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1. INTRODUCTION

The aim of this paper is to obtain a well-posedness result for a hyperbolic system of
first order quasilinear partial differential equations in the bounded interval 2 = (0, 1)

with dynamic boundary conditions
(

u(t, ) + Au(t, x))ug(t, x) = f(u(t, z)), t>0,0<z<l,

Bou(t,0) = bo(po(t), h(t)), t>0,

Byu(t, 1) = bi(p1(t), h(t)), t >0, (L.1)
h(t) = H(h(t),q(t),u(t,0),u(t, 1)), t>0, '
u(0, ) = up(x), 0<z<l,

h(0) = hy.

\

The unknown state variables are u : [0,7] x [0,1] — R"™ and & : [0,7] — R? that
take values in the open and convex sets U and H, respectively. We assume for
simplicity that 0 € & and 0 € H. This is not too restrictive since one can shift
a general problem to this case. The coefficients appearing in (1.1) are assumed
to have the following properties: The flux matrix A : U — M,«,(R) and the
source term f : U — R™ are both infinitely differentiable. The boundary matrices
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By € Mpn(R) and By € Mg_nyxn(R) are of full rank, where p is the number
of incoming characteristics from the left boundary, or equivalently, the number of
positive eigenvalues of the flux matrix.

According to the diagonalizability assumption (D) below, n — p is the number
of incoming characteristics from the right boundary. This assumption further im-
plies that we are in the non-characteristic case. It should be noted that unlike in
multidimensions, cf. [2, Chapter 11|, for which the boundary matrix should be of
constant maximal rank along the boundary, in the case of one space dimension the
boundary matrices can have different ranks. However, the sum of their ranks should
be the same as the number of components of the state vector u. The boundary data
Po, P1, and ¢ are given by po : [0, 7] — R™ p; : [0,T] = R™ ¢ :[0,T] — R"2, while
bop : R™ x H — RP, by : R™ x H — R" P and H : H x R™2*2" — R4 Again for
simplicity we assume that by, by and H are all infinitely differentiable.

If by and b; are independent of h then (1.1) includes systems of balance laws that
are decoupled from the h-dynamics. If H is independent of h then (1.1) includes
balance laws with nonlocal boundary conditions of the form

Byu(t,y) = b, (py(t),/o H(q(s),u(s,0),u(s, 1)) ds) , 0<t<T, y=0,1.

Systems of the form (1.1) occur in multiscale blood flow models [6], [9], [19], [21]
and in valveless pumping [5], [14], [17]. Our well-posedness results are based on
Sobolev spaces. The motivation for studying the well-posedness in Sobolev spaces,
rather than the spaces of continuously differentiable functions 9], [11], [12], lies in the
later study of global-in-time existence of smooth solutions for which energy estimates
formulated in Sobolev norms are used, see [16]. The presence of a damping term,
the bounded space domain and the ODE boundary conditions will not cause much
technical difficulty, we will address a way on how to treat them. Broadly speaking,
we will follow the frameworks in Benzoni-Gavage and Serre [2| and Métivier [13] to
prove our result.

However, there will be differences specially when it comes to the full nonlinear
PDE-ODE system where an appropriate linearization and a modified a priori esti-
mate will be used. Recent results regarding the mixing of conservation laws and
balance laws with ODEs on the boundary, but with another notion of solutions and
on a semi-infinite interval, are given in [3] and [4], respectively.

One possible generalization of (1.1) is to consider nonlinear boundary conditions,
e.g. B(u,h) = 0 where B satisfies the condition B(0) = 0. To deal with the
nonlinearity, one first study the linearized problem. The linearized boundary con-
dition takes the form B (v,g9)u = g for which the boundary matrix B depends on
t through the frozen coefficients v and g. We shall not pursue this generalization
and consider the simpler case where the boundary matrices are constant. Regarding
time-dependent boundary matrices we refer to [2, Chapter 9]. We believe that the
method applied here will work on these types of problems.

Aside from the assumptions that we have already mentioned, we further consider
the following hypotheses.

(FS) Friedrichs Symmetrizability. The differential operator
Lw = 3,5 -+ A(w)az
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is Friedrichs symmetrizable for all w € U, i.e., there exists a symmetric
positive-definite matrix-valued function S € €°(U; M,,xn(R)), called the
Friedrichs symmetrizer, that is bounded as well as its derivatives, S(w)A(w)
is symmetric for all w € U, and there exists « > 0 such that S(w) > al, for
all we .

(D) Diagonalizability. For each w € U, A(w) is diagonalizable with p
positive eigenvalues and n — p negative eigenvalues. In particular, A(w) is
invertible and has n independent eigenvectors.

(UKL) Uniform Kreiss-Lopatinskii Condition. There exists C' > 0 such that
for all w e U

VI < C|BoV 1, for all V€ E*(A(w)),

and
VI < C|IB.V|, for all V' € E*(A(w)),

where E%(A) and E*(A) denote the unstable and stable subspaces of a matrix
A, respectively.

Friedrichs symmetrizability is used in deriving pointwise-in-time estimates. The
diagonalizability assumption implies that we are in the non-characteristic case. Fi-
nally, the Uniform Kreiss-Lopatinskii Condition tells us what forms of the boundary
conditions are appropriate.

We also assume that f(0) =0, H(0) = 0, and b(0) = 0. Again these are not re-
strictions since one may consider affine shifts of the state spaces. Other assumptions,
for example on the initial and boundary data, will be stated later.

According to our hypotheses, we include the case of non-symmetric fluxes with
symmetrizers. The diagonalizability assumption though, would give us a new diag-
onal system through a change of variables, and thus the flux matrix will be trivially
symmetric. However, the cost of this diagonalization would be that the boundary
matrices will be time-dependent. For this reason, we do not diagonalize the system.

To prove that (1.1) has a unique solution in appropriate function spaces we use
the classical way of linearizing the system and proceeding in an iteration scheme.
In principle there are various ways to linearize (1.1); the choice that we take is
the following: for given functions v and g in appropriate function spaces called the
frozen coefficients, we consider the linear system

(wy(t,2) + A(v(t, 2))ug(t, 2) = f(o(t, z)), t>0,0<z<1,
Bou(t,0) = bo(po(t), h(t)), t>0,
Biu(t, 1) = by (py(t), h(t)), t>0, 12)
h(t) = H(g(t),q(t),v(t,0),v(t, 1)), t>0, ’
u(0,x) = ug(x), 0<z<l,
h(0) = hy

\

The system (1.2) is now weakly coupled in u and h in the sense that only u depends
on h and not the other way around. Thus to address the existence and uniqueness
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of solutions of (1.2) we only need to consider the PDE and ODE parts separately.
The ODE part is easy since integration gives us immediately

h(t) = ho +/0 H(g(s),q(s),v(s,0),v(s,1))ds.

The PDE part is more involved and will be handled within the frameworks in [2],
[13]. The linearization (1.2) is advantageous when deriving a priori estimates in
connection with the nonlinear problem (1.1).

We developed well-posedness in the Sobolev space H™, where m > 3 is an integer.
This assumption is needed in applying commutator estimates, see Proposition 3.2
below. For first order equations in one space dimension, it seems desirable to provide
well-posedness for m = 2, but we are not able to improve our results.

The structure of the paper is as follows. Section 2 is devoted to constructing
boundary symmetrizers necessary for L? well-posedness of linear variable-coefficient
hyperbolic PDEs on a bounded interval. In Section 3, we derive various a priori
estimates in Sobolev spaces that will be used in Section 4 to prove additional reg-
ularity of solutions for the PDE part. The local existence, uniqueness and blow-up
criterion for the nonlinear system (1.1) will be given in Section 5. Finally, in Section
6 we give some examples.

2. SYMMETRIZERS AND L2 WELL-POSEDNESS OF THE LINEAR
PDE PART

Most of the results in this section are parallel to those in multidimensions given in
[2], and therefore, we only point at the deviating parts; those details that are the
same or similar are referred to the said text. This will also serve as a venue to realize
that the theory originally developed to treat multidimensional problems simplifies
in the case of one space dimension.

Let us rewrite the boundary conditions in a single equation. Define ujgq(t) =

(u(t7 0)7 u(t’ 1))7 p= (p07p1)7

By Opn bo(po, h)
B= P M, on(R),  bp, h) = )
( O(nfp)xn By ) < 2 ( ) (p ) ( bl(pbh)

Here Oy, denotes the p x n zero matrix. The boundary conditions in (1.1) can
now be written in a single equation Bujasq = b(p,h). Given v = v(t,z) consider
the first order linear differential operator L, = 0, + A(v)d,. As mentioned in the
introduction, the first step requires a well-posedness theory for the initial boundary
value problem (IBVP)

L,u=f, O0<t<T, 0<z<l,
Bujpa = g, 0<t<T, (2.1)
Uj—p = Uo, 0<x <1,

where f, g, uy are given data in appropriate function spaces and 7" > 0 is arbitrary.
The existence and uniqueness of solutions of (2.1) follows in a classical way using
energy and duality methods. First, one considers the pure boundary value problem
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(BVP)

{Lvu:f, teR, 0<z<l, 22)

BU|aQ =g, teR,

then go to the case of homogenous IBVP, i.e. (2.1) with uy = 0, and finally the
general IBVP (2.1).

Energy estimates for (2.2) can be obtained by symmetrizing the boundary con-
ditions with the aid of a functional boundary symmetizer. Functional boundary
symmetrizers can be obtained if the boundary conditions are strictly dissipative.
However, there are boundary value problems that are not strictly dissipative, for in-
stance, the examples we consider in this paper. For the case of smooth coefficients,
functional boundary symmetrizers are derived using pseudo-differential calculus. For
systems having coefficients that are only at least Lipschitz, para-differential calcu-
lus is the appropriate tool in constructing them. In the following, we recall the
definition of the functional boundary symmetrizer on a bounded interval.

Definition 2.1. A functional boundary symmetrizer for (L,, B) is a two-parameter
family of self-adjoint operators {R}(x) : v > 70, € [0, 1]}, where 79 > 1, such that
(1) R} € WhH([0,1]; L(L*(R))) is uniformly bounded in v > 7,
(2) there exists C' > 0 such that for all x € [0, 1] and v > 7,

Re(R)(2)T, ) = C1,

where Re A = (A + A*) is the real part of an operator A, A,(z) = —(vy +
i0)A(v(-,x))7, § € R, and T]\v(x) is the paradifferential operator associated
with the symbol A,(z) € T'} with parameters x € [0,1] and 7,

(3) and there exist o, f > 0 such that

—v(@) (R} ()u, u) 2wy + Bl BaullL2my = allullZz)
for x € {0,1} and v € L*(R)", where v(0) = —1 and v(1) = 1.

For the definition of the class of symbols I'] we refer to the Appendix in [2]. The
above definition is adapted from the one given in [2, Definition 9.1] in the case of
half-space. For general smooth domains, energy estimates can be obtained from the
case of half-space and using coordinate patches. In the case of a bounded interval
the situation is simpler since one can simultaneously include the conditions on the
left and right boundaries.

The reason why we want functional boundary symmetrizers is that they naturally
induce a priori estimates, see (2.3) below, necessary for well-posedness theory. All
throughout this section we assume that A € €°°(U; M, »,(R)) is constant outside a
compact set in U and v € WH**(R x Q) satisfies ||v||wrerxo) < K and ran v C K,
where 0 € K is a compact and convex subset of /. Then it can be shown |2, Chapter
9] that there exist ¢ = ¢(K,K) > 0 and 79 = (K, K) > 1, both independent of v
and wu, such that for all v > 4y and u € Z(R x )

1
VAl ey + ool < o (ﬁwzunmm ; ||Bu.m||L2<R>) 23
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where L) = L, +~1,, provided that there is a functional boundary symmetrizer for
(L,, B). Here, I,, is the n x n identity matrix.

Hence, one technical step is to prove the existence of functional boundary sym-
metrizers. This can be done using the so-called Kreiss symmetrizers which are first
defined locally and then extended to a global one using compactness and homogene-
ity arguments. In the following, we let C* = {z € C: Rez > 0}, P = C* \ {0}
and define the time-space-frequency set X := R x [0, 1] x P. We denote by ran v the
range of a function v.

