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1. INTRODUCTION

In the early 1930’s, Birnbaum and Orlicz [1] tried to generalize the classical func-
tion spaces of the Lebesgue type LP in connection with orthogonal expansions. They
have considered functions which behave similarly to the power function f(t) = t*.
Another generalization was obtained by Luxemburg [4] in 1955. These generaliza-
tions found their applications in the theory of integral equations having kernels of
nonpower types. In this paper, we consider modular sequence spaces generated by
a sequence of extended real valued functions and we note that we will follow the
formulation provided by Kozlowski [3]. Other papers studying sequence spaces can
be found in [2], [6] and [7].

This paper is organized as follows. In Section 2, we will define the modular
sequence space w](®) generated by a sequence of Orlicz functions ®. Sufficient
conditions are given in Section 2 so that the modular of w)(®) generates a norm,
which is usually called the Luxemburg norm. We prove that modular convergence
and Luxemburg norm convergence is equivalent provided that & satisfies certain
conditions. In Section 3, we will use a linear operator to generate another modular
sequence space and discuss some properties of this new modular sequence space in
relation to w)(®). Finally, we will obtain a necessary and sufficient condition for
the quasiconvexity of the modular in w)(®) in Section 4.

2. DEFINITIONS AND PRELIMINARIES

Let X be a real or complex vector space. A function p : X — [0,00] is called a
modular if it satisfies the following properties:

(1) p(x) =0 if and only if x = 0,

(2) p(az) = p(x) for all x € X and for all scalars « such that |a| =1,

(3) plaz + (1 — a)y) < p(x) + p(y) for all z,y € X and scalar « € [0, 1].

If X is a complex vector space, then condition (2) is equivalent to p(e'z) = p(z)
for all z € X and for all ¢ € [0,27]. On the other hand, if X is a real vector space,
then condition (2) is equivalent to p(—x) = p(z) for all z € X.
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Let p be a modular on X. Then

plax) < p(Br), 0<a<p. (2.1)
If « = B then equality holds. If a < f then using the third property of the modular
we have
plax) = p((a/B)(Br) + (1 — a/F)0) < p(Bz).

A function ¢ : R — [0, 00] is called an Orlicz function if it is a continuous even
function which is increasing on [0,00) with ¢(z) = 0 if and only if z = 0 and
o(x) — 00 as x — 00. Let & = {px}72; be a family of Orlicz function and let .S be
the space of real sequences © = {x}72, considered as a vector space over R. For
each r € N let p, : S — [0, 00] be defined by

2"—1
1
pr(e) = 5 > onl|al)-
f=2r—1

Define p : S — [0,00] by p(x) = sup,~; pr(x). It follows from the properties of
the Orlicz function that p satisfies the first two properties of a modular. For the
third property, let x,y € S and a € [0,1]. If 2, < y; then that the set of all
linear combinations axy + (1 — a)yx is just the interval [xy,yx]. Thus we have
laxg + (1 — a)yg| < max{|zg|, |yx|} and so

ooy + (1 = a)yr]) < pe(max{|zgl, [yel}) < wrllzr]) + or(yrl)-
Therefore for each r € N it follows that

or 1 or 1 v 1
1 1 1
51 > prllaz, + (1 - a)y) < 51 > prlleal) + 5 > ey,
k=2r—1 f=2r—1 k=2r—1

and so p.(ax + (1 — a)y) < p.(x) + p-(y), taking the supremum shows that p(az +
(1 —a)y) < p(x) + p(y). Consider the sectionally modular sequence space wj(®)
defined as

w(®) = {r = {2}, | p(anx) — 0 whenever a,, — 0} .

Representation theorems for modularly continuous orthogonally additive functionals

on w)(®) are given by Paredes [5].

3. CONVERGENCE IN w](®)

In this section, sufficient conditions are imposed on the sequence ® of Orlicz func-
tions so that the modulars p and p, generate a Luxembourg norm.

Theorem 3.1. The modular sequence space wi(®) is a linear subspace of S.

Proof. Tt is clear that 0 € w)(®). Let z € w)(®) and a be a scalar. Assume that
a, — 0 as n — oo. Then awa,, — 0 and so p(ay,(az)) = p((aw,)z) — 0. This shows
that az € w)(®). Now let z,y € w)(®P). Since 2, — 0 we have

plan(z +y)) =p (%(2%«%) + %(2%@) < p(20,7) + p(20,y) — 0.

