In (1.1), v and p are the velocity field and pressure for the
fluid, w is the transversal displacement of the membrane and F' is the feedback force.
Moreover, p is the fluid viscosity and v is the unit normal outward to 2. In this
paper, we consider small but rapid oscillations, under which we can assume that the
domain occupied by the membrane is fixed. Unlike in the Navier-Stokes equation
with no-slip boundary condition where the pressure is determined up to a constant,
the pressure in (1.1) is unique due to the Neumann-type boundary condition on I'y.
In fact, for sufficiently smooth solutions, p satisfies an elliptic problem with mixed
Neumann-Robin boundary conditions.

Without the feedback force F', the above system is stable due to the diffusion of
the fluid component. This dissipative mechanism, through the interface boundary
condition, produces a dissipation for the membrane component. On the other hand,
to stabilize the system faster one could add a dissipative mechanism for the mem-
brane by introducing a feedback force. One of the common interior feedback force
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for the wave equation is using the velocity. This feedback may not be felt instantly
by the evolution, that is, delay may take place. This consideration gives us the
following form of the linear feedback law

F(t,z) = —aw(t, x) — Pw(t — T, x),

for t > 0 and x € I'y, where a, 8 > 0. The constant 7 > 0 represents the extent
delay, while the constants o and [ represents the strengths of damping and delay,
respectively. To have a well-posed system, one must incorporate an initial history

w(f,x) = zo(x) in (—7,0) x .

It is well-known that delay induces a transport phenomenon in the system creating
oscillations that may lead into instability, see [10] and the references therein. In the
absence of delay, models similar to (1.1) where the membrane is replaced by a plate
has been studied in [5, 6, 9]. Typically, if the damping factor dominates the delay
factor, the system will be stable, i.e. as if delay is not present, however, with a
possible slower decay rate. If such terms are equal then the system may not be
stable, see [10]. If there are other dissipative mechanisms in the system then we
may obtain stability under appropriate conditions, for instance, viscoelasticity in
wave equations in |7] and fluid viscosity in a fluid-structure system in [11]. In this
paper, we shall also see that viscosity plays a role in deriving sufficient conditions
for exponential stability.

The plan of this paper is as follows. In Section 2, we introduce generalized trace
results that are needed in the elimination of the pressure in the semigroup formula-
tion. In Section 3, we write (1.1) as an abstract Cauchy problem in a suitable state
space and prove that it generates a contraction semigroup under suitable assump-
tion on «, # and u. The spectral properties and uniform exponential stability of the
semigroup will be discussed in Section 4 and Section 5, respectively.

2. GENERALIZED TRACES FOR SOME GRAPH SPACES

Let ¥ C I' be sufficiently smooth. For s = m + ¢ where m is a nonnegative integer
and o € (0,1), let H3y(X) = {w € H*(X) : |w||s» < oo} where

2 IDC“ [Du()*
Hs (% + Z :L‘ 82 T Aav9o dl’

and d(z,0%) denotes the distance of from 0%. For each nonnegative integer m,
Ce°(%) is dense in Hyp/?(2) and we have (He™'/*(2)) = H-™Y/2(%), see [8] for
more details.

Consider the Hilbert space L3, () = {u € L*(Q) : divu € L*(Q)} with the
graph norm. Recall that elements of L3, (2) admit generalized normal traces u - v|s
and the corresponding mapping is a contmuous linear operator from L2 (Q) into

H~'2(%). Moreover, for every ¢ € H'(Q) with trace in Hy,*(X) we have

(u-v|s,p) = /(divu)gp dz + / u - Vedz.
Q Q
For the fluid component we shall use the function spaces

H={uecL*f):divu=0in Q, u-v|r, =0},

]l s = Ilul
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V={uec H(Q) :divu=0in Q, ulp, = 0}.
Recall that the trace maps 7o : H'(Q) — HY?(I') and v, : H*(Q) — H3*(T) x
H'Y2(T") defined by vou = u|p and y,u = (u|p, d,u|r) are surjective bounded linear
operators. It follows that the operators vy and 17, are strictly positive definite

and thus invertible. Given ¢ € H(%Q(Z), we extend it by zero to the whole boundary
Y to obtain an element in H'/2(T'), which we shall still denote by ¢. We do a

similar construction for ¢ € HggQ(E). Consider the lifting operators ¢ : H§é2(2) X
HY*(Z) = H2(Q) and & : HiJ*(X) — HY(Q) given by

0, ) =7 () 7 W, 0), ke =75(015) e

Let ¢; and /5 be the coordinate functions of ¢, that is, {170 = £(1),0) and fep =
0(0, ). It follows that ¢;, ¢; and k are bounded linear operators.