Definition 2.2. Let A € €>°(U; M, xn(R)), By and By be constant matrices and
v € WHhe(R x Q) such that ranv C K C U. A local Kreiss symmetrizer for
(A,v,By,By) at X = (t,z,7) € X is a Hermitian matriz-valued function r €
E°U x O; My (C)), where U x O is open in U x P and v(V(t,z)) C U for
some neighbourhood V(t, x) of (t,z) in R x [0, 1], such that there exists an invertible
matriz-valued function T € €U x O; GL(n,C)) with the following properties

(a) there exists C' > 0 such that Re(r(X)T(X) 'AX)T(X)) > (CRe1)I,,
where A(X) = —TA(v(t,x))™!, for all X = (v(t,z),7) with (t,z,7) €
V(t,z) x O

(b) and if in addition, X € R x {0,1} x P, then there exist o, 3 > 0 such that
for all (t,x,7) € V(t,x) x O we have

—v(z)r(X) + BT(X)* B, B,T(X) > al,
where X = (v(t,x), 7).

For general constantly hyperbolic systems in multidimensions, the construction of
local Kreiss symmetrizers is long and technical. It utilizes tools in algebraic geom-
etry and matrix analysis. However, for certain physical systems such as the Euler
equations, the construction is relatively easier. The case of one space dimension is
also easy for which the local Kreiss symmetrizers can be taken in diagonal form,
thanks to our assumption (D).

Now we show how to construct the local Kreiss symmetrizers. Using homogeneity
and compactness arguments it is enough to construct local Kreiss symmetrizers at
points on the compact set

Xy =[-M,M]x[0,1] x {reC*:|r| =1}

for M > 0 large enough. We start with the case where Re7 > 0. The matrix
A(w,7) = —7A(w) ™" is hyperbolic for all w € U. Indeed, we have

E_ (w,7):=E(A(w, 7)) = E*(A(w)), FEy(w,7):=FE"(Aw, 1)) = FE*(Aw)).

These show that E_(w,7) and E,(w,7) are independent of 7 as long as Rer > 0.
Let X = (t,z,7) € X; be such that Rer > 0 and U x O be an open set in
U x P containing (v(t, z), ), where i and O are open sets in U and PN {ReT > 0},
respectively. By continuity of v, there exists an open set V(t,z) in R x [0, 1] such
that v(V(t,2)) C U. For each w € U we let Ty(w) € €(U; Myxn(C)) be the matrix
consisting of the eigenvectors of A(t,z)~!, arranged in such a way that the first p

columns correspond to the p positive eigenvalues, and the rest correspond to the
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n — p negative eigenvalues. Then A(w)~! can be diagonalized as

_ _ YH(w)  Opx(n-
T 14 iy _ px(n—p)
o) ()™ Tow) ( Om-pyxp 5~ (w)
where X (w) = diag(A\1(w), ..., \y(w)) and X7 (w) = diag(Ap1(w), ..., A\ (w)) are
the diagonal matrices with the positive eigenvalues and negative eigenvalues of
A(w)™! as entries, respectively. Define

T(w,7) = Th(w)
for all (w,7) € U x O. Then we have

T(w,7) " Aw, )T (w,7) = ( _O:i;(i) _O;fgfa’”)) > .

Suppose 0 < z < 1. Then the Hermitian matrix

r(w,7) = ( 0 —l Opj.("_p) ) (2.4)
(n—p)xp  Hln—p
can be chosen as a local Kreiss symmetrizer at X for any ;4 > 1 and T" defined above
is the associated invertible-matrix valued function.

If x = 0, then the same form of r(w, 7) given by (2.4) is possible for sufficiently
large p1. This is the place where one requires the Kreiss-Lopantiskil condition. Re-
ducing U if necessary, we can assume without loss of generality that the spectral
projections P_(w,7) and P, (w,7) onto E_(w,7) and E,(7,w), respectively, are
well-defined. These projections can be written as Dunford-Taylor integrals and by a
classical argument in [10], they can be chosen so that they are > in w and analytic
in 7. Since E_(w, ) and E, (w, 7) are independent of 7 then P_(w, 7) and Py (w, T)

are also independent of 7. By (UKL), for all V' € C" and (w,7) € U x O we have

[1P-(w, )V < ClBoP-(w, )V = C[|Bo(V = Py(w,)V)]|
< Gi(IBoV I + 1Py (w, T)V])).- (2.5)

With this estimate it can be shown, see [2, pp. 238-239], that for sufficiently large
i, 7 given by (2.4) is a local Kreiss symmetrizer at X. If z = 1 then analogously

one can choose
_ —ply  Opx(n—p) )
r(w,7) =
( ) ( O(n—p)xp Inp

where p is again sufficiently large.

The next step is to construct symmetrizers at points with Re7 = 0 of the fre-
quency set PN {|r| = 1} = {£i}. However, for nonzero real number §, E_(w,i0) is
not the stable subspace of A(w,id) anymore. Note that E_(w,id) is the zero sub-
space. Instead, we extend the definition of E_(w,7) by continuity, or equivalently,
the definition of the spectral projections P_(w, 7). For each (w,d) € U x (R \ {0})
we define

Py(w,id) = Py(w, o + id)

where ¢ > 0. This definition of Py is independent on ¢ as long as it is a positive
real number. Moreover, one immediately have the continuity of the projections up
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to the boundary of the frequency set

UXPB(,}}glﬁ(w,i(S) Pe(z,7) = Pelw, ).
We define FL(w, ) :=ran Py(w, ), for ReT = 0.

Suppose that X = (¢,z,7) € X; where Re7 = 0. The neighborhoods U, 0, and V
along with matrices r and T" are the same as in the construction above. If 0 <z < 1
then we choose r as in (2.4). If x = 0, by passing to the limit of projections in (2.5),
we still have the estimate

1P-(w, ")V < Cl[ BV | + [ Py (w, ) V]|

for all V € C" and (w,7) € U x O. Once we have this estimate we can proceed to
the same manner as before. The case x = 1 is analogous.

With local Kreiss symmetrizers at every point on the compact set X; in hand,
one can then extend it to a global Kreiss symmetrizer using compactness and ho-
mogeneity arguments. In other words, there exists a function R, : X — M, (C)
such that R,(z) :== R,(-, z,-) € I'{ for z € [0,1] and for v > ~, it holds that

Re(Ry(t, z, 7)A(v(t, x),7)) = Cyly,

—v(2)Ry(t,z,7) + BB B, > al,, x € {0,1},
for some constants «, 5,C > 0 and 79 > 1 depending only on K and K. Since
R,(x) € TY for each z € Q, it follows that {TR,(») * 7 = 1} is a family of para-
differential operators of order 0. Thus, their operator norms in £(L*(R)) are uni-
formly bounded in v, and since the symbols are Lipschitz in the parameter x, they

are also uniformly bounded in x. The desired functional boundary symmetrizer is
given by

1 *
R)() = 5(T}, ) + (T, ).

Refer to |2, pp. 248-250] for more technical details.

Remark 2.3. We note that with our choice of the local Kreiss symmetrizers we
have the following refined property for (a) in Definition 2.2

r(X)T(X)TAX)T(X) = TA(X)

with some diagonal matriz A satisfying A(X) > CI,, uniformly in X. This addi-
tional property can be used to prove (2) in Definition 2.1.

With the aid of the a priori estimates one can prove an existence and uniqueness
result in L?.

Theorem 2.4. Suppose that (FS), (D) and (UKL) hold and let T > 0 be ar-
bitrary. For all ug € L*(Q), f € L*((0,T) x Q), g € L*0,T) and for all v €
WLe([0,T] x Q) such that ranv C K C U, where 0 € K is compact and con-
ver, and ||v]lyroeqorxay < K, there exists a unique solution u € L*((0,T) x Q)

in distributional sense of the linear system (2.1). Furthermore, wpq € L*(0,T),
uwe C([0,T]; L*(Q)) and there exists C = C(K,K) > 0 such that

1
| eqo,ry;2200) + ﬁHUHLQ((O,T)XQ) + |lwjpall L2(0,1)
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<C (||uo||L2(Q) + VT fll 20,1y x0) + HQHLQ(O,T)> :

Proof. The methods in [2, Chapter 9] or [13] can be adapted in the present case
and for this reason we omit the details here. U

We also have a result regarding the intuitive idea that the more regular the data,
the more regular the solutions are. We postpone the statement and proof of this
and derive further a priori estimates required in the proof. These will be discussed
in the next section.

Remark 2.5. Using Theorem 2./ and a fixed point argument, one can also show the
L? well-posedness of a linear PDE-ODE system where the coefficients of the PDE are
in Wb and the coefficients of the ODE are in L>. In the constant coefficient case,
the solution in L? coincides with the one given by Cy-semigroup theory. However,
the former method yields that the traces u(-,0) and u(-,1) are in L*(0,T), which
cannot be obtained directly from semigroup methods, e.g. |15]|. The regularity of the
traces 1s sometimes called a hidden reqularity property.

3. A PRIORI ESTIMATES IN SOBOLEV SPACES

Given an open set O C R? = {(t,z) : t,z € R}, v > 1 and a nonnegative integer m,
the space H " (O) is defined to be the usual Sobolev space with v-depending norm

lalago) == Y v lI0%ull120) < oo

ja<m
It is not hard to see from the definition that
V" Mlwllgs o) < lwllape),  0<k<m, we H"(O). (3.1)

It can be shown that there exist constants 0 < ¢ < C' independent of both u and
~ such that

¢ > " e 0l o) < e ullupo) < C Y M le 0 120y

lo|<m la|<m

whenever e”u € H™(O). When O = R? then the norm |[ul| gy g2y is equivalent to
| Op(A™*)ul| r2(r2), where Op(A™*) is the pseudo-differential operator with symbol
AT(8,€) = (3 + 6% + €)™,

Let CH™([0,T] x Q) = (), CP([0, T]; H""P(Q)), where m is a nonnegative in-
teger, be equipped with the norm

m

‘ 1/2
|| crmomxa) = (Z sup ||agu(7—>||§{mj(9)> :

=0 T7€[0,T

We write CL*([0,T] x Q) instead of CH®([0,T] x ). The space CH™([0,T] x Q)
equipped with the norm || - [[czm(o1x) is @ Banach space.
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3.1. SOME CLASSICAL SOBOLEV ESTIMATES. In this section, we state various
estimates in Sobolev spaces which can be used to derive a priori estimates.

Proposition 3.1. Let Q be an open cube or a strip in R?. For all real numbers
s,t > 0 such that s +t > 0, if u € H*(R) and v € H'(Q) then uwv € H"()
for all 0 < r < min(s,t) such that r + d/2 < s+ t. Furthermore, there exists
C=C(r,s,t,Q) >0 such that

lwoll @) < Cllullzs@l|v]le@)-

In particular, H*(2) is a Banach algebra for all s > d/2.

Proof. The proof follows from a well-known result in the case Q = R%, e.g. |2,
Theorem C.10]. Indeed, we recall that given a real ¢ > 0 there exists a continuous
operator E, : H1(Q2) — H?(R?) such that (E,u)q = u and

[Equll oy < Collull oy

for some constant C, = C,(Q2) > 0 independent of u € H*(Q2), see e.g. [I, p.
207-208| . Then uv = (Esu Ew)jo € H(2) and

[wvllsr@) < || Esu Eyul|grgay < C||Esul

e @) 1B | i ray < Cllullas@ o)l ae )
This proves the proposition. [l
By induction, if sy, ..., sy > 0 are real numbers such that s;+---+sy > 0 and if

u; € H(Q) forall 1 <i < N, thenw; ---uy € H'(2) whenever 0 < r < minj<;<y $;
and 4+ d/2 < s; + -+ - + sy, and moreover, we have the estimate

for some C' > 0 independent of u; for 1 <7 < N.
In a similar way the following commutator estimate can be shown.