Hence z +y € w)(®). Therefore w](®) is a subspace of S. O
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Theorem 3.2. Let ® = {¢x}32, be a family of Orlicz functions such that for each
keN,

2 2 2
Define || - ||, : wg(®) — [0,00] by
Jall, = inf {u >0 | pla/u) < 1}

Then (w)(®), | - ||,) is a normed space.

Proof. We claim that pr(Aa + (1 — A\)b) < Apr(a) + (1 — A)pg(b) for all a,b > 0,
and A € [0, 1] of the form A = m/2" with m € NU {0} and n € N. We proceed by
induction on n. If n = 1, then the possible values for m are 0, 1,2 and so A takes the
values 0,1/2,1. We can directly check that the said property holds for these values

of A. For the induction step, assume that the said property holds for n — 1. Then,
for m € {0,1,...,2"71} we have
o+ b)

oo (12300 = w3 () 5 (- 5

b 1 1
Ok <a+ ) < zpr(a) + ze(b),  forall a,b>0. (3.1)

= %90’“<2ﬂi (1_2m>>+ 37+(0)
< L@+ (1 o) )] + Ll

< s+ (1-5) @)

If me {21 +1,...,2"} then we have
m m 1 m —2"! 1 m
St (1-22)0) = ([t (2-55)
ok <2na+< on ok (2 ( T > AT

1 1 m — 27t 2" —m
< —pla)+ =y a+ b|.

2 2 2n—1 2n—1
Since m — 2" € {1,2,...,2"71} and
2" —m m — 27t
on—1 =1- on—1 ’

we have by the previous case
m— 2" 1 2" —m m — 271 2" —m
© ( T + T b) < i ola) + o(b).
Using this we obtain
m m 1 m — 27t 2" —m
o (Zar (1-2)0) = ot e P22 o+ 220

m m
< Sonla)+ (1= 20) @)
2n 2n
for m — 271 € {1,2,...,2"}. This establishes our claim.
Next we will show that the set @ = {m/2" € [0,1]|m € NU{0},n € N} is dense

n [0,1]. Indeed, let z,y € (0,1) be such that z < y and p be a positive integer.
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Then there exists a positive integer n such that p < 2"(y —x) and [2"x] > 1. Thus
2"r < p+2"x < 2"y. Note that [2"z| < 2"z and 2"z < p + |2"x]. Hence

2" <p+ [2"x] < 2"y.

It follows that # < m/2" < y where m = p+ |2"z] and so Q = [0, 1]. Let A € [0, 1].
Then we can find a sequence {\,}°°, C @ such that \,, — A and using the continuity
of ¢, we obtain

pr(Aa+ (1=A)p) = lim pp(Ana+ (1= An)b)
Tim [Anpr(a) + (1= An)ior (D))
= Api(a) + (1 = A)pr(b),

IN

which shows that ¢, is convex.

Now let us show that || - ||, is norm on wg(®). For each z € wi(P) we let
Sy ={u > 0|p(z/u) < 1}. Since Sy = (0, 00) it follows that ||0]|, = 0. Conversely,
assume that ||z||, = 0. Then there exists a sequence of positive integers {u,}>,
such that p(x/u,) <1 and u,, — 0. This implies that there exists a positive integer
N such that 0 < u, < 1 whenever n > N. Thus, for n > N we have, by the
convexity of ¢,

27—1
1
p(z) = sup on(|zx
@ = swgm 3wl
1 2"—1
= sup oy > ok (wnllzel/un) + (1= u,)0)
reN jR—
1 2" —1
S Sup oo Z UnPr(|zal/un)
reN f—gr—1
= unp(x/un)
< u, — 0.

Consequently p(z) = 0 so that © = 0. Therefore ||z|, = 0 if and only if z = 0.

For homogeneity, let z € w)(®) and « be a nonzero scalar. Let u € S,, and so
U € Spajp- Hence p(z/(ula|™)) < 1, that is, ula|™ € S;. Thus ||z, < ula|™.
Because u is an arbitrary element of S,, we get |a|||z||, < |laz||,. For the other
inequality, let u € S,. Then p(az/(u|a])) < 1 showing that u|a| € S,.. Therefore
|ax||, < |a|u whenever u € S,. Hence [jaz||, < |of]|z]|,.