Let D ={pe H(Q) : Ap € L*(Q)} and W = {r € L*(Q) : An € H ()}
equipped with the corresponding graph norms. Given m € WW and p € D, we define
7|y and O,pls by

(nlss ) = / T A(tap) Az — (AT, £o0) vy

Oupls ) = /Q (Ap)lyipda + /Q (Vp) - V(6:4)) da (2.1)

for every ¢ € H&?(E) and ¢ € HgéZ(E). From the definition and the proper-
ties of the above extension operators, one can immediately see that © — 7|y €
LW, HY2(%)) and p — 9,p|s € L(D, H*2(X)). If 7 € HY(Q) and p € H*(Q)
then these traces coincides with the usual traces. This remark follows immediately
from the above definitions and Green’s identities.

Now consider the subspace Y = {r € L*(Q) : Ar € L*(Q)} of W with the

associated graph norm. Define 7|y and 0,7|y as follows
(mls, @) = /WA(EQQO) dx — /(Aﬂ)&ap dx
Q Q

Ol ) = /Q (Am)y) da — / TA(6) da

Q

for every ¢ € HSf(E) and ¢ € H§é2(2). Again these traces are bounded, more
precisely, 7 + 7|y € L(Y, H V(X)) and 7 — O,7|x € L(Y, H3/*(X)). Notice
that the definition of 7|y is the same whether it is viewed as an element of W or
Y. Likewise, if p € H'(Q) N Y C D then the definition of 9,p|x coincides with the
earlier formulation (2.1).

Let us consider the graph space G = {(u,p) € Vx L*(Q) : —uAu+Vp € L%, (Q)}
endowed with the graph norm. Notice that Ap = div(Vp — uAu) € L*(Q) so that
p € YV and hence it admits traces such that

1Pl 125y + 10upll =372 < ClIPl 22(0) + || diV(VD — pAU) || 12(0))-
For (u,p) € G, we define the following

(Wuls,0) = (prlsg) — / Vau - V(kp) da + / pdiv(rp) de
Q Q
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—i—/(—uAu + Vp) - kpdr
0

(Whu - V], ¥) = (Oupls, ) + / (—plu + Vp) - V(1) da

Q

for every ¢ € H&éQ(E) and ¢ € Hg({Q(E). Again, one can see immediately that
these generalized traces are bounded, that is, (u,p) — d,uls € L(G, H~/%(X)) and
(u,p) — Au-v € L(G, H3/%(X)). In fact, we have

10vull =125y < CUIPl-12m) + ullvy + [Pl 22(0) + lnAw = VDl 12(0)
HAU . V||H—3/2(E) S C(H,LLAU — vaH + Hal,pHH—:s/z(g) ) .
From the above discussion note that —puAu+ Vp admits a generalized normal trace
on X. In the case div(—pAu+ Vp) = 0, it follows from the divergence theorem that
(—pAu+ Vp) -vls = pAu-v|s — 9ypls.

In particular, we have the following generalized integration by parts formula

=) do = o= pols. g = [ Vu-Vra
Q Q

for every (u,p) € G and f € V. We refer to 2] and [13] for similar discussions.

3. ABSTRACT FORMULATION AND WELL-POSEDNESS OF THE
SYSTEM

The coupled system (1.1) will be expressed as an evolution equation in a suitable
state space. Using the divergence theorem, one can see that one requires to factor
the constants in the space for the states associated with the membrane. Let

X ={(u,w,v,2) € H % ﬁé(Fg) x L*(To) x L*(—7,0; L*(Ty)) : u-v = v in Ty}

where Z*(I'g) = {w € L*(Ty) : [, wdz = 0} and H}(T'y) = H'(Ig) N L*(T), be
equipped with the norm

0
(0,0, 2) 1% = / uf? dz + / Vol + o2 dz + / 12[2 da 6.
Q Ty AN

Following [1], we eliminate p in the system by rewriting it as an elliptic problem
with boundary data involving the fluid velocity and the displacement of the mem-
brane. Define the mixed Neumann-Robin map M : H=3/2(I';) x H3/2(T'y) — L*(Q)
according to

Ar =0 in €2,
T=M(p,) < < It =0 on I'y,
o,m+m=1 only
For smooth solutions we can see that p satisfies the boundary value problem
Ap =10 in €2,
O,p = pAu - v on I'q,
op+p=—-Aw+av+ Bz(—7) + pv - du+ pAu-v  on [y.
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Hence, we can represent p in terms of the map M as follows
p= L(u,w,v,2) = M(pAu - v,—Aw + av + Bz(—7) + pv - Opu + pAu - v).