Proposition 3.2. Let Q be an open cube or a strip in RY, s > [d/2]+2, a € H*(Q)
and v € H*71(Q). Then for all 1 < |a| < s we have

Proposition 3.3. Let Q be an open cube or a strip in R?, s > d/2 and F € €*°(R)
such that F(0) = 0. If u € H*(Q2) then F(u) € H*(Q)) and there exists a continuous
function C : [0,00) — [0,00) such that

£ (w)]

0%, alul|2(@) < Cllal

@[] griai-1q)-

(@) < C(||“||L°°(Q))||u| H# ()

Proof. The proof uses the same ideas as in the proof of the Proposition 3.1.
We note that the extension operator E, : H9(Q2) — H?(R?) can be chosen, e.g.
successive application of Seeley’s reflection argument [1, p. 84|, in such a way that
]| poe(ray < C(q, Q) ||ullzeq). Using the same extension argument above and [2,
Theorem C.12], one can prove the proposition. O

Similarly, using |2, Corollary C.3] one can prove the following.
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Proposition 3.4. Let Q be an open cube or a strip in R?, s > d/2 and F € € (R).
Then there exists a continuous function C' : [0,00) — (0,00) such that for all u,v €

H*(Q) we have
[ (u) = F(v)]

o) < Cmax(||ullms s 1ol @) lv = vl s )

3.2. SOBOLEV ESTIMATES WITH TIME INTERVAL R.. Let v € H™(R X Q)
takes values on a compact set K C U, |[v|lwremxo) < K, [|v||anErxo) < R and
u € (R x Q). First, we estimate in terms of the norm || - |, where m > 3 is

an integer. We divide the derivation of the estimates into pure time derivatives and
mixed derivatives.

3.2.1. TIME-DERIVATIVES. Applying the a priori estimate (2.3) to w = 9w for
a=0,1,...,m one obtains

VIO ull 20 c2my) + (107 w) o | L2(r)

1
<c (WHLZ(K%QUHL?(Q,LQ(R)) + HB(@?U)WQHLZ(R)) . (33)

Since B is a constant matrix, the boundary terms on the right hand side of (3.3)
are given by

>y BOM W el = Y A" N08 (Buje)ll2@)
a=0 a=0

= ||BU|BQ||H1/n(R). (34)

Here, the trace and the derivative commute since v is smooth. The term L]0 is
more involved. We rewrite it as

Lyofu = A()of(A(v) ' f) + A(v)[A(v) LY, 0 Ju (3.5)
where f = LJu.
For the first term on the right hand side of (3.5) we write
A()07 (A(v) "1 f) = A(v)0F (A(v) f) + A(v) A(0) 07 f. (3.6)
where A(v) = A(v)~' — A(0)~! satisfies A(0) = 0. Taking the L?-norm in (3.6) and
applying the triangle inequality
IA@)07 (A(®) " N2y < ClOF(A@) N 2@y + Clf lremxe).  (3.7)

Here and below, C' is a generic positive constant which depends only on m, K and
K. Let us estimate the first term on the right hand side of (3.7). Since the case
« = 0 is nothing but the L%*-estimate (2.3) we only need to consider the case where
a > 1. If o =1 then 9,(A(v)f) = (0, A(v))f + A(v)0, f, which can be estimated
immediately

'VmilHat('A(U)fMLQ(RXQ) < C’YmAHfHHI(RxQ) < CHfHH;n(RxQ)-
Suppose that a > 2. Then using Proposition 3.1 and (3.1)

TN (AW Hlle@xey < CY"ollge@xoll fll a2 @xo)
< Clollae@xalflag@xa)-
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Therefore it holds that for all « =0,1,...,m,
YA (AW) T )2y < CA+ ol am @) 1f 11 @xo): (3.8)

We can rewrite the commutator in (3.5) in terms of derivatives with respect to ¢
only. Indeed, a straightforward computation gives us

AW)[AW)LLY, 0% u = A(v)[07, A(v) O + yA()[0%, A(v) ™ Hu. (3.9)

Writing A(v)™' = (A(v)™! — A(0)~!) + A(0)~', applying the commutator estimate
Proposition 3.2 (this is the place where we need the assumption m > 3) in each
term of (3.9) together with (3.1) and Propsition 3.3 we have

Y AW)AW) LY, 0 ull 2 @xey < Cllvllam@xoyllull i @xa)- (3.10)
Applying (3.8) and (3.10) in (3.5) and then taking the sum yield

Z Y NLY O ull oo L2 ) (3.11)
a=0

< O+ vl m@xa) (1 L3ull an@xo) + [[ull ze@xq))-
Thus, according to (3.3), (3.4) and (3.11) we have the following estimate on the time
derivatives

VAl ze@me ry) + ol e )

C
< ﬁ(l + ol am @x0) | Loull e @x0) + Cll Bujgal| g w)

C
+ —= A+ [l @< ||l mm@x0) =1 ON(u,v).

val
It is important to note that on the right hand side, the norms of v are independent

of .

3.2.2. SPATIAL AND MIXED DERIVATIVES. To obtain estimates involving
derivatives with respect to x we use the operator L). We show by strong induction
that

AR 990U 2@y < CN (u,v)

holds for all £ and « such that £ + a < m. The case £k = 0 only involves time-
derivatives and hence the basis step was already established. Suppose we have shown
that for all j and « such that j =0,...,k and j + o < m we have

7m_(j_1)_°‘_1/2||0£8,§’u||Lz(RXQ) < CN(u,v). (3.12)
We show that this also holds for k 4+ 1 and « such that £ +1 4+ a < m.
First, by applying 9592 to the equality
Opu = A()(f — Oy — yu) + A0) " (f — Oyu — yu), (3.13)
one obtains
0ot = 0O [A()(f — dyu —yu)]
+ A0)H(OF0x f — 0ot u — 40RO ). (3.14)
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The first term in (3.14) may be expanded using the Leibniz’s rule as
k

IO [AW)(f — dou — yu)] chﬂak 19 A(0) 0N f — Opu — yu).  (3.15)

7=0 [=0

By the induction hypothesis (3.12), one has already an estimate for the second term

n (3.14)
R0 2 A(0) (DEOE f — 008w — 1050 W) ey < ON(uy0). (3.16)

Next, we estimate the terms appearing in the sum (3.15) and for this we consider
different cases.

Case 1. If k—j+a—1 < 1 then one has the estimate |07 97 ' A(v) || o ®xa) < C,
while the terms ™ *=*=1/297 9!y, and ™ *F~2+1/29J 9l can be estimated using the
induction hypothesis: Since j < kand k+a > j+1

ymhmam12) gk=i gl A(v) 0N f — Dyu — Yu)|| L2 (rxc)
< Oy T Loy + 1920 ull x) + 110205l 2qecen)

1 () .
§C<ﬁv VDN Fll ey + 7™ VD21 0000 | 2 e

U g0l ey ) < CN ).

Case 2. If k —j+ a — 1 = 2 then we first estimate with respect to time and
then integrate with respect to space. In the following, for simplicity we write u, v, f
for u(-,z),v(-,z), f(-, ), respectively. Using an L? — L™ estimate, the embedding
H'(R) — L*(R) and v > 1 we have

YRR 0T 0RT A () §L0,(f — Dpu — yu)l| ey
< CHUHH%R)’V"H“”W(HaiaifHHl + Hajal“?LHHl +711050pull 1 )
HUHH2<R ez my + Ml ez my)-

\/_

Integrating with respect to z over {2 and applying the embedding H*(R x ) —
L>(Q; H*(R)) we obtain

7m—k—a—l/2||3’;—1(‘)?—’,,41(@) QO f — Ovu — yu)|| 2 (rxo)

||U||H3 ®@x) ([ fllEn@x0) + [[ull Hn@xa) < CON(u,v).

\/_
Case 3. It k—j7+a—1>3then j+ 1+ 3 < k+ a<m and we have
f)/m—k—afl/ZHaglcffj&tozflA(U) 8£a£+1U||L2(R><Q)

< Cllollgm@xayy™ 2020, ul| L r o)

m—(k+a)—1/2 ||u||Hj+l+3(R><Q)

m—(j+1+3)—1/2

< Cllvllam@xayy
< C||U||Hm(RxQ)7 ||u||HJ+l+3(R><Q)

—l[vllEm@xe) ||U||Hm(]R><Q) < WN(U L),

\/_
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and similar for the other terms 9* 792" A(v) 320! f and v0F 702~ A(v) 91 0tu.
Combining the three cases in (3.15) one has
YT 0507 [A) (f = Oru = vl sy < CN(u, ), (3.17)
and taking the sum of (3.16) and (3.17) in (3.14) we have

)
YR OB 90 ey < CN (u,v),

which establishes the induction step.

3.2.3. WEIGHTED-IN-TIME ESTIMATES. The above estimates give us finally
the following estimate

VUl exe) + lwoell mr )

1
<C (ﬁ(l + [0l zm @x o)) | Lywl o @) + HBUWQHHMR))

C
+ —(1+ HUHHm(RxQ))||U||H;n(R><Q) (3.18)

val
for all u € Z2(R x Q) where C = C(K, K) > 0. Choosing v large enough, the last
term on the right hand side of (3.18) can be absorbed by the first term on the left
hand side and therefore
1

val

where the constant C' > 0 also depends only on the W*°-norm and H™-norm of v
and the compact set K. The passage from (3.19) from (3.18) by absorption would
not be possible if we have the H*-norm of v in (3.18) instead of its H™-norm.

ﬁuuummw||u|aQ\|H¢<R>sc( HLZuHH;n(MwHBwaszHHmR)) (3.19)

Replacing u by e~ "u, which is still in Z2(R x Q) provided that u is, noting that
LY(e™"u) = e " L,u, and then applying a density argument, we have the following
a priori estimate.

Theorem 3.5. Let v € H™(R x Q) taking values on a compact set K C U,
|vl|wree®xa) < K and ||v]|gm@xo) < R. Then there exist C,, = C,(K, K, R) >
0 and vy = (K, K, R) > 1 such that for every v > ~, and for every u €
e H™ R x Q) it holds that

VAlle™ | i rxa) + le™ wponl| mn @)
1 _ _
S Cm <ﬁ”€ ’YtLUU,”H;n(RXQ) + ||6 ,YtBUBQHHZ/”(R)) . (320)

The proof of Theorem 3.5 given above follows the ideas given in the proof of
Theorem 9.7 in [2]. However, we have a different estimate in (3.8). In [2, p. 252],
the authors seem to use the estimate

[vfllz2@ertmmmy) < Cllvllze@mm @yl f 2ot i ®))

which does not hold in general. We resolved this by estimating in terms of the norm
in H*(R x Q).
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3.3. SOBOLEV ESTIMATES WITH TIME INTERVAL (—o0,T]. Now suppose

that v € H™((—00,T] x Q) and u € Z((—o0,T] x ) with ujo = 0. Then thanks
to (F'S) the a priori estimate

lu()l 2@ + vVAllullzz@irz ooy + luppellz2-oom
1

sc(——w&mmgm_mT-uummmp_wT)
V7 (L2 (—00,T]) | (—00,T]

holds for all v > ~ (K, K) > 1. See [13] for a proof of this estimate. The same
procedure as in Section 3.1 gives us the inequality

ZV’” “Nogu) 2y + VAllullEm (—oom1xa) + lwpall H(—00m
O Y
< ﬁ(l + vl ((—ooim1x) ) I L3 U Ep ((~o0,11x0) + Cll B e (—o0,11

C
‘I‘ —(1 + ||'U||HWL((_007T}XQ))||u||H’Tyn((_OO7T]><Q) =. CN(U,U). (3.21)

ﬁ

We proceed by induction for the pointwise in time estimates for the spatial deriva-
tives. Assume that for k£ with & + a < m we have already shown that (the basis
step k£ = 0 is nothing but the L?-estimate, which is already given by (3.21))

7’"—’“—“||a’;afu(t)||p(ﬂ) < CN(u,v), t € (—o00,T].

We show that this is true for &+ 1 when k4 1+ a < m. Recall our formula (3.14),

and let J denote the second term, i.e., J := OF0X[A(v)(f — Oyu—~yu)]. The following
weighted Sobolev estimate will be used.

Proposition 3.6. For every w € H'((—o0,T] x ) and v > 0 we have
1
HwH%OO((—oo,T];LZ(Q)) < WHWH%?((_OO,T]xQ) + ;Hath%Q((—oo,T]xQ)' (3.22)

Proof. By astandard density argument, we may suppose that w € Z((—oo, T]x Q).
Let Ry < 0 be such that w vanishes for all £ < Ry. For simplicity we assume that w
is scalar-valued. Let R < 2Ry — T and M <7 <T. Using Young’s inequality

w(r, 2) = /at w(t, )

t, x)w(t, x)dt

<

2 [ utt
R
T T
2 1 2
< v lw(t,x)|” dt + — |we (¢, )|~ dt.
R 7 JR

Letting R — —oo we have
T

1
WWJWSV/ wwwfw+;/ oyt @) 2 dt

— 00 —00

T

for all 7 € (—o00,7] and = € Q. Integrating the previous inequality over Q and
taking the supremum over all 7 € (—o0, T give us (3.22). d
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Using (3.22) together with the induction hypothesis yields an estimate for the
second term in (3.14)

DT80 f (1) — 507 T u(t) — 1050 u(t) | p2) < CN(u,v).  (3.23)
As in the computation of mixed derivatives, one obtains

RO T 2oy < CN(u,v)
’}/m_(k+l)_a_1/2”atJ”Lz((_oo,T]XQ) < CN(U, ’U).