Finally, for the triangle inequality, let ¢ > 0. Note that we can find a sequence
{un}p2, C S, such that w, — ||z||, and a sequence {v,}3>, C S, such that v, —
|yll,- Therefore, for sufficiently large N, we have u,, < ||z||,4€/2 and v,, < ||y||,+€/2
for n > N. From the fact that each of the yy; is increasing and convex, we have

2T -1
T+y B 1 |21 + Y|
p<un+vn) s 2 @k(unﬂm

k=92r—1

2r 1
1 Uy, |7 Un |yk|)
< s Y n 191
- T@I\? 2r—1 S ok (un + Uy Up Uy F Uy U,
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Up, Tk + Un, Yk
un—i—vnp (. un+vnp Un,

< 1L

IN

Hence u,, + v, € S;4, and so
[z +yllp < un + v <lzll, + llyll, +e

whenever n > N. Letting ¢ — 07 gives us the desired inequality ||z + y||, <
1z, + |yll,- Therefore (w§(®), || - ||,) is a normed space. O

We note that the functional || - ||, defined in the previous theorem is called the
Luzemburg norm generated by the modular p. Let

vy (®) = {x = {x1}32, | p(Ax) < oo for some \ # 0}.

If the family ® satisfies the property (3.1), then we have w(®) = v3(®). Indeed,
if z € w)(®) then p(anx) — 0 whenever a,, — 0. In particular, p(z/n) — 0 as
n — oo. For some N € N we have p(z/n) < 1 for all n > N. Taking A = 1/N
shows that z € vJ(®) and so w(®) C v)(®). On the other hand, let z € v(®) so
that p(Axr) < oo for some nonzero real number A. If o, — 0 then |a,| < |A| for
sufficiently large values of n. From the proof of the previous theorem we have

2"—1

. 1 |O‘n| ‘an|
pr(apz) = i k_zzH Ok ( B (|Axg|) + ( — o 0
|an|
< pr(Az)
RY

for sufficiently large values of n. The above estimate shows that p(a,z) <
|an|p(Az)/|A] and so p(a,z) — 0. This limit proves that v)(®) C w)(®). Therefore
v)(®) = wy(P) provided that the family @ satisfies inequality (3.1). From this
equality, assuming that @ satisfies (3.1), we may characterize the elements of w(®)
as those vectors x in S such that the function value of some nonzero scalar multiple
of z under p is finite.

We can see that p, is also a modular on w)(®) and using the same argument as
above, || - |, is a norm on the modular space wi(®) provided that ® satisfies (3.1).
For each z,y € wi(®) let

[2]loo = sup [|z[].
reN
The family ® is said to satisfy the (Ag,d2) condition if there exists a constant M

(independent of k) such that for each k, ¢5(2u) < ¢r(u) for all u > 0. The (Aq, )
condition implies that p(2z) — 0 whenever p(x) — 0.

Lemma 3.3. If ® satisfies (5.1), v € w)(®) and ||z|, < 1 then p(z) < |z,
Moreover, if |z||,. <1 then p.(z) < ||z,

Proof. If ||z||, = 0 then we have equality. Let € > 0. If ||z|, € (0,1) then we can
find a sequence {u,}>°, C S, and a positive integer N such that

0<u, <|z|,+e n>N.
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If e € (0,1 —|z|,) then

p(a) = plunt/un) < ([zll, + )p(a/un) <[], +e.
Letting € — 0% we have p(z) < ||z||,- The second statement of the lemma can be
shown using a similar argument. 0

We are now ready to prove the main result of this section. The following the-
orem states that modular convergence, Luxemburg norm convergence and || - ||co-
convergence are equivalent provided that the sequence & satisfies (3.1) and the
(Ag, d2) condition.

Theorem 3.4. Let ® be a family of Orlicz function satisfying (3.1) and the (Asg, d2)
condition. Then the following are equivalent

(1) p(z™ —2) =0 asn — oo,

(2) 2™ — x|, = 0 as n — oo,

(9 |2 — z||oe — 0 as n — .

Proof. Assume that (1) holds, that is, p(z™ — z) — 0. Using an induction
argument and the (Ag,d) condition we have p(2™(x™ — z)) — 0 for all m € N.
Thus, for some N € N we have p(2™(z(™ — x)) < € for all n > N, where € € (0,1).
Note that 2" > (¢/2)7! for some positive integer M and so p((z™ — z)/(e/2)) <
p(2M (2™ —x)) < 1. This shows that ||2™ —z|, < ¢/2 < € for all n > N. Therefore
|z — ||, — 0. Next, let us assume that (2) holds. If

A={u>0]p((a"™ —2)/u) <1}
and

By ={u>0]p((z" —x)/u) <1}
then A C B, for all r € N. Thus infA > inf B, for all r € N and so
2™ — ||, < [Jz™ — z||, for all r € N. Hence ||z — 2| < ||2™ — 2|, and
this inequality proves (3). If (3) is satisfied, then there exists an N such that
2™ — 2|, < ||z — 2|l < €/2 for all 7 € N and for all n > N. If ¢/2 < 1 then
using the previous lemma we get p,.(z(™ — z) < ||z — x| ,. for all r € N. Taking
the supremum we obtain p(z™ — ) < €/2 < ¢ for all n > N. Thus (1) holds. [

4. ISOMETRIC MODULAR SPACES

Using an injective linear operator from S into itself, we will generate another modu-
lar sequence space. We prove that this new modular sequence space and wd(®) are
isometric provided that the linear operator in .S is bijective.