To keep track of the retarded term in (1.1), let us introduce the delay variable
2(t,0,z) = w(t + 0, x), which satisfies the following transport equation in (—7,0)
with parameter z € 'y

2(t,0,x) — z9(t,0,2) =0, in (0,00) x (—7,0) x [y,
2(t,0,x) = wy(t, z), in (0,00) x Iy, (3.1)
2(0,0,x) = z(0, x), in (—7,0) x Ip.

The fluid-membrane system (1.1) can now be rewritten as an evolution equation in

X
d

a(u,w,v, z) = A(u,w, v, 2)

where A : D(A) — X is the linear operator defined by
Alu,w, v, z) := (pAu — Vp, v, Aw — av — Bz(—7) + p — pv - O,u, 0p2)

with domain consisting of all elements (u,w,v,z) € X such that u € V, v €
HY(Ty), z € H'(=7,0; L3(Ty)), u = vv on Ty, 29— = v on Ty, uAu— Vp € H
and Aw — av — Bz(—7)+p— pv - dyu € EZ(FO), where p = L(u, w,v, z) € L*(Q).

Let Cp be the constant in the following inequality obtained from trace theory and
the Poincaré inequality

- v de < (Jp/ VuPdr, YueV (3.2)
Q

To

Theorem 3.1. If o+ &= > B, where Cp is the constant in (3.2), then A is the
generator of a strongly continuous semigroup of contractions on X.

Proof. We apply the Lumer-Phillips Theorem and hence we must show that A
is m-dissipative. Given Xy = (u,w,v, z) € D(A), by applying generalized Green’s
identity for the membrane component, divergence theorem to the fluid component
and Cauchy-Schwartz inequality we have

Re(AXy, Xo)x = —u/]Vu]Zdw— <a—‘§|)/ ]v[de—\ﬁl/ z(—7)vde
Q To To

B Eenras < —(amip+ ) [ wias @)

establishing the dissipativity of A.

To prove maximality, it is enough to prove that 0 € p(A), where p(A) denotes
the resolvent set of A. In order to show this, we need to find (u,w,v,2) € D(A)
such that A(u,w,v,z) = (f,g,h,() for a given (f,g,h,() € X and ||(u,w,v, 2)||x <
C|(f,g,h,Q)|lx for some constant C' > 0 independent of (u,w,v, z) and (f, g, h, ().
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The equation to solve is equivalent to v = g, 29 = ¢, 2j9=0 = v, the Stokes problem

—puAu+Vp=—f in Q,

divu =0, in €2, (3.4)
u =0, on I'y,
u = g, on Fo,
and the elliptic equation with homogeneous Dirichlet condition
—Aw=—ag — pz(—7)+p—pv-du—h, inTy,
(3.5)
w =0, on Y.

We can see immediately that the delay variable is given by z(0) = v — fgo (V) dv
from which we have z € H!(—7,0; ZQ(FO)) and

2l z2(—r0:z2oy + 2=l z2wo) < Crlllgllzzwe) + €2 -roi2weyy)- (3:6)

The Stokes equation (3.4) admits a solution pair (u, p) € V x L*(), see for instance
[12]. Given a constant p*, the pair (u,p) where p = p+ p* is also a solution pair and
we have

[ullv +11pll2@) < CUfla + 9l i) (3.7)
and consequently we have the following trace estimates

1Pl 17200y + 100l =120y < CU N + N9l m3o))- (3:8)

Since the right hand side for the elliptic equation (3.5) lies in H~'(I'y), by standard
elliptic theory we have a solution w € H'(T'y) and from (3.6) and (3.8) it is not hard
to see that ||| gy < ClI(f, gk, ()| x for some constant C' > 0.

The final step is to choose the constant p* in such a way that w have average
zero. Let v € H{(Ty) be the solution of the Poisson equation —A¢ = 1 on Ty
with boundary condition ¢ = 0 on ¥o. A straightforward calculation yields that
w € L*(Ty) if and only if

0
b= ||vwr\L3(ro>(<a+ﬂ>onwdx—ﬂ/_T Focwwdxcw—<ﬁ—uu~ayu,¢>>.