Thus, by the weighted Sobolev estimate (3.22) we have the estimate

’}/m_(k+1)_a||J(t)||L2(Q)
< O (" T Lo cooiixey + " YO0 | 2 oori )
< CN(u,v). (3.24)

Combining (3.23) and (3.24) proves the induction step.
Therefore we have the full estimate

> NP u() | a0y + VAUl g (—somixe) + ol (<o

[Bl<m

C
< ﬁ(l + 0]l zrm (—oo,mix) | L3l o (00,11 0) + Cll Bujaq || mon (o0,

+ — (1 + [[vll zm ((—oo,myx)) |0l B (00,71 x02)

val

for all t € (—oo, T]. Now replace u by e "u, choose ~ large enough, so that the last
term on the right hand side can be absorbed by the second term on the left hand
side, and use the norm-equivalence

S O (e () iz = D e 0% u(t) 2

|BI<m |B|<m

we have the following a priori estimate.

Lemma 3.7. Let m > 3 be an integer. For each v € H™((—o00,T) x ) sat-
isfying ranv C IC, ||v||wreo(—oorixn) < K and ||v]|gm((—somx0) < R and for all
we H™(0,T) x Q) such that uy—o = 0, there exist Cy, = C,, (K, K, R) > 0 and
Ym (I, K, R) > 1 such that for all v > 7, and for all T € [0,T] the following a priori
estimate holds

> ymele T 10u(r) | 2oy + VAleT " g 0.mxe) + uoelly o)

laj<m

1 _ _
< Cn (ﬁ”e " Loul|ap 0.m)x9) + e 7tBu89||H;ﬂ(0¢)> : (3.25)

The a priori estimate (3.25) is different from those in [2]| and [13] because in (3.25)
the constants €', and v, depend only on the H™-norm of v and not on its H"-norm.
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3.4. GAGLIARDO-NIRENBERG TYPE ESTIMATES. For initial boundary value
problems with zero initial conditions, the a priori estimate (3.25) will be used. The
next step is to derive an a priori estimate which can be used for problems that are
not starting initially from zero. In preparation we borrow the Gagliardo-Nirenberg
type estimates in [13, pp. 69-71].

Theorem 3.8. Let m be a positive integer and T > 0. Then there exists C' > 0,
independent of T, such that for allu € H™((—o00,T) x Q) and 1 < |a| < m we have

1- Ia\/m |lal/m

||6§U||L2m/\al(( 00,T) x ) < C||U|| T)x9) ||U||Hm( (—00,T)xQ)"
A similar estimate also holds for u € Hm(—oo, T).
The following is a modification of Proposition 4.5.5 in [13].

Theorem 3.9. For all m € N there exists C = C(m) > 0 such that for all T > 0,
e H™0,T) and 1 < j < m we have

169500y < O @) (L 0:0) + Ko ()™ 4+ Ko ()
where
m—1
() = [0 + 3 14(0)
i=0
In particular,
||¢(J)||L2m/j(o,:r) < C(||¢||Hm(07T) + K1 (1)).

Proof. We adjust the proof in [13]. Given ¢ € H™(0,T), let ¢y € H™(R) be
such that ¢§Z)(O) =@(0) for all i = 0,...,m — 1 and using the fact that the trace
operator has a continuous right inverse

[41]

m—1 m—1
e < C Y [P0 =0 [wO(0)], (3.26)
i=0 i=0
where C' > 0 is independent of 1. Let ¥y = ¢ — ¢y € H™(0,T). Then (3.26) and
the Sobolev embedding theorem H™(R) < L*(R) imply

|VallLcjor) < ¥l Lo,y + [[901 || oo w)
< llzeor + C||¢1||Hm(R) < CKnr(¥) (3.27)

and
V2|l m 0,y < | Hm 0,0y + |01 Hm 0,0y < NN M 0.1y + C Km0 (). (3.28)

By construction, it holds that w;)(O) =0 for i = 0,...,m — 1 and therefore
extending 1, by 0 for t < 0 we have ¢ € H™(—00,T'). By the Gagliardo-Nirenberg
inequality

Hwéﬂ')uw Coomy < Clitall 2 120 my (3.29)
1 emisy < Clenl 2 lnllimg < Cllvillang.  (3.30)
Hence, (3.27)—(3.30) imply that

|‘¢(J')HL2m/j(O7T) < H@DEJ)HL%L/J'(O,T)+H¢§J)HLQW/J’(D,T)
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< CllallZm el o 2y + Clivo [l ey
< O(Kmr () (1 amo.r) + K (0)?™ + K (1)),

This proves the first part. The second part follows immediately using the elemen-
tary inequality a'™"(a +b)" < a+b for a,b > 0and 0 <r < 1. d

Theorem 3.10. For each positive integers m there exists C' = C(m) > 0 such that
for allT >0 and w € H™((0,T) x Q)N L>((0,T) x Q) satisfying 0 uj—o € H™ ()
for 0 <j<m —1 we have

Haau||L2m/la\((o,T)xQ)

< O (Koo (@) V™ ([l gm0,y x) + Ko ()™ + Koy ()
for 1 < |a| < m where

m—1
Knr(u) = [[ull = 0mxe) + ) 10/u(0) || m-i(0)-
=0

In particular,
[0%Ul| L2ms11 0,7y x ) < Cll[ull zm(0,7)x0) + K1 (0)).-

Proof. The proof is similar as in the previous theorem, see [13, Proposition 4.5.6]
for the details. 0J

A function F' is said to be a nonlinear function of u of order k if

F(u) = Z Z Flo.oy(@)[0u, ..., 0%u]

I=1 |ay [+ +|oy|=k
where o; € N3 and F) ,, ., are multilinear mappings depending smoothly on u and
there exists (a,...,qq) such that |ag|+ -+ |oy| =k and Fj o, o # 0.

Theorem 3.11. Let m be a positive integer and F be a nonlinear function of order
k < m. There exists C > 0 which depends continuously on its argument, such that
for allT >0 and w € H™((0,T) x Q)N L>((0,T) x Q) satisfying 0 uj—o € H™ ()
for0<j<m-—1

1E ()| s 0,10y < CEmr (@) ([l om0,y x0) + Ko ()™
In particular,

1E (@)l om0y < C (Ko (w)) ([l sm0,)x0) + 1)

where C > 1. A similar statement holds for » € H™(0,T) where m € N.

Proof. For simplicity we assume that u is scalar valued. First, note that we have
| Fra(w)| oo (0, %) < C(JJull oo (0,1)x0))- Suppose that |oy| + - -+ + [oy| = k. Define

Di = \Qa_TI’ where we use the convention that p; = oo if a; = 0. Then Zizl pi@- =
Zlizl |2C:n‘ = 5% By Holder’s inequality and Theorem 3.10

0% w - - 0% ul| pomsk 0. 1)) < 10 ull Loy 07y x0) + -+ |0 ul| Lo 0,1y % 0)
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l
< H CKk,T(U)IJ/m((HUHHW((O,T)XQ) + Kpp(u)¥Pi + Kpp(u)?7)
i=1

!
< C' K ()™ [Tl momyx0) + Kir(w))P/7 + Ky r(u)*7)

i=1

l
< (2C) K () =™ T T luallzrm 0,7y x2) + K (1)) /P

i=1
< C(Kyr(w)([ull o,y x) + K (w)™.
Taking the sum of all terms, we obtain the estimate of the theorem. 0

Using classical Sobolev embedding theorems and the identity u(t) = w(0) +
fot u'(t)dr for a.e. t € [0,T] and for u € WH'([0,T]; X) where X is a Banach
space, the following estimates can be shown by induction.

Theorem 3.12. Let m be a nonnegative integer and T > 0. There exists a C' > 0
independent of T such that for all w € H™2((0,T) x Q) we have

ullwmesoryxe) < > N0Fu=ollwn-ree ) + CVT ||ul| gz (o) x0)-
k=0

Theorem 3.13. Let m be a positive integer. There exists C' > 0 such that for all
T >0 andue H™(0,T) we have

m—1
[ul| 100y < C (Z VT (0)] + THUHHm(O,T)) .
=0

Also, there exists C' > 0 such that for allT >0 and u € H™((0,T) x Q) we have

Hm((o,T)xQ)> .

4. WELL-POSEDNESS OF THE LINEAR PDE PART IN SOBOLEV
SPACES

m—1
]| g1 0.7y w02y < C (Z VT 0ol grm—i-1(0) + Tlu|
=0

The first step is to prove additional time regularity in Theorem 2.4 in the homoge-
neous case under additional smoothness assumptions on the frozen coefficient v and
on the data f and g. First, we have the following extension result.

Lemma 4.1. Let m > 3 be a positive integer and v € H™((0,T) x ) be such that
o]l Em(0,)x0) £ R, |[v]lwieor)xe) < K and the range of v lies on a compact and
convez set K containing 0. Then there exist v € H™(R?) and (Vc)eso C € (R?) such
that Vo ryxa = v, ||Ue — 0||lgmm@e2y = 0 as € = 0T, and for every e > 0 sufficiently
small we have ||0c|| gm@2y < C(T, R), ||Vc||wremey < C(K) and the range of 0. lies
on a d-neighborhood of K, for a fixed § > 0.
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Proof. Let § € €5°(]0,00);[0,1]) be such that #(0) = 1 and #Y)(0) = 0 for every
1 <j<m-—1. For a > 0 define §, : R — [0, T] by

0(—s), if s <0,
0.(s) =4 1, if0<s<a,
O(s—a), ifs>a.

By construction 6, € H™(R). Let © € H™([-T,2T] x [—1,2]) be the extension
of v using Seeley’s reflection argument [1, p. 84]. The construction of ¢ implies
that ||0]|w1ee(—romx(—1,2) < C(K). Define 9(t,z) = 0p(t)61(x)0(t, ), where v is
extended by zero outside [—T,2T] x [—1, 2]. Reducing the support of 6 if necessary,
it can be shown that © € H™(R?) and the range of ¥ lies on a §/2-neighborhood
of K. Let ¥ = p. x 0 € €(R?) where p, is a standard mollifier in the variable
(t,x) and the star denotes convolution. By definition, o = v on (0,7) x © and
|0e = 0| gm w2y — 0 as € = 0F. The remaning properties can be easily checked using
the Sobolev embedding theorem. O

Theorem 4.2. In the framework of Theorem 2./, suppose in addition that we have
v e H™((0,T) x Q) for some integer m > 3 and ||[v||gmoryx0) < R. If [ €
H™((0,T) x Q) and g € H™(0,T) satisfy (0] f)u=0 = 0 and (0/g)u=0 = 0 for
0<j<m—1 then the solution u of the IBVP

Lyu= [, Bujga = g, Up=o =0 (4.1)

lies in CH™ ([0, T|x Q) with trace ujpg € H™(0,T) and (8]u)j=o = 0 for0 < j < m—
1. Furthermore, there exist Cp, = C,,(KC, K, R,T) > 0 and v, = v (KK, K, R, T) > 1
such that for all v > 7, and for all T € [0,T] we have

D A" 2 + VANl ull i omxe) + ol o

la<m

1
Con [ —|le™
< (ﬁHe fl

Hr(0mx0) + le7g] H;”(Ox)) : (4.2)
Proof. Let f € H™(Rx Q) and § € H™(R) be extensions of f and g both vanishing
for ¢ < 0. Such extensions are possible due to the assumptions on f and g at t = 0.
Let @ be the solution of the pure boundary value problem

Lyit=f mRxQ,  Bipg=g iR,

where ¢ is the extension of v in Lemma 4.1. Using the a priori estimate (2.3),
it can be shown that this BVP has a unique solution & € L*(R x ) with trace
Ujpo € L*(R). Furthermore, @ € H™(R x Q) and @pn € H™(R). A proof similar
to the proof of [2, Theorem 9.21| shows that u := o € H™((0,7) x ) is the
solution of the homogeneous IBVP (4.1) and it satisfies all the conclusions of the
theorem except the energy estimate (4.2) and the additional regularity in time. To
see this we use the usual weak equals strong argument as suggested in [2]. We will
do this step because this will reveal some important remarks that are required in
the proof of Theorem 4.5 below. Let p. be a standard mollifier with respect to ¢
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chosen in such a way that p. x4 =: u, vanishes for ¢ < 0. The notation R.u = p. x u
will also be used. Then u. € H™(2; H>°(R)) where H**(R) = ,,cg H™(R).