Theorem 4.1. Let Sy be a subspace of S and T : Sy — S be an injective linear
operator. Then the composition pT is a modular on Sy.

Proof. Since T is linear it follows that p7'(0) = 0. On the other hand, if pT'(z) =0
then T'x = 0 and because T is injective we have x = 0. Since each ¢, is even we
have pT'(—z) = p(=Tz) = pT(x) for all z € Sy. Finally, if o € [0, 1] then using the
linearity of T" we obtain

pT(az+ (1 —a)y) = plaTz+ (1 —a)Ty)
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< p(Tz) + (1= a)p(Ty),
for all z,y € Sy. Hence, pT" is a modular on 5. 0

Taking Sy = S it follows that pT' is also a modular on S provided that 7T is an
injective linear operator from S into itself. In this case, we let

w)(®)p = {x €S

2r—1
1
SUp o E or(an|(Tx)k|) — 0 whenever «,, — 0} .
reN

k:2'r—1

Similarly, it can be shown that w)(®)r is a subspace of S and if the sequence ® of
Orlicz functions satisfies (3.1) then the functional

Jellyr = inf{u > 0] pT(x/u) < 1)

is a norm on w(®)r. Note that if I is the identity operator then wd(®); = w(®).
Suppose that T : S — S is linear and injective. If w)(®) is T-invariant, that is,
T[w(®)] C wI(P) then it follows that

wp(®) C wy(P)r. (4.1)
Indeed, if z € wY(®) then Tz € w)(®P) so that we have
pT(anx) = pla,Tx) — 0
as a, — 0, thus x € w)(P)r.

Theorem 4.2. Let Sy be a subspace of the space S of all real sequences and let
T : Sy — S be an injective linear operator. Then

If in addition, the sequence ® of Orlicz function satisfies inequality (3.1) then the
normed spaces (w§(®)r N So, || - ||,) and (w(®) N T[S, | - ||,) are isometric.

Proof. Let x = {x3}32, € T[w)(®)rN Sy so that z = Ty for some y € w)(P)7NSp.
In particular, we have y € w)(®)r so that

lim pT'(a,y) =0

n—o0
as «, — 0. Hence

lim p(a,z) = lim p(a,Ty)
n—oo

n— o0
= lim pT'(any)
n—oo

— 0,
whenever a,, — 0. It follows that x € w)(®). Notice that we also have v = Ty €
T[So] and so T[wd(®)r N Se] C wy(®) NT[Sy]. Conversely, let x € wd(P®) N T[So).
Then z € w(®) and x = Ty for some y € Sy. Hence

lim pT(ayy) = lim p(a,z) =0,

as a, — 0. Thus y € w)(®)7. Consequently, we have T[w](®)7NSe] C w)(P)NT[So]
and this completes the proof (4.2).

Let Ty : wy(®)rNSy — w)(®)NT[So] be defined by Tz = Tx. Because T is linear
and injective, then so is T;. Equation (4.2) shows that T [wd(®)r N Sy] = w(P) N
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T[So|, that is, T} is surjective. Therefore in order to show that w)(®)r N Sy and
wy(®)NT'[Sp] are isometric we must prove that T preserves norm. If z € w)(®)rNSy
then then

ITall, = inf{u> 0| p(Tyo/u) < 1}
= inf{u > 0| pTi(x/u) <1}
=l

This completes the proof of the theorem. O]

An immediate consequence of this theorem is the following corollary.

Corollary 4.3. If T : S — S is a bijective linear operator and ® = {@pg}32, is
a family of Orlicz functions satisfying (3.1) then (w)(®)r, || - |lr) s isometric to
(wg (@), [l 1l,)-

Note that if T': .S — S is an injective linear operator then 7™ is also injective and
linear for all positive integer n. Hence it follows that pT™ is also a modular on S
for all positive integer n. If w)(®)rm is T-invariant for all m =0,1,...,n — 1 then
we have the following increasing chain of subspaces of S

{0} Cc wi(®) € wy(®)r C wWY(P)p2 C -+ C wy(®)m C S

for all positive integer n. This can be easily seen using (4.1) together with an
induction argument.