Finally one can check that p = L(u,w,v, z) and ||(u,w, v, 2)||x < C||(f,9,h,{)|lx-
U

4. SPECTRAL PROPERTIES

First, let us present the adjoint of the generator A. To describe the said operator,
we consider the isomorphism J : X — X

J(fugu h7 C(G)) = (_faga _h'v Z(_e - T))
Theorem 4.1. The X-adjoint A* : D(A*) — X of the closed operator A is given
by
A*(fa g, ha C) = (:uAf - V7T, _h> _Ag —ah + BC(O) + T =y aufa _aOC)
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with domain D(A*) comprising of all elements (f, g, h,() € X such that f € V, h €

Hy(To), ¢ € H'(=7,0; L*(T)), f = hv on Ty, ((=7) = —h on Ty, pAf —Vr € H

and —Ag — ah + ¢(0) + 7 — pv - 9, f € L*(Ty) where m = —LJ(f, g, h, ().

Proof. The proof is similar to |11, Theorem 2.7] and therefore we omit it here. [
In the following, we shall show that the spectrum of A consists of only eigenval-

ues except possibly on the negative real axis. This will be done by rewriting the

resolvent equation as a variational equation in a suitable space and then applying

the Fredholm alternative and Lax-Milgram Lemma. For this direction, we introduce
the following function spaces

Wy = H x ZQ(FO), Wy ={(u,v) eV xﬁé(Fo) cu=wvvon [y}

The embedding W; C W, is compact, dense and continuous.
Given a nonzero complex number A and Y = (f,g,h,p) € X we define the
sesquilinear form ay : Wy x W; — C

ax((u,v), (,1)) :A/Qu~<;5dx—|—,u/QVu~V¢dx+p()\)/F v da

0

1
+ - Vv - Vydx
AJr,

where p(\) = A + a + Be™" and the antilinear form Fy, : W; — C by

FyﬁA(gb,w):/Qf-gzﬁdx—;/F Vg-V1/)dx+/F hy dx

0
e / / e 2 p(0)eh da df
—7 JI'g
Theorem 4.2. Let 0(A) and 0,(A) be the spectrum and point spectrum of A. If
atds > B8] then o(A)N(C\ (—00,0]) = 0,(A) and o(A*)N(C\ (—0o0,0]) = 0,(A*).

Proof. Let A € C\ (—o00,0]. For a given Y = (f, g,h,¢) € X, suppose that there
exists (u,w,v, z) € D(A) such that

(M — A)(u,w,v,z) = (f,g,h,Q). (4.1)

This equation is equivalent to the condition that Aw—v = g, Az —3Jyz = h, 2(0) = v,
u satisfies the Stokes equation

A— pAu+Vp=f, in Q,

divu = 0, in €2, (4.2)
u =0, on 'y,
u = v, on F(),
and (v, w) satisfies the boundary value problem
A+ a)v — Aw = —Bz(—7) —p+uv-0,u+h, in Dy, (43)
w = 0, on Y. '
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Applying the variation of parameters formula to the equation for z, we obtain
0
2(0) = Mv + / X0 (1) . (4.4)
0

Using this and the fact that w = +(v + g) we can see that the variational form of
the elliptic equation (4.3) is given by

1 1
p()\)/ vipde + — VU-Vz/)dx:—X Vg-V@bdx—l—/ hy dz
To

)\ To o o
0
— ﬁ/ / e MO o (9) da dB — (ud,u — pu, hv) (4.5)
—7 JIg

for v € H}(Ty). Also, the weak form of the Stokes equation (4.2) is given by

/\/Qu~gz5dx—i—u/QVu-V¢dx:(u@,,u—pv,qb)—i—/gf—gbdx (4.6)

for every ¢ € V. Therefore if (¢,1) € Wy, taking the sum of (4.5) and (4.6) so that
the duality pairing vanishes, we obtain the variational equation

a'/\((u’ U)’ (¢7 ¢)) = FY,A(¢? ¢)» v (¢7 @Z’) S Wl' (47)

Conversely suppose that the variational equation (4.7) is satisfied. Define z and
w as above. Choosing 1) = 0 we can see that u satisfies the Stokes equation (4.2) in
the sense of distributions. Using Green’s identity the elliptic equation (4.3) holds in
the distributional sense as well. We choose p = p + p* where

p* = (i —p — fz(=7) = (A + a)v, ¢y)

where {1} is a basis of {t) € H}(T'y) : Au is constant}, which has dimension 1, and
is the orthogonal complement of HE(T'y) in HL(T'y). Split the sesquilinear form ay
as ay = ap\ + a1\ where the sesquilinear forms a; » : W; x W; — C for i = 0,1 are
given by

sl (00) =p [ Vur Voot 5 [ Vo-Voda

ao((u,v), (6, )) = )\/

Q

u‘qbd:c—i-p()\)/ v da.