The next step is to show additional regularity in x. Note that

AT Lyt = AT 00 + 9,1 = AS'S.
Let o € NZ be a multi-index with |a] < m. Applying 9 to both sides of the latter
equality gives
AT10,(0%0) + 8,(0%0) = B*(AFLf) + [A;18,, 0. (4.3)

Since the commutator [A;'0;, 0] is of order |a| and @ € H™(R x Q), it follows that
[A;10,,0%1 € L*(R x Q). Mollifying both sides of (4.3) with respect to time yields

AT10,(0%,) + 8,(0%uc) = R(8(AFLf) + [A710,, 0%i) + [A;10,, R0, (4.4)

Let F, be the right hand side of (4.4). Solving for 0,(0%u.) shows that 0,(0%u,) €
L*(R x Q). Therefore, u. € H™(Q; H™(R)) € H™™(R x Q). In other words,
mollification in time gives additional regularity in time, and together with the PDE
one has additional regularity in space.

As € — 0 it holds that

Ly0%u, — Ly0™i, in L*(R x ). (4.5)
Indeed, we have R.(O*(A;'f) + [A;'0,,0%1) — 8°(A;'f) + [A7'0,,0°]i and

[A;10;, RO0“% — 0 both in L%(R x ), where we used the extension of Friedrichs
theorem |2, Theorem C.14] for the latter. Now (4.5) follows from

[A;18,, 0%t = [A; Ly, 0%t = A L0 — 9°(A; 1))
since [0y, 0°]t = 0 and Lyt = f.
Applying the a priori estimate (3.25) to ue — ues € H™ (R x ) one obtains

Z ,ym—‘oé|6_'YT sup} ||aa(ue — Ue’)(T)HLQ(Q) + ||(U6 — ue’)|8Q||H77“(O,T)

la]<m T€[0,T

[ T— ot
< Cn <ﬁ\|€ " Li(ue — ue)| g 0,r)xe) + le” " Blue — ue')|aﬂ\|H¢(o,T)> :

Since g = R.g vanishes for t < 0 and B(u)jpn = Re(Biijsa) = g we have
le™ Buc — ue)pollumo.r) < lle”(ge = ger)joall ap @ — 0

as €,¢ — 0. On the other hand, since u, — u vanish for ¢ < 0 and the function
t — e is uniformly bounded on compact intervals we have

le™ Lis(ue — wer) | (omyx) < CllAullmm mxay | Ay Li(te — ue) || @xo):
Using commutators we can rewrite
0“(A; ' Ly(ue — uer)) = [0% A7 L) (ue — ue) — Ay Ls0* (ue — ue).

Since u, — % in H™(R x Q) and [0%, A;'Ly] is of order |a| < m, the commutator
term on the right hand side tends to zero in L*(R x Q) as ¢,¢ — 0. On the
other hand, the second term also tends to zero in L*(R x Q) according to (4.5).
Therefore, from (4.6) we can see that (u1/,), and ((u1/,)j90)n are Cauchy sequences
in CH™([0,T] x Q) and H™(0,T), respectively. Their limits are u and ujpq since
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Uy, = win CL*([0,T] x Q) and (u1/)j90 — wjpq in L*(0,T) by a similar argument
as in the proof of |2, Theorem 9.19].
[t remains to establish the energy estimate (4.2). First, let us note that

v

0% Lyu, = [0%, LyJuc + Ls0%u — [0%, Ly|u + Ly0“u = 0° f (4.6)
in L3R x Q). Thus Lyu. — f in H™(R x Q). Applying the a priori estimate (3.25)
to w1/ € H™MHR x Q) and letting n — oo proves (4.2). O

Now, we will consider the IBVP with nonzero initial condition. For this, one needs
compatibility conditions which we are going to state. Given sufficiently smooth
functions f and wug define recursively the functions u; : 2 — R™ by

ui(z) = 0 f(0,2) — i (l _l 1) OAMW(0, 7)) 0pui1(x), x € Q. (4.7)

1=0
The data (ug, f,g) are said to be compatible up to order p if
Buyjpn = dg(0), i=0,...,p.
By the embedding
H™((0,T) x Q) = H7Y((0,T); H"771(Q)) — C7([0, T]; H™71(Q))
for 0 < j < m — 1, we have 8tjv|t:0 € H™771(Q). However, stronger assumptions
are needed for these traces in the general IBVP as included in the following theorem.

Theorem 4.3. Consider the framework of Theorem 2.4 and suppose that v satisfies
the conditions of Theorem 4.2. Suppose in addition that 8]v—o € H™7(Q) for all
0<j<m-—1. If the data
(uo, f,g) € H™H2(Q) x H™((0,T) x Q) x H™(0,T)

18 compatible up to order m — 1, then the initial boundary value problem

Lvu = fa Bu|8Q =9, Ujt=0 = Ug (48)
has a unique solution v € CH™([0,T] x Q) and ujpq € H™(0,T).
Remark 4.4. The proof of this theorem is contained in the second step of the proof
of |2, Theorem 9.22| using an appropriate lifting result. This is where the additional
reqularity for ug is needed. The proof shows that the solution takes the form u =

Uq|o,1] + up where u, € H™HR x Q) and uy, is a solution of an IBVP with zero

initial data. Therefore, according to the proof of Theorem 4.2, there exists (uy), C
H™((0,T) x Q) such that

Up, —u, in CH™([0,T] x Q),
(Un)joe = woq, i H™(0,T), (4.9)
Lyu, — Lyu, in  H™(0,T).
The extra regularity imposed on the data ug is not necessary since one can have

the same result even when it is only in H™(€2). This is the content of the following
theorem.

Theorem 4.5. The conclusions of Theorem 4.3 still hold even for initial data uy €
H™(9Q).

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



HypERBOLIC PDE-ODE SYSTEMS ON A BOUNDED INTERVAL 23 / 39

To prove this theorem, one requires the following a priori estimate. This is similar
to the one given in Lemma 3.7, but with additional terms for the nonzero initial
condition.

Lemma 4.6. For every v € H™((0,T) x Q) satisfying the conditions in Theorem
4.3 and for every uw € H™((0,T) x Q) we have

lullemmo.rxe) + llusallmmo.r)

<C <||Lvu||Hm((0,T)><Q) + || Bujgellamor) + Y ||3ZU|t=0||Hm—i(Q)) ;

i=0
where C > 0 depends only on T, KC, K, R and ||agv|t:0||Hm—j(Q) for0<j<m-—1.
Proof. In the following proof, C' > 0 will be a generic constant as in the statement

of the lemma independent of 7 € [0,7]. As before, let f = L,u and g = Bujpq. We
will use the following a priori estimate

[w ()220 \/—|Iw|IL2 (0.mxe) + [[wpell 20

< C(llwp=ollz2() + VT Low| 20,y x0) + | Bwiaallz2(0.7) (4.10)
which holds for all 7 € (0,7] and for all w € H'((0,T) x ), where C' = C(K, K) >

0. By a standard density argument, it is enough to prove the a priori estimate
for u € 2([0,T] x Q). Applying & for j = 0,...,m to the equality L,u = f,
we obtain L,&/u = f; == A(v)d}(A(v)~'f) — A()[d], A(v)"'L,Ju and similarly
B(du)jpq = 0l g for j =0,...,m. Taking w = &/u in (4.10) we have

107 u(T) | 20 +

\/—\IEMIILQ (%) + 0] (wpo)l20.7)
< C([18/uwji=oll 2y + VT fill 20.m9x ) + 10 9l 2200 (4.11)
We are going to estimate each term on the right hand side of this inequality.
Expanding the commutator in f; for j > 1 we have
A@)[O8 AW LJu = AW) 3 ey0 (AAW) " 00) 2 (D),
1<I<y
where dA is the first order differential of A and ¢;; are constants. Let us estimate
the L2-norm of each term in the above sum. If j = 1, then we immediately have
the estimate ||(dA(v) ' 0v)dul|r2(0.1xa) < Cll0wul|L2((0,7)x5)- Suppose that j > 2.
Then H6’s inequality implies that
1871 (dA(v) " 00) ™ (O || 20 o2
< 10,7 (dA) 71 00) | pe-nsa-n 0y e 18] (D) || 261760 (0, x)-

Since 9} (dA(v)~'0v) is a nonlinear function of d,v with order [ — 1 the first factor
can be estimated using Theorem 3.11 by

107 (dAW) ™ 00) | 2600 0.m)xe) < CEGo1r (00)) (100l 13- 0,myx 2 + 1)

The term involving u can also be estimated using Theorem 3.10

Hag_l(atu)HL2(J'*1)/(J'*Z)((O,T)><Q) < C(HatuHijl((o,r)xQ) + f(j,l,T(atu)).
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Theorem 3.12 and the Sobolev embedding H*™(Q2) — W*>(Q) imply

m—1
K 1-(0u) <C (\/;HUHH?’((O,T)XQ) + Z Hazuhf:()HHmi(Q)) :

=0

Furthermore, we have ||A(v)d! (A(v) "' f)llz20.mxa) < Cllflem(0r)x0). Combining
all our estimates and using 7 < T', we deduce that

1fill z2o,mxe) < C (Hfl\Hm((o,T)xﬂ) + [lull am .m0y + Y H&?uu:oHHmi(m) :

i=0
Therefore we obtain the a priori estimate

Z 107 2@ + llwoallm o) (4.12)

<C (||f||Hm((o,T)xﬂ> +lgllamory + > 10fuj=oll mi(ey + ||U||Hm((o,f)x9)> :
i=0
For convenience we denote by N(u) the term on the right hand side of (4.12).
The next step is to estimate the mixed derivatives. We proceed by an induction
argument to prove that .

105807 u(T) | 20y < N(u) (4.13)
for all k+ j < m. The basis step k = 0 is given by (4.12). Before proceeding to the
induction step, we prove the estimate in the separate case where k = j = 1. The
PDE gives us

0x0pu(r) = O (A(v(7)) ™ (7)) — B:(A(v(7)) ") deu(r) — A(v(T)) ™ O u(7).
The estimates on time-derivatives we have shown above and the Sobolev embedding
theorem imply
10:00u(7) || L2() < N(u). (4.14)

Now we go to the induction step. Suppose that (4.13) is true for k£ and j such
that k + 7 < m. The PDE gives us

0y 10 u = 050 (A(v) ' f) = 050] (A(v) ' dhu)

for k+ 14 7 <m and k£ > 0. On one hand, by the Sobolev embedding theorem
10507 (A (1)) f () lz2() < ClLf Nl (0,0

for all 7 € [0, 7). On the other hand, Leibniz’s rule gives us

J
1007 (A(v (7))~ Fpu(7) | L2 < Z ill0x' 0 A(u(7) 71040y () 22y

1=0 i=0
for some constants ¢;;.
Let us consider separate cases. If k — 1+ j —i < m — 2 then for all 7 € [0,T]

105707 Alv(r)) 7040 u(7) 120
< 105707 A(o(7) "M e (@ 19505 () [ 220
< Cllo~' 0 Alw) " o)< 1050 () || 2y < N(u)
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where the last inequality is due to the induction hypothesis. If k —l+j—i=m—1
then k +j=m — 1 and i = [ = 0 and therefore applying (4.14)

1057107 Alv(m) T L0 u() [l 12
< 11057107 A (7)) Ml 2@ 10au(7) [ 2@y

< C||0510] 7 A(w) oy (10su(T) | 220y + 110:00u(T) || L2(e))
< N(u)

for all 7 € [0, 7). Taking the sum completes the proof of the induction.
Combining the estimates for the time derivatives and the mixed derivatives gives

S 10%u(r) 2y + luppall oy < N(w), (4.15)
18|<m
Squaring this inequality and applying Gronwall’s inequality give the estimate stated
in the lemma. U

Proof.[Proof of Theorem 4.5] It can be shown that there exists a sequence of more
regular functions (uf), C H™/2(Q) such that uf — o in H™(2) and the data
(uk, f,g) is still compatible up to order m — 1 for all k, see for instance [18]. Let
ug be the solution of the corresponding initial boundary value problem with data
(uk, f,g) given by Theorem 4.3. Then the difference w = uy, — u; satisfies

Lyaw=0 1in (0,7) x £, Bwjpo =0 in (0,7), Wy—g = ulg — ué in Q.