5. QUASICONVEXITY

Let X be a real vector space and f : X — [0,00]. The function f is said to be
quasiconver with constant M > 1, if for any positive integer n and for any elements
1, %2, ...,T, € X and nonnegative numbers aq, s, . .., o, satisfying a; +as+-- -+

a, = 1, we have
f (Z Oéﬂi) < MZOézf(sz)
i=1 i=1

We note that a quasiconvex function with constant M = 1 is convex. The following
theorem states that the quasiconvexity of each of the elements of ® is a necessary
and sufficient condition for the quasiconvexity of the modular p.

Theorem 5.1. The modular p on S is quasiconvexr with constant M > 1 if and
only if each element of ® is quasiconvexr with the same constant M.

Proof. Suppose that the constants oy, s, -+ ,a, > 0 satisfy a3 + s + -+ +
a, = 1. Assume that ¢ is quasiconvex with constant M > 1 for each £ € N. If
M 2@ 2 ¢ S then, by the triangle inequality and the fact that each ¢y, is

increasing, we have
n
i
§ :Ozi(ﬁ())k
i=1
2r—1

n 2r—1
Pr <Zaias(i)> = 2,}1 Z @k(
=1
< 7 3 a(Saleon)
=1

k=271
k=271
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2T —1 n

< o Y S aal (M)

k=2r—1 i=1

= M Z aip, (M)

i=1

for each r € N. Taking the supremum shows that p is quasiconvex with constant
M.

For the converse, let uy,us,...,u, € R. Let £ € N. Denote e, to be the sequence
in S with 1 in the kth position and 0 otherwise. We let (Y = w,e;,. Note that there
exists a unique positive integer rj, such that 2"+~! < k£ < 2 — 1. By definition
we have p,(¢®) = 27 gy (|(zD)]) = 27 i (Jwi|) if 7 = 7y and p.(a) =0
if 7 # 1. Hence p(z®) = 27 o, (Ju;|). Similarly we can show that p(Mz) =
2_Tk+1g0k(M|ui\) and

p (Z aifﬁ“’) = 27"y, (
=1 =

n
E QU;
=1

The quasiconvexity of p and the fact that oy is even imply
i=1 i=1

< M Z ;2" p(M ™)

=1

= M Z a;pp(Muy).
i=1
This completes the proof of the theorem. O]

Corollary 5.2. If there exist constants Cy,Cy > 0 and m > 1 such that Com > C
and

Cim™ |ul™ < gi(u) < Colul™ (5.1)
for all uw € R and for all k € N then p is a quasiconvex modular on S with constant
(Com/Cy) V1) > 1

Proof. From the previous theorem it suffices to show that ¢y is quasiconvex with
constant (Cym/Cy)Y ™+ for all k € N. Using (5.1) and the convexity of the
function g(t) = t™ we have

N N
Pk (Z Oéi%;) < (s Z ol
i—1 i—1
n
< (Cy Z o |u;|™
i=1

sz) 1/(m+1) n
§ ( Z aiC’lm_l
Gy i=1

m

m

CQm 1/(m+1)
uz( C )
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sz 1/(m+1) n O2m 1/(m+1)
< ‘ B i
> ( Cl ) ZZ:; APk | U Cl

for all uq,us, ..., u, € Rand oy, as,...,a, > 0such that oy +an+-- -+, =1. [

REFERENCES
[1] Birnbaum Z., Orlicz W.: Uber die Verallgemeinerung des Begriffes der zueinan-
der konjugierten Potenzen, Studia Math. 3, 1-67 (1931).

[2] Et, M.; Altin, Y.; Choudhary, B.; Tripathy, B. C. On some classes of sequences
defined by sequences of Orlicz functions, Math. Inequal. Appl. 9 (2006), no. 2,
335-342

[3] Kozlowski, W.M.: Modular function spaces, Dekker, New York, Basel 1988.

[4] Luxemburg, W.A.J.: Banach Function Spaces, Thesis, Delft Technical Univ.
1955.

[5] Paredes, L.: Representation Theorems on wy(®) and w)(®), SEA Bull. Math.
Special Issue, 119-128 (1993).

[6] Woo, Joseph Y. T:. On a class of universal modular sequence spaces, Israel J.
Math. 20 (1975), no. 3-4, 193-215.

[7] Woo, Joseph Y. T. On modular sequence spaces. Studia Math. 48 (1973), 271-
289.

Department of Mathematics and Computer Science, College of Science, University of the Philippines Baguio



	Introduction
	Definitions and Preliminaries
	Convergence in w00()
	Isometric Modular Spaces
	Quasiconvexity
	References