To

The form a, ) is Wj-coercive provided that Im A # 0 and ag is bounded. From
the Lax-Milgram-Fredholm Lemma (see [4]) we obtain the desired result. The
corresponding result for the adjoint can be done in a similar way. U

5. UNIFORM EXPONENTIAL STABILITY

In this section we prove that the energy of the solutions for the fluid-membrane
interaction model decays to zero exponentially under the condition a + £~ > .
The result will be shown using the Lyapunov method. The success of this method
to the system (1.1) relies on the following theorem in [6].
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Theorem 5.1. Let S be the Stokes map defined in the following way

—pAu+Vp=0, inQ,

divu = 0, n €,
u=5v <=

u =0, on I'y,

U = v, on I'y

Then it holds that S € L(L2(Ty), H/2(Q) N H) N L(HE(Ty), H¥2(Q) N H).

Theorem 5.2. Suppose that o + a'“; > (. The semigroup generated by A is

uniformly exponentially stable, that is, there exist o > 0 and M > 1 such that
et Xol|x < Me | Xo||x for every Xo € X andt > 0.

Proof. By a standard density argument it is enough to consider initial data in the
domain of A. For this purpose, let Y () = (u(t),v(t), w(t), 2(t)) = e (ug, wo, vo, 20)
where (ug, wg, vo, 20) € D(A). We define Lyapunov functional L as follows

L) = .o w0 e [ [ 0P
—i—&tg/glu(t)-Sw(t)dx%—eQ/F w(t)v(t) de.

The positive constants a, €; and e, will be chosen below. Note that for
sufficiently small ¢; and e9, the functional L(t) and the energy FE(t) :=

Sl (u(®), v(t), w(t), z(t))||% are equivalent.
Revising the dissipativity estimate (3.3) we have

d
th —5/|Vu (t)]*dz — (a—

where ¢ > 0 is small enough so that k£ :== a — 5 + “C—;f > 0. On the other hand,
taking the derivative of the second term of L and then using the transport equation
for z we have

// e z( t9|2dxd9_/ /6“989(|z(t,«9)|2)dxd6’
—7 J1Iy Ty

:/r (lv@)]? — e 7 |2(t, —7)|*) dz — a/ /F e®|z(t,0))* dz db. (5.2)

Getting the derivative of the third term of L and using the fact that div Sw = 0,
Sw=0onI7 and Sw = wv on I'y we have
4
dt
= /(uAu(t) — Vp(t)) - Sw(t)dz + / u(t) - Sv(t)de
Q

Q

) A lv(t)]* dz (5.1)

u(t) - Sw(t) dz (5.3)

= —,u/QVu(t) -VSw(t)dx + (uv - d,u(t) — p(t), w(t)) + / u(t) - Sv(t) dz.

Q
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From Theorem 5.1 and the Poincaré inequality, we have the estimates

‘,u/ﬂVu(t) -VSw(t)dx

Q

1)

/Qu(t) - Svu(t)dz

< C’“/Q|Vu(t)|2dx+0 w(#)dz.  (5.5)

To

Let Ct, be the Poincaré constant corresponding to the domain I'y. Then we have

(pv - dyu(t) — p(t), w(t)) + % /F v(w(t)dr — [ |v(t)]*dz

1)

_ |Vw(t)|2 dr — /F (av(t) — /Bz(t, —T))UJ(t) dz

o

< —(1-2Cn) [ [VOF do - Cusey [ (oOF +1a(t, 1)) o (56)
Ty 1)

Therefore if we choose the positive constants ¢; for « = 1,2,3 in such a way that
e—e(Cu+CLe) >0, k—e1 —(1+C+Chpes)ea >0, €167 — Cypese2 > 0 and
1 —e3(1 4 Cr,) > 0, then from (5.1)-(5.6) we can see that there exists a positive
constant C' > 0 such that L'(t) < —CL(t). Using the equivalence of L and E, we
obtain the desired result. U
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