According to Remark 4.4, there exists a sequence w, € H™((0,T) x Q) such
that w, — w in CH™([0,T] x Q), Lyw, — 0 in H™((0,7) x Q) and (wy,)jsq — 0
in H™(0,T). Thus, applying the a priori estimate in the previous lemma to w,, and
passing to the limit n — oo, we have

e — wsllcrmomxa) + || () o0 — (uj)00ll Hm0,1)
< O3 118uk(0) = s (0)]| -0
i=0

By recursion we have djui(0) = wup; — wu; in H™(Q), where wu;; are the
functions defined recursively in (4.7) with uf as the initial term. Thus, (uy); and
((ur)jp0)r are Cauchy sequences in CH™([0,T] x Q) and H™(0,T), respectively,
and let u and @ be their limits. Since ux — u in H'((0,7) x ), the continuity of
the trace operator implies (ug)joo — wpao in L*(0,T) and thus @ = ujpq. Passing
to the limit k& — oo in the IBVP satisfied by u,, we can see that u is the required
solution. O

Remark 4.7. Given a positive integer k, using Remark 4.4, there exists a func-
tion uf € H™1((0,T) x Q) such that ||uf — uk|cumqorixe) < 1 and ||(uf)o0 —
(ur) om0y < § where wy, is the solution corresponding to the initial data ug in
the proof of the previous theorem. By the triangle inequality we have uf — u in
CH™([0,T] x ) and (u})jp0 — waq in H™(0,T). Moreover, since Lyuf — Lvu; =
Fy, — Fj where Fy, — f in H™((0,T) x Q), see (4.6) for instance, it follows that
(Lyuf)y is a Cauchy sequence in H™((0,T)xQ). Since Lyuf — L,u in L*((0,T)xQ)
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we have Lyuf — Lyu in H™((0,T) x Q). This implies that the a priori estimate in
Lemma 4.6 holds for the solution u of the initial boundary value problem (4.8).

5. THE NONLINEAR SYSTEM

The existence of smooth solutions requires and also implies compatibility conditions
between the initial data and the boundary data. These are additional constraints
for the initial and boundary data. The compatibility conditions are obtained by
(a) formally differentiating the PDE with respect to time, (b) evaluate the time
derivatives at ¢ = 0 and use the initial data to compute the spatial derivatives and
(c) differentiate the boundary conditions, use the information in (b) and evaluate
them along the boundary. The result in (c) will be the compatibility conditions.
Suppose that u and h are CP-functions satisfying dyu+ A(u)d,u = f(u) in (¢,z) €
(0,7) x Q and h = H(h, ¢, ujpo) in t € (0,T), respectively. Then by Leibniz’s rule

i—1

8Zu:—z< / )0§(A(u))8x8t’ 4+ 017 f (u), i=1,...,p.

=0

The terms 9! (A(u)) and ;"' f(u) can be expanded with the aid of Fad di Bruno’s
formula. If v is C* up to the boundary then we must have

Byaj“(oa y) = Diby(py(t% h(t))|t:07 y=0,1.

We can use Fad di Bruno’s formula to expand the right hand term and then use
the ODE satisfied by h. Thus, we are led to the following definitions. Given a
sufficiently smooth function ug : €2 — R" with values in U, recursively define the
function u; : Q2 — R™ as

uy = _A<u0)a:cu0 + f(uo)

i—1 1

 — 1
u = — Z <Zl )Cz1 ..... 0 (A A) (wo) [wy, - - - w J0pui——y (5.1)

k=1 ly 4+l =i—1
fori=2,....p

where d"F denotes the kth order differential of a smooth function F viewed as a
multilinear form. Here, ¢, ; are nonnegative coefficients which depend only on <.

Given hy € H define n = (hg, q(0), uo(0),ue(1)),
hiy = H(n) (5-2)

i—1

h, = Z Z Cly i, lk<dkH>(77)[Zl17---,Zlk], fori=2,...,p—1,

k=1 ly 4+l =i—1

where z; = (h;,q%(0),u;(0),u;(1))" and the u; are defined according to (5.1). For
y = 0,1, define

Cyo = by (py<0)a ho)
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i

Cyvi = Z Z Cliyly (dmby)(py((]), hO)[wlhyv e >wlk,y]

k=1 14 +lp=i

where wy,, = (pS(0), hy)T. With these notations, we are now in position to state
the necessary compatibility conditions.

(CC,,) Let m > 1 be an integer and 7" > 0. The data

(uo, ho,p,q) € H™(0,1) x H x H™(0,T) x H™(0,T)
are said to be compatible up to order m — 1 if Byu;(y) = C,; for all i =
0,....m—1and y=0,1.

We are going to state the regularity properties of the functions u;, : = 1,...,m,
defined in (5.1) for a given uy € H™(12).

Lemma 5.1. Let s > 1 be an integer. Let uy € H*(Q)) with range lying in a
compact subset K of U and uy, ..., us be defined as in (5.1). Then u; € H*(Q) for
all 1 < i <'s. Moreover, there exist continuous functions C; : [0,00) — [0, 00) such
that

Proof. We follow the proof in |2, pp. 322-323| and proceed by strong induction on
i. In this proof, all Sobolev spaces are defined in Q2 = (0, 1). By redefining A and f
in (1.1) outside a neighborhood of K, one can assume without loss of generality that
A and f are € in R". From the assumption that f(0) = 0, we have f(ug) € H®
by Proposition 3.3. We rewrite

A(ug)0pug = (A(ug) — A(0))0pug + A(0)dpug.
Propostion 3.3 can now be applied so that A(uy) — A(0) € H?, since € is bounded.
Thus, (A(ug) — A(0))0,up € H*™! by Proposition 3.1. Moreover we have
| A(wg)Opuo||grs—1 < C||A(ug) — A(0) ]| s || Oxtio || grs—1 + [A(0)]]|Oxtio]| rs—1
C([luoll o= ) l[uol s [|Outio|| o= + [AO)[[| Ortio | o1
C([luoll+)

by the Sobolev embedding H* < L. The H* !-norm of f(ug) can be estimated
similarly. Thus, u; € H*~! and (3.2) holds for i = 1.

Suppose that for 1 <i < s we have uy € H*™* and |Jug|| gs—+ < Cr(]|uo||z+) holds
for k=0,1,...,i—1. We show that u; € H*"" and (5.3) holds. A similar argument
as above yields A(ug)0,u;_1 € H**. The triple sum in u; contains terms of the form

<
<

Q(U’O)uh,jl e ulk,jkamui—l—l,a (54)

where l; +---+ 1, =1lfor k=1,...,1, withl=1,...,7— 1 and for some p € €.
Here w,, j, denotes the j;th component of the vector u;,. By the induction hypothesis
uy g, € H0 o wy, € H W, Oyuiqy, € H07170 < {5~ and o(ug) € H*.
Since

min(s,s —l,...,s —lg, s —i+1) >min(s —l,s —i+ 1) =s—i+1
and since ks > s > 1/2
s+(s—l)+-+(s—l)+(s—i+l)=(k+2)s—i>s—i+1/2
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it follows from the remark succeeding Proposition 3.1 that (5.4) lies in H*™*.
Similarly, the double sum in u; contains terms of the from

Duo)uy, gy - -+ iy, (5.5)
where [y + -+ 4+ [, = 7 — 1 for some ¥ € €*°. Because
min(s,s —ly,...,s —lg) >s—(i—1)=s—i+1

and

s+(s—l)+-+(s—l)=Fk+1)s—(—-1)>s—i+1/2
the terms of the form (5.5) belong to H*~*. By collecting all our observations, we
obtain that u; € H**. The estimate |Ju;||ps-i0) < Ci([|luollm=()) can be shown
from the definition of w;, the induction hypothesis, and (3.2). O

Theorem 5.2. Let m > 3, Ty > 0 and (uo, ho,p,q) € H™(Q) x H x H™(0,T}) x
H™(0,Ty). Assume that the range of ug lies in a compact and convexr set Koy C
K1 CU, hg € Gy C G C H where Ky and Gy are also compact and convex sets
containing neighborhoods of Ky and Gy, respectively, and moreover ||ug||gmoy < M.
Suppose that (FS), (D), (UKL) and (CC,,) hold. Then there exists T € (0,Tp)
depending only on (K1,G1, M) such that the nonlinear system (1.1) has a unique
solution (u,h) € CH™([0,T] x ) x H™(0,T). Furthermore, ujpq € H™(0,T) and
consequently h € H™(0,T).

Proof. The proof is a Picard iteration scheme using the linear well-posedness theory
of Section 4.

Step 1. Ewistence of initial functions for the iteration scheme. In this step, we
find v € CH™([0,T,] x §2) such that 9{v(0) = u; for all 0 < j < m — 1. The
following construction is inspired by [8], [22]. Let g € H™(0,Ty) be such that
dg(0) = hy for all 0 < j < m — 1 where h; are the constants defined from (5.2)
and ||g||gmom) < C Z?:Ol |h;j|. This is possible by the trace theorem. Consider the
initial boundary value problem

v+ Aug)vy = flug) + G, Bujga = b(p, 9), v(0) = uy, (5.6)
for some function G € H™((0,T) x §2) to be specified below.

The existence result Theorem 4.5 for linear systems shows that the system (5.6)
has a unique solution v € CH™([0, Ty x ) with vjso € H™(0,Th) provided that the
data (uo, f(uo) + G,b(p, g)) is compatible up to order m — 1 for the linear system
(5.6). To ensure this, let v; for 0 < j < m —1 be 0/v;—o that is obtained from (5.6)
by formal differentiation. Similarly, let ©; be 0] ¥~ that is obtained from

Oy + A(uo)v, = f(uo), 0(0) = wo, (5.7)
by differentiating formally. The equation v; = u; holds if
O G(0) =u; —b; € H™I(Q) ¢ H™17H1/2(Q), 0<j<m-—1. (5.8)
By the trace theorem there exists G € H™((0,Tp) x €2) such that (5.8) holds and
G (0.m0)x0) < Cllluollame) (5.9)

for some continuous function C' : [0,00) — [0,00). This estimate follows from the
trace theorem and a result similar to Lemma 5.1 applied to the PDEs (5.6) and
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(5.7). Since Byv;(0,y) = Byu;(0,y) = Cy; for y = 0,1 and 0 < j < m — 1, due
to the compatibility condition for the nonlinear system, it follows that the data
(uo, f(uo) + G,b(p, g)) is compatible up to order m — 1 for the linear system (5.6).
Step 2. An invariant set. Let R, K,T > 0. Define Vi p to be a subset of
CH™([0,T] x ) x H™(0,T) such that (v, g) € VI'x p if and only if
(V1) Compatibility: dvi—o = u; for all 0 < j < m — 1 and 9/g(0) = h; for
all 0 < j < m — 1 where u; and h; are defined by (5.1) and (5.2)
(V2) Range condition: ran(v,g) C K1 x Gy
(V3) Whee-bound: ||v|lw1ieoqo1yx0) + [lgllwreor) < K
(V4) H™-bound: ||’U||Hm((07T)><Q) + ||/U|aQ||Hm(0’T) —+ ||g||Hm(07T) < R.
Consider the function (v,g) € CH™([0,T5] x Q) x H™(0,Tp) constructed in the

previous step. By construction of g, we already know that ||g||gm0,r,) < C(G1, M).
According to Remark 4.7

||UHCHm([0,TO]xQ) + HU|aQHHm(0,T0)

<C (Hf(uo) + Gl (0.1 x) + 10 )l 010) + Y Hant—OHHmi(Q))

1=0

where C' depends on the range of ug, which lies in Ko, and on ||uol|zm(©0m)x0) <
C(Ty, M). From this, it can be seen that

0]l 5= 0,10y x0) + [vjpallmmom) < C(Ky, G, M) =: Ry

where we removed the explicit dependence of C' on T since it is fixed from the
beginning. By Theorem 3.12 and the PDE (5.6)

vl 0,10)x) < ol zoo ) + [1f (u0) + G(0, -) — A(uo)Optio|| oo () + v/ To 1.

Applying the Sobolev embedding theorem and (5.9), we have ||v|w1.ec(0,m)x0) <
C(Ry, M). One can do the same procedure for the W1*-norm of g. Hence,

||U||W1»°°((0,T0)><Q) + HQHWLOO(O,TO) < C(’Chgb M) =: K.

Finally, for the range condition, Theorem 3.12 and v;—o = u imply that |[v —
U || oo ((0,r)x0) < T'Ry. Therefore, there exists Ty = T1(R;) > 0 such that the range
of v lies in K; for all T € (0,71]. Using the same argument, it can be shown
that the range of ¢ also lies in G; for all T' € (0,7}] by reducing T} if necessary.
Hence, V7' g is nonempty for all K > K;, R > R; and for T" € (0, T3] for some
T1 = T1<K:1,gl, M) > 0.

We will show that there exist K > K;, R = R(K) > R; and T = T(R) > 0 such
that given (v, g) € Vi r the solution of the linear system

(uy + A(v)u, = f(v), t>0,0<x<l,
Bujsg = b(p, h), t >0,
h = H(g,q,v00), t >0, (5.10)
Uj—p = Uo, 0<ax <1,

\ h(O) = ho,
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satisfies (u,h) € V % p. Let us verify the regularity of (u,h). Note that v e
CH™([0,T] x Q) and so, &v € C™1([0,T] x Q) < C([0,T] x [0,1]) for all
0 <j <m — 1. Therefore

0 (v190) =0 = (07V)11=0yx00 = (3] Vji=0)jp0 = Ujj00, 0<j<m-1.

Together with (V1), it can be shown that the compatibility conditions are satisfied
by (u, h). Since

W(t) = ho + / H(g(s), 4(s), vjon(5)) ds

we have h € H™(0,T) and therefore u € CH™([0,T] x Q) with ujgq € H™(0,T)
according to Theorem 4.5 . Furthermore, u and h satisfy (V1) since v and g satisfy
the same property. Thus, by Theorem 3.12

[l (orix) + 1Bllwrss oy < C(Ki, M) + RVT.

Take K = 2max(K;,C(M,Ky)). Letting T = T(R,K1,G1, M) > 0 small enough,
condition (V3) is satisfied by (u, h).

A similar argument using the same Theorem 3.12 implies that (u, h) satisfies (V2)
by reducing 7" if necessary. It remains to prove that (u, h) also satisfies (V4). Indeed,
as in [13], one can prove the following additional a priori estimate

[l po,11%9) + llwoellamor) + (10l Hm©r) < R (5.11)
for some R = R(K) > R;. The proof of this estimate is straightforward but lengthy.
For this reason, we postpone its proof. In summary, V7' p is invariant under the
map (v, g) — (u, h) where (u, h) solves (5.10) for some T, K, R > 0.

Step 3. FEuzistence and higher reqularity. Let V = V7'  where the parameters
T, K, and R are those given in the previous step. Let (u°, h°) € V be given and for
each nonnegative integer k, define (u**!, h*1) recursively to be the solution of

;

uf ™+ A(uP ) = f(uP), t>0, 0<z<l,
BuFt! = b(p, hF+1), t>0,
¢ RFL = H(hF, g, ufyg), t>0, (5.12)
u‘k;}):uo, 0<x<l,
hk—l—l(o) —_ hO,

\

Note that the boundary condition in (5.12) depends on h**1) which is possible
because h**! does not depend on u**! and at the same time couples the PDE to
the ODE. Then according to Step 2, (u**! h**1) € V for all k = 1,2,... Thus,
(u”, (u*) 90, *) is bounded in H™((0,T") x ) x H™(0,T) x H™(0,T) and one can
extract a weakly convergent subsequence. By compact embedding and by extracting
an appropriate subsequence, (u*, (u*)oq, B¥) converges in L((0,T) x Q) x L*(0, T x
L*(0,T) and let (u,,h) be the limit. The limit is necessarily in H™((0,T) x Q) X
H™(0,T) x H™(0,T).

Since (u”, (u¥)j00, h*) is bounded in H™((0,T) x Q) x H™(0,T) x H™(0,T), by
interpolation theory for Sobolev spaces, (u*, (u*) 90, B*) — (u, @, h) in H*((0,T) x
Q) x H*(0,T) x H*(0,T) for all s € [0,m). The continuity of the trace operator
implies that (u")js0 — wjpn in L?(0,T) and therefore, ujpq = @ by uniqueness of
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limits in L?(0, 7). By passing to the L?-limit in the system satisfied by (u*, h¥), we
can see that the pair (u, h) satisfies the nonlinear system (1.1). Note that 8gu‘t:0 =
u; € H™9(Q) for 0 < j < m — 1 from Lemma 5.1. Finally, Theorem 4.5 implies
the additional regularity u € CH™(]0,7] x Q).

Step 4. Uniqueness. Let (uq, hy) and (ug, he) be two solutions of the system (1.1)
on the time interval [0, T]. Introducing the variables w = u; — uy and n = hy — ha,
we have the system

([ Ly,w = f(uy) — flug) — (A(uy) — A(ug))Opus, 0<t<T, 0<z<1
Buwjpg = b(p, h1) — b(p, he), 0<t<T,
n = H(hy,q,u1j00) — H(he, q,u200), 0<t<T,
wy=o = 0, 0<zx<l,

L M=o = 0.

Let L x G C U x H be a compact set both containing the ranges of (u1, hy) and
(ug, he), and let K > 0 be such that the Wh*-norms of (uy,hy) and (ug, hy) are
bounded above by K. According to Theorem 2.4, there exists C' = C(K,K) > 0
such that for all 0 < 7 < T

[wl&r2 o<y + [wpellTeon < CTIf(wr) = Fu)[72(0rx0) (5.13)
+ C7|[(A(ur) = Au2))Bau|| T2 0.1y + ClB(D, h2) = b(p, 7)1 20 -

By the mean value theorem
1b(p, h1) = b(p, h2)l72(0.) < ClInlZ2(0.)- (5.14)

A similar argument proves that
[ f(ur) — f(u2)\|%2((o,f)x9) + || (A(ur) - A(U2))3xU2H%2((o,T)xQ)

< OllwllZzo.myxay < CTNWIE L2 (0.11x0)- (5.15)
The differential equation for n gives us the following pointwise estimate
() < Cr(Inllz20m + lwoelzzen), € [0,7].
Integrating the last inequality and choosing 7 = 7(K, K') > 0 small enough
Cr?
1701720, < 1_—072”“’|69H%2(o,7)- (5.16)

From (5.13)—(5.14) and reducing 7 > 0 if necessary, it can be seen that w = 0 on
[0, 7] and from (5.16) n = 0 as well on [0, 7]. Repeating the process on intervals of
the form [k7, (k + 1)7] for positive integers k shows that w =0 and n = 0 on [0, T
and therefore the uniqueness of solutions. O]

Now, we prove the estimate (5.11) used in the third step of the proof of the
previous theorem. The proof of this estimate is similar to the proof of Lemma 4.6.
However, the difference is that the source terms appearing on the PDE and the
boundary condition now depend on the frozen coefficients v and g. From the proof
of Lemma 4.6, we already have the estimate

1
ﬁHUHLQ(Q;Hm(O,T)) + HU\aQHHm(o,T)
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<C (Z 10 we—oll720) + VT Y _ Ifillz2omyxey + lIb(p, h)HHm(o,T>) (5.17)
=1 j=1

for all T € (0, Tp], where f; = A(v)d/(A(v)~'f(v)) — A(v)[d], A(v)"*L,|u. For the
rest of the proof C' will denote a positive constant depending only on Ty, K, K1, Gy, M
]| zrm (0,10)> ||l 0,7), and is independent on R and 7. The commutator has been
estimated uniformly in 7" in the proof of Lemma 4.6. Let us consider the first term
of f;. Note that it is a nonlinear function of order at most m and thus, by Theorem
3.11 we have

1A©)3] (A(v) ™" £ (0)) | 20120 < Cllvllzrm(0mx0) + 1).

Since (u, h) € V' p we have Oluyi—o = u; for all 0 < j < m—1. Using this in (5.17)
and recalling Lemma 5.1, we have
1

ﬁ”u“LQ(Q;H’”(O,T)) + [lwoallamo,m) (5.18)
< C(1 4+ VT|vllzmoryxay + VT (1 + R)|[ull zrm(o.1)x0) + 116D, B) |zm0.1))

where R is a positive constant to be chosen below.
The next step is to estimate the boundary terms on the right hand side of (5.17).
By Theorem 3.11 once more, we obtain

16(p, ) 0,7y < C (Koo (0, ) ([Pl 1m0,y + 12l 0,7y + 1)
The fact that (u,h) € V implies that A (0) = h; for all 0 < j < m — 1. The
differential equation h = H(q, g,vjaq) for h gives us the estimate

12l gm0y < C(Km—1,7(a, 9, vj00) )l alzrm-10,7) + 9l m=10,7) + 1)-
With these together with Theorem 3.13 we have

16(p, W) 0,7y < C(Tl|gllrm 0,y + 1) (5.19)
Using (5.19) in (5.18), we have
1
ﬁHuHL?(Q;HW(O,T)) + |lwoall Hm(0,1) (5.20)

< C(L+ VT |l|lam(omyxa) + VI + R)||[ull mnomxe) + Tlgllmmom)-

It remains to estimate the mixed derivatives. As usual we proceed by an induction
argument. Suppose that [|0L07u|| 20 1)xq) < N(u) for all 1 =0,1...,k —1 and j
such that | + j < m, where N(u) is the right hand side of (5.20). Let k and j be
integers such that k£ + j < m. The PDE implies that

0,0u = 9y 0] (A(v) " f(v)) — ;1] (A(v) ' Opu).

The first term on the right hand side is a nonlinear function of v of order at most
m — 1, and therefore using Theorem 3.11, Theorem 3.13 and (V1) we have

10507 (A) " f )l z20m9xe) < CT [0l amomyxe) + 1)-

We can expand the second term using Leibniz’s rule and estimate each term in the
sum. Let 0 <[ <k—1land 0<j <1 Ifl4+7<m— 3 then Theorem 3.11 implies

1051 10) 7 (A(v) 1) OLO | 2 (0.myx o)
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<1050 (A) ) 20y 1050 | s 0.1y )
< O+ [[ollgm-1o,m) <o) [[ullwm-2(0,7)x0)-
According to Theorem 3.13 we have
-2
HUHWm—2((o,T)xQ) < \|8fuu=o\|wm—2—k<m + C\/THU”H’”((QT)W)

3

o
[e=]

)
< O 0Fwp=oll 10y + CVT [l 0.1y 9)-
=0
Thus, ||afflflag_i(A(U)71>5§;3Z+1U||L2((0,T)xQ) < N(u).

Suppose that [+i =m—2,m—1then k—1—[+4+j—¢=1,0. Applying a standard
L>® — L? estimate yields

|05710] 7 (A(v) ML ul| 2 (omyxay < CNlOLO ul|2(0myx0y < N(u)

3

Eo

where the last inequality is due to the induction hypothesis. This completes the
proof of the induction step. Therefore we have

1
(F7 -~ OVT+ B) lullamoyn + lupnllamior

< C(1+ VT |v|lgm(orxe) + VT gllamon) < C(1+ VTR).

Choosing R = max(5C, Ry) where C' is the constant in the last inequality and
choosing 7' = T'(R) > 0 small enough so that \/LT —~CVT(1+R)>1and VTR < 1
finally proves (5.11).

To close this section, we prove the following standard blow-up criterion for first
order quasilinear PDEs. The idea of the proof is the following: Boundedness in W/
of the local solution implies boundedness in H™, which can be further improved to
show boundedness in C'H™. If this is known, then a standard argument shows that
the solution can be extended.

Theorem 5.3. Let (u,h) € CH™([0,T] x Q) x H™(0,T) be a solution of (1.1)
having a trace ujpo € H™(0,T), where m > 3 is an integer, and T* be the maximal
time of existence. If T* < oo then the range of (u,h) on [0,T] x [0, 1] leaves every
compact subset of U X H as T — T*, i.e. for every compact set IC.x G in U x H
there exists € > 0 and (t,x) € (0,T* — €| x [0, 1] such that (u(t,z),h(t)) ¢ K x G, or

lim sup ||Opu(t)|| Loefo1) = 0.

Proof. Suppose that the range of (u,h) on [0,7] x Q lies in a compact subset
Ko x Go of U x H, ||ullwree(o.11x0,1)) < Ko for some constant Ky > 0 and (u,h) €
CH™([0,T] x Q) x H™(0,T) for all T € (0, 7*). We show that there exists a 7 > 0
such that the solution can be extended to a solution (u, h) € CH™([0,T* +7] x ) x
H™(0,T* + 7) satisfying ujpo € H™(0,T* 4 7).

Step 1. Uniform boundedness in CH™ x H™. The following estimates are again
in the same spirit as before, but now, the frozen coefficients are the solutions of the
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PDE. For completeness, we include their proof. We will use the following a priori
estimate, see [2, p. 280] for example, for all u € H'((0,7) x Q) and for all v > ,

VNl c2o,mx0) + lwoall L2o.m)
1

<c (—HLuuHLQ saveen + | Buall o + ||ut:o||m)
ﬁ ((0,T)x) \ (0,7) | ()

for some constants C' > 0 and 7y > 1 depending only on (Ko, Go, Ko). Applying this
estimate to &/u, for j =0,1,...,j where k =0,1,...,m we have

Vel 2@ i 0.0y + llwaell mxo0,r)

k
1
<O\ —= 2 Ifillze + [[b(p, 1)l 0,7y + 1

where f; = A(u)d] (A(u)™ f(u)) = A(u)[8], A(u)~' Ly]u.
For j > 1, f; is a nonlinear function of d,u of order at most j — 1. Thus, using
Theorem 3.11 we have

I fill 2o,y xe) < OOl mi-10,mx0) + 1) < C|wll miorxa) +1)-

The case of fy = f(u) can be done merely by the mean-value theorem. On the other
hand, by a similar argument we also have ||b(p, 2)|| gro.r) < C(|||gror) +1). The
differential equation for h gives us [|h|| 20,7y < C and ||h|gro,ry < C||R|| gs-100,m) +
|waall mr-1(0,m) + 1) for 1 < k < m. Combining all of these in a recursive manner,
we obtain

1
a0z + el o + o < C (WHuuﬂm((owm N 1) |

From the PDE, we note that 0,u = A(u)~'f(u) — A(u)"'0u. Therefore, 9I0Fu
can be written in terms of derivatives of u with respect to ¢ only, and is a nonlinear
function of u of order at most k + j. Fixing x € 2, we apply Theorem 3.11 to the
function u(-,z) € H™(0,T) to obtain

10208 u(-, @)l 120y < C(llul, @) llrmo.r) +1).
Integrating over the bounded domain € yields
1020F ull 20,7y <0y < Cl[ull p2(0;mm () + 1)-
Combining this with our estimates above and choosing v large enough we have
||z 0,7y <0y + || || 0.1y < C, forall 0 < T < T". (5.21)

for some constant C' > 0 independent of T € (0,7).
Let ¢ € Z(R) be a cut-off function such that ¢(t) = 0 if ¢ < T7*/4 and p(t) = 1
if ¢ > T /2. Multiplying the system (1.1) by this cut-off function, we have the new
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homogeneous system for w = pu and g = ph

(w + A(w)w, = of (u) + ¢u, 0<t<T, 0<z<l,
Bwjpa = ¢b(p, h), 0<t<T,
g =H(h,q,upq) + oh, 0<t<T, (5.22)
wy—o = 0, 0<x <1,

\ J|t=0 = 0.

Applying the energy estimates for the initial boundary value problem with homo-
geneous data (4.2), together with the previous result (5.21) shows that there exists
an M > 0 independent of 7" such that

”u”CHm([O,T}XQ) =+ ||h||Hm(O,T) S M, fOI' all 0 < T < T*

Step 2. FEaxtension. According to the previous step there exist an M > 0 and a
sequence (t,), C (0,7T) such that ¢, — T* and ||u(t,)||g= + |h(t,)| < M for all n.
Consider the initial boundary value problem

(v + A(v)v, = f(v), t>0,0<z<l,
Bujga = b(p, 9), t >0,
9= H(g,q,v0), t>0, (5.23)
Vjg=o0 = u(tn), 0<z<l,

\ Jlt=0 = h(tn).

The local existence result Theorem 5.2 implies that there exists 7 > 0, depending
only on M and in some neighborhoods of Ky and Gy, but independent of n, such that
(5.23) has a unique solution on [0, 7]. Choose n large enough so that ¢, +7 > T*.
Then the pair of functions (w,n) defined by

w.m)(8) = {(u, n)(#), 0<t<t,,

(U7g)(t_tn)a tnStStn_’_Ta

lies in CH™([0,t, + 7] x Q) x H™(0,t, + 7) since (u, h) and (v, g) must coincide in
[tn, (tn + T7)/2] by uniqueness. Thus, (w,n) satisfies (1.1). Therefore, the solution
(u, h) can be extended up to the time t,, + 7 > T*. This completes the proof of the
theorem. O

6. EXAMPLES
In this section we cite some examples that fit in the general system (1.1).
6.1. FLOW IN AN ELASTIC TUBE. Consider the following system modelling the

velocity v of an incompressible fluid contained in an elastic tube of length ¢, cross-
section a and is connected to a tank at each end having cross-section ar and level

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



G. PERALTA AND G. PROPST 36 / 39

heights hg, hg, respectively,
([ ay(t,2) 4+ v(t, 2)ag(t,2) + alt, 2)va(t,x) =0, 0<t<T, 0<z </,

2
v(t, x) + %(tt,x)) +o(t,x)v.(t,x) = —po(t,x), 0<t<T, 0<z<U{,
a(t, x
arho(t) = —a(t,0)v(t,0), 0<t<T, (6.1)

arhe(t) = a(t,O)v(t,0), 0<t<T,

a(t,0) = ao(1 + po(t) +bho(1))?, 0<t<T,

a(t,0) = ao(1+ pe(t) +bhe(t))?, 0<t<T,

see [5], [14], [17]. Here, ag is the rest cross-sectional area of the tube, b,x > 0
are parameters incorporating the material properties of the tube and f > 0 is a
parameter modeling linear tube friction. The tanks are subjected from above by

external forcing pressures represented by pog and p,. Letting u = (uq,us) := (a,v),
h = (hi, hs) := (ho, he), and p = (p1, p2) := (po, p¢) We can transform (6.1) into (1.1)

with
A(’LL) - ( KIQZQ_; Zl ) ) f(U) = (—%U)’ BO = Bf = (1 0)7
1 2

. ao(l +p1+ bh1)2 . _GLU1U2
b<p7 h) - ( a,()(]_ +p2 + bh2)2 ) H(h7u7w) - é?ﬂle .

\

1
The eigenvalues of the flux matrix A(u) are given by A(u) = us — ku; and pu(u) =
1

us + kui with corresponding eigenvectors

ex(u) = ( o ) L eulw) = ( o ) ,

respectively. Let U = {(u1,uz) € R? : uy > 0, Jug| < :‘iu%} It follows that A(w)
has one negative and one positive eigenvalue for every w € Y. Thus, F*(A(w)) =
span{ey(w)} and E"(A(w)) = span{e,(w)}. The estimate ||e,(w)| < C||Boe,(w)l|
is equivalent to
up < KHC? —1)2%uf. (6.2)
Let U, = {w € U : dist(w,dU) > €} for € > 0. By continuity it can be seen
from (6.2) that there exists C. > 1 such that ||e,(w)| < C¢||Boe,(w)|| for all w €
U.. By positive homogeneity of the norm it follows that ||V| < C.||B,V|| for all
V € E*(A(w)) and for all w € U.. Similarly, |V|| < C.||B,V | for all V € E5(A(w))
whenever w € Z;{E. Therefore, the uniform Kreiss-Lopatinskii condition holds in Z;Ig.
It remains to verify Friedrichs symmetrizability. It can be easily seen that the

matrix
2yt
S(w)= | Fuw® 0
= ()

is a Friedrichs symmetrizer of the system. For R > 0 define U = {w € U, : ||w|| <
R}. It is clear that there exists @ = a(e, R) > 0 such that S(w) > al; for all w € U.
Therefore, if the the initial data for the system (6.1) and the boundary data p

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



HypERBOLIC PDE-ODE SYSTEMS ON A BOUNDED INTERVAL 37 /39

satisfy the conditions of Theorem 5.2 then (6.1) has a unique solution (a, v, hg, hy) €
CH™([0,T] x [0,€])*> x H™(0,T)? for some T" > 0. Moreover, if the maximal
time T > 0 of existence is finite then either the range of (a,v, ho, hy) leaves every
compact set of U x R? or

lin;sup ([10za(t)|| zocto,q + |0xv(t) || Loj0,q) = o0.
AT

6.2. MULTISCALE BLOOD FLOW MODEL. Consider the following system [9], [20]

ai(t, ) + q.(t, ) = 0
q:(t, ) + (Q(t’x) ) - %a(t,x)px(t,x) = _gﬂpyq“vm) (6.3)

a(t, x) a(t, x)

with 0 <t <T and 0 < z < £. This models the flow rate ¢ of the blood in a vessel
of cross-section a and length ¢. The pressure p is given by the constitutive law

JThE

ao(l — 02)

p=—p (Va—Va). (6.4)
All the parameters are positive and they represent various physical quantities de-
picting the properties of the blood and the vessel. Here, aqg, F, h, o denote the rest
cross-section, Young’s modulus, thickness and Poisson coefficient of the vessel wall,
respectively, whereas p is the blood density and v is the kinematic blood viscosity.

To have a more realistic description of the cardiovascular system, lumped param-
eter models based on ordinary differential equations were introduced. These ODEs
can be derived by linearizing and integrating the hyperbolic models with respect to
space. Following [9] we have

Uo(t) = Aoyo(t) + rao(t, yo(t)) + so(t, yo(t)) (6.5)
Ue(t) = Ae(t) +rae(t,ye(t)) + se(t, yelt)) (6.6)

where yo(t), ye(t) € R™, Ay, Ay are m x m matrices and 7go, gy, So, S¢ are source
terms. The coupling of the hyperbolic PDE (6.3) and the ODEs (6.5) and (6.6) is
done by imposing the pressure at the boundaries to be equal to a specific entry of
the ODE, i.e.,

p(t,0) = yoi(t),  p(t,€) = ye(t) (6.7)

for some 1 < 4,57 < m. Writing the system in terms of a and ¢ only by using the
constitutive law (6.4), it can be shown as in the previous example that (6.3)—(6.6)
can be written in the form (1.1) and satisfies (F'S), (D) and (UKL) with appropri-
ate U. Alternatively, one can diagonalize the system as in 9], and thus, Friedrichs
symmetrizability is easily checked. The boundary matrices will be transformed,
however, the UKL condition is preserved. This can be verified in the same manner
as in the previous example and for this reason we omit the details.

6.3. 1-TANK MODEL. Consider a 1-D tank of length ¢ filled with inviscid incom-
pressible irrotational fluid which is subjected by a horizontal force. Then using the
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Saint-Venant equation, one can derive the following system [7]

((Hy(t,x) +o(t,x)H,(t, ) + H(t,2)v,(t,2) =0, 0<t<T, 0<z<,
v(t,z) + gH.(t, ) +v(t, x)v.(t,z) = —u(t), 0<t<T, 0<z<U,
v(t,0)=v(t,L) =0, 0<t<T, (6.8)
() =u(t), 0<t<T,

L D(t) =s(t), 0<t<T,

where ¢ is the gravitational force, H is the height of the fluid in the tank, v is the
referential horizontal velocity of water, s is the horizontal velocity of the tank, D is
the horizontal displacement of the tank and w is the horizontal acceleration of the
tank in the absolute referential and is viewed as the control.

Note that the PDE part is not of the same form as the PDE part in (1.1), but
instead, it is of the form

w(t, ) + A(u(t, x))u,(t,x) = F(t, x).

The results given in the previous sections extend to the case where there is an extra
source term F' on the right hand side of the PDE part.
